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Abstract In this paper, we calculate the vector, axial-
vector and tensor form factors of P → T transition
within the standard light-front (SLF) and covariant light-
front (CLF) quark models (QMs). The self-consistency and
Lorentz covariance of CLF QM with two types of corre-
spondence schemes are investigated. The zero-mode effects
and the spurious ω-dependent contributions to the form fac-
tors of P → T transition are analyzed. Employing a self-
consistent CLF QM, we present our numerical predictions
for the vector, axial-vector and tensor form factors of c →
(q, s) (q = u, d) induced D → (a2, K ∗

2 ), Ds → (K ∗
2 , f ′

2),
ηc(1S) → (D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions and b →

(q, s, c) induced B → (a2, K ∗
2 , D∗

2), Bs → (K ∗
2 , f ′

2, D
∗
s2),

Bc → (D∗
2 , D∗

s2, χc2(1P)), ηb(1S) → (B∗
2 , B∗

s2) transi-
tions. Finally, in order to test the obtained form factors,
the semileptonic B → D̄∗

2(2460)�+ν� (� = e, μ) and
D̄∗

2(2460)τ+ντ decays are studied. It is expected that our
results for the form factors of P → T transition can be
applied further to the relevant phenomenological studies of
meson decays.

1 Introduction

In the quark model, mesons are bound states of quark q and
antiquark q̄ ′, and thus the spin-parity quantum number J P

of mesons are consequently fixed by the constituent quark
pair, for instances J P = 0− for pseudoscalar (P) meson
and J P = 2+ for p-wave tensor (T) meson. Many tensor
mesons have been well established in various processes [1].
Following the flavor SU (3) symmetry, nine possible tensor
(qq̄ ′) states containing the light u, d, and s quarks, isovector
mesons a2(1320), isodoulet states K ∗

2 (1430) and two isosin-
glet mesons f2(1270), f ′

2(1525) form the 13P2 nonet [1]. The
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known open charm and bottom p-wave tensor states include
D∗

2(2460), D∗
s2(2573), B∗

2 (5747) and B∗
s2(5840), the char-

monium and bottomonium tensor mesons are χc2(1P) and
χb2(1P), respectively.

The B and D meson decays induced by heavy-to-light
transition provide a fertile ground for testing the Standard
Model (SM) and searching for new physics (NP). Some dis-
crepancies between the experimental data and the SM pre-
dictions have been found, for instance, the SM predictions
for RD(∗) deviate from data by more than 3σ errors [2].
If these tensions are confirmed by the forthcoming experi-
ments, the discrepancies should also be seen in B transitions
to tensor mesons in addition to B decays to pseudoscalar
or vector mesons. The decay modes involving tensor final
states are of great interest because the tensor meson has addi-
tional polarization states compared with the (pseudo)scalar
and (axial)vector mesons and thus the relevant decays may
have more kinematical quantities related to the underlying
helicity structure. Some theoretical studies on these decays
have been made in, for instance, Refs. [3–21]. In the calcu-
lation of the amplitudes of semi-leptonic, non-leptonic and
radiative B and D meson decays, the form factors serve as
the basic and important input parameters.

There are many approaches for evaluating the form fac-
tors, for instance, Wirbel-Stech-Bauer model [22], lattice
QCD (LQCD) [23], perturbative QCD (PQCD) with some
nonperturbative inputs [24,25], QCD sum rules (QCD SR)
[26,27], light-front quark models (LF QMs) [28–34], etc.
Some B → T transition form factors have be evaluated
by employing the light-cone sum rules (LCSRs) approach
[35–37], QCD SR [38], the large energy effective theory
(LEET) [39,40] and PQCD approach [41]. In this paper, we
will evaluate the form factors of c → (q, s) (q = u, d)
induced D → (a2, K ∗

2 ), Ds → (K ∗
2 , f ′

2), ηc(1S) →
(D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions and b → (q, s, c)

induced B → (a2, K ∗
2 , D∗

2), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc →
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(D∗
2 , D∗

s2, χc2(1P)), ηb(1S) → (B∗
2 , B∗

s2) transitions within
the standard and the covariant light-front quark models.

