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Abstract This work belongs to the context of the standard-
model extension, in which a Lorentz symmetry violation is
induced by a bumblebee field as it acquires a nonzero vac-
uum expectation value. The mathematical formulation of a
generic bumblebee model and its associated dynamical equa-
tions are presented. Then, these equations are considered for
the vacuum and a substantial simplification is performed for
the particular case of a gradient bumblebee field at its vac-
uum expectation value. After some further manipulation, a
method to easily find solutions to the model is developed, in
which the exact effect on the spacetime description due to
the presence of this bumblebee field is explicitly provided.
As some examples, the method is applied to determine the
implications of the bumblebee field on the Schwarzschild
spacetime and also on a rotating one. A previously published
solution is recovered and some new ones are obtained. In
the rotating situation, a simple solution is found which con-
tains both the Kerr solution and the already published one
as special cases. It is also shown its distinguished surfaces
are still given by the same corresponding expressions for the
Kerr solution. In conclusion, the mathematical improvement
made is considered to be a significant contribution to the the-
ory as a powerful tool to investigate its many aspects and
consequences.

1 Introduction

Gravity is the only fundamental interaction devoid of a suc-
cessfully verified quantum formulation. Even though there
are many proposals [1], none of them can be directly tested,
since the typical effects of quantum gravity take place at the
Planck scale, whose energy level (∼ 1019 GeV) is far beyond
the reach of current experiments. Nevertheless, there can also
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be some indirect consequences of these effects that are more
likely to be observed and would certainly shed some light on
this pursuit if that happened.

Several quantum gravity models lead to the violation of
Lorentz symmetry in the Planck regime. As examples, we can
cite the string field theory [2–5], noncommutative field the-
ories [6–8], and loop quantum gravity [9,10], among others
[11–15]. This violation, in turn, also contributes to the space-
time dynamics on lower energy levels and, thus, can produce
astronomical consequences. In other words, the breaking of
Lorentz symmetry in the Planck scale may ultimately have
implications on every solution from General Relativity (GR),
thereby leaving its traces in possibly any astronomical phe-
nomenon.

Therefore, it is of great interest to verify whether or not
these implications agree with the observational data as they
could indicate the existence of a certain quantum gravity
model. To do so, however, one must have the appropriate
description of the observed phenomenon in the context of
the model under investigation and this, naturally, requires the
corresponding spacetime solution that takes into account the
low energy contributions associated with the Lorentz sym-
metry violation. It is, then, essential to determine how these
contributions will affect spacetime, in special, what modifi-
cations it will have as compared to its description according
to GR.

As a general theoretical framework for testing Lorentz
symmetries, there is an effective field theory, named standard-
model extension (SME) [16–19], that describes the standard
model of particle physics coupled with GR whose mathemat-
ical structure includes terms that violate Lorentz symmetry
at the Planck scale. It constitutes an intense research line for
decades, with many studies already made on its electromag-
netic [20–40], electroweak [41,42], and strong [43] sector,
besides the hadronic physics [44] as well. Moreover, some
of its gravitational effects have also been studied [45–54],
which includes gravitational waves [55,56].
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Among the possibilities for an SME, the so-called
bumblebee model is surely one of the simplest. According
to it, the Lorentz symmetry breaking is induced by a bum-
blebee field Bμ as it acquires a nonzero vacuum expectation
value (VEV), corresponding to the minimum of its associated
potential.

In the present work, we provide a substantial contribu-
tion to the gravitational consequences of this bumblebee
model concerning its implications on the spacetime descrip-
tion. More specifically, it is explicitly revealed how exactly
a vacuum spacetime, as described by GR, is modified by the
bumblebee field when it is given by the gradient of a scalar
function, besides being at its VEV. The amazing result is that
any vacuum metric solution from GR will change by only a
single and incredibly simple term constructed with the bum-
blebee field.

Although it consists of a restriction on this field, it still
belongs to the whole model and, more importantly, its main
advantages, just to cite a few, are that (i) finding analytical
solutions becomes immensely easier, (ii) these, in turn, allow
for a thorough description of any related astronomical phe-
nomenon and (iii) it has a wide range of possible interesting
applications since it deals with vacuum situations. All this
constitutes a valuable tool for seeking evidence of an under-
lying theory of quantum gravity, as already mentioned.

Several studies [57–67] have already been made to
describe the observational implications of this bumblebee
field and, thus, our results certainly provide a substantial con-
tribution to this task.

In the next section, we describe a generic bumble-
bee model and its corresponding dynamical equations are
displayed. Their simplified versions for vacuum are also
obtained when a gradient bumblebee field at its VEV is con-
sidered.

In Sect. 3, with the aid of Appendix A, a splitting of the
vacuum spacetime metric solution into the background met-
ric plus the bumblebee field contributions is provided, in
which the former is so called as it describes precisely the
same situation in the absence of the bumblebee field. There-
fore, as a method to solve for this model, it suffices to find
an appropriate vacuum solution from GR to work with and
a gradient bumblebee field at its VEV. Additionally, making
use of the result found in Appendix B, it is demonstrated that
the same final form of the dynamical equations could have
also been directly and easily obtained from the model action
for this particular case.

As some examples, in Sect. 4, the developed method is
used to determine how such a bumblebee field modifies the
Schwarzschild solution and also a rotating spacetime. In the
first situation, a previously published solution [57] is readily
obtained and it is easily generalized afterwards as a new solu-
tion. For the rotating case, a simple and new solution is also
easily found. It is associated with the Kerr spacetime in the

presence of the bumblebee field and it is shown in Appendix
C it keeps the same expressions for its distinguished surfaces.
A rather general possibility for the bumblebee field is pre-
sented and its corresponding solution contains all the others
as particular cases. Some comments are also made concern-
ing the possibility of this type of bumblebee field deeply
modifying the background spacetime structure.

Finally, in Sect. 5, we make our conclusions and final
remarks.

