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Abstract We investigate here the final state of gravitational
collapse of a non-spherical and non-marginally bound dust
cloud as modeled by the Szekeres spacetime. We show that
a directionally globally naked singularity can be formed in
this case near the collapsing cloud boundary and not at its
geometric center, as is typically the case for a spherical gravi-
tational collapse. This singularity is a strong curvature naked
singularity in the sense of Tipler criterion on gravitational
strength. The null geodesics escaping from the singularity
would be less scattered in this case in certain directions since
the singularity is close to the boundary of the cloud, as is the
case in the current scenario. The physical implications are
pointed out.

The visibility or otherwise of spacetime singularities form-
ing due to gravitational collapse phenomenon in general rel-
ativity has been a subject of topical research today [1–13].
The key reason for this interest is if the singularities forming
in collapse are visible to faraway observers in the universe
as opposed to being hidden within an event horizon of a
black hole, we will be able to see then the physical signa-
tures of the possible quantum gravity effects that may occur
near such singularities due to the ultra-strong gravity fields
present there.

It was shown earlier that singularities formed due to the
gravitational collapse of a dust cloud could be visible to an
asymptotic observer in principle [12,14,15]. These are called
globally naked singularities as opposed to locally naked ones
where the outgoing light and particle trajectories from the sin-
gularity again fall back within the event horizon later. Certain

a e-mail: dipanjandey.icc@charusat.ac.in
b e-mail: psjprovost@charusat.ac.in
c e-mail: kmosani2014@gmail.com (corresponding author)
d e-mail: vdvertogradov@gmail.com

observational signatures that could distinguish between hid-
den and naked singularities, like the shadows it forms [16],
the timelike and null trajectories in its vicinity [17,18], the
accretion disc properties [19], and the gravitational lensing
[20,21] have been studied in detail. The singularity theorems
prove that under generic conditions, singularities would form
in gravitational collapse as well as in cosmology [22,23]. One
of the theorem’s interpretations is that general relativity pre-
dicts its own breakdown since proper physical variables must
not be allowed to blow up indefinitely. Hence, the existence
of singularities puts a question on the validity of general rel-
ativity in the strong gravity regime. As a result, an improved
theory of gravity closer to the approach of singularities is
presumed [24–26]. As an implication, a viewpoint is sug-
gested, namely that the physics near the singularities should
be investigated further, since it may guide us into what one
could expect from improved theories of gravity such as quan-
tum gravity, applicable for strong gravity regimes [27,28].

A spherically symmetric collapsing cloud forms a singu-
larity at the center, which may be hidden in a black hole or
is a visible naked singularity [29]. A relevant question here
is, even if the singularity is naked, whether it would be vis-
ible to faraway observers in the universe in physical reality.
For example, in spherical collapse models, even when the
singularity is globally naked, allowing the timelike and null
geodesics to escape away from the collapsing cloud, the sin-
gularity occurs only at the center of the collapsing matter
cloud [15]. Even when it is visible faraway in principle, such
a singularity may not be able perhaps to radiate away energy,
being embedded within very high-density regions of the col-
lapsing star. Thus the physical implications of such a naked
singularity would need a more detailed investigation.

Even if the singularity of collapse is not hidden to far-
away observers, one could argue that the information about
the extremely strong gravity region carried by the outgoing
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null geodesics can be opaque or get distorted because of the
scattering of the null geodesic due to the collapsing matter
surrounding the singularity. However, the spherical symme-
try is a strict presupposition, and analyzing more general
solutions of the Einsteins field equation would be of consid-
erable interest. In other words, it is essential to ask whether
the same scenario persists in collapse models that are not pre-
cisely spherical or which represent small perturbations from
spherical symmetry.

