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Abstract We formulate power-law holographic dark
energy, which is a modified holographic dark energy model
based on the extended entropy relation arising from the con-
sideration of state mixing between the ground and the excited
ones in the calculation of the entanglement entropy. We con-
struct two cases of the scenario, imposing the usual future
event horizon choice, as well as the Hubble one. Thus, the
former model is a one-parameter extension of standard holo-
graphic dark energy, recovering it in the limit where power-
law extended entropy recovers Bekenstein–Hawking one,
while the latter belongs to the class of running vacuum mod-
els, a feature that may reveal the connection between hologra-
phy and the renormalization group running. For both models
we extract the differential equation that determines the evolu-
tion of the dark-energy density parameter and we provide the
expression for the corresponding equation-of-state parame-
ter. We find that the scenario can describe the sequence of
epochs in the Universe evolution, namely the domination of
matter followed by the domination of dark energy. Moreover,
the dark-energy equation of state presents a rich behavior,
lying in the quintessence regime or passing into the phantom
one too, depending on the values of the two model parame-
ters, a behavior that is richer than the one of standard holo-
graphic dark energy.

1 Introduction

According to accumulating observational evidence, the Uni-
verse has exhibited the transition to the accelerated era in the
recent cosmological past. One can attribute this unexpected
feature in the presence of the cosmological constant, how-
ever the corresponding problem related to the smallness of
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its observed value, as well as the possibility that the accel-
eration has a dynamical nature, has led to a variety of other
possibilities. A first avenue of modification of the standard
cosmological paradigm is to introduce the concept of dark
energy [1–3]. The second road that one can follow is to mod-
ify the gravitational theory itself, resulting to theories that
exhibit richer structure and phenomenology that could even-
tually lead to an accelerating Universe [4–7].

Holographic dark energy is a different alternative that can
provide the explanation for the Universe acceleration. The
basis of this scenario is the holographic principle [8–10],
applied in a cosmological framework [11–13]. In particular,
since the largest distance of a quantum field theory, required
for its applicability at large distances, is related to its ultra-
violet (UV) cutoff, which is in turn related to the vacuum
energy [14,15], one can attribute a holographic origin to the
vacuum energy, which will then be a form of holographic dark
energy [16,17]. Holographic dark energy has been shown to
exhibit very interesting cosmological phenomenology [16–
33], and additionally a large amount of research has been
devoted to its extensions.

There are two main ways of extending the basic scenario
of holographic dark energy. The first is to apply different
horizons for the Universe, such as the event horizon, the
apparent horizon, the age of the universe, the conformal time,
the inverse square root of the Ricci curvature and the Gauss
Bonnet term, etc. [34–45]. On the other hand, the second
possibility of modification is the consideration of a modified
entropy expression for the Universe horizon instead of the
standard Bekenstein–Hawking one, such as Tsallis entropy,
Barrow entropy, Kaniadakis entropy, logarithmic corrected
entropy etc [46–66].

Attributing an entropy to a horizon, and in particular relat-
ing it to its area, is connected with the topological restric-
tions of quantum interactions of quantum states and emerges
from seemingly distinct areas in physics, such as black
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holes, quantum field theory, information theory, and quantum
many-body physics [67]. The first to suggest an area-law
dependence of the black hole entropy was Bekenstein [68],
who, based on information theory and dimensional argu-
ments, derived the well known formula, that was later spec-
ified by Hawking [69], namely the Bekenstein–Hawking
entropy SBH = A

4l2P
, where A is the horizon area and lP

the Planck length, in units kB = c = h̄ = 1. This kind of
behaviour was verified as compatible with the notion of quan-
tum gravity through the holographic principle. An identical
entropy behaviour reproducing the area law, was also derived
by Bombelli [70] and later by Srednicki [71], for the entan-
glement entropy of a spherical region in the case of scalar
massless fields, and this concurrence is not thought to be acci-
dental. Indeed, from the recent developments in AdS/CFT
correspondence [72] and the Ryu–Takayanagi formula [73],
to the concept of emergent gravity [74], indications appear
to agree on a deeper connection among the manifestations of
the area law.

