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Abstract We propose a gedanken experiment on realiz-
ing thermofield double state (TFD) by using analog black
holes and provide an approach to test the scrambling time.
Through this approach, we demonstrate clearly how shock
wave changes the TFD state as time evolves. As the whole
system evolves forward in time, the perturbation of space-
time geometry will increase exponentially. Finally, it will
destroy the entanglement between the two states of the
thermal field, and the mutual information between them is
reduced to zero in the time scale of scrambling. The results
show that for perturbations of analogue black holes embed-
ded in AdS space, the scale of the scrambling time is closely
related to the logarithm of entropy of the black hole. The
results provide further theoretical argument for the scram-
bling time, which can be further falsified in experiments.
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1 Introduction

Black holes are perhaps the most interesting and mysterious
objects in the universe. In recent years, there is some great
progress in black hole physics, such as gravitational waves
observed by LIGO and VIRGO [1,2], the image of black
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holes observed by the Event Horizon Telescope [3]. These
progresses not only inject new impetus into the development
of physics, but also undoubtedly provide strong evidence that
black holes are real astrophysical objects in the sky. However,
considering the quantum aspects of black holes, one may
need reply more on the tabletop experiments.

There are a lot of experimental progresses in the study
of simulated black holes or simulated gravity in recent years
[4–12]. In particular, the study of analogue black holes offers
new viewpoints. In fact, as early as in 1981, Unruh pro-
posed the possibility of simulating black holes by using fluid
[13]. After that, physicists carried out observations of ther-
mal Hawking radiation in cold atoms [4] and completed the
simulation of the Penrose process of black holes in the fluid
experiment [5].

In addition, there are also many ways to mimic black
holes or curved spacetime backgrounds [14–17], such as
lasers with optical metamaterials. For simulating black holes,
Cheng et al. have realized an artificial “electromagnetic black
hole” in microwave band by using an artificial split-ring res-
onator (SRR) as a metamaterial [17]. Sheng et al. constructed
waveguides with nonuniform refractive index according to
centrosymmetric, and realized the equivalent potential field
similar to the gravitational field of black holes [16]. The grav-
itational bending effect of black holes on light propagation
can be well simulated. Koke et al. used waveguide arrays to
simulate quantum field theory. By connecting the Dirac equa-
tion of curved space-time with coupled waveguide arrays,
they studied the generation of positive and negative ion pairs
in curved space-time and the Zitterbewegung effect (trem-
bling motion) of general relativity [18]. Wang et al. studied
the generation of positive and negative ion pairs near the
event horizon of black holes [19]. Tian et al. use the tunnel-
ing effect of trapped ions, which is analogous to Hawking
radiation, to test the upper limit of the speed of scrambling
[20].

For simulation of curved spacetime, related work proves
that the nonlinear optics of hyperbolic metamaterials allow

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-022-10438-2&domain=pdf
mailto:gexh@shu.edu.cn


468 Page 2 of 9 Eur. Phys. J. C (2022) 82 :468

holographic dual description [21]. The wave equation describ-
ing the propagation of light through metamaterials has a 2+1
Lorentz symmetry. The role of time in the corresponding
3D Minkowski spacetime is played by spatial coordinates
aligned with the optical axis of the material. Other similar
work [22–24] proposed the simulation of the de Sitter (dS)
spacetime and used metamaterials to simulate changes in the
structure of space and time.

On the other hand, most of the analogy and simulation
studies about black holes or related involve quantum many
body theory, in which entanglement plays an important role,
and its quantification is called entanglement entropy. Con-
sidering a quantum many-body system with N degrees of
freedom in the pure state, for the subsystem with m degrees
of freedom less than N/2, the entanglement entropy of these
subsystems will reach its maximum value when they are in
thermal equilibrium, and the total system is called scram-
bled. One can simply understand that the information in the
system is so evenly and thoroughly dissipated that we need to
study at least N/2 degrees of freedom to capture it [25,26].
If we add a small amount of information or injection of a
small amount of new degrees of freedom to the system, in
the beginning, only the local degrees of freedom in the sys-
tem are affected. One can restore the information with only a
small number of degrees of freedom. But in the end, the per-
turbation will spread to the whole system, the system returns
to the scrambled state. In this process, the period of time from
adding perturbation til the system returns to the equilibrium
state again is called the scrambling time.