2 The theoretical model

The bumblebee model under investigation is the same already
studied in Refs. [45,49,51,52,57], just to cite a few, and is
obtained from the variational procedure applied to the fol-
lowing action:

S =
∫ [

R

2κ
+ ξ

2κ
BμBνRμν − 1

4
BμνB

μν − V

+ LM

]√−g d4x, (1)

in which Bμ ≡ gμνBν is the contravariant version of Bμ,
which has the dimension of N 1/2 in SI units, g is the metric
determinant, R ≡ gμνRμν is theRicci scalar, Rμν ≡ Rα

μαν

is the Ricci tensor,

Rα
μβν ≡ ∂βΓ α

μν − ∂νΓ
α
μβ + Γ α

βλΓ
λ
μν − Γ α

νλΓ
λ
μβ (2)

is theRiemann tensor written in terms of theaffine connection
Γ α

μν given by the Christoffel symbol, V = V
(
B2 ± b2

)
is

the potential, whose specific form will be irrelevant to our
purposes and whose minimum is zero and occurs whenever
its argument vanishes, B2 ≡ BμBμ, b2 is a positive real
constant with the dimension of N in SI units,

Bμν ≡ ∂μBν − ∂νBμ (3)

we shall call the bumblebee field strength, LM is the
Lagrangian density of any other field that may be consid-
ered, ξ is a real constant with the dimension of N−1 in SI
units that controls the gravity-bumblebee field interaction,
and κ is Einstein’s gravitational constant.

Applying the variational procedure for both the indepen-
dent variations of the metric gμν and the bumblebee field Bμ,
one obtains:

Gμν ≡ Rμν − 1

2
Rgμν = κTμν, (4a)

∇μBμν = 2V ′Bν − ξ

κ
BμRμν, (4b)

where ∇α indicates the covariant derivative, Gμν is the Ein-
stein tensor and

Tμν = T M
μν + T B

μν (5)
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is the total energy-momentum tensor split into the contribu-
tions from LM

(
T M

μν

)
and from the bumblebee field

(
T B

μν

)
which, in turn, is given by

T B
μν = − BμαB

α
ν − 1

4
Bαβ B

αβgμν − Vgμν + 2V ′BμBν

+ ξ

2κ

[
BαBβ Rαβgμν − 2BμBαRαν − 2Bν B

αRαμ

+ ∇α∇μ(BαBν) + ∇α∇ν(BαBμ) − ∇2(BμBν)

−gμν∇α∇β(BαBβ)
]
, (6)

with V ′ denoting differentiation of V with respect to its argu-
ment and ∇2 ≡ ∇α∇α . A supposed bumblebee charge cur-
rent (Jν) may be added to the right-hand side of (4b).

Dynamical equation (4a) can be identically rewritten as:

Rμν = κ

(
Tμν − 1

2
gμνT

)

= κ

(
T M

μν − 1

2
gμνT

M
)

+ κ

(
T B

μν − 1

2
gμνT

B
)

, (7)

in which we denote T ≡ gαβTαβ and equivalently for T M

and T B , which reads

T B = −4V + 2V ′B2 − ξ

κ

[
1

2
∇2B2 + ∇α∇β(BαBβ)

]
.

(8)

2.1 The particular case of interest

We will be particularly concerned with the special situation
in which the bumblebee field is at its VEV and is also given
by the gradient of a scalar field, which is a necessary and
sufficient condition for a null Bμν [68]. In addition, no other
sources will be taken into account, which is to say we will
be dealing with vacuum. Denoting the aforementioned scalar
field by λ, we have, thus:

B2 = ∓b2 ⇔ V = 0, V ′ = 0, (9a)

Bμ = ∂μλ ⇔ ∂μBν = ∂νBμ, (9b)

LM = 0 ⇒ T M
μν = 0, (9c)

and we note condition (9b) for a null bumblebee field strength
is equivalent to

∇μBν = ∇νBμ (10)

as the connection terms cancel each other out.
Dynamical equation (4b), therefore, simplifies to:

BμRμν = 0. (11)

Equation (6), in turn, becomes:

T B
μν = ξ

2κ

[∇α∇μ(BαBν) + ∇α∇ν(B
αBμ)

+ − ∇2(BμBν) − gμν∇α∇β(BαBβ)
]
, (12)

while Eq. (8) is rewritten as:

T B = − ξ

κ
∇α∇β(BαBβ). (13)

With (9c), (12) and (13), dynamical equation (7) becomes:

Rμν = ξ

2

[
∇α∇μ(BαBν) + ∇α∇ν(B

αBμ) − ∇2(BμBν)
]

= ξ

2
∇α

[∇μ(BαBν) + ∇ν(B
αBμ) − ∇α(BμBν)

]
.

(14)

With the aid of (10), each of the three terms inside the square
brackets above can be written as:

∇μ(BαBν) = Bα∇μBν + Bν∇μB
α = Bα∇μBν + Bν∇αBμ,

(15a)
∇ν(B

αBμ) = Bα∇νBμ + Bμ∇νB
α = Bα∇μBν + Bμ∇αBν,

(15b)
∇α(BμBν) = Bν∇αBμ + Bμ∇αBν, (15c)

and (14) simplifies to:

Rμν = ξ∇α(Bα∇μBν). (16)

Contraction of this equation with Bμ gives:

BμRμν = ξ
[∇α(BαBμ∇μBν) − (∇μBν)B

α∇αB
μ
]
. (17)

However, Eq. (9a) for the bumblebee field modulus along
with Eq. (10) imply:

Bμ∇νBμ = Bμ∇μBν = 0 (18)

and, thus, both terms inside the square brackets of (17) are
zero. Consequently, (11) is automatically satisfied by (16),
which is, then, the only dynamical equation we need to solve
in this case.

Although dynamical equations (4) have already been con-
siderably simplified in this particular scenario, an even fur-
ther simplification will be performed in the next section,
where the spacetime metric solution will be given precisely
in terms of its GR corresponding plus contributions from the
bumblebee field.

3 Exact effect of the bumblebee field on the spacetime

In this section, we shall present how exactly this kind of
bumblebee field contributes to the metric solution. For that

123



613 Page 4 of 13 Eur. Phys. J. C (2022) 82 :613

purpose, let us consider the following tensor:

g̃μν ≡ gμν − ξ

1 + ξ B2 BμBν, (19a)

whose inverse is:

g̃μν ≡ gμν + ξ BμBν . (19b)

As a simple consequence, condition (9a) for the bumble-
bee field to be at its VEV can also be equivalently rewritten
as:

B̃2 ≡ g̃μνBμBν = B2
(

1 + ξ B2
)

= ∓b2
(

1 ∓ ξb2
)

, (20)

which can be regarded as its modulus according to g̃μν and
it is really noteworthy it is still a constant. Even though this
result is actually useful to our approach, the great benefit of
the above definition is better appreciated when equation (16)
is also written in terms of it.