In the calculation of the entanglement entropy one starts
from the vacuum ground state. However, adding the excited
states one obtains a power-law correction in the entanglement
entropy. In particular, considering a 1-particle excitation one
results to a modified entropy relation of the form [75,76]

S = SBH + c

(
A

ε2

)−γ

, (1)

where the exponent γ depends on the degree of mixing of
the ground state with the excited one, varying between -1
and 0, and c is a constant. Furthermore, ε is the UV cutoff of
the scalar field theory used to derive the entropy, and in the
following we will set it equal to the Plank length l p = M−1

p ,
where Mp the Plank mass. Hence, the above expression for
c = 0 recovers the standard Bekenstein–Hawking entropy,
while for γ = 0 we obtain the topological entropy constant
term [77].

In this work we will apply the power-law entropy relation
in order to formulate holographic dark energy, and study its
cosmological implications. Although in the literature there
were some attempts towards this direction, they remained
incomplete with complete absence of cosmological appli-
cations [78–81]. The plan of the manuscript is the follow-
ing: In Sect. 2 we formulate power-law holographic dark
energy, presenting the corresponding cosmological equations
and extracting the expressions for the dark energy density
and equation-of-state parameters, focusing on two cases of
the horizon choice. In Sect. 3 we investigate the resulting
cosmological behavior. Lastly, in Sect. 4 we summarize the
obtained results.

2 Power-law holographic dark energy

In this section we formulate power-law holographic dark
energy. We start be recalling that holographic dark energy
arises from the inequality ρDE L4 ≤ S, with L the Universe
horizon and S the black-hole entropy relation applied for L
[16,17]. If we use the standard Bekenstein–Hawking entropy
SBH ∝ AM2

p/4 = πM2
pL

2, then the saturation of the pre-
vious inequality provides standard holographic dark energy,
i.e. ρDE = 3c2

1M
2
pL

−2, with c1 the model parameter.
However, as we mentioned in the Introduction, there are

many modifications of Bekenstein–Hawking entropy. One
of them is the power-law extended entropy (1), which arises
from the consideration of the mixing of excited states with the
ground one in the entanglement entropy [75]. Re-expressing
it as S = SBH + cS−γ

BH and inserting it in the inequality
ρDE L4 ≤ S we acquire

ρDE = c1πM2
pL

−2 + c2

(
πM2

p

)−γ

L−2γ−4, (2)

where c1 and c2 are dimensionless constants (the parameter c
has been absorbed in c2) and thus in units kB = c = h̄ = 1 the
energy density has units of [M]4 as expected. Therefore, as
mentioned above, for c2 = 0 the above expression becomes
the standard holographic dark energy ρDE = 3c2

1M
2
pL

−2.
As usual, we consider a flat Friedmann-Robertson-Walker

(FRW) metric of the form

ds2 = −dt2 + a2(t)δi j dx
i dx j , (3)

with a(t) the scale factor. Given this geometry we have two
choices for the maximum length L that appears in the above
relations. In the case of usual holographic dark energy one
can show that L cannot be the Hubble horizon H−1 (with
H ≡ ȧ/a the Hubble function), since the resulting model
cannot lead to acceleration [82]. Therefore, the standard
choice is the future event horizon, defined as [16]

Rh ≡ a
∫ ∞

t

dt

a
= a

∫ ∞

a

da

Ha2 . (4)

Hence, in the following we will use Rh as the IR cutoff of the
theory. However, since the present scenario is a novel one,
we do have the choice to use the Hubble horizon H−1 as L ,
since the resulting model can indeed describe acceleration.
In the following subsections we will study these two cases
separately.