The determination of scrambling time not only plays an
important role in quantum information, but also has far-
reaching significance in the black hole spacetime. Accord-
ing to the Hayden–Preskill experiment [27], for a black hole
has evaporated for a time bigger than half of its lifetime,
the order of time required to reconstruct the information of
the matter falling into the black hole is roughly the same as
the scrambling time [25]. Therefore, here we are committed
to providing some useful exploration for the experimental
measurement of the scrambling time in the context of curved
spacetime.

In order to realize the holographic description of the above
process in analog gravity, a pratical method is to embed
acoustic black holes in Anti de-Sitter (AdS) spacetime. First
of all, analogue black holes are easier to observe in experi-
ments than astrophysical black holes. Secondly, it is conve-
nient to calculate related physical quantities in AdS space-
time, such as the geodesic distance and the entanglement
entropy. Thirdly, we find that when acoustic black holes
are considered in AdS space-time, the geometry structure
(explained in the next section of this paper) is similar to BTZ
black holes. At the same time, it may also provide a new
analogue for the experimental simulation of rotating black
holes.

For acoustic black holes embedded in the AdS space,
we can obtain a metric expressed by the Hadamard prod-
uct derived from the relativistic Gross–Pitaevskii theory or
simply from the Yang-Mills theory [28]. Then, the (2+1)-
dimensional acoustic black hole geometry of curved space-
time can be expressed as a product of the background metric
and the acoustic metric [28,29]

ds2 = (gGR
μν ∗gABH

μν )dxμdxν = Gt t dt2+Grr dr2+Gφφdφ2,

(1.1)

where gGR
μν is the background metric line-elements, and

gABH
μν is the acoustic metric line-elements. Specifically in

the fluid for the general acoustic metric [13,30], we take

ds2
ABH = −gtt dt

2 + grrdr
2 + gφφdφ2

= ρ0

cs

[
−(c2

s − v2)dt2 + c2
s

c2
s − v2 dr

2 + r2dφ2
]

.

(1.2)

The density ratio of the fluid to the velocity of sound in the
fluid ρ0

cs
can be absorbed to the left of the equation. Assumed

that the flow velocity of the fluid v goes in radially, in (2+1)-
dimensional geometry, it can be set to v = −λ/r , where λ

is a parameter and the negative sign indicates that the fluid
flows radially to the central region. The metric (1.2) can be
rewritten as

ds2
ABH = −c2

s

(
1 − λ2

c2
s r

2

)
dt2 + 1

1 − λ2

c2
s r

2

dr2 + r2dφ2.

(1.3)

On the other hand, the (2+1)-dimensional Schwarschild-
AdS metric is given by

ds2
GR = −r2

(
1 − r2

0

r2

)
dt2 + 1

r2

(
1 − r2

0
r2

)dr2 + r2dφ2.

(1.4)

Notice that we take the AdS radius � to be 1 and set M = G =
c = 1 for convenience. Considering the ratio between the
sound velocity cs and the speed of light c, we take the value of
cs to be 1/

√
3. Thus, we consider a (2+1)-dimensional acous-

tic black hole embedded in (2+1)-dimensional Schwarschild-
AdS spacetime with the following line elements

Gt t = −r2

3

(
1 − 3λ2

r2

) (
1 − r2

0

r2

)
,

Grr = 1

r2
(

1 − 3λ2

r2

) (
1 − r2

0
r2

) ,
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Fig. 1 The Penreos diagram of the acoustic AdS black hole [32]. The
left and right blue lines and yellow lines respectively correspond to the
AdS boundary and singularity. The dotted green lines correspond to the
acoustic horizon, and the upper and lower oblique cyan lines stand for
the event horizon

