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Abstract We study the Hawking evaporation process of the
exact black hole with nonlinear electrodynamics for positive
and negative coupling constant ζ . We provide a new per-
spective to study the thermodynamics of exact black hole
through deflection angle formalism. We also evaluate the
shadow images in the presence of deflection images for this
black hole. Moreover, we consider the Gibbs energy optical
dependence to investigate the Hawking-Page transition. We
observe that evaporation rate depends upon ζ and black hole
evaporates more quickly for positive ζ as compared to nega-
tive ζ . For the case ζ = −1, the black hole’s lifetime become
infinite, which makes the black hole a remnant and the third
law of black hole thermodynamics holds in this scenario. We
show that the thermal variations in the deflection angle can be
used to determine the stable and unstable phases of the black
hole. Our findings show that large and small phase transitions
of black hole occur at a specific value of the deflection angle.

1 Introduction

In 1974, Hawking [1] revealed that due to quantum mechan-
ical effects, black holes (BHs) release radiations, which are
known as Hawking radiations. Hawking radiation is a link-
age between quantum physics and gravity which helps us to
explain quantum gravity. The BH continuously loses mass
and thermal entropy due to emission of radiations, which
leads to the problematic information loss paradox [2]. We
can predict BH’s lifetime and the particles emitting power
with the help of spectrum of Hawking radiation. Stefan-
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Boltzmann law [3] was found a very helpful tool for the
evaluation of Hawking emission rate of the BH. In Einstein
gravity, the lifetime of a static BH follows t ∼ M3

o , which
is related to the initial mass Mo of the BH [4]. According to
this relation if the BH has infinite initial mass, the lifetime
of the BH become divergent.

In AdS spacetimes, the evaporation of BHs was largely
ignored due to the asymptotical behavior of the AdS space-
time. The AdS/CFT connection [5] has drawn a lot of interest
to BHs, particularly the thermodynamics of AdS BH and the
evaluation process of AdS BHs in recent years [6]. Page [7]
computed the lifetime of a static BH in Einstein gravity by
implementing boundary conditions, and remarkably, for the
extremely large initial mass, the lifetime of the BH was con-
vergent. This is because although, the BH may have infinite
initial mass, the temperature and emission power of the par-
ticles are also divergent, thus the infinite amount of mass can
be evaporated in a finite time. Many gravity models includ-
ing conformal [8], Lovelock [9], Horava-Lifshitz [10] and
dRGT massive gravity [11], have been used to examine BH
evaporation.

In 1915, Einstein claimed that gravitational lens can
deflect light from its source as it approaches to the observer,
this phenomenon is called gravitational lensing. The grav-
itational lens theory mainly deals with geometrical optics
in vacuum and it utilizes the concept of deflection angle.
According to general relativity, a light beam approaching to
a circular body of mass M along a large impact parameter b
can be deflected by a small angle, which is given by [12]

ϑ = 2Rs

b
= 4M

b
, G = c = 1,

where Rs = 2M is the gravitating body’s Schwarzschild
radius. Gravitational lensing is a useful astronomical and
astrophysical instrument [13] in which a dark matter or a
BH deviates light rays coming from different galaxies [14].
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The detection of dark matter via weak deflection helps us in
the study of the universe’s structure [15].

The shadows of static BHs have perfect circular geome-
tries whose size depends on several quantities, including
mass and charge. However the rotating BHs distort such a cir-
cular image, resulting in deformed D-shape structures [16].
In comparison to event horizon telescope collaborations, the
shadows of Kerr solutions can yield significant results for
appropriate values of the parameters [17]. The deflection
angles have been investigated through various methodolo-
gies. Gibbons and Werner [18] proposed a direct technique
to find such a quantity by applying the Guass Bonnet theo-
rem (GBT) to a spacial background. The deflection angle has
also been expressed using complete and incomplete elliptic
functions [19,20]. It has been shown that shadow behaviors
can be used to approach BH thermodynamics [21]. It has
been argued that such optics can be used to create a relation-
ship between shadows and critical characteristics. A recent
study revealed that the deflection angle may be influenced by
thermodynamical parameters [22]. This observation came by
comparing two RN-AdS BHs with different temperatures but
equal impact factor. Belhaj et al. [23] studied thermodynam-
ics of AdS BHs from deflection angle. They showed that the
stable and the unstable phases can be derived from thermal
variations of the deflection angle. They also analyzed that the
large and small BH transition occurs at a specific value of the
deflection angle.