2.1 Model 1: Holography on the future event horizon

Let us use the future event horizon Rh of (4) as the infra-red
(IR) cutoff. In this case, the holographic dark energy density
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(2) will be

ρDE = c1πM2
p R

−2
h + c2

(
πM2

p

)−γ

R−2γ−4
h . (5)

Moreover, the two Friedmann equations in a universe con-
taining the aforementioned holographic dark energy, as well
as the matter perfect fluid, are written as

3M2
pH

2 = ρm + ρDE (6)

−2M2
p Ḣ = ρm + pm + ρDE + pDE , (7)

with pDE the pressure of the power-law holographic dark
energy, and ρm , pm the matter energy density and pressure
respectively. Note that we can additionally consider the mat-
ter conservation equation

ρ̇m + 3H(ρm + pm) = 0, (8)

which according to Friedmann equations then implies the
dark-energy conservation equation

ρ̇DE + 3H(ρDE + pDE ) = 0. (9)

We proceed by introducing the density parameters of the
dark energy and matter sector as

�m ≡ 1

3M2
pH

2 ρm (10)

�DE ≡ 1

3M2
pH

2 ρDE . (11)

Furthermore, inserting (11) into (5) gives

�DE H
2 = C1R

−2
h + C2R

−2γ−4
h , (12)

with C1 ≡ c1π
3 and C2 ≡ c2π

−γ M−2+2γ
p

3 the model param-
eters. On the other hand, differentiating (4) with respect to
time we obtain the useful relation Ṙh = HRh − 1, and if we
use x = ln a as the independent variable it gives rise to

R′
h = Rh − H−1, (13)

with primes denoting derivatives with respect to x . Hence,
taking the x-derivative of (12) and using (13), we finally
obtain

�̃(F ′ + F̃ ′ + 2
1
3 Q′) − �̃′(F + F̃ + 2

1
3 Q)

−�̃(F + F̃ + 2
1
3 Q) + 3H−12

1
3 �̃2 = 0, (14)

where

Q = (2γ + 4)�DE H,

�̃ = (�DE H
2)′ + HQ,

A = 18C1(γ + 1)�̃(1 + 3H−1�̃) + 2Q3,

B = −6C1(γ + 1)�̃ − Q2,

F = (
√
A2 + 4B3 + A)

1
3 ,

F̃ = (−
√
A2 + 4B3 + A)

1
3 . (15)

Note that the derivatives of H in the above formulas can be
expressed in terms of derivatives of �DE through the simple
relation

1

Ha
=

√
a(1 − �DE )

H0
√

�m0
, (16)

which is just the first Friedmann equation (6) in the case of
dust matter, i.e pm = 0, in which case (8) leads to �m =
�m0/a3, with the subscript “0” denoting the present values
of a quantity.

In summary, Eq. (14) is a second-order differential equa-
tion for �DE as a function of x = ln a, and hence it deter-
mines the evolution of power-law holographic dark energy.
As expected, in the case C2 = 0 it recovers the correspond-
ing differential equation of standard holographic dark energy

[16], namely �′
DE = �DE (1 − �DE )

(
1 + 2

√
3M2

p�DE

3c2
1M

2
p

)
,

which is solved in an implicit form [16].
Concerning the important observable wDE ≡ pDE/ρDE ,

namely the dark-energy equation-of-state parameter, from
the conservation equation (9) we obtain ρ′

DE + 3ρDE (1 +
wDE ) = 0, which using the density parameter and the defi-
nitions (15) gives

wDE = −1 + HQ − �̃

3H2�DE
. (17)

Thus, knowing �DE from (14) allows us to calculate wDE

as a function of ln a. Once again we mention that for C2 = 0
expression (17) provides the result of standard holographic

dark energy, that is wDE = − 1
3 − 2

3

√
�DE
c [17], as expected.

Note that wDE can be quintessence-like or phantom-like
according to the model parameter choices. Lastly, it proves
convenient to introduce the deceleration parameter

q ≡ −1 − Ḣ

H2 = 1

2
+ 3

2
(wm�m + wDE�DE ) , (18)

which for dust matter (wm = 0) can be straightforwardly
found if �DE (and therefore wDE ) is known.