In Appendix A, it is shown that substituting gμν and gμν

from Eq. (19) in the Ricci tensor results in

Rμν = R̃μν + ξ∇α(Bα∇μBν), (21)

with R̃μν being the Ricci tensor completely written in terms
of g̃μν instead of gμν .

Making use of this result in Eq. (16), it becomes simply:

R̃μν = 0, (22)

which is exactly Einstein’s equation of GR in vacuum for
g̃μν .

Therefore, as a very simple method to find solutions to the
model described by action (1) in vacuum, one only needs to
take a g̃μν that describes a vacuum spacetime from GR (22)
along with a bumblebee field that satisfies both

g̃μνBμBν = B̃2, (23a)

∂μBν = ∂νBμ. (23b)

Then, from (19a), the metric given by

gμν = g̃μν + ξ

1 + ξ B2 BμBν, (24)

with B2 given by (9a), will automatically solve the corre-
sponding system of dynamical equations.

It is actually remarkable how this explicitly reveals the
exact effect on the spacetime geometry caused by the pres-
ence of such kind of bumblebee field, as the metric would
be given only by g̃μν in the absence of it. For that precise
reason, we shall call it the background metric from now on.

Before we finish this section, however, we draw attention
to the fact that this simplification could also have been easily
and directly obtained from action (1). As conditions (9a) and
(9b) consist of holonomic constraints, both of them, along

with (9c), simplify the model action as

S =
∫

1

2κ
(R + ξ BμBνRμν)

√−g d4x (25a)

=
∫

1

2κ
(gμν + ξ BμBν)Rμν

√−g d4x

=
∫

1

2κ
g̃μν

[
R̃μν + ξ∇α(Bα∇μBν)

]√−g d4x, (25b)

in which Eqs. (19b) and (21) have been used to obtain (25b).
In this expression, we have:

g̃μν∇α(Bα∇μBν) = (gμν + ξ BμBν)∇α(Bα∇μBν)

= ∇α(Bα∇μB
μ) + ξ BμBν∇α(Bα∇μBν).

(26)

However, we have already seen from Eqs. (16)–(18) that the
second term on the right-hand side is zero. The first term, in
turn, will give rise to a total divergence when multiplied by√−g and will result in a surface term in the action, which
will not contribute to the dynamical equations since the vari-
ational procedure does not consider variations over that sur-
face. Then, apart from this term, action (25b) becomes:

S =
∫

1

2κ
R̃
√−g d4x, (27)

in which R̃ ≡ g̃μν R̃μν is the Ricci scalar for the background
metric.

In Appendix B, it is shown we may write g in terms of
g̃ ≡ det[g̃μν] as

g = g̃(1 + ξ B2) (28)

and, hence, the action is rewritten as

S =
∫

1

2κ̃
R̃
√−g̃ d4x, (29)

with κ̃ ≡ κ/
√

1 + ξ B2.
Written this way, it becomes very clear why the variational

procedure applied to both independent variations of gμν and
Bμ turns out to provide only Eq. (22) to solve.

Equations (22)–(24) concisely describe this particular
model and considerably simplify its mathematical treatment.
In particular, they provide a truly advantageous method when
already known vacuum spacetimes from GR are considered,
as they allow us to skip (22) and go straight to (23) to find a
solution.

In the next section, we will see some examples of how we
can benefit from this possibility to easily obtain new solutions
to this model.
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4 Examples of solutions obtained via the developed
method

Before implementing the method, and especially in view of
some peculiar results obtained in the following examples,
it is opportune to make some preliminary remarks about the
expectations one may have concerning the possible outcomes
as well as what should be the best perspective when dealing
with this scenario.

As it follows from (24), the solution can be so different
from the background metric that they may not even share the
same spacetime properties. More specifically, it is possible to
have a background metric consistent with some sorts of sym-
metries, e.g., spherical or axial, which will not be followed
by the resulting metric.

Of course, if the purpose is just to find a new solution irre-
spective of the outcome, then this is not actually an issue. In
fact, any result is worthy of attention, especially when inves-
tigating the possible consequences a theoretical model can
bring. Nevertheless, sometimes one may be particularly inter-
ested in some specific spacetime configurations and compat-
ibility with (23) may impose serious restrictions on that.

When the solution is supposed to have some sort of prop-
erties, it is quite natural to consider a background metric in
accordance with them. However, in some cases, the corre-
sponding possibilities for a compatible bumblebee field may
happen to be so restrictive that it becomes really impossible
for the resulting metric to meet with the same features.

If it turns out to be necessary to solve Eq. (22) uniquely
to comply with some specific spacetime attributes, then the
method would be pointless; it would be simpler to solve (16)
directly for the metric indeed.

On the other hand, with regard to the possibility of solv-
ing either of these equations with that single purpose, it is
not clear, however, if this particular model can account for
every kind of geometry. As conditions (23) are somewhat
restrictive, perhaps there will not be always a correspond-
ing background metric to any type of metric solution one
may be interested in. It is not unlikely that some cases will
demand at least one of these conditions to be relaxed and,
consequently, a direct approach to (4) in this broader context
becomes necessary as the method would not apply then.

Therefore, instead of seeking a potentially nonexistent
fine-tuned pair of g̃μν and Bμ to meet with some desired
features, it would be better to forsake that expectancy and
simply consider how the presence of such a bumblebee field
changes the spacetime, regardless of whether its properties
are kept or not. This will be the perspective we shall adopt
from now on.

Despite all this, it is indeed undeniable that finding solu-
tions is considerably easier through this procedure and if they
do not match the expectations, it does not compromise the
method at all, as it is rather related to the model itself when

this particular type of bumblebee field is considered. Besides,
any result provided must be regarded as a possible solution
to (4) and can reveal very important aspects of the theory,
especially the most peculiar ones it may admit.

Having said that, it will be investigated next how a gra-
dient bumblebee field at its VEV changes, first, a static and
spherically symmetric vacuum spacetime and, afterwards,
the more general stationary and rotating one. In both situa-
tions, the bumblebee field can make the resulting spacetime
deviate from those symmetries. Nevertheless, for the first
case, it is still possible to recover the spherical symmetry as
a particular solution. For the rotating spacetime, on the other
hand, there will be no such possibility, i.e., the metric and
the background metric will never share the same spacetime
properties.