Chaudhary et al. [24] studied the thermodynamic geome-
try and Joule–Thomson expansion of BHs in modified theo-
ries of gravity. Jawad et al. [25] discussed the logarithmic cor-
rected phase transitions and shadows phenomenon of well-
known classes of regular BHs. Jawad et al. [26] evaluated the
influence of modified gravity BHs on the bounds of greybody
factor. Jawad et al. [27] studied the impact of thermal fluc-
tuations on logarithmic corrected massive gravity charged
BHs. Shahid et al. [28] provided the extended GUP corrected
thermodynamics, shadow radius and quasinormal modes of
charged AdS BHs in Gauss–Bonnet gravity.

The goal of this study is to evaluate the evaporation rate
and find out the influence of BH parameter on the evapora-
tion process of AdS BHs with non linear electrodynamics
(NED). We also investigate the shadow images obtain by
radiating and infalling gas of the BH. We apply deflection
angle formalism to this special type of exact BH with NED
and find out how the extra term in the BH solution effects the
thermodynamics as compared to literature work [23]. As the
considered BH reduces to RN AdS for limiting case so we
aslo compare the results for both the BHs.

This paper is outlined as follow: in Sect. 2, we study
the evaporation of exact BH with NED field. In Sect. 3, we
present the thermodynamic of exact BH through deflection
angle. In Sect. 3.1, we investigate the stability of BH with
NED via deflection angle. In Sect. 3.2, we discuss the phase

transition of BH by using deflection angle. Finally in Sect. 4,
we summarize our findings in conclusion.

2 Evaporation of exact black hole with NED field

Yu and Gao [29] provided the action of NED theory with
minimal coupled to gravity, which is defined as

S = (16π)−1
∫

(−g)
1
2 [K (ψ) + R]d4x, (1)

where R represents the Ricci scalar and K is a nonlinear
function of ψ where ψ is defined in terms of electromagnetic
field tensor as ψ = FμνFμν . This electromagnetic field ten-
sor depends on the partial derivatives of Maxwell field Aμ

whose expression is given by Fμν = ∂μAν −∂ν Aμ. The field
equations by the varying of action w.r.t., the metric turn out
to be

Gμν = 1

2
gμνK − 2K,ψ FμλF

λ
ν , (2)

where K,ψ ≡ dK
dψ

. The generalized Maxwell equations by
varying the action w.r.t Aμ take the following form

∇μ(FμνK,ψ ) = 0. (3)

The static and spherically symmetric metric is given by

ds2 = −U (r)dt2 + 1

U (r)
dr2 + f (r)2d	2

2, (4)

where d	2
2 = sin2 θdφ2 + dθ2. Due to the static spacetime,

the non-vanishing Maxwell field Aμ becomes A0 = φ(r)
which yields ψ = −2φ

′2 by using a gauge transformation as
Aμ → Aμ + ∂μχ where χ is Euler characteristic number.
Using Eq. (4) in (2) and (3), we obtain the Einstein and gener-
alized Maxwell equations by considering G0

0 = ρ, G1
1 = pr

and G2
2 = pθ as [29]

1

f 2 − U ′ f ′

f
− U f ′2

f 2 − 2U f ′′

f
= 1

2
K + 2K,ψφ′2, (5)

1

f 2 − U ′ f ′

f
− U f ′2

f 2 = 1

2
K + 2K,ψφ′2, (6)

U f ′′

f
+ U ′ f ′

f
+ 1

2
U ′′ = −1

2
K , (7)

(
f 2K,ψφ′

)′

= 0. (8)

Here (′) represents the derivative with respect to r . The
last equation (8) represents the equation of motion related to
the Maxwell field which indicates the electric charge con-
tribution of BH by an integration constant. Integrating with
respect to r , Eq. (8) yields