The standard light-front quark model (SLF QM) [28–31]
is based on the LF formalism [42] and LF quantization of
QCD [43], and provides a conceptually simple and phe-
nomenologically feasible framework for evaluating nonper-
turbative quantities. However, in this approach, the matrix
element lacks manifest Lorentz covariance and the zero-
mode contributions can not be determined explicitly. There-
fore, a basically different technique is developed by Jaus to
deal with the covariance and the zero-mode problems with the
help of a manifestly covariant Bethe-Saltpeter (BS) approach
as a guide to the calculation [33]. In such a covariant light-
front quark model (CLF QM), the zero-mode contributions
can be well determined, and the matrix element is expected
to be covariant because the ω-dependent spurious contribu-
tions, where ω is the light-like four-vector used to define
light-front by ω · x = 0, can be eliminated by the inclusion
of zero-mode contributions [33].

Unfortunately, the covariance of matrix element in fact can
not be fully recovered in such traditional CLF QM because
there are still some residual ω-dependent spurious contribu-
tions associated with B functions [33,44]. In addition, the
traditional CLF QM suffers from a self-consistence prob-
lem for a long time, for instance, it has been found that the
CLF results for fV obtained respectively via longitudinal
(λ = 0) and transverse (λ = ±) polarization states are incon-
sistent with each other [45], [ fV ]λ=0

CLF �= [ fV ]λ=±
CLF , because

the former receives an additional contribution characterized
by the B(2)

1 function. Another self-consistence problem has
also been found in Ref. [46].

In order to deal with the self-consistence problem, Choi
and Ji present a modified correspondence scheme between
the covariant BS approach and the LF approach (named as
type-II scheme) [47], which requires an additional M → M0

replacement relative to the traditional type-I correspondence
scheme. By using such improved self-consistent CLF QM,
one can obtain the self-consistent results [47], and moreover,
the covariance of matrix element can be fully recovered [44,
46,48,49]. In this paper, we would like to further test the
self-consistence and covariance of the self-consistent CLF
QM via the form factors of P → T transition.

Our paper is organized as follows. In Sect. 2, the SLF and
the CLF QMs are review briefly, and then our theoretical
results for the vector, axial-vector and tensor form factors
of P → T transition are presented. In Sect. 3, the self-
consistency and covariance of CLF results are discussed, and
the zero-mode and the valence contributions are analyzed.
After that, our numerical results for the c → (q, s) (q = u, d)
induced D → (a2, K ∗

2 ), Ds → (K ∗
2 , f ′

2), ηc(1S) →
(D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions and theb → (q, s, c)

induced B → (a2, K ∗
2 , D∗

2), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc →

(D∗
2 , D∗

s2, Xc2(1P)), ηb(1S) → (B∗
2 , B∗

s2) transitions are
given. Finally, a summary is given in Sect. 4.

2 Theoretical framework and results

2.1 Definitions of form factors

The matrix elements of P → T transition with vector, axial-
vector and tensor currents are commonly factorized in terms
of form factors as [3,50]

〈T (εμν, p′′)|q̄2γμq1|P(p′)〉

= iεμναβe
∗ν Pαqβ V (q2)

M ′ + M ′′ , (1)

〈T (εμν, p′′)|q̄2γμγ5q1|P(p′)〉
= −2M ′′ e∗ · q

q2 qμA0(q
2)

−
(
M ′ + M ′′)(e∗

μ − e∗ · q
q2 qμ

)
A1(q

2)

+ e∗ · q
M ′ + M ′′

(
Pμ − M ′2 − M ′′2

q2 qμ

)
A2(q

2) , (2)

〈T (εμν, p′′)|q̄2σμνq
ν(1 + γ5)q1|P(p′)〉

= −εμναβe
∗ν Pαqβ T1(q

2)

+ i
[
(M ′2 − M ′′2)e∗

μ − (e∗ · q)Pμ)
]
T2(q

2)