Gφφ = r4. (1.5)

The acoustic event horizon rs locates at rs = √
3λ and is

larger than the event horizon r0. For simplicity, we set f (r) =
r2√

3

(
1 − r2

s
r2

) (
1 − r2

0
r2

)
. In turn, the metric (1.1) can be recast

as

ds2 = − f (r)dt2 + 1

f (r)
dr2 + √

3r4dφ2. (1.6)

Compared (1.1) with (1.5), here we multiply a constant
√

3
on the last term. The acoustic Hawking temperature at the

acoustic horizon is T = f ′(rs)/(4π) = r2
s −r2

0

2
√

3πrs
.

Now we construct a thermofield double state (TFD) by
exploring the Penrose diagram of acoustic black holes (see
Appendix A for the definition of TFD). The schematic dia-
gram is shown in Fig. 1, in which I denotes the region outside
the acoustic horizon, II the region between the acoustic hori-
zon and the event horizon, and III the region inside the event
horizon. The degree of entanglement between subregions A
and B on the boundary of the AdS space-time can be quanti-
fied by the entropy SA∪B or the mutual information I (A; B),

where the mutual information between subregions A and B
is defined as I (A; B) = SA + SB − SA∪B . The entropy
SA∪B represents the entropy of the whole system composed
of A and B. The larger the entropy difference between the
sum of the entropy of regions A and B and the entropy of
the whole system, the higher the entanglement degree of the
two regions. That is the greater the mutual information, the
greater the entanglement in regions A and B. To obtain the
scrambling time in this context, one can do the following. At
the initial time t = 0, assuming that the subsystems of the
region A and region B are maximally entangled. Then we
can turn on a perturbation in the AdS space-time on the left
that evolves over time and eventually affects the whole sys-
tem. After the perturbation decays, the mutual information
between two subsystems drops to zero, which means that
the entanglement disappears. The time cost in this process
corresponds to the scrambling time.

The purpose of this paper is to study the mutual informa-
tion I between regions A and B with unconnected boundaries
in the maximally extended eternal acoustic-AdS space-time.
In the simplest case of the largest extended Penrose diagram
of the acoustic-AdS black hole, which has two causally dis-
connected boundaries, one can be interpreted as an identical
copy of the thermofield double state on the second bound-
ary [31]. In [28,29], some of us considered the realization
of acoustic black holes in curved spacetime. Since such rela-
tivistic analogue black holes may be realized in high energy
process, it is interesting to examine that how two acoustic
black holes are first entangled from the beginning and how
their mutual information decays away later.

This paper is organized as follows. In Sect. 2, we take the
(2+1)-dimensional acoustic black holes embedded in AdS
space as a toy model and study the maximum extension of the
whole space-time by introducing the Kruskal–Szekeres coor-
dinates. We then consider the effects of shock waves on the
bulk spacetime and regard the geodesic distance as a physical
quantity to reflect the shock wave impact on the space-time
geometry. In Sect. 3, we apply the Ryu–Takayanagi formula
to calculate the mutual information between the left and right
subsystems. The results show that, under a proper physical
approximation, when the shock wave duration reaches the
order of the scrambling time, the entanglement between sub-
systems disappears and the mutual information is vanishing.
The discussion and the conclusion are given in Sect. 4. We
briefly review the TFD in Appendix A.

2 The set up

In this section, we discuss the causal structure of the (2+1)-
dimensional acoustic black hole embedded in AdS space-
time. The metric is given in Eq. (1.6). In order to obtain
the maximum extension of the two-side geometry, we find
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that it is useful to employ the Kruskal transformation. We
first focus on the geometry in the Kruskal–Szekeres coordi-
nates and then consider shock waves in this background. The
geodesic length will also be calculated.