Gravitational collapse of a prolate cloud made up of the
random distribution of collisionless particles (particles have
homogeneous distribution in the Newtonian limit), which
was first studied by Shapiro and Teukolsky [30], was later
reinvestigated by East [31], numerically. The end state was
found to be a black hole. On the contrary, existence of naked
singularities formed due to quasi-spherical, collapsing clouds
governed by Szekeres spacetimes [32] was studied by Joshi,
and Krolak [33], where they discussed the necessary and
sufficient criteria for the existence of specifically a Tipler
strong [34,35] atleast locally naked singularity. A simplified
marginally bound case was considered. It was shown that the
criteria for such singularity to be strong naked is the same as
in the case of spherical symmetry. Globally visible singular-
ity was shown to exist in the collapse of such non-spherical
marginally bound cloud by Deshingkar et al. [14].

What we need to inquire and examine is whether the
causal structure of the naked singularity remains the same,
i.e., whether the singularity is embedded in the interior of
the matter cloud, or whether it exhibits other novel causal
features. In particular, we show here that in case of gravi-
tational collapse of such aspherical dust cloud as governed
by Szekeres metric, the end state singularity can be obtained
not at the geometric center, but close to the boundary of the
collapsing cloud.

The distortion of the information emitted from the sin-
gularity (information carried by outgoing singular null
geodesics) can be reduced or avoided if the singularity is
formed near the boundary of the collapsing cloud. The closer
the singularity is to the boundary, the lesser the scattering of
the outgoing singular null geodesics will be in certain direc-
tions (due to lesser collision of the escaping photons with the
collapsing cloud). We show here that such collapsing space-
time solutions, which can end up in a singularity that is not at
the geometric center, can be obtained from the Szekeres solu-
tion. Additionally, we also plotted a figure of the collapsing
cloud at different time slices, which helps in visualization.

Marginally bound collapse is again a particular case, so
we investigate a non-marginally bound non-spherical gravi-
tational collapse to offer generality. We show that for a suit-
able choice of free functions arising due to available degrees
of freedom in Einstein’s field equations, one could achieve
a scenario wherein the globally visible singularity is formed
close to the collapsing cloud boundary, as mentioned above.

It thus turns out that introducing asphericity in collapse
can radically alter the causal structure of the naked singular-
ity in that its visibility can be significantly enhanced. This
indicates that small perturbations from spherical symmetry
are important to consider to examine the physical implica-
tions of naked singularities.

Using the units in which c = 8πG = 1, the general
Szekeres metric in the comoving coordinates is given by,

ds2 = −dt2 + M2(t, r, ζ, ζ̄ )dr2 + N 2(t, r, ζ, ζ̄ )dζd ζ̄ ,

where ζ = x + iy and ζ̄ = x − iy is a pair of conjugate coor-
dinates, N = S(t, r)/Q(r, ζ, ζ̄ ) and M = QN ′/

√
1 + f (r),

and f > −1 is the velocity function. f greater than, equal to,
and less than zero corresponds to bound, marginally bound,
and unbound collapse respectively. Additionally, N ′ �= 0.
Here the subscripts prime and dot denotes the partial deriva-
tive with respect to r and t respectively. Also,

Q = a(r)ζ ζ̄ + B(r)ζ + B̄(r)ζ̄ + c(r),

where a and c are real, and B is a complex function hav-
ing the relation ac − B B̄ = δ/4, where δ = 0,±1. The
energy-momentum tensor of type I matter field with vanish-
ing pressure is written as Tμν = ρUμU ν , where Uμ are the
components of the four velocity. Choosing ζ = tan(θ/2)eiφ ,
and B = 0, one can express N 2dζd ζ̄ as

N 2dζd ζ̄ = R2(t, r, θ)
(
dθ2 + sin2 θdφ2

)
,

where

R(t, r, θ) = S(t, r) sec2( θ
2 )

2(a(r) tan2( θ
2 ) + c(r))

is the physical radius of the collapsing cloud, which tells us
the distance of a point (t, r, θ, φ) from its center of mass.
Note that R is symmetric with respect to change in φ. The
density and pressure of the collapsing cloud, obtained from
the Einstein’s field equation, are expressed respectively as