2.2 Model 2: Holography on the Hubble horizon

We proceed to the construction of a different scenario, which
arises from the use of the Hubble horizon H−1 as the IR
cutoff. In this case, the holographic dark energy density (2)
will be simply

ρDE = c̃1H
2 + c̃2H

2γ+4, (19)

123



466 Page 4 of 7 Eur. Phys. J. C (2022) 82 :466

with c̃1 = c1πM2
p and c̃2 = c2

(
πM2

p

)−γ

. We stress here

that this scenario does not possess standard holographic dark
energy as a particular limit in the case where the power-law
entropy becomes standard Bekenstein–Hawking one (i.e. for
c2 = 0) however it can be a very efficient cosmological
scenario, being able to describe acceleration. The reason is
that when the second term in the rhs of (19) is present the dark
energy density obtains richer behavior, which is impossible in
the case of its absence. Actually it was due to this feature that
in the initial formulation of holographic dark energy the event
horizon was used instead of the Hubble one [16], however
in the present power-law extension this complication is not
needed, since the Hubble horizon can perfectly be used as
the IR cutoff.

Interestingly enough, the energy density (19) belongs to
the class of running vacuum models [83,84], which may
reveal the connection between holography and the renormal-
ization group running [85,86]. Inserting (19) into the Fried-
mann equation (6) and using (16) we obtain

�DE = C̃1 + C̃2

[
H2

0 �m0

a3 (1 − �DE )

]γ+1

, (20)

with C̃1 ≡ c̃1/(3M2
p) and C̃2 ≡ c̃2/(3M2

p). Equation (20)
is an algebraic equation for �DE (a) which can then lead
to �DE (x) using x = ln a. Additionally, the dark-energy
equation-of-state parameter can straightforwardly arise by
inserting (19) into the conservation equationρ′

DE+3ρDE (1+
wDE ) = 0, and eliminating H through (16), resulting to

wDE = − �′
DE

3�DE (1 − �DE )
. (21)

Finally, the corresponding deceleration parameter results
inserting the above expression into (18).

3 Cosmological evolution

In the previous section we constructed power-law holo-
graphic dark energy in a consistent way, providing the dif-
ferential equation that determines the evolution of the dark-
energy density parameter and then the expression for the
dark-energy equation of state. In this section we perform a
detailed analysis of the cosmological evolution. We mention
that we will focus mainly on Model 1, namely of the usual
case of the event horizon, since the phenomenology of Model
2 belongs to that of running vacuum scenarios.

In the case of Model 1, namely in the case where the IR
cutoff is the future event horizon, since (14) can be solved
analytically only when C2 = 0, for the general case we solve
it numerically. Additionally, in order to be closer to observa-

Fig. 1 Upper graph: The power-law holographic dark energy density
parameter �DE (blue-solid) and the matter density parameter �m (red-
dashed), as a function of the redshift z, for Model 1, for γ = 0.4 and
C1 = 0.4 in units where kB = c = h̄ = Mp = 1. Middle graph: The
corresponding dark-energy equation-of-state parameter wDE . Lower
graph: The corresponding deceleration parameter q. In all graphs we
have imposed �DE (x = − ln(1 + z) = 0) ≡ �DE0 ≈ 0.7

tions, we will use the redshift z as the independent variable,
which is related to the aforementioned variable x through the
simple relation x ≡ ln a = − ln(1 + z). Finally, as usual we
impose �DE (x = − ln(1 + z) = 0) ≡ �DE0 ≈ 0.7 [87].

In Fig. 1 we present the evolution of the dark energy and
matter density parameters (upper graph), of the dark-energy
equation-of-state parameter wDE (middle graph), and of the
deceleration parameter q (lower graph). As we see, we can
obtain the sequence of matter and dark energy eras as required
by observations, and moreover the wDE at present is around
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Fig. 2 The redshift-evolution of the equation-of-state parameter wDE
of power-law holographic dark energy of Model 1, for fixed γ = 0.5
and various values of C1 in units where kB = c = h̄ = Mp = 1. We
have imposed �DE0 ≈ 0.7

Fig. 3 The redshift-evolution of the equation-of-state parameter wDE
of power-law holographic dark energy of Model 1, for fixed C1 = 0.35
and various values of γ in units where kB = c = h̄ = Mp = 1. We
have imposed �DE0 ≈ 0.7

−1, while being always in the quintessence regime. Further-
more, q exhibits the transition from deceleration to acceler-
ation at z ≈ 0.55, in agreement with the value obtained by
�CDM scenario [87].