Q ≡ K,ψφ′ f 2. (9)
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In the field equations, we observe four unknowns which
are K , f, φ and U while three independent equations. So
we have to choose one function initially and find rest of func-
tions. We consider the following Lagrangian for K [29]

K = ψ + 2� − 2
√

2ζ(−ψ)
1
2 , (10)

where ζ is coupling constant having dimension (La)
−1. In

order to find the value of f , we consider the difference of
Eqs. (5) and (6) which gives f ′′ = 0. The solution of this
equation represents the physical solution as f = r . Using
Eq. (10) along with value of f , the static spherically sym-
metric BH solution takes the following form [29]

ds2 = −U (r)dt2 + dr2

U (r)
+ r2d	2

2. (11)

with metric function U (r) is

U (r) = 1 − 2M

r
+ Q2

r2 − 1

3
r2� − r2ζ 2

3
+ 2Qζ, (12)

while Eq. (9) results the following expression of φ

φ = −rζ − Q

r
. (13)

Here M is mass of the BH. The important aspect of this
BH is that for ζ = 0, it becomes the Reissner–Nordstrom-
AdS BH. The spacetime becomes asymptotically de Sitter
with r2ζ 2 provided � = 0 and 2Qζ � 1. We can find the
thermodynamical quantities of the BH by using the largest
real root (which is known as event horizon r+) of the metric
function U . The relations for mass by solving U (r) = 0 for
M, temperature by using T = U ′(r)

4π
and entropy of the BH

turns out to be

M = −ζ 2l2r4+ + 6ζ l2Qr2+ + 3l2Q2 + 3l2r2+ + 3r4+
6l2r+

, (14)

T =
ζ 2(−r+) + 2ζQ

r+ + 3r+
l2

− Q2

r3+
+ 1

r+

4π
, (15)

S = πr2+. (16)

After evaluating the important thermodynamical quantities,
now we study the evaporation of BH with NED field. Due
to the emission of Hawking radiations, the mass of BH
decreases with time t . The geometrical optics have proved
that the released particles traveled along null geodesics. The
normalized affine parameter λ along orient angular coordi-
nate provides the geodesic equation as follows [3]
(
dr

dλ

)2

= E2 − J 2 U

r2 ,

where E = U dt
dλ

and J = r2 dθ
dλ

are the energy and angular
momentum respectively. If an emitted particle from the BH
satisfies turning point condition ( drdλ

)2 = 0, then it will move
back towards the BH and thus cannot be seen by the observer

on the AdS boundary. Now by defining the impact parameter
as b ≡ J

E , the emitted particle can reach infinity if

1

b2 >
U

r2 ,

for all r > r+. The impact factor bc can be obtained by
using maximum value of U/r2. According to the Stefan-
Boltzmann law, the Hawking emission rate by utilizing bc,
can be defined as [3]

dM

dt
= −ςCb2

c T
4, (17)

with the constant C = π3k4

15c3h3 where k, c, h are some con-
stants and ς denotes the grey-body factor. As we are con-
cerned about the qualitative aspects of the evaporation of
BH, we will absorb this constat into the grey-body factor ς

by setting ςC = 1 [30]. According to the Stefan-Boltzmann
law, the emission power in 4-dimensional spacetime is pro-
portional to the 2-dimensional cross sectionb2

c and the photon
energy density T 4 in 3-dimensional space.

The behavior of the temperature T , particularly its asymp-
totic behavior has critical importance in BH evaporation
because the T 4 term is of a higher order. By scaling, we
know M ∼ l, T ∼ l−1 and bc ∼ l, where l is some length.
Taking the dimensionless variables x ≡ r+

l , y ≡ ζ l and
Q∗ = Ql, we can express mass and temperature of BH in
terms of dimensionless parameters as follow

M =
(

3Q∗2 + 3x2 + 6yQ∗x2 + 3x4 − y2x4

6x

)
l,

T = 1

4πl

(
− Q∗2

x3 + 1

x
+ 2Q∗y

x
− y2x + 3x

)
.