ρ(t, r, θ) = QA′ − 3AQ′

S2(QS′ − SQ′)
, p(t, r) = − Ȧ

S2 Ṡ
, (1)

where

A = S(Ṡ2 − f ). (2)

Assumption of zero pressure corresponds to A being a func-
tion of only r , as is apparent from Eq. (1). Equation (2) can
be integrated to obtain

t − ts(r) = − S
3
2 G(− f S/A)√

A
, (3)
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where G(y) is defined as follows:

G(y) =
(

arcsin
√
y

y
3
2

−
√

1 − y

y

)
for 0 < y < 1,

G(y) = 2

3
for y = 0,

G(y) =
(

−arcsinh
√−y

(−y)
3
2

−
√

1 − y

y

)
for − ∞ < y < 0.

Here, ts(r), is the time at which a collapsing shell of fixed
radial coordinate r becomes singular, and is given by

ts(r) = S0(r)
3
2√

A
G

(
− f S0(r)

A

)
,

where S0(r) = S(0, r). Consider the comoving radius cor-
responding to the boundary of the collapsing cloud rc. In
our aspherical collapsing model, the density vanishes at the
boundary, hence rc = rc(θ). Therefore, from the above equa-
tion, ts(rc) = ts(rc(θ)). Hence, the boundary of the cloud
does not collapse to the singularity simultaneousy, but rather
falls in the singularity at different times along different direc-
tions. The apparent horizon, which is the boundary of trapped
surfaces forming inside the collapsing cloud, is represented
by vanishing 	l , where

	l = hμν∇μlν =
(
gμν + lμnν + lνnμ

−lαnα

)
∇μlν

is the expansion scalar of outgoing null geodesic congruence.
Here, hμν is the transverse metric, and lα and nα are the tan-
gents of the outgoing and incoming null geodesics respec-
tively. We obtain from here that along the apparent horizon
curve, A = S. Using this along with Eq. (3), we obtain the
apparent horizon curve as

tAH (r) = ts(r) − AG(− f ). (4)

From this equation, it can be seen that ts(0) = tAH (0), since
A(0) = 0, as demanded by the regularity conditions [29].

The event horizon is a null surface, and its evolution is
described by the solution of the null geodesic equation

dt

dr
= M(t, r, θ), (5)

satisfying the condition, A = S at r = rc. For a singularity to
be visible globally in a certain constant θ direction, the event
horizon at the center of mass should form not before but at
the time of formation of the singularity obtained due to the
collapsing shell corresponding to r = 0. If the event horizon
at the center of mass forms before the singularity, in a given
direction, even if the singular null geodesic escapes, it later
gets trapped and falls back in before reaching the collapsing
boundary.

As seen in Fig. 1, for suitable functions A, f and Q (free-
dom of choice possible due to the availability of three degrees

of freedom in the given set of Einstein’s equations), satis-
fying regularity conditions [29], a directional globally visi-
ble singularity forms at (0, 0), which is away from the geo-
metric center of the collapsing cloud and is located near its
boundary. Directional visibility is attributed to the fact that
the event horizon starts evolving from the center at different
times along different θ (also see Fig. 2). The null geodesics
should escape from the region sufficiently close to the sin-
gularity to contain signatures of the strong gravity regions
(mimicking possibly the quantum gravity effects); i.e., the
difference in time of escape of the null singularity at r = 0
and the time of formation of the singularity at r = 0 should
be of the order of the Planck time. The outermost aspherical
wavefront of the null geodesic satisfying this criterion lies
partly inside and partly outside the aspherical event horizon
surface, intersecting it such that the locus of the points of
intersection is a closed curve. This closed curve subtends a
solid angle at the center (0, 0) such that the part of escaping
singular null geodesic wavefront lying inside this solid angle
gets trapped and the part outside escapes, thereby making the
singular region visible, only if the asymptotic observer lies
outside the region subtended by this solid angle.