2.1 Kruskal–Szekeres coordinates

To facilitate the calculation of the entanglement degree
between the two regions at the space-time boundary about
acoustic black holes in AdS, one needs to perform some
coordinate transformations. In this subsection, we can con-
sider using Kruskal-Szekeres coordinates to describe acous-
tic black holes. The tortoise coordinate is defined as

r∗ =
∫

dr

f (r)
=

√
3

2
(
r2
s − r2

0

)

×
(
r0 ln

r + r0

|r − r0| + rs ln
|r − rs |
r + rs

)
. (2.1)

Considering that r0 and rs are basically of the same order of
magnitude, we make the following approximation

r∗ = 1

2κs

(
r0

rs
ln

r + r0

r − r0
+ ln

r − rs
r + rs

)

≈ 1

2κs
ln

(r − rs) (r + r0)

(r + rs) (r − r0)
, (2.2)

where the surface gravity is given by κs = 2πT = 2π/β =
f ′(rs)/2 = rs√

3

(
1 − r2

0
r2
s

)
. We can further introduce the null

light Kruskal coordinates U and V

U = −e−κsu, V = eκsv, (2.3)

where u = t − r∗, v = t + r∗.
The Kruskal–Szekeres coordinates are denoted by

(V,U, φ), where φ is the coordinate same as Eq. (1.6), but
t and r are replaced by V and U based on the following
coordinate transformation:

UR = −
√

(r − rs) (r + r0)

(r + rs) (r − r0)
e−κs t

VR =
√

(r − rs) (r + r0)

(r + rs) (r − r0)
eκs t

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
r > rs (−+), (2.4a)

UL =
√

(r − rs) (r + r0)

(r + rs) (r − r0)
e−κs t

VL = −
√

(r − rs) (r + r0)

(r + rs) (r − r0)
eκs t

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
r > rs (+−). (2.4b)

Fig. 2 The U–V plane of the Kruskal extension: The region I, II, III
corresponds to region r > rs , r0 < r < rs and 0 < r < r0 respectively.
The green solid line represents the acoustic horizon r = rs . The blue
dotted line represents the location r = 0 and r = ∞. The location
r = r0 is at infinity. We can see that the isochronal line t = 0 is a
horizontal line through the origin. For t > 0, an isochron is a straight line
sloping upward from the left region to the right region. When t → ∞,
the isochronal line is a line approaching the V axis. For t < 0, the
situation is just the opposite

In terms of the Kruskal–Szekers coordinate, the metric
given in (1.6) can be recast as

ds2 = −
√

3r2
s (r − r0)

2(r + rs)2

r2
(
r2
s − r2

0

)2 dUdV + r4dφ2, (2.5)

where r is considered as a function r = r(V,U ), satisfying
the following relation

VU = − (r − rs) (r + r0)

(r + rs) (r − r0)
, (2.6)

which can be derived from Eq. (2.4). The Kruskal–Szekeres
metric (2.5) does not has singularity at r = rs and r = r0.
When rs = r0, this metric has singularity, but not physically
allowed. This indicates that the singularity in (1.6) is just
a coordinate singularity rather than a physical singularity.
From (2.6), we can see that lines of constant r are hyperbolas
of constant UV in the U -V plane. Similarly, isochrones can
be expressed as curves in the Kruskal diagram (Fig. 2). From
(2.3) and (2.4), one can obtain

V

U
= −e2κs t . (2.7)

Thus lines of constant V/U are lines of constant t-straight
lines through the origin. From (2.5), we can see that sound
cones correspond dφ = 0 (radial) and ds2 = 0 (null). There
are curves of sound cones

V = const, U = const (2.8)
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in Fig. 2. The acoustic horizon at r = rs is the line with
V = 0 or U = 0. Replacing coordinates U and V in (2.6)
with two new coordinates U ′ and V ′, we have

V ′ = tan−1 V, (2.9)

U ′ = tan−1 U. (2.10)

The Penrose diagram is shown in the U ′V ′ plane as demon-
strated in Fig. 1 (see also [32]).