+ i
(
e∗ · q

)[
qμ − q2

M ′2 − M ′′2 Pμ

]
T3(q

2) , (3)

where, ε0123 = −1, P = p′ + p′′, q = p′ − p′′,
e∗ν ≡ ε∗μν ·p′

μ

M ′ , M
′(′′) is the mass of initial (final) state,

εμν is the polarization tensor of tensor meson and satisfies
εμν p′′

ν = 0. The polarization tensors εμν(λ) with λ helic-
ity (λ = 0,±1,±2 ) can be constructed in terms of the polar-
ization vectors of vector state εμ(λ′), and explicitly written
as

εμν(0) =
√

1

6

[
εμ(+1)εν(−1) + εμ(−1)εν(+1)

]

+
√

2

3
εμ(0)εν(0) , (4)

εμν(±1) =
√

1

2

[
εμ(±1)εν(0) + εμ(0)εν(±1)

]
, (5)

εμν(±2) = εμ(±1)εν(±1) , (6)

where,

εμ(0) = 1

M

(
p+,

−M2 + p2⊥
p+ ,−p⊥

)
,

εμ(±) =
(

0,− 2

p+ ε⊥ · p⊥, ε⊥
)

, ε⊥ ≡ ∓ (1,±i)√
2

. (7)
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Using the identity 2σμνγ5 = iεμναβσαβ , one can rewrite
the definition of tensor form factors T1,2,3, Eq. (3), as

〈T (εμν, p′′)|q̄2σμνq1|P(p′)〉
= εμναβ

{
− e∗αPβ T1(q

2)

+ M ′2 − M ′′2

q2 e∗αqβ
[
T1(q

2) − T2(q
2)
]

− e∗ · q
q2 Pαqβ

[
T1(q

2) − T2(q
2)

− q2

(M ′2 − M ′′2)
T3(q

2)
]}

, (8)

which is much more convenient for extracting the form fac-
tors within the SLF QM.

2.2 Theoretical results in the SLF QM

In order to clarify the convention and notation used in this
paper, we would like to review briefly the framework of SLF
QM. One may refer to, for instance, Refs. [28–31] for details.

The main work of LF approach is to evaluate the current
matrix element,

B ≡ 〈T (εμν∗, p′′)|q̄ ′′
1 (k′′

1 )�q ′
1(k

′
1)|P(p′)〉 ,

� = γμ , γμγ5 , σμνq
ν(1 + γ5) , σμν , (9)

which will be further used to extract the form factors. The
meson bound-state (q1q̄2) with total momentum p and spin
J can be written as

|M(p, L , J )〉

=
∑
h1,h2

∫
d3k1

(2π)32
√
k+

1

d3k2

(2π)32
√
k+

2

(2π)3δ3(p − k1 − k2)

× �
J Jz
LS (k1, h1, k2, h2)|q1(k1, h1)〉|q̄2(k2, h2)〉 , (10)

where k1 and k2 are the on-mass-shell light-front momenta
and can be written in terms of the internal relative momentum
variables (x,k⊥) as

k+
1 = xp+ , k1⊥ = xp⊥ + k⊥ , k+

2 = x̄ p+ ,

k2⊥ = x̄p⊥ − k⊥ , (11)

with x̄ ≡ 1 − x .
The momentum-space wavefunction (WF) for a 2S+1L J

meson, � J Jz
LS (k1, h1, k2, h2), in Eq. (10) satisfies the normal-

ization condition and can be expressed as

�
J Jz
LS (k1, h1, k2, h2) = Sh1,h2(x,k⊥)ψ(x,k⊥) , (12)

where, ψ(x,k⊥) is the radial WF and responsible for describ-
ing the momentum distribution of the constituent quarks in
the bound-state; Sh1,h2(x,k⊥) is the spin-orbital WF and
responsible for constructing a state of definite spin (S, Sz)
out of the LF helicity (h1, h2) eigenstates. For the former,
we adopt the Gaussian type WF