To find the impact factor bc = rp√
U (rp)

, we obtain two roots

by solving the equation ∂
∂r

(U
r2

) = 0. The roots are given by

rpa = 3M + √−16ζQ3 + 9M2 − 8Q2

2(2ζQ + 1)
,

rpb = 3M − √−16ζQ3 + 9M2 − 8Q2

2(2ζQ + 1)
, (18)

where rpb < rpa and we use rpa in our work in order to
make more comprehensive analysis. Using Eq. (12), along
with positive largest photon orbit rpa , we get bc in terms of
dimensionless parameters as follows
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Fig. 1 Plot of T versus r+ for charged BH with NED

bc = (2(2ζQ∗ + 1)(−(ζ 2((−16ζQ∗3

+ (3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4 + 3x2)2

4x2 − 8Q∗2)
1
2

+ (3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4 + 3x2)

2x
)2)

(12(2ζQ∗ + 1)2)−1 + (4Q∗2(2ζQ∗ + 1)2) × (((−16ζQ∗3

+ (3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4 + 3x2)2

4x2

−8Q∗2)
1
2 + ((3Q∗2 + 6Q∗x2y + x4(−y2)

+3x4 + 3x2))(2x)−1)2)−1

−(2(2ζQ∗ + 1)(3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4

+3x2))(3x((−16ζQ∗3

+ (3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4 + 3x2)2

4x2

−8Q∗2)
1
2 + ((3Q∗2

+6Q∗x2y + x4(−y2) + 3x4 + 3x2))(2x)−1))−1

+(((−16ζQ∗3 + ((3Q∗2 + 6Q∗x2y + x4

×(−y2) + 3x4 + 3x2)2)(4x2)−1 − 8Q∗2)
1
2

+ (3Q∗2 + 6Q∗x2y + x4(−y2) + 3x4 + 3x2)

2x
)2)

×(4(2ζQ∗ + 1)2)−1 + 2ζQ∗ + 1)
1
2 )l.

Inserting the relations T and bc into Stefan-Boltzmann
law, we get

dt = l3H(x, y)dx, (19)

where H(x, y) represents a very lengthy expression (calcu-
lated through Mathematica software and we skip to write
here). Fixing y and integrating the equation from ∞ to
xmin = 0, we obtain that the BH lifetime is of order 3.

Fig. 2 The numerical results of BH mass M w.r.t lifetime t by setting
y > 0 (corresponding to ζ > 0). We set y = 1 with l = 1, l = 1.5 and
l = 2 from left to right

Fig. 3 The numerical results of BH mass M w.r.t lifetime t by setting
y < 0 (corresponding to ζ < 0). We set y = −1 with l = 1, l = 1.5
and l = 2 from left to right

We plot the expression of temperature which is given in
Eq. (15) with respect to r+ for different cases of coupling
constant ζ = −1, 0, 1 and Q = 1, l = 1 as shown in Fig.
1. One can observe that for all the cases, temperature starts
from zero and goes to infinity for r+ → ∞. Figure shows
that temperature is continuous and increasing function of r+
without any singularity. The temperature of BH plays a vital
role in BH evaporation because it occupies the highest order.
The value T = 0 provides critical radius which helps to find
critical mass of the BH. Figures 2 and 3 demonstrate the
numerical results of mass M of the BH as function of the
lifetime t for y > 0 and y < 0, respectively (corresponding
to ζ = 1 and ζ = −1) related to Eqs. (17) and (19). In each
figure from left to right, the curves correspond to l = 1, l =
1.5 and l = 2 respectively. We find out that the BH lifetime is
of the order l3 through H(x, y). For ζ = 1, the temperature
of BH becomes divergent for the extreme horizon radius,
which leads to the singularity [31]. The rmin yields Mmin =
M(rmin) and BH mass decreases to Mmin in finite interval of
time. For ζ = −1 the BH loses mass in short interval of time
and then evaporation process becomes very slower for very
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small mass of the BH. As a result, the BH’s lifetime becomes
infinite, satisfying the third law of BH thermodynamics. This
means that the BH becomes a remnant, perhaps assisting us
in resolving the information paradox [32]. We conclude that
the lifetime of the BH evaporation for ζ = −1 is high as
compared to ζ = 1.