2.2 Acoustic shock waves

Assuming that the total system is in its thermal equilibrium
at temperature T , now we have a thermofield double state
(TFD) of the two CFTs. For a review of the TFD, one may
refer to Appendix A. We are interested in how the shock
waves affect the TFD and how spacetime structure will be
modified. A simply way to turn on the shock waves can be
realized adding a few quasiparticles say “phonons” at the
boundary and letting them fall into the acoustic black hole.

We release a quasiparticle with energy E0 from the bound-
ary, at time tp in the past, so at time t = 0 it has energy EP

EP ∼ E0e
κs tp . (2.11)

If the time tp is long enough, then the energy EP will be
large enough that we need to consider its reaction to space-
time geometry. We consider gluing geometry of mass M
(M ∝ r2

s ) to geometry of mass M + E0 through the null
surface with Up = e−κs tp [33]. Here E0 is the asymptotic
energy of perturbation, which is small compared to M . Con-
sidered the metric after the perturbation, as demonstrated
in Fig. 3, the right and the left of the region I are cho-
sen with coordinates U, V and Ũ , Ṽ respectively. The shell
Up = e−κs tp , Ũp = e−κ̃s tp propagates at the infinity. For
small E0, we approximate Up � Ũp. The matching con-

dition for Ṽ to V via Ũp Ṽ = −e−κ̃s r̃∗ ,UpV = −e−κsr∗ .
BecauseUV = − (r−rs )(r+r0)

(r+rs )(r−r0)
, V/U = −e2κs t , we have [33]

(r − rs) (r + r0)

(r + rs) (r − r0)
= (r − rs)C (r) , (2.12)

whereC is smooth at the acoustic horizon r = rs andC(rs) �=
0. We obtain

C (r) = r + r0

(r + rs) (r − r0)
. (2.13)

According to [33], for linear order in E0 and large tp, we find
the shift of the shock wave to the geometry α = Ṽ − V and

obtain

α = E0

Up

drs
dM

C(rs)

= E0

Up

drs
dM

rs + r0

2rs(rs − r0)
. (2.14)

Considering the entropy of acoustic black hole S = πrs/2,
dS = π/2 drs ,1 we then have dM = TdS = κs

4 drs and
drs/dM = 4/κs . Thus the shift of spacetime metric is

α = E0

Up

drs
dM

rs + r0

2rs(rs − r0)
= 4E0

κs

rs + r0

2rs(rs − r0)
eκs t

= 2
√

3E0

(rs − r0)
2 e

κs t . (2.15)

Using discontinuous coordinates U = U , V = V + αθ(U ),
we can obtain a shock wave geometry with the form

ds2 = −
√

3r2
s (r − r0)

2(r + rs)2

r2
(
r2
s − r2

0

)2

×[dUdV + αδ(U)dU2] + r4dφ2. (2.16)

2.3 Geodesics

For the purpose of observing the effect of the perturbation
on the entanglement entropy between subsystems, we need
to calculate the entanglement entropy through the RT for-
mula. According to the RT formula, the entanglement entropy
between a given space-like subregion A and its complemen-
tary in a d-dimensional CFT is given by the smallest surface
area homologous to A in the dual (d + 1)-dimensional bulk
spacetime [34]. While for the case of (2 + 1)-dimensional
spacetime, the entanglement entropy of two regions A and B
respectively in left and right AdS spacetime is related to its
geodesic distance.