ψ1s(x,k⊥) = 4
π

3
4

β
3
2

√
∂kz
∂x

exp

[
−k2

z + k2⊥
2β2

]
,

ψ1p(x,k⊥) =
√

2

β
ψ1s(x,k⊥) , (13)

where, kz is the relative momentum in z-direction, kz =
(x− 1

2 )M0 + m2
2−m2

1
2M0

, with the invariant mass M2
0 = m2

1+k2⊥
x +

m2
2+k2⊥
x̄ . The spin-orbital WF, Sh1,h2(x,k⊥), can be obtained

by the interaction-independent Melosh transformation. It is
convenient to use its covariant form, which can be further
reduced by using the equation of motion on spinors and
finally written as [31,45]

Sh1,h2 = ū(k1, h1)�
′v(k2, h2)√

2M̂0
, (14)

where, M̂2
0 = M2

0 − (m1 − m2)
2. For P and T mesons, the

vertices �′ are written as

�′
P = γ5 , (15)

�′
T = −1

2
ε̂μν

[
γμ − (k1 − k2)μ

DT,LF

]
(k1 − k2)ν ,

DT,LF = M0 + m1 + m2 , (16)

where ε̂μν = εμν(M → M0).
Using the formulae given above, the matrix element of

M ′ → M ′′ transition can be written as

BSLF =
∑

h′
1,h

′′
1,h2

∫
dx d2k′⊥
(2π)3 2x

ψ ′′∗(x,k′′⊥)ψ ′(x,k′⊥)

×S′′†
h′′

1,h2
(x,k′′⊥)Ch′′

1,h′
1
(x,k′⊥,k′′⊥) S′

h′
1,h2

(x,k′⊥) ,

(17)

where S′(′′) and ψ ′(′′) are the WFs of initial (final) state;
Ch′′

1,h′
1
(x,k′⊥,k′′⊥) ≡ ūh′′

1
(x,k′′⊥)�uh′

1
(x,k′⊥) with � given

by Eq. (9) for P → T transition. In the further calculation,
it is covariant to use the Drell-Yan-West frame, q+ = 0, and
take a Lorentz frame, p′⊥ = 0. In this frame, the momenta of
constituent quarks in initial and final states are written as

k′
1 = (xp′+,k′⊥) , k′′

1 = (xp′+, xp′′⊥ + k′′⊥) ,

k2 = (x̄ p′+,−k′⊥) = (x̄ p′+, x̄p′′⊥ − k′′⊥) , (18)

where p′′⊥ = p′⊥ − q⊥ = −q⊥ and k′′⊥ = k′⊥ − x̄q⊥.

123
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In the SLF QM, in order to extract the form factors of P →
T transition defined by Eqs. (1-3), one has to take explicit
values of μ and/or λ. In this work, we take the following
strategy1:

• For the vector form factor V , we take λ′′ = +2 and
multiply both sides of Eq. (1) by εμ.

• For the axial-vector form factors, we take μ = +, and
then use B+

SLF with λ′′ = +2 and +1 to extract A2 and
A1, respectively; we take λ′′ = +2, and multiply both
sides of Eq. (2) by qμ to extract A0.

• For the tensor form factors, we take λ′′ = +2, and mul-
tiply both sides of Eq. (8) by εμqν , εμPν and εμε∗ν to
extract T1, T2 and T3, respectively.

After some derivations and simplifications, we finally
obtain the SLF results for the form factors of P → T transi-
tion written as

[F(q2)]SLF =
∫

dx d2k′⊥
(2π)3 2x

ψ ′′
T

∗
(x,k′′⊥) ψ ′

P (x,k′⊥)

2M̂ ′
0M̂

′′
0

×F̃SLF(x,k′⊥, q2) , (19)

where, the integrands are

Ṽ SLF = M ′(M ′ + M ′′)
x x̄q2(M ′2 − M ′′2 + q2⊥)

×
{

2k′′⊥ · q⊥
[
(2x − 1)k′2⊥(m′

1 − m′′
1)

+ 2x̄k′⊥ · q⊥
(
(1 − 2x)m′

1

+ xm′′
1 + xm2

)+ (x̄m′
1 + xm2)

× (
(m′

1 − m′′
1)(x̄m

′′
1 + xm2)