3 Thermodynamics of exact black hole with NED field
through deflection angle

3.1 Deflection angle

In this section we are interested to explore the shadow images
and the deflection angle to study the thermodynamics stabil-
ity. Applying the variational principle to the metric (12) we
find the Lagrangian

2L =
(

1 − 2M

r(s)
+ Q2

r(s)2 − r(s)2

3
� − r(s)2ζ 2

3
+ 2Qζ

)
ṫ2(s)

+ ṙ2(s)(
1 − 2M

r(s) + Q2

r(s)2 − r(s)2

3 � − r(s)2ζ 2

3 + 2Qζ
)

+r2(s)
(
θ̇2(s) + sin2 θφ̇2(s)

)
. (20)

It is worth noting that L is +1, 0, and −1, for timelike,
null, and spacelike geodesics, respectively. Taking the equa-
torial plane θ = π/2, the spacetime symmetries implies two
constants of motion, namely J and E , given as follows

r(s)2ϕ̇ = J,(
1 − 2M

r(s)
+ Q2

r(s)2 − r(s)2

3
� − r(s)2ζ 2

3
+ 2Qζ

)
ṫ = E .

To proceed further we need to introduce a new variable,
say u(ϕ), which is can be given in terms of the radial coor-
dinate as r = 1/u(ϕ) which yields the identity

ṙ

φ̇
= dr

dφ
= − 1

u2

du

dφ
. (21)

We proceed by considering four special cases for different
values of the parameter in the metric (12). After some alge-
braic manipulations one can show the following differential
equation

(
du

dϕ

)2 1

u4K + 9M

u7b2K2 − 9Q2

2u6b2K2 + 3ζ 2

2u10b2K2

+ 3�

2u10b2K2 − 9ζQ

u8b2K2 − 9

2u8b2K2 + 1

2u2 = 0, (22)

where

K = ζ 2/u4 + �/u4 − 6Qζ/u2 + 6M/u − 3Q2 − 3/u2,

(23)

Fig. 4 Plot of deflection angle w.r.t impact parameter b for increasing
values of the coupling constant ζ . We use Q = 0.3, M = 1, � = 10−5

and b is defined as

b = J

E . (24)

We shall consider the affine parameter along the light rays
to be E = 1, and we can evaluate the constant l in leading
order terms b � r0. From the above equation we find

du

dφ
= ±

√−9Q2b2u4 + 18Mb2u3 + 3b2ζ 2 + 3�b2 + 9 − A
3b

,

(25)

where

A = 18Qb2u2ζ + 9b2u2, (26)

It is well known that the solution to the above equation in
the weak limit can be written as follows

ϑ = 2
∫ 0

u=1/b

∣∣∣∣dφ

du

∣∣∣∣du − π, (27)

where ϑ is the deflection angle which should be calculated.
Finally, the deflection angle turns out to be approximated
with

ϑ � 4M

b
− 3πQ2

4b2 − ζQπ + 2b�M

3
− �Q2π

4
− 16ζQM

b
+O(Q2M/b3) + O(�MQ2/b) + O(�MQζb)

+O(�b/u�) + O(ζ 2b/u�) + ... (28)

Notice that due to the presence of the cosmological constant,
we have divergent term since u� → 0, however one can
simplify the work bu assuming that the observer is located
at some large but finite distance from the black hole. In this
way, for finite distance corrections, the divergent terms like
�br� and ζ 2brζ will be small since � << 1, and ζ << 1
provided r� and rζ are some finite quantities.

The examination of optical quantity ϑ indicates that it
is controlled by five factors (b, Q, l, ζ and r+ or M) that
constitute the BH moduli space.

In Fig. 4 related to Eq. (28), we show the behavior deflec-
tion angle w.r.t impact parameter b for increasing values of

123



655 Page 6 of 10 Eur. Phys. J. C (2022) 82 :655

coupling constant ζ . We obtain smaller values of deflection
angle by increasing ζ . Fixing the values of M and �, we
observe that ϑ decreases w.r.t b. As by setting ζ = 0, our
considered model of BH becomes RN-AdS BH. The range
of the considered BH’s deflection angle is high as compared
to RN-AdS BH and it decreases for increasing values of ζ .
We can conclude that ϑ as continuously decreasing function
with respect to impact parameter b represents a stable BH.