For computing the geodesic distances d between points in
the AdS geometry, we can use the distance formula for the
geodesic distance in pure AdS2+1

cosh d = T1T
′
1 + T2T

′
2 − X1X

′
1 − X2X

′
2. (2.17)

On the right hand, the embedded coordinates are defined as
follows

T1 = V +U

1 +UV
=

√(
r2 − r2

s

)
(r2 − r2

0 ) sinh κs t

r (rs − r0)
,

T2 = 1 −UV

1 +UV
cosh κsφ =

(
rsr0 − r2

)
cosh κsφ

r (rs − r0)
,

1 The entropy of acoustic black hole is considered as contributed by
the generalized entropy of the Hawking radiation of the quasiparticles
(phonons).
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Fig. 3 The Kruskal–Szekeres
and the Penrose schematic
diagrams for the geometry with
a shock wave from the left
boundary. The green line
represents the acoustic horizon
r = rs . The blue line in the
Kruskal figure represents the
location of r = 0 and r = ∞.
We can see the green lines with
UV = 0 and acoustic horizons
is staggered by a displacement
α. The regions A and B are in
the AdS boundary, which is
black line sketched in Penrose
diagram and the length of the
black line corresponds to the
distance d ′ in formula (2.24).
The distance d in formula (2.23)
corresponds to the yellow dotted
line in the figure

X1 = V −U

1 +UV
=

√(
r2 − r2

s

)
(r2 − r2

0 ) cosh κs t

r (rs − r0)
,

X2 = 1 −UV

1 +UV
sinh κsφ =

(
rsr0 − r2

)
sinh κsφ

r (rs − r0)
. (2.18)

The coordinates T1, T2, X1, X2 satisfy the following rela-
tionship

T 2
1 + T 2

2 − X2
1 − X2

2 ≡ 1. (2.19)

In the left asymptotic region, one need to add the imaginary
part iβ/2 (i.e. iπ/κs) to time t in (2.18), which means that
U and V in the Kruskal coordinates have extra minus sign
(i.e. use formula (2.4b) to replace formula (2.4a) in formula
(2.18)).

Taking T ′
1 = X ′

1 = V , T ′
2 = cosh κsφ, X ′

2 = sinh κsφ in
(2.17), we obtain the geodesic distance d2 from right bound-
ary to the acoustic event horizon. That is

cosh d2 =
e−κs tRv

√(
r2 − r2

s

)
(r2 − r2

0 ) − r2 + r0rs

r(r0 − rs)
.

(2.20)

Similarly, the geodesic distance d1 from left boundary to the
acoustic event horizon is

cosh d1 =
e−κs tL (α + v)

√(
r2 − r2

s

)
(r2 − r2

0 ) + r2 − r0rs

r(rs − r0)
.

(2.21)

The total geodesic distance d between two points on different
boundaries is

d = 2 log

⎛
⎝αe− 1

2 κs (tL+tR)
√(

r2 − r2
0

) (
r2 − r2

s

) + (
r2 − r0rs

)
cosh κs (tL−tR)

2

r(rs − r0)

⎞
⎠ . (2.22)

In the large r limit, we approximate

d ≈ 2 log

(
αe− 1

2 k(tL+tR)r2 + 2r2 cosh
( 1

2k(tL − tR)
)

r(rs − r0)

)

= 2 log

(
αe− 1

2 k(tL+tR)r + 2r cosh
( 1

2k(tL − tR)
)

(rs − r0)

)

= 2 log

(
2r

rs − r0

)

+2 log

(
αe− 1

2 k(tL+tR)

2
+ cosh

κs(tL − tR)

2

)
. (2.23)

The above situation corresponds to the distance from A to
B in Fig. 3 the yellow dotted line. Similarly, on the same
boundary, the geodesic distance d ′ between two equal-time
points (r, t, φ1) and (r, t, φ2) is

d ′ ≈ 2 log

(
2r sinh κs (φ1−φ2)

2

rs − r0

)
= 2 log

(
2r

rs − r0

)

+2 log

(
sinh

κs(φ1 − φ2)

2

)
. (2.24)
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Because in 2 + 1-dimensional geometry, the regions on the
AdS boundary is one-dimensional. At the same time, the
extremum surface becomes a line. This distance corresponds
to the length of A or B (the black line in Fig. 3).