+ x̄(2x − 1)q2⊥
)]

− 2

D′′
T,LF

[
(2x − 1)k′4⊥q2⊥ − 2xk′⊥ · k′′⊥(k′⊥ · q⊥)2

+ 2x̄(1 + 2x)k′⊥ · k′′⊥k′⊥ · q⊥q2⊥
+ 2x x̄(k′⊥ · q⊥)3 − 2x x̄k′2⊥k′′⊥ · q⊥q2⊥
+ x̄(1 − 6x)k′2⊥k′⊥ · q⊥q2⊥ − x̄2k′⊥ · k′′⊥q4⊥
− x̄(k′2⊥k′′⊥ · q⊥ − x̄k′⊥ · k′′⊥q2⊥)(m′2

1 − m′′2
1 )

+ (k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥

− x̄2q4⊥)(x2m2
2 − x̄2m′2

1 )
]}

, (20)

1 This strategy is not unique. It is possible to extract the form factor by
choosing the other values of μ or λ, but the other strategies may make
the calculation complicated relative to our strategy. In addition, different
strategy may result in different expression for the form factor, which
can be easily understood because the manifest covariance is violated
in the SLF QM, this is exactly why the CLF QM is needed. A simple
example for this issue is fV (one may refer to Ref. [44] for details).

ÃSLF
0 = M ′

M ′′q4

{
(k′⊥ · k′′⊥q2⊥

− 2k′⊥ · q⊥k′′⊥ · q⊥)
[
4k′⊥ · q⊥(m2 − m′

1)

+ (M ′2 − M ′′2)(2xm′
1 − m′

1 − m′′
1 − 2xm2)

+ (
(3 − 2x)m′

1 + m′′
1 − 2x̄m2

)
q2⊥
]

− k′′⊥ · q⊥q2⊥
x x̄

[
k′2⊥(m′

1 + m′′
1)

− 2x̄k′⊥ · q⊥
(
(1 − 2x + 2x2)m′

1

+ xm′′
1 + x(1 − 2x)m2

)

+
(
xm2 + x̄m′

1

)(
(xm2 + x̄m′′

1)(m
′
1 + m′′

1)

− x x̄(2x − 1)(M ′2 − M ′′2)

− x̄2(2x − 1)q2⊥
)]

− 2

x x̄ D′′
T,LF

(
2k′⊥ · q⊥k′′⊥ · q⊥

− k′2⊥q2⊥ + x̄2q4⊥
)[

2k′⊥ · k′′⊥k′⊥ · q⊥

+ x̄2k′⊥ · q⊥q2⊥
+ (k′2⊥ + x2m2

2)[x(M ′′2 − M ′2) − x̄q2⊥]
+ k′⊥ · q⊥

(
2(xm2 + x̄m′

1)(xm2 − x̄m′′
1)

+ x̄(m′
1 + m′′

1)
2 + x x̄(M ′2 − M ′′2)

)

+ x x̄(M ′′2 − M ′2)(xm2m
′
1 − xm′′

1m2 − x̄m′
1m

′′
1)

+ x̄ x2m2(m
′
1 − m′′

1)q
2⊥ − x̄m′

1(x̄m
′
1

+ x x̄m′′
1 + 2xm2)q2⊥

]}
, (21)

ÃSLF
1 = M ′M ′′

x x̄M ′′
0 (M ′ + M ′′)q2⊥

×
{
k′2⊥k′′⊥ · q⊥

[
(1 − 8x x̄)m′

1 − 4xm′′
1

+ 2x(3 − 4x)m2

]

+ (1 − 2x)
[
k′′2⊥ k′⊥ · q⊥m′′

1 + xk′⊥ · k′′⊥q2⊥m2

]

− 2x̄k′⊥ · q⊥k′′⊥ · q⊥
[
(1 − 8x x̄)m′

1

− 2xm′′
1 + 4x(1 − 2x)m2

]

+ (1 − 8x x̄)k′′⊥ · q⊥(xM ′′′2 + x̄q2⊥)(x̄m′
1 + xm2)