3.2 Shadow images using infalling gas

There are different models to obtain the shadow images and
the intensity, in the present work, we will use a simple accre-
tion model which consists of an infalling and radiating gas
onto a BH. This is a simplified model, in a more realistic setup
the problem is more complicated, for example the model can
depend not only on the size but also the shape of the accre-
tion model or the distribution of different fields such as the
magnetic fields around the BH. To do so, we need to solve
numerically the equations of motion of light and we can start
from the Hamilton-Jacobi which gives

1

2

[
− p2

t

U (r)
+U (r)p2

r + p2
φ

r2

]
= 0. (29)

From our metric we can see that due to the spacetime sym-
metries we have two constants of motion: pt = −E and
pφ = L , that is the energy E and angular momentum L ,
respectively. Furthermore, if we now use the conditions for
the unstable orbits given by

Veff(r) = ∂Veff(r)

∂r

∣∣∣
r=rp

= 0, (30)

it is straightforward to obtain the equation of motion as fol-
lows

dr

dφ
= ±r

√
U (r)

[
r2U (R)

R2U (r)
− 1

]
. (31)

In the scenario in which light ray emits from the static
observer which at the position r0 travels with an angle ϕ, we
have the relation [33]

cot ϕ =
√
grr√
gφφ

dr

dφ

∣∣∣
r=r0

. (32)

The shadow radius can be obtained from the following
relation

Rs = r0 sin ϕ = r

(
(U (r0)( f (r))

−1
) 1

2
∣∣∣∣
r=rp

, (33)

here rp is the photon radius. One can calculate the intensity
map and obtain the shadow images using the well known
technique known as the Backward Raytracing (see, Refs.

[34–39]). In particular the observed specific intensity Iν0 is
given by [36]

Iobs(X,Y, νobs) =
∫

γ

j(νe)g
3dlprop, (34)

in the last equation we note that g is the redshift function. In
addition, the proper length is given by [34–39]

dlprop = kαu
α
e dλ = − kt

g|kr |dr. (35)

Moreover, the relation between time and radial component
of four velocity can be obtained as follow (see for details
[34–39])

kr (kt )−1 = ±U (r)

√(
1 − b2U (r)

r2

)
. (36)

The physical meaning behind the sign +(−) is related to the
fact that the photon approaches or goes away from the mas-
sive object. Let us also assume that the emission is monochro-
matic with emitter’s-rest frame frequency ν�, with a simple
r−2 radial profile and then by integrating the intensity yields
[34–39]

Iobs(X,Y ) ∝ −
∫

γ

g3ktr
−2k−r dr. (37)

In Fig. 5, we manifest result for the shadow using the
black hole solution (11-12). We have found that increasing
the value of charge Q the radius of the shadow decreases and
the intensity of the electromagnetic waves detected at some
finite distance r0 from the black hole increases. Also, it is
important to note that the finite distance corrections play an
important role and have a significant effect on the shadow
images.

3.3 Stability of black hole with NED through deflection
angle

Here we investigate the stability of BH through the deflection
angle formalism. The heat capacity plays important role to
make the relationship between the BH stability and optical
quantity. In literature work [21], it has been shown that C =
T ( ∂S

∂T ) > 0 represents the stable behavior while the unstable
phase require C = T ( ∂S

∂T ) < 0. In order to study the stability
of BH through new approach, the extended heat capacity is
defined as

C = T

(
∂S

∂r+

)(
∂r+
∂ϑ

)(
∂ϑ

∂T

)
. (38)

Due to the constraint

(
∂S
∂r+

)
> 0, the information related

to stability can be uncovered by the sign of the product(
∂r+
∂ϑ

)(
∂ϑ
∂T

)
. We first study the behavior of temperature in
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Fig. 5 The shadow images and the intensities for different values of Q. Note that the observer is located at distance r0 = 30M from the black hole

Fig. 6 Plot of the temperature w.r.t horizon radius r+ for l2 = 675
4π

terms of r+ in various regions of the BH moduli space. This
is required to check the phase structures [21]. The obtained
data will be examined more precisely through the variation of
deflection angle. Figure 6, demonstrates the behavior of tem-
perature T of BH (given in Eq. (15)) versus horizon radius
r+ for increasing values of coupling constant ζ . One can see
that by fixing the value of AdS radius l2 = 675

4π
, the range

of temperature increases with increasing values of coupling
constant ζ . The temperature first increases from zero and
then it decreases after reaching maximum value.