4.1 Static and spherically symmetric spacetime

As a first and simple example, let us consider how the pres-
ence of a bumblebee field compatible with (23) modifies the
Schwarzschild spacetime, which is the most general static
and spherically symmetric vacuum solution from GR [69].

In terms of spherical spacetime coordinates, given by
xμ = (t, r, θ, ϕ), the background metric then reads

g̃μν = diag

[
−
(

1 − 2M

r

)
,

1

1 − 2M
r

, r2, r2 sin2 θ

]
(30)

with M being an arbitrary constant with the dimension of
length.

Before taking the most general compatible bumblebee
field, let us consider first, just for simplicity:

Bμ = (0, b1(r), 0, 0) , (31)

which naturally satisfies (23b) and is also static and spher-
ically symmetric. Imposing the remaining condition (23a)
readily gives:

Bμ = ± B̃√
1 − 2M

r

δ1
μ, (32a)

with B̃ ≡
√
B̃2 and the plus sign in (9a) is considered, as

this field is spacelike.
Therefore, according to (24), and just as simple as that,

we are brought to the solution

gμν = diag

[
−
(

1 − 2M

r

)
,

1 + 

1 − 2M
r

, r2, r2 sin2 θ

]
(32b)

which is precisely the same found in Ref. [57] written in
terms of the dimensionless constant  ≡ ξb2, but obtained
much more easily.

In this particular case, the resulting spacetime is still static
and spherically symmetric, but this is not exclusive to the
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particular form of Eq. (32a). That would also be the case if
we had considered the following more general bumblebee
field instead:

Bμ = (b0, b1(r), 0, 0) , (33a)

for an arbitrary constant b0, which is still in accordance with
the spacetime symmetries.

Although it may not seem to provide a spherically sym-
metric spacetime, for it will give rise to a nonzero g01 as a
consequence of (24), we will see it is possible to bring the
metric to the same form of (32b) by performing a suitable
coordinate transformation.

Condition (23b) is already satisfied and (23a) imposes

b1(r) = ±
√
B̃2
(
1 − 2M

r

)+ b2
0

1 − 2M
r

. (33b)

As a result, the metric acquires the following nonzero com-
ponents:

g00 = −
(

1 − 2M

r

)
+ ξb2

0

1 + ξ B2

= −
[

1 − ξ
(
b2

0 − B2
)

1 + ξ B2 − 2M

r

]
, (34a)

g01 = ± ξb0

1 + ξ B2 ·
√
B̃2
(
1 − 2M

r

)+ b2
0

1 − 2M
r

, (34b)

g11 = 1

1 − 2M
r

+ ξ

1 + ξ B2 ·
[
B̃2
(
1 − 2M

r

)+ b2
0

]
(
1 − 2M

r

)2 , (34c)

g22 = r2, (34d)

g33 = r2 sin2 θ. (34e)

The sign in g01 will be the same as in (33b).
Even though this is already a new solution to this model,

we may still remove that unwanted g01 by just performing
the transformation:

t = t̄ + T (r)

∣∣∣∣ dT

dr
= −g01

g00
. (35)

Since both g01 and g00 are functions of r only, one can inte-
grate for T (r), but we shall not do it as this is not necessary
for our purposes.

Besides eliminating g01 as a result of that transformation,
the metric will also change only its component g11, which
now reads

g11 = 1 + ξ B2

1−ξ
(
b2

0−B2
)

1+ξ B2 − 2M
r

. (36)

The metric is now diagonal, but a further simplifying manip-
ulation can still be done.

Writing the arbitrary constant M as:

M ≡ M ′
[

1 − ξ
(
b2

0 − B2
)

1 + ξ B2

]
, (37)

the metric components g00 and g11 become

g00 = −
[
1 − ξ

(
b2

0 − B2
)]

1 + ξ B2

(
1 − 2M ′

r

)
, (38a)

g11 =
(
1 + ξ B2

)2
1 − ξ

(
b2

0 − B2
) · 1(

1 − 2M ′
r

) . (38b)

The constant fraction on (38a) can be incorporated to t̄ , which
actually consists of making the new transformation:

t̄ = t̃

√
1 + ξ B2

1 − ξ
(
b2

0 − B2
) , (39)

and results in

g00 = −
(

1 − 2M ′

r

)
. (40)

The bumblebee field components, in turn, after the suc-
cessive transformations (35) and (39), becomes

B0 = b0

√
1 + ξ B2

1 − ξ
(
b2

0 − B2
) , (41a)

B1 = ±
√(

1 + ξ B2
)
B2
(
1 − 2M

r

)+ b2
0

1−ξ
(
b2

0−B2
)

1+ξ B2 − 2M
r

= ±

√[
1 + ξ(B2 + B2

0 )
] [(

1 − 2M ′
r

)
B2 + B2

0

]

1 − 2M ′
r

. (41b)

To obtain this last expression for B1, Eq. (37) was used
together with the expression for b0 in terms of B0 that comes
from (41a):

b0 = B0

√
1 + ξ B2

1 + ξ
(
B2

0 + B2
) . (42)

Thus, after taking the above expression also in (38b), the
solution finally reads

Bμ =

⎛
⎜⎜⎝B0,±

√
(1 + ′)

[(
1 − 2M ′

r

)
B2 + B2

0

]

1 − 2M ′
r

, 0, 0

⎞
⎟⎟⎠ ,

(43a)

gμν = diag

[
−
(

1 − 2M ′

r

)
,

1 + ′

1 − 2M ′
r

, r2, r2 sin2 θ

]
,

(43b)
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with the dimensionless constant ′ given by

′ ≡ ξ
(
B2 + B2

0

)
. (43c)

We point out that B0 remains an arbitrary constant and this
new solution naturally recovers (32) just by making B0 = 0,
along with B2 = b2, as expected.