− 4xk′′⊥ · q⊥m′′
1m2(x̄m

′
1 + xm2)

+ k′⊥ · q⊥
[
(1 − 2x)m′

1 + m′′
1 + 2xm2

](
x̄

m′′2
1 − xm2

2

)+ x(1 − 2x)k′⊥ · q⊥M ′′2(x̄m′′
1 + xm2)

+ q2⊥
(
x̄m′

1 + xm2
)[

(1 − 2x)(xm2
2 − x̄m′′2

1 )

+ 4x x̄m′′
1m2

]− 4

x̄ D′′
T,LF

k′′⊥ · q⊥
[
k′⊥ · k′′⊥

+ (x̄m′
1 + xm2)(xm2 − x̄m′′

1)
][

(2x − 1)k′′2⊥

− x̄m′′2
1 + xm2

2 + x x̄(2x − 1)M ′′2]
}

123



Eur. Phys. J. C (2022) 82 :451 Page 5 of 24 451

+ 2(M ′2 − M ′′2 + q2⊥)

(M ′ + M ′′)2 ÃSLF
2 (x,k′⊥, q2) , (22)

ÃSLF
2 = M ′(M ′ + M ′′)

q4

{
− 2(2k′⊥ · q⊥k′′⊥ · q⊥

− k′⊥ · k′′⊥q2⊥)[(1 − 2x)m′
1 + m′′

1 + 2xm2]
+ 2(1 − 2x)k′′⊥ · q⊥q2⊥(x̄m′

1 + xm2)

+ 2

x̄ D′′
T,LF

[
2k′4⊥q2⊥

+ 2x̄k′2⊥k′⊥ · q⊥q2⊥
− 4k′2⊥(k′⊥ · q⊥)2 + 4x̄k′′⊥ · q⊥(k′⊥ · q⊥)2

− 2x̄2k′⊥ · k′′⊥q4⊥ − 2(2k′⊥ · q⊥k′⊥ · q⊥

− k′2⊥q2⊥ + x̄2q4⊥)(x̄m′
1 + xm2)(xm2 − x̄m′′

1)
]}

,

(23)

T̃ SLF
1 = M ′

x x̄q2(M ′2 − M ′′2 + q2⊥)

×
{
(2x − 1)[(3 − x)k′2⊥k′′⊥ · q⊥q2⊥ − 4k′⊥

· k′′⊥(k′⊥ · q⊥)2 + 3x̄2k′⊥ · k′′⊥q4⊥ − 4x̄2k′⊥ · q⊥k′′⊥ · q⊥q2⊥]
− x x̄k′′⊥ · q⊥q2⊥[2x(M ′2 − M ′′2) + q2⊥]
+ k′2⊥k′′⊥ · q⊥[2x2(M ′2 − M ′′2)
+ (−4x2 + 7x − 2)q2⊥] + k′′⊥ · q⊥[(2x̄ xm′

1 − x̄m′
1

+ xm2)q2⊥ + 2x(x̄m′′
1 + xm2)(M

′2 − M ′′2)]
(x̄m′

1 + xm2)

− (2k′⊥ · q⊥k′′⊥ · q⊥
− k′⊥ · k′′⊥q2⊥)[x̄(2x − 1)m′2

1 − x̄m′′2
1 + 2x2m2

2]
+ 2

D′′
T,LF

[
x̄
(
3k′2⊥k′′⊥ · q⊥q2⊥

− 4k′′⊥ · q⊥(k′⊥ · q⊥)2 + x̄k′⊥ · k′′⊥q4⊥
)

(
2xm′

1 − m′
1 + xm′′

1

)

+ x x̄m2(4k′′⊥ · q⊥(k′⊥ · q⊥)2 − 2k′2⊥k′⊥ · q⊥q2⊥
+ 2x̄2k′⊥ · q⊥q4⊥) + x̄

(
k′2⊥k′′⊥ · q⊥

− x̄k′⊥ · k′′⊥q2⊥
)(
x(m′

1 + m′′
1)(M

′2 − M ′′2)
+ x̄m′

1q
2⊥
)