3 Mutual information and scrambling time

Up to now, we have constructed the TFD through a toy model
and obtained geodesic distances (2.23) and (2.24) in the
geometry after applying the perturbation. Now the primary
goal is to obtain the mutual information I (A; B) between
the subsystems A and B (see Fig. 3). We first focus on the
entanglement entropy of the subsystem SA, or equivalently
SB . From the expression (2.23) and (2.24), there are two suit-
able extemal surfaces (distance). However, the RT formula
tells us that the smallest surface is the most proper choice.
Therefore, we chose (2.24) to obtain the smaller value when
φ < π , i.e.

SA = SB = Min

[
Area(γ )

4GN

]

= d ′

4GN
= 1

2GN

[
log

(
2r

rs − r0

)

+ log

(
sinh

κs(φ1 − φ2)

2

)]
. (3.1)

Note that the position of the area A and B we selected are
the same on their respective boundaries. Secondly, consider
the entanglement entropy of the total system SA∪B . The first
choice of the total entropy is to add the two region’s entan-
glement entropy S(1)

A∪B = SA + SB , giving the result as

I (A; B) = [
SA + SB

] − S(1)
A∪B ≡ 0, which is trivial. But for

the second choice, using (2.23) under the equal-time condi-
tion tL = tR , we connect a pair of geodesic from A to B,
which lead to the minimal value

S(2)
A∪B = 2 × d

4GN

= 1

GN

[
log

(
2r

rs − r0

)
+ log

(α

2
+ 1

)]
. (3.2)

Thus the mutual information is obtained as

I (A; B) = SA + SB − S(2)
A∪B

= 1

GN

[
log

(
sinh

κs(φ1 − φ2)

2

)
− log

(α

2
+1

)]
.

(3.3)

So, when sinh κs (φ1−φ2)
2 < 1, i.e. a small regions with A

and B, there is S(2)
A∪B > S(1)

A∪B , which means I (A; B) = 0
for any value of α. But for larger regions and a small α,
S(2)
A∪B is smaller than S(1)

A∪B , and the expression (3.3) repre-
sents the evolution of the entanglement between the left and
right subsystems with perturbation in the thermofield double

state. The perturbations eventually affect the whole space-
time, resulting in complete purification of the entanglement
between subsystems. When the mutual information is van-
ishing, we have

sinh
κs(φ1 − φ2)

2
= α

2
+ 1. (3.4)

Invoking the following approximation

sinh
κs(φ1 − φ2)

2
≈ 1

2
e

κs (φ1−φ2)

2 , (3.5)

and assuming that α � 1, we have

1

2
e

κs (φ1−φ2)

2 =
√

3E0

(rs − r0)
2 e

κs t . (3.6)

Finally, we obtain

t = φ1 − φ2

2
+ 1

κs
ln

2
√

3E0

(rs − r0)
2 . (3.7)

In the above expression, we have taken the entropy of acoustic
black hole with following equation

2S

β
= (rs + r0) (rs − r0)

2
√

3
. (3.8)

In the limit rs � r0, the scrambling time is obtained as

tw ≈ 1

κs
ln

2S

βE0
∼ β

2π
ln S, (3.9)

where E0 ∼ T = 1/β. The results are consistent with the
Hayden-Preskill experiment considered in [27,33]. In other
words, after the perturbation, the time for the system to return
to the equilibrium state is directly proportional to the loga-
rithm of the entropy of the acoustic black hole. The scram-
bling time is inversely proportional to the temperature, that
is, the lower the temperature, the longer the scrambling time.
This is consistent with the existing thermodynamic experi-
ence. Similar analyses can yield a similar result with φ > π ,
the specific details can be found in [33].