Concerning the metric, since both M and M ′ are arbitrary
constants, this spacetime solution only differs from (32b) on
′, both being qualitatively equal though. As a consequence,
the same upper-bound estimate of order 10−19 to || found
in Ref. [57] now applies to |′|:

|′| = |ξ |
∣∣∣B2 + B2

0

∣∣∣ � 10−19. (44)

Due to the arbitrariness of B0, this condition now becomes
meaningless with regard to specifying or constraining the
parameters of the theory. In fact, even in the previous case
for which B0 is zero this is also true, as the upper-bound
would be imposed to || = |ξ |b2, leaving both parameters ξ

and b2 still unconstrained individually.
Besides, since the bumblebee field now may be either

spacelike or timelike, both signs in (9a) are possible. For
B2 = b2, any nonzero value for B0 makes the condition for
|| even more restrictive. For B2 = −b2, in turn, || loses
any restriction at all.

With respect to the observational consequences, on the
other hand, condition (44) is actually very meaningful, as it
imposes they must be very constrained as compared to the
Schwarzschild solution.

Since the intent is just to present an example of an appli-
cation of the method described in the last section and, in
addition, the solution obtained is also qualitatively equal to
the already studied solution found in Ref. [57], no further
development will be made concerning this result.

Before moving forward to the next example and just for
completion, it is worth considering a last, and supposedly
most general, possibility for the bumblebee field compatible
with (23) given by:

Bμ = (B0, B1(r), B2(θ), B3) . (45a)

Components B0 and B3 are arbitrary constants and the others
are expressed as:

B1(r) = ±

√
B̃2
(

1 − C
r2

) (
1 − 2M

r

)+ B2
0

1 − 2M
r

, (45b)

B2(θ) = ±
√
B̃2C − B2

3

sin2 θ
, (45c)

for an arbitrary constant C with the dimension of length
squared and unrelated sign possibilities. The previous exam-

ple consists of the particular case in which both B3 and C are
zero.

As a nonvanishing B3 makes component B2 ill-defined,
we shall set the former to zero and the field is rewritten as:

Bμ = (B0, B1(r), B2, 0) , (46a)

B1(r) = ±

√(
B̃2 − B2

2
r2

) (
1 − 2M

r

)+ B2
0

1 − 2M
r

, (46b)

for an arbitrary constant component B2.
Regardless of any mathematical issue a nonzero B2 may

bring to the solution, the resulting metric will have only com-
ponents gμ3 (μ 
= 3) equal to zero and will clearly deviate
from the spherical symmetry. In this case, there is no coor-
dinate transformation that could even lead it to the diagonal
form, making this an example of a solution that does not
follow the same spacetime aspects of the background met-
ric. In other words, the presence of such a bumblebee field
breaks the spherical symmetry the spacetime would have in
the absence of it.

Nevertheless, as we have previously seen, it is just a matter
of setting B2 to zero to keep the same features also shared by
g̃μν . In the following example, however, such compatibility
will never be possible.

Although the solution that results from (46) is surely inter-
esting and worthwhile studying, we do not intend to explore
it further at the moment, as the focus is on the application of
the method rather than deeply investigating the solutions it
provides.

4.2 Stationary and rotating spacetime

As a second example, we will consider the effects a gradient
bumblebee field at its VEV may cause on a rotating vacuum
spacetime from GR. However, instead of taking the Kerr met-
ric at first, we will consider a rather more general one that
can be obtained following the lines of Ref. [70] and recovers
it as a particular case. The background metric will be given
by

[
g̃μν

] =

⎡
⎢⎢⎢⎣

−γ 0 0 − q(1−γ )
a

0 A(p−q)
Δ

0 0
0 0 A(p − q) 0

− q(1−γ )
a 0 0 q[p+(1−γ )q]

a2

⎤
⎥⎥⎥⎦ (47a)

in which spherical spacetime coordinates are being used, A
is dimensionless, a has the dimension of length and both
of them are arbitrary constants. The remaining symbols indi-
cate functions whose arguments were omitted for simplicity’s
sake and are given by

p = p(r) = r2 + N , (47b)

q = q(θ) = N sin2 θ, (47c)
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γ = γ (r, θ) = 1 − 2Mr

ρ2 , (47d)

Δ = Δ(r) = r2 + N − 2Mr, (47e)

ρ2 = ρ2(r, θ) = r2 + N cos2 θ, (47f)

in terms of the arbitrary constants M and N , with the dimen-
sions of length and length squared, respectively. The Kerr
metric corresponds to the particular case in which A = 1
and N = a2.

For the bumblebee field, a rather general possibility com-
patible with (23) is given by

Bμ = (B0, B1(r), B2(θ), B3), (48a)

with B0 and B3 being both arbitrary constants whereas B1(r)
and B2(θ) are expressed as

B1(r) = ±
√

A

Δ

[
B̃2(p − C) − 2aB0B3 + (B0 p + aB3)2

Δ

]

(48b)

B2(θ) = ±
√√√√A

[
B̃2(C − q) − B2

0q − a2B2
3

q

]
. (48c)

The sign possibilities are unrelated and C is an arbitrary con-
stant with the dimension of length squared.

We point out that any proposal with either B1 or B2 as
a constant fails to meet with the required conditions, so the
arbitrariness necessarily concerns only the other components
indeed.

The second to last case from the previous section, given by
the Schwarzschild spacetime modified by (45), is recovered
by making A = 1, N = a2 and, then, a = 0.

Once again, to avoid an ill-defined bumblebee field, we
shall set B3 to zero and the resulting metric solution, then,
will have only components g13 and g23 equal to zero. As
interesting as it can be, exploring such a complex spacetime
is not our point and may be the subject of a future publication.
Thus, for the sake of simplicity, we would rather concentrate
on the least modifications the bumblebee field may introduce,
which consists of setting both B0 and B3 to zero. As it will
be spacelike in this case, it must be B2 = b2 and, in terms of
Δ and ρ2, it provides:

Bμ = (0, B1(r), B2(θ), 0) , (49a)

with

B1(r) = ±b

√
A(1 + )(r2 + N − C)

Δ
, (49b)

B2(θ) = ±b
√
A(1 + )(C − N sin2 θ) (49c)

and the spacetime metric, in turn, will have the following
nonzero components:

g00 = −
(

1 − 2Mr

ρ2

)
, (50a)

g03 = −2MNr sin2 θ

aρ2 , (50b)

g11 = A
[
ρ2 + r2 − (C − N )

]
Δ

, (50c)

g12 = ±A

√
(r2 + N − C)(C − N sin2 θ)

Δ
, (50d)

g22 = A
[
ρ2 + N cos2 θ + (C − N )

]
, (50e)

g33 = N

a2

(
r2 + N + 2MNr sin2 θ

ρ2

)
sin2 θ. (50f)

The sign in g12 will be plus or minus whenever both sign
choices in (49b) and (49c) are the same or not, respectively.