+ (
2k′⊥ · q⊥k′′⊥ · q⊥ − k′⊥ · k′′⊥q2⊥

− x̄k′′⊥ · q⊥q2⊥
)(

(2x − 1)k′2⊥(m′
1 + m′′

1)

+ 2x x̄k′⊥ · q⊥m2 + x x̄m2(m
′2
1 − m′′2

1 ) + (m′
1

+ m′′
1)(x

2m2
2 − x̄2m′

1m
′′
1)

+ x x̄(M ′′2 − M ′2)(x̄m′
1 + xm2)

− x x̄2(m′
1 + m2)q2⊥

)]}
, (24)

T̃ SLF
2 = M ′

x2 x̄(M ′2 − M ′′2)(M ′2 − M ′′2 + q2⊥)

×
{
x x̄(2x − 3)[4k′′⊥ · q⊥(k′⊥ · q⊥)2

− 2k′2⊥k′′⊥ · q⊥q2⊥
− x̄k′⊥ · k′′⊥k′⊥ · q⊥q2⊥] − 4x̄2k′2⊥k′⊥ · k′′⊥q2⊥
+ (2k′⊥ · q⊥k′′⊥ · q⊥ − k′⊥ · k′′⊥q2⊥)[2(5x − 2

− 2x2)k′2⊥ + x̄(2x2 + 3x − 4)m′2
1 + 3x x̄m′′2

1

+ 2x2m2
2 + 4x x̄(m′

1 − m2)(x̄m
′
1 − xm′′

1)]
+ x̄k′⊥ · k′′⊥q2⊥[4(x̄m′

1 + xm2)(xm
′′
1 − x̄m′

1)

− 4xm′
1m

′′
1 + 2x3(M ′2 + M ′′2) + x2q2⊥]

+ k′′⊥ · q⊥
[
4x̄k′4⊥ + k′2⊥q2⊥(4 − 14x + 13x3 − 4x3)

+ k′2⊥
(
4m′

1(x̄
2m′

1 + x2m′′
1 + x x̄m2)

+ 4x̄m′′
1(m

′′
1 + xm2) − 2x3(M ′2 + M ′′2)

)

− (
x̄m′

1 + xm2
)(

4m′
1m

′′
1(xm2 − x̄m′′

1)

+ 2x2(M ′2 + M ′′2)(x̄m′′
1 + xm2)

+ q2⊥(2x̄ x2m′′
1 − m′

1(4 − 11x + 9x2 − 2x3)

+ x2m2)
)]+ 2x

D′′
T,LF

[
x̄
(
4k′′⊥ · q⊥(k′⊥ · q⊥)2

− 3k′2⊥k′′⊥ · q⊥q2⊥ − x̄k′⊥ · k′′⊥q4⊥
)(
m′

1 − xm′′
1 − xm2

)

− 2x̄
(
k′4⊥q2⊥ − 2x̄k′⊥ · k′′⊥k′⊥ · q⊥q2⊥

− x̄2k′2⊥q4⊥
)(
m′

1 − m2
)+ (

2k′⊥ · q⊥k′′⊥ · q⊥ − k′2⊥q2⊥
+ x̄2q4⊥

)(
k′2⊥(2x − 1)(m′

1 + m′′
1) − 2k′2⊥m′

1

+ (x̄m′
1 + xm2)((m

′
1 + m′′

1)(xm2 − x̄m′′
1)

− 2m′
1m2 + x x̄(M ′2 + M ′′2) − x̄2q2⊥

)

+ (
k′2⊥k′′⊥ · q⊥ − x̄k′⊥ · k′′⊥q2⊥

)(
(2k′2⊥ + 2x̄(m′

1

− m2)(m
′′
1 + m2) + 2m2

2 − x x̄(M ′2 + M ′′2))

(m′
1 + m′′

1) + x̄(3x̄m′
1 + 3xm2 − 2m2)q2⊥

)]}

− T̃ SLF
1 (x,k′⊥, q2) , (25)

T̃ SLF
3 = 2M ′(M ′2 − M ′′2)

x x̄q4⊥(M ′2 − M ′′2 + q2⊥)