It follows from Fig. 6 that BH remains stable in 0.52 ≤
r+ ≤ 0.83 for all the trajectories while it becomes unstable
for r+ > 0.83. The range of temperature is low for ζ = 0
(RN-AdS BH) as compared to increasing values of ζ . Thus,
the phase structure of the BH can be examined from the
quantity dT

dr+ by taking into account different values of model
parameters.

In order to analyze the new technique for the phase struc-
ture, we plot ϑ given in Eq. (28) with respect to r+ in Fig.
7. It is noted that initially the behavior of deflection angle
curves decreases rapidly with the growth of r+, then gradu-
ally increases by increasing r+ without any critical value. In
this way, the sign of the quantity dT

dϑ
helps us to extract the

information about the phase structures of BH. The increas-

Fig. 7 Plot of deflection angle w.r.t r+ for increasing values of the
coupling constant. We use Q = 1, b = 10, l2 = 675

4π

ing values of coupling constant ζ lead to increasing range of
deflection angles. More precisely, the stability and the insta-
bility require

dT

dϑ
< 0,

dT

dϑ
> 0.

We depict parametric plots of the temperature of BH w.r.t
deflection angle in Fig. 8 (related to Eqs. (15) and (28).
We present stable (decreasing deflection angle w.r.t temper-
ature) and unstable phases in this figure and observe that
these results show consistency with Fig. 6 which show that
the phase structure can be investigated through the deflec-
tion angle formalism. The sign changing heat capacity of
BH can be discussed as temperature depending upon deflec-
tion angle. The deflection angle decreases with temperature
which show the stable phase. These interesting results show
that new approach for the study of phase transitions BHs is
very much consistent.

3.4 Phase transition of black hole through deflection angle

We investigate the relationship of deflection angle and phase
transition of BH in the presence of NED in this section. The
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Fig. 8 Plot of the temperature w.r.t deflection angle for b = 10 and
l2 = 675

4π

Fig. 9 Plot of the event horizon radius r+ in terms of the temperature
T

Gibbs free energy is the key thermodynamical quantity for
studying such a transition [6]. For BHs, the Gibbs free energy
can be calculated as follows

G = M − T S − �Q. (39)

where � = Q
r+ is the electric potential. Using P = 3

8πl2
and

electric potential �, the relations for BH temperature and
mass become

T = −ζ 2r2+ + 2ζr+� + 8π Pr2+ − �2 + 1

4πr+
,

M = 1

6
r
(
−ζ 2r2 + 6ζr� + 8π Pr2 + 3�2 + 3

)
. (40)

Substituting these relations in Eq. (39), the relation for Gibbs
free energy takes the form

G = 1

12
r+

(
ζ 2r2+ + 6ζr+� − 8π Pr2+ − 3�2 + 3

)
. (41)

The analysis of temperature T = T (r+, P, �, ζ ) reveals
that it has two critical values for the charged-AdS BH with
coupling constant. The first one is related to the critical value

T0 =
√

8π P−ζ 2−�2
√

8π P−ζ 2+ζ
√

1−�2�

2π
√

1−�2 which yields mini-

Fig. 10 Plot of the event horizon radius r+ in terms of the temperature
T

Fig. 11 Variation of the Gibbs free energy G w.r.t temperature T for
� = 0.9, ζ = 0 and P = 0.04