As both B1 and B2 must be different from zero, so must
be g12 as well, but we stress once again this only happens
because of the particular type of bumblebee field the method
requires. Of course, one could perfectly well try a different
expression for it in the hope the metric would keep the same
form as the background metric, but a direct approach to (4)
would be necessary in that case. Nonetheless, it is actually
remarkable how easily a solution was found employing the
method we developed, as peculiar it is.

If we wish to recover the Kerr solution when the bumble-
bee field contributions are removed, we should set A = 1 and
N = a2. If we make a = 0 yet, then we recover the last pos-
sibility from the previous section, concerning Schwarzschild
spacetime modified by (46), with B0 = 0. Making C = 0
afterwards, it gives solution (32).

A simplifying choice consists of settingC = N and, based
on the last paragraph, if we also set A = 1 and N = a2, both
the Kerr and the Schwarzschild-like solution given by (32)
are easily recovered by simply making either b = 0 or a = 0,
respectively.

With that particular choice for A, C and N , the solution
reads:

Bμ =
(

0,±b
√

1 + 
r√
Δ

,±ab
√

1 +  cos θ, 0

)
(51)

and, for the nonzero metric components:

g00 = −
(

1 − 2Mr

ρ2

)
, (52a)

g03 = −2Mar sin2 θ

ρ2 , (52b)

g11 = ρ2 + r2

Δ
, (52c)
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g12 = ±ar cos θ√
Δ

, (52d)

g22 = ρ2 + a2 cos2 θ, (52e)

g33 =
(
r2 + a2 + 2Ma2r sin2 θ

ρ2

)
sin2 θ, (52f)

while (47e) and (47f) becomes:

Δ = r2 + a2 − 2Mr, (52g)

ρ2 = r2 + a2 cos2 θ. (52h)

Despite being a particular case of (49) and (50), this new
solution is really worthwhile studying, especially because of
its simplicity to describe a stationary and axially symmetric
rotating spacetime in this bumblebee-gravity scenario.

Its many aspects, including the consequences of that
nonzero g12, shall be the subject of a future publication but,
before concluding, we can already anticipate some of its most
characteristic features.

As it is shown in Appendix C, despite the differences from
the Kerr metric, its distinguished surfaces are still given by
the same expressions, which are:

r±∞ = M ±
√
M2 − a2 cos2 θ, (53)

for the infinite redshift surfaces, and

r± = M ±
√
M2 − a2, (54)

for the horizons.
It is interesting to note that in Ref. [58] the authors sought

slowly rotating black hole solutions in this context. The one
they obtained for case A of their treatment is perfectly con-
sistent with the method we developed which, in turn, also
explains why their solution for case B still demands extra
conditions. As it lacks the corresponding version of (52d),
their solution to this case will only be valid if a is negligible
as well. Further analysis of the slow rotation solution for case
A, especially with respect to its observational consequences,
can be found in that same reference and also in Ref. [59].

Although there are plenty of examples to consider,1 we
believe those two, along with their own range of possibili-
ties, are enough to reveal the simplicity and potential of the
developed method to provide new solutions to this Lorentz
symmetry breaking model.

5 Conclusions and remarks

A great mathematical simplification was provided to the vac-
uum field equations of this bumblebee-gravity scenario when

1 See, for instance, the method to find a specific type of vacuum solu-
tions from GR described in Sect. 7.2 of Ref. [71].

a gradient bumblebee field at its VEV is considered. Despite
being a restriction among the possibilities for this field, some
very interesting results were obtained.

After showing the pair of dynamical equations reduce to
only a simple one, in this case, it was considerably simplified
even further when written in terms of the background met-
ric (19a), a conveniently defined combination of the metric
tensor and the bumblebee field. In terms of it, the dynamical
equation becomes exactly the same as Einstein’s equation
in vacuum. As the background metric also corresponds pre-
cisely to what the metric would be in the absence of the
bumblebee field, its name is properly justified thus.

A rather impressive result was obtained after writing the
metric in terms of the background metric and the bumblebee
field (24), as the resulting expression splits the spacetime
description into the former plus a contribution from the lat-
ter, which merely consists of a single additive term. This
is actually remarkable, as it explicitly reveals how exactly
spacetime is modified by the presence of that field.

With respect to the specific conditions for it, in turn, only
the fact of being at its VEV does depend on the spacetime
metric, as it consists of having a certain constant modulus
(9a). However, this equivalently implies a constant modulus
with regard to the background metric as well (20). Being a
gradient, on the other hand, is an intrinsic characteristic, i.e.,
it has no relation with the spacetime metric whatsoever (9b).

As a consequence, the task of finding solutions to this
model is immensely simplified. Any vacuum metric from
GR according to which a gradient bumblebee field possesses
a constant modulus suffices to provide a solution. It is just
a matter of taking this metric as the background metric and
setting the appropriate value for the field modulus. Then, the
desired solution is readily obtained from Eq. (24), describing
the resulting effect of the bumblebee field on spacetime.

We point out that, since the bumblebee field conditions of
being a gradient with constant modulus are somewhat restric-
tive, one should have no expectations concerning any specific
spacetime aspect of the results. The best way to deal with this
particular scenario is actually to take a vacuum solution to
Einstein’s equation and, then, find out how that field changes
it regardless of the consequences. As a matter of fact, from a
pragmatic point of view, it is precisely the modifications the
bumblebee field brings to a certain spacetime one is actually
seeking and, in this sense, we surely provided the most sim-
plifying approach to that. The only point is that, in this partic-
ular case, one cannot generally ascribe any specific spacetime
attribute to the solution a priori.

As some examples, the developed method was imple-
mented to investigate the changes induced in the Schwarz-
schild solution and a rotating vacuum spacetime.

In the first situation, a previously published solution [57]
was readily recovered and a slightly more general possibility
was also very easily obtained afterwards. It was shown both
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provide essentially the same spacetime, as they only differ on
the expression for a specific constant. The supposedly most
general possibility, which gives rise to cross terms on the
spacetime interval and contains all the previous solutions as
particular cases, was suggested next.