In order to investigate the effects of the model parameters
C1 and γ on the cosmological evolution, we focus on the
corresponding behavior of the dark-energy equation-of-state
parameter wDE . In Fig. 2 we show wDE (z) for fixed γ and
various values of C1, where for all curves the corresponding
evolution of the density parameters is similar to that of Fig. 1.
As we observe, with increasing C1 the values of wDE (z) at
larger z decrease, obtaining phantom values forC1 > 0.5. On
the other hand, the present-day value wDE (z = 0) remains
very close to -1 as required, however note that it can lie either
in the quintessence regime or in the phantom one. Hence,
according to the C1 value, the dark-energy equation-of-state
parameter can be quintessence-like, phantom-like, or experi-
ence the phantom-divide crossing during the evolution. Simi-
larly, in Fig. 3 we depict the evolution of wDE (z) for fixedC1

and various values of γ . In this case we see that for increas-
ing γ , wDE acquires algebraically larger values at larger red-

shifts, while the present value wDE (z = 0) is around −1,

and can be either quintessence or phantom.

4 Conclusions

In the present work we formulated a holographic dark energy
by considering the power-law extended entropy. This entropy
relation arises from the consideration of state mixing between
the ground and the excited ones in the calculation of the
entanglement entropy [75]. The resulting power-law holo-
graphic dark energy can be applied in two horizon choices.
In the first model we made the standard choice of the future
event horizon as the IR cutoff, acquiring a one-parameter
extension of standard holographic dark energy, recovering
it in the limit where power-law extended entropy recovers
Bekenstein–Hawking one. In the second model we used the
Hubble horizon as the Universe horizon, and although this
scenario does not possess standard holographic dark energy
as a particular limit, it is a reasonable choice since in this
case one does not face the usual problems which arise when
trying to formulate standard holographic dark energy with
the Hubble horizon.

We proceeded by extracting the differential equation that
determines the evolution of the dark-energy density param-
eter of power-law holographic dark energy, and we pro-
vided the expression for the corresponding equation-of-state
parameter, for both models. Thus, elaborating the equations
we are able to investigate the resulting cosmological behav-
ior.

Power-law holographic dark energy can describe the
sequence of epochs in the Universe evolution, namely the
domination of matter followed by the domination of dark
energy, with the onset of acceleration taking place at z ≈
0.55. Furthermore, the dark-energy equation of state presents
a rich behavior, lying in the quintessence regime or passing
into the phantom one too, depending on the values of the
two model parameters. As we saw, for fixed exponent γ with
increasing C1 the values of wDE at larger z decrease, obtain-
ing phantom values for C1 > 0.5. On the other hand, for
fixed C1 increasing γ led to algebraically larger values at
larger redshifts. This behavior is richer than the one of stan-
dard holographic dark energy, which was expected since the
present model has one additional parameter.

Before closing this manuscript, let us make a comment on
the confrontation with observational data. As it is known, the
basic holographic dark energy model is less efficient in fitting
the data comparing to �CDM cosmology [88–91]. On the
other hand it is free from the fine-tuning problem of the latter,
and moreover it has been shown to be able to alleviate the H0

tension [92]. Thus, the field is open, and the community still
devotes research on various extensions of holographic dark
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energy in order to examine whether they could be a viable
candidate for the description of nature.

Hence, it would be interesting to proceed with a detailed
confrontation with observations, in order to examine the
cosmological capability of the scenario of power-law holo-
graphic dark energy, and more importantly to apply the
known information criteria in order to compare its statistical
efficiency with other scenarios, such as standard holographic
dark energy and �CDM cosmology. In the same lines, we
should study in detail the potential ability of the scenario to
alleviate the H0 and growth tensions. Finally, a necessary
step is to perform a detailed investigation of the phase-space
behavior, through a dynamical-system analysis that could
reveal the global features of the universe evolution in such
a scenario. These investigations lie beyond the present work
and will be performed in following studies.
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