We know that in the case of spherical symmetry, there
exists a non-zero measured set of initial parameters giving
rise to such globally visible singularity [29]. Similarly, one
can show a non-zero measured set of initial parameters A
and f , giving rise to a directional globally visible singularity
that is off centric and close to the boundary of the collapsing
cloud.

This directionally visible singularity is physically strong
in the sense that at least along one null geodesic with affine
parameter λ, with λ = 0 at the singularity, the inequality
λ2Ri j K i K j > 0 holds as λ → 0. Here Ri j is the Ricci ten-
sor, and Ki is the tangent of the outgoing null geodesics from
the singularity. This condition ensures that the volume ele-
ment formed by independent Jacobi fields along the geodesic
vanishes as the geodesic terminates at the singularity [33–35].

Once the matter cloud falls inside the event horizon, the
exterior spacetime is aspherical, static, vacuum, and asymp-
totically flat. It was shown by [36,37] using perturbation the-
ory that for a small deformation from spherical symmetry, a
non-rotating, collapsing body radiates away the deformations
in the form of gravitational waves and assumes the shape of
minimum curvature (as visualized by Misner [38]). Hence,
the end state is possibly a spherical event horizon. However,
the aspherical collapse example which we have shown is not
a small perturbation from spherically symmetric Lemaitre-
Tolman-Bondi metric [39–41]). For such highly deformed
spacetime, whether or not one gets a spherical event horizon
in the end, is yet unknown.

In conclusion, we note that the singular null geodesics
escaping radially in the neighborhood around θ = π (Fig. 1)
are less scattered due to interaction with the collapsing matter
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Fig. 1 Cross-section along fixed φ = π/2 of the evolution of the
collapsing aspherical dust cloud (higher matter density corresponds
to darker shade, and lesser matter density corresponds to brighter
shade), and the global causal structure of the singularity thus formed, is
depicted. Top panel corresponds to time t = 0, t = 0.678 and t = 0.868.
Bottem panel corresponds to time t = 0.876, t = 0.92, and 1.004.
The figures are symmetric with change in φ. Here, A = r3 − 20r6,
f = −10−3r2 and Q = exp(r) tan2

(
θ
2

) + exp(−r)
4 . The singularity

forms at t = 2/3. Evolution of event horizon (solid black ellipsoid)
depends on θ . The event horizon touches the boundary of the collaps-
ing cloud first at θ = π at t = 0.868. The aspherical wavefronts of
singular null geodesics (red and blue colored) escape the singularity,
thereby making it globally visible. However, part of these outgoing
wavefronts which lies in the neighbourhood of θ = 0 gets trapped by
the trapped surfaces and falls back to the singularity, hence making it
only directionally globally naked in the neighbourhood around θ = π

Fig. 2 Causal structure of the singularity formed as the end state of a
bound (elliptic) collapsing aspherical dust cloud along different inclina-
tion angles θ = π and θ = 0. The apparent horizon, event horizon, and
singular null geodesics are represented by dashed black curves, solid
black curves, and solid blue curves, respectively. Here, A = r3 − 20r6,

f = −10−3r2 and Q = exp(r) tan2
(

θ
2

) + exp(−r)
4 . Escaping singular

null geodesics can reach the boundary of the collapsing cloud at θ = π ,
and these get trapped and fall back to the singularity at θ = 0. The
singularity is thus directionally globally visible
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than those in other directions. These less scattered geodesics
in a less distorted form may contain traces of gravity theory
that governs the strong gravity regime. One might wonder
if there is a scenario, a solution of Einstein’s field equation,
wherein the singularity forms ‘at’ the boundary (and not close
to it) so that the original form of the escaping singular null
geodesic is maintained with no distortion at all.
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