4 Discussion and conclusion

In summary, we study the time evolution of the entangle-
ment entropy and the mutual information of subsystems in
the thermofield double state under the perturbation and use
acoustic black holes embedded in AdS space to simulate this
process. We first construct the TFD by embedding acoustic
black holes into the AdS spacetime (1.6). Next, we calculate
the geodesic distance (2.23) and (2.24) in the whole black
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hole spacetime after the Kruskal extension. The last result
(3.9) shows the influence of the shock wave on the scram-
bling time. The correlation between the two regions A and
B in the AdS boundary of the TFD decays exponentially
with time after the shock wave. It’s shows the entanglement
between dual spacetime is destroyed, and this is related to the
entropy of the central acoustic black hole. After adding shock
waves, the more information the central acoustic black hole
contains, the longer the entanglement of dual space-time can
last.

For this result (3.7), we can also see that the order of the
scrambling time is related to the size of the acoustic horizon
and the optical horizon. If we substitute κs into Eq. (3.7),

then there is t ∝
√

3rs
r2
s −r2

0
ln 2

√
3E0

(rs−r0)2 . Within the physical allow-

able range, the larger the acoustic horizon rs , the smaller the
scrambling time. The size of the real event horizon r0 has
the opposite effect on the scrambling time. If the real event
horizon r0 increases, the scrambling time will be longer. We
think this is so interesting. As for the relationship between
t and r0, we may simply understand that the negative tem-
perature β at the acoustic horizon is positively correlated

with r0 (β = 2
√

3πrs
r2
s −r2

0
). That is in formula (3.9), the larger

r0, the larger β, so the final scrambling time will be longer.
Although the entropy at the acoustic horizon S is related to rs
is positively correlated (S = πrs

2 ), but β is negatively corre-
lated with rs , so in the final result of formula (3.9), the larger
rs is, the smaller the scrambling time is. It requires further
experimental verification.

On the other hand, we find that there is a similar scram-
bling time for (2+1)-dimensional acoustic black holes, which
provides some theoretical information for simulating black
hole entanglement and black hole information loss problem
in subsequent acoustic experiments. Of course, some dis-
crete models may need to be considered in the experiment,
which needs defining the relevant experimental design in the
future. For acoustic black holes in AdS spacetime, the scram-
bling time have a negative correlation with the radius of the
acoustic horizon and a positive correlation with the real event
horizon. In this regard, this paper provides a theoretical result
for the expectation of subsequent experiments. Therefore, as
an attempt and exploration, we considered whether there are
similar possible effects in table-top acoustic black holes to
the black hole information problem, so as to provide some
hints for subsequent theoretical and experimental studies. At
the last, our toy model is similar to the rotating BTZ in metric
factor (in formula (1.6)), and we recently find some studies
about shock waves in the rotating BTZ in [35]. Our main
result (3.9) is similar with the result formula (4.17) in this
paper (t∗ = β(1−μ)

π
log S

βEef f
). Because form of the metric

factor for acoustic balck holes embedded in AdS space, this
may provide a new way and idea for laboratory simulation

of rotating BTZ. This also inspires us to consider simulating
rotating BTZ in the form of acoustic black holes in the future.
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Appendix A: Thermofield double state

In this appendix, we review the thermofield double state.
The TFD can be prepared by using two identical copies of
a quantum mechanical system. That is to say, preparing two
identical copies of a quantum system described by Hamilto-
nians H1 = H2, with eigenstates |n〉1 and |n〉2 of a common
eigenenergy En . A thermofield double state with standard
representation is defined as

|T FD〉 = 1√
Z

∑
n

e− βEn
2 |n〉L ⊗ |n〉R . (A.1)

Notice that the relation (HL − HR)|T FD〉 = 0 is satisfied
for TFD and these two systems are maximally entangled.

We consider an operator V at the time t = 0 and let the
system evolves until time t , we impose the operator WL on
the L-system. The physical state becomes

|ψ(t)〉 = WL(t)|T FD〉. (A.2)

After that, we evolve the state inversely. The two-point cor-
relator function of the L and R systems is then given by

FOT O
β (t) = 1

Z
tr

(
e− βHL

2 W †
L(t)V †

L (0)WL(t)e− βHL
2 VL(0)

)
.

(A.3)
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