For the example of a rotating background, the most general
bumblebee field compatible with this approach also intro-
duces new off-diagonal terms on the spacetime metric and all
solutions from the previous example are recovered as partic-
ular cases. If the rotating feature is to be kept, however, there
is no possibility at all to avoid at least one new cross term to
the spacetime interval. A particular choice for the arbitrary
constants was considered and it provided a very simple and
interesting solution. It easily recovers Kerr spacetime just
by removing the bumblebee field contributions and readily
recovers the first and already published solution [57] as the
particular case in which there is no rotation.

Although all these examples, except for the first one that
has already been published, constitute new solutions to the
model, no further development was made to them. The main
reason is that our intent was basically to illustrate how the
method can be applied, leaving their due analysis for future
publications, especially because of the complexity most of
them present. Concerning the simplest ones, which are the
first two solutions, the second one provides essentially the
same spacetime as the first, for which many studies have
already been made [61–67,72,73]. Only the last example had
a small further analysis with regard to its distinguished sur-
faces. The conclusion is that they are still given by the same
expressions of their Kerr solution analogous. Consequently,
the first two examples also share with Schwarzschild solu-
tion the same expressions for them, which are all the same
in this case.

As it became clear from those examples, there are some
arbitrariness in the solutions that actually preclude any possi-
bility of determining or constraining the theory’s parameters
from observational data, as it happens with condition (44)
for instance. In fact, even if there was no arbitrariness at all,
that possibility would be compromised already. As one can
see from Eq. (24), the spacetime changes resulting from the
bumblebee field are given only in terms of the product

√
ξ Bμ,

making it impossible to constrain ξ separately from Bμ. That
would only be possible if at least one of the conditions (23)
was discarded.

Even though we considered only a particular case of the
whole model (1), we believe we were extremely success-
ful as to provide the answer to the main question of how a
bumblebee field modifies a certain vacuum spacetime, since
the solution was explicitly given in terms of both of them.
Besides, as this treatment deals with vacuum spacetimes, it
can be applied to a truly wide range of situations.

Substantial mathematical development was certainly made
to the model. Many of its different aspects and consequences

can now be much more easily investigated, which may help
not only to highlight its benefits but also to properly address
its problems, if there are.

For all these reasons, we consider this approach a great
contribution to the theory.
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Appendix A: The Ricci tensor in terms of g̃μν

Writing the field equation (16) in terms of g̃μν is basically
a straightforward computation. Nevertheless, we shall detail
the main steps needed to achieve so in this appendix.

First, let us define, according to (19),

Δgμν ≡ gμν − g̃μν = ξ

1 + ξ B2 BμBν, (A.1a)

Δgμν ≡ gμν − g̃μν = −ξ BμBν . (A.1b)

The affine connection, thus, may be rewritten as

Γ α
μν = 1

2
gαβ

[
∂μg̃βν + ∂ν g̃βμ − ∂β g̃μν

+∂μ(Δgβν) + ∂ν(Δgβμ) − ∂β(Δgμν)
]
. (A.2)

Now, making the definition

Γ̃ γ
μν ≡ 1

2
g̃γ δ(∂μg̃δν + ∂ν g̃δμ − ∂δ g̃μν), (A.3)

it implies

g̃γβΓ̃ γ
μν = 1

2
(∂μg̃βν + ∂ν g̃βμ − ∂β g̃μν). (A.4)

Moreover, we may write

∂μΔgβν + ∂νΔgβμ − ∂βΔgμν
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= ∇μΔgβν + ∇νΔgβμ − ∇βΔgμν + 2Γ γ
μνΔgβγ (A.5)

and, then, (A.2) turns into

Γ α
μν = gαβ g̃γβΓ̃ γ

μν + gαβΓ γ
μνΔgβγ

+ 1

2
gαβ(∇μΔgβν + ∇νΔgβμ − ∇βΔgμν). (A.6)

Passing the Γ
γ
μν term on the right-hand side to the left and

contracting the equation with gαρ gives

gαρΓ α
μν − Γ γ

μνΔgργ = g̃γρΓ̃ γ
μν

+ 1

2
(∇μΔgρν + ∇νΔgρμ − ∇ρΔgμν).

(A.7)

The left-hand side is just g̃ργ Γ
γ
μν , thus, contraction with g̃αρ ,

finally, provides

Γ α
μν = Γ̃ α

μν + ΔΓ α
μν, (A.8a)

ΔΓ α
μν ≡ 1

2
g̃αβ(∇μΔgβν + ∇νΔgβμ − ∇βΔgμν). (A.8b)

From Definition (A.1a) and with the help of Eqs. (15) and
(18), it is straightforward to obtain

ΔΓ α
μν = ξ Bα∇μBν ∴ ΔΓ α

μα = 0. (A.9)

The Ricci tensor, in turn, can be written in terms of its
analogous R̃μν as

Rμν = R̃μν + ΔRμν, (A.10a)

ΔRμν ≡ ∇αΔΓ α
μν − ∇νΔΓ α

μα

+ΔΓ β
μαΔΓ α

βν − ΔΓ β
μνΔΓ α

βα. (A.10b)

Only the first term on the right-hand side of the last expression
remains since all the others vanish as a consequence of (18)
and (A.9). Thus, the Ricci tensor finally reads

Rμν = R̃μν + ξ∇α(Bα∇μBν). (A.11)

Appendix B: Relation between g and g̃

In order to obtain the relation between g and g̃, recall that,
for any Aαβ , its determinant, A, is given by either of these
expressions: (see p. 18 of Ref. [74])

A = 1

24
εαβγ δεκλμν Aακ AβλAγμAδν, (B.12a)

εαβγ δA = −εκλμν Aακ AβλAγμAδν, (B.12b)

in which εαβγ δ is the completely anti-symmetric Levi-Civita
symbol so that ε0123 = 1 whereas εαβγ δ presents the same

anti-symmetries but ε0123 = −1 instead. From these defini-
tions, it follows that

εαβγ δεκβγ δ = −6δα
κ , (B.13)

which can be used to pass from (B.12b) to (B.12a).
If A 
= 0, then (B.12b) and (B.13) allow one to check that

Aδν ≡ 1

6A
εαβγ δεκλμν Aακ AβλAγμ (B.14)

is the inverse of Aρν , i.e., Aδν Aρν = δδ
ρ .