Fig. 12 Variation of the Gibbs free energy G w.r.t temperature T for
� = 0.9, ζ = 0.1 and P = 0.04

mum function, below which no BH exists [40]. After calcu-
lating r+ in terms of T from Eq. (40), we obtain two event
horizons rpos and rneg which correspond to the large and small
BHs respectively. In Figs. 9 and 10, we express r+ in terms
of T for increasing values of charge Q and coupling con-
stant ζ for P = 0.04. In both figures, the critical points are
represents by intersections (LBH and SBH) of dashed and
solid curves in Fig. 9. Similarly in Fig. 10, the intersection of
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Fig. 13 Plot of deflection angle in terms of the temperature T and the
impact parameter b for P = 0.04 and � = 0.9

solid and dashed curves show the critical points. The second

critical value is THP = −
√

8π P−ζ 2+�2
√

8π P−ζ 2+ζ
√

1−�2�

2π
√

1−�2

for which BH and radiations have vanishing Gibbs energy
G and the Hawking-Page transition occurs at this point. In
order to understand more deeply, we use Eqs. (40) and (41)
to demonstrate the graphical behavior of G w.r.t T in Figs. 11
and 12 respectively. In Fig. 13 we plot a 3-dimensional plot
of the deflection angle ϑ in terms of T and b. There exists
temperature which is independent of b direction of the mod-
uli space. We find out that for b > r0+, where r0+ is related to
T0, the change in b does not alter the BH temperature.

Finally, in order to investigate the Hawking-Page transi-
tion of the charged BH through deflection angle, we depict
the Gibbs free energy (using Eqs. (41)) w.r.t deflection angle
(using Eqs. (28) in Figs. 14 and 15 for uncharged and charged
cases respectively. We observe that G → 0 corresponding
to ϑ = ϑc, which show the Hawking-page transition where
this critical value works similarly as r+ = rH P for which
T = THP . We analyze that LBH appear when G is decreas-
ing function of ϑ while SBH appears when G increases with
ϑ . Obviously, the intersection of SBH and LBH yields the
minimum temperature occurs at a critical value ϑ = ϑ0. This
result proved that the deflection angle can be considered as
a relevant quantity to approach critical behaviors of charged
AdS BHs.

Figure 16 demonstrate the behavior of heat capacity given
in Eq. (38) versus deflection angle for different values of
coupling constant. For all the values of coupling constant,
specific heat is continuous function of ϑ , which describes
that BH is thermodynamically stable (Fig. 17).

4 Concluding remarks

In this work, we have discussed the evaporation process of the
exact BH with NED. We have calculated the numerical results
of mass M of BH as the function of the lifetime t for positive
and negative coupling constant ζ > 0 and ζ < 0. We have
analyzed that for ζ = −1, the BH loses mass in short interval

Fig. 14 Plot of the Gibbs free energyG in term of ϑ for P = 0.04, ζ =
0 and � = 0.9

Fig. 15 Plot of the Gibbs free energyG in term of ϑ for P = 0.04, ζ =
0.1 and � = 0.9

Fig. 16 Plot of the heat capacity C w.r.t ϑ for l2 = 675
4π

of time and then the evaporation process becomes very slower
for very small mass of the BH. As a result, the BH’s lifetime
becomes infinite. However for ζ = 1, the temperature of
BH becomes divergent for the extreme horizon radius, which
leads to the singularity and the BH mass decreases to Mmin

in a finite interval of time.
We have also investigated the shadow images obtained by

radiating and infalling gas as well as the thermodynamics
of exact BH through deflection angle formalism. For a fixed
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Fig. 17 Plot of the heat capacity C w.r.t ϑ for Q = 0.5

values of ζ and � we found that the shadow radius decreases
with the increase of the charge Q. We have shown that how
different thermodynamical quantities can be expressed by the
optical quantity. We evaluated deflection angle of the con-
sidered BH and studied the influence of impact parameter
on the deflection angle. Then, we have established the rela-
tionship between stability/instability and phase transitions
of the BH through deflection angle formalism. In our impor-
tant findings, we have shown that the stable phase is linked
with decreasing deflection angle, while unstable phase cor-
responds to increasing value of the angle. Moreover, we have
also examined the transition of BH from Gibbs energy opti-
cal variation and observed that LBH/SBH transition exists at
particular value of the deflection angle.

In comparison with the literature work [23], we observed
that deflection angle w.r.t r+ is high for increasing values of
the coupling constant. The coupling constant also influences
the temperature and deflection angle w.r.t impact parame-
ter plots. Moreover, the coupling constant effects the event
horizon radii which leads to the change in phase transition
points and the local and global stability of the black hole. The
phase transition points and interval of stability and instability
in our work changes significantly with coupling constant as
compared to the published work [41,42].
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