Applying (B.12a) for g and making use of (24), there
results

g = g̃ + k

6
εαβγ δεκλμν g̃ακ g̃βλg̃γμBδBν, (B.15)

with k ≡ ξ/(1 + ξ B2). No higher power of k remains since
all of them have products of Bμ whose indices are contracted
with the same Levi-Civita symbol, giving zero thus. Besides
that, all the four terms in k are equal, justifying the denomi-
nator equal to six.

From (B.14) applied to g̃μν , this last result can be rewritten
as

g = g̃ + k g̃ g̃δνBδBν = g̃
(

1 + k B̃2
)

= g̃
(

1 + ξ B2
)

,

(B.16)

in which (20) have been used.

Appendix C: Distinguished surfaces of the particular
rotating spacetime solution

In this appendix, both the infinite redshift surfaces and the
horizons associated with the spacetime solution described by
(52) will be determined.

The infinite redshift surfaces are those at which g00 is zero
[71] and are, thus, given by:

r±∞ = M ±
√
M2 − a2 cos2 θ. (C.17)

This is precisely the same expression provided by the Kerr
solution, as it could not be otherwise, since the bumblebee
field does not change that metric component.

The horizons, in turn, are any surface whose normal vec-
tor is null [71]. As there is no time or axial dependence on
spacetime, the most general possibility is written as:

u(r, θ) = 0. (C.18)

Any normal vector to this surface is proportional to the gra-
dient:

nα = ∂αu =
(

0,
∂u

∂r
,
∂u

∂θ
, 0

)
, (C.19)
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so, a necessary and sufficient condition for that surface to be
a horizon is:

nαnα =
(
ρ2 + r2

)(∂u

∂θ

)2

− 2ar
√

Δ cos θ
∂u

∂r

∂u

∂θ

+ Δ
(
ρ2 + a2 cos2 θ

)(∂u

∂r

)2

= 0. (C.20)

This is clearly different from its Kerr solution analogous,
which corresponds to setting  = 0 in this equation, but the
final result is still the same though, as will be seen.

Firstly, just for simplicity, let us consider that one of those
partial derivatives is null, i.e., u = u(r) or u = u(θ). The
first case would imply, according to Eq. (C.20):

Δ
(
ρ2 + a2 cos2 θ

)(∂u

∂r

)2

= Δ
[
r2 + a2(1 + ) cos2 θ

](∂u

∂r

)2

= 0. (C.21)

The only possible solution consistent with u = u(r) to this
equation is:

Δ = 0 ⇔ r± = M ±
√
M2 − a2. (C.22)

The other case, in turn, would demand:

(
ρ2 + r2

)(∂u

∂θ

)2

=
[
(1 + )r2 + a2 cos2 θ

](∂u

∂θ

)2

= 0. (C.23)

However, there is no solution consistent with u = u(θ) to
this equation and, therefore, this assumption should be ruled
out. Actually, it would be really odd if that was possible.

Finally, it will be shown that the most general situation,
in which none of ∂1u and ∂2u is null, i.e., u actually depends
on both r and θ , should also be discarded. To conclude this,
one must first note that Eq. (C.20) consists of a quadratic
equation for both ∂1u and ∂2u whose solutions will never be
real as long as Δ is different from zero.

After all, for ∂i u (i equal to 1 or 2) to be real, the discrim-
inant of Eq. (C.20) should be nonnegative:

− 4Δρ4(1 + )
(
∂ j u

)2 � 0, (C.24)

with j 
= i ( j equal to 1 or 2). Since, from (44),  must
be small, this implies a nonpositive Δ. On the other hand, a
real ∂i u also demands a nonnegative Δ because of the cross
term in Eq. (C.20). So, the only possibility of having a real
surface is a null Δ. However, this coincides with condition
(C.22) associated with a surface described by u = u(r) and,
thus, already discards the possibility of having u = u(r, θ).

In fact, if we insisted on Eq. (C.20) for a null Δ, the con-
dition for a horizon would become the same as Eq. (C.23),

which can never be satisfied unless ∂2u is zero, as  is small.
Hence, this last attempt should also be ruled out as already
anticipated.

In conclusion, although Eq. (C.20) is different from its
Kerr solution analogous, both of them provide the same
expressions (C.22) for their horizons.
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62. A. Ovgün, K. Jusufi, İ Sakallı, Ann. Phys. 399, 193 (2018)
63. R.J. Yang et al., Commun. Theor. Phys. 71(5), 568 (2019)
64. Z. Li, G. Zhang, A. Övgün, Phys. Rev. D 101(12), 124058 (2020)
65. I.D.D. Carvalho et al., EPL 134(5), 51001 (2021)

66. R. Oliveira, D.M. Dantas, C.A.S. Almeida, EPL 135(1), 10003
(2021)

67. S.K. Jha, H. Barman, A. Rahaman, JCAP 2021(04), 036 (2021)
68. R. Courant,Differential and Integral Calculus, vol. II (Interscience

Publishers, Inc., New York, 1936) (1950 reprint)
69. R.M. Wald, General Relativity (University of Chicago Press,

Chicago, 1984)
70. A.H. Klotz, Gen. Relativ. Gravit. 14, 727 (1982)
71. R. Adler, M. Bazin, M. Schiffer, Introduction toGeneral Relativity,

2nd edn. (McGraw-Hill, New York, 1975)
72. D.A. Gomes, R.V. Maluf, C.A.S. Almeida, Ann. Phys. 418, 168198

(2020)
73. A. Övgün, I. Sakallı, Ann. Phys. 413, 168071 (2020)
74. L.D. Landau, E.M. Lifshitz,TheClassical Theory of Fields, Course

of theoretical physics, vol. 2, 4th edn. (Butterworth-Heinemann,
Oxford, 1975) (2003 reprint)

123


	Exact modifications on a vacuum spacetime due to a gradient bumblebee field at its vacuum expectation value
	Abstract 
	1 Introduction
	2 The theoretical model
	2.1 The particular case of interest

	3 Exact effect of the bumblebee field on the spacetime
	4 Examples of solutions obtained via the developed method
	4.1 Static and spherically symmetric spacetime
	4.2 Stationary and rotating spacetime

	5 Conclusions and remarks
	Acknowledgements
	Appendix A: The Ricci tensor in terms of tildegµν
	Appendix B: Relation between g and tildeg
	Appendix C: Distinguished surfaces of the particular rotating spacetime solution
	References