{
(4x − 3)k′2⊥k′′⊥ · q⊥q2⊥

+ 4x̄k′′⊥ · q⊥(k′⊥ · q⊥)2 − x̄k′⊥ · k′′⊥q4⊥
+ 2(2k′⊥ · q⊥k′′⊥ · q⊥ − k′2⊥q2⊥ + x̄2q4⊥)

(2xk′⊥ · k′′⊥ − k′2⊥)

+ [k′′⊥ · q⊥q2⊥ + 4k′⊥ · q⊥k′′⊥ · q⊥
− 2k′2⊥q2⊥ + 2x̄2q4⊥](x2m2

2 − x̄2m′2
1 )

+ x̄(2k′⊥ · q⊥k′′⊥ · q⊥ − k′⊥ · k′′⊥q2⊥)(m′2
1 − m′′2

1 )

− 2

D′′
T,LF

(
2k′⊥ · q⊥k′′⊥ · q⊥ − k′2⊥q2⊥

+ x̄2q4⊥
)[

(2xk′⊥ · k′′⊥ − k′2⊥)(m′
1 + m′′

1) − (
x̄m′

1

123
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+ xm2
) (

2x̄k′⊥ · q⊥ − x̄(1 − 2x)q2⊥

+(m′
1 + m′′

1)(xm2 − x̄m′′
1)
) ]}

− M ′2 − M ′′2

q2

[
T̃ SLF

1 (x,k′⊥, q2)

− T̃ SLF
2 (x,k′⊥, q2)

]
. (26)

2.3 Theoretical results in the CLF QM

In order to treat the complete Lorentz covariance of matrix
elements and investigate the effect of zero-mode contribu-
tion, a theoretical framework of CLF approach is developed
by Jaus with the help of a manifestly covariant BS approach as
a guide to the calculation. One may refer to Refs. [33,45,51]
for detail. In the CLF QM, the matrix element is obtained by
calculating the Feynman diagram shown by Fig. 1. For the
P → T transition, the matrix element can be expressed as

B = Nc

∫
d4k′

1

(2π)4

HPHT

N ′
1 N

′′
1 N2

i SB · ε∗ , (27)

where d4k′
1 = 1

2 dk′−
1 dk′+

1 d2k′⊥, the denominators N (′,′′)
1 =

k(′,′′)2
1 − m(′,′′)2

1 + iε and N2 = k2
2 − m2

2 + iε come from
the fermion propagators, HP,T are vertex functions, and ε is
the polarization tensor of tensor meson. The trace term SB is
associated with the fermion loop and is written as

SB = Tr
[
� ( � k′

1 + m′
1) (i�P ) (−� k2 + m2)

×(iγ 0�
†
T γ 0)( � k′′

1 + m′′
1)
]

, (28)

where �P,T are the vertex operators written as [45]

i�P = −iγ5 , (29)

i�T = i
1

2

[
γμ − (k′′

1 − k2)μ

DT,con

] (
k′′

1 − k2
)
ν

,

DT,con = M + m′′
1 + m2 . (30)

As has been stressed in Ref. [33], the covariant calculation
and the calculation of the light-front formalism give identi-
cal results at the one-loop level if the vertex functions HP,T

are analytic in the upper complex k′−
1 plane. By closing the

contour in the upper complex k′−
1 plane and assuming that

HP,T are analytic within the contour, the integration picks
up a residue at k2

2 = k̂2
2 = m2

2 corresponding to putting the
spectator antiquark on its mass-shell. After integrating the
minus component of loop momentum, the covariant calcu-
lation becomes the LF one. Such manipulation ask for the
following replacements [33,45]

N ′(′′)
1 → N̂ ′(′′)

1 = x
(
M ′(′′)2 − M ′(′′)2

0

)
(31)

and

χP(T ) = HP(T )/N
′(′′) → hP(T )/N̂

′(′′) ,

DT,con → DT,LF , (type-I) (32)

where the LF form of vertex function, hP(T ), is given by

hP(T )/N̂
′(′′) = 1√

2Nc

√
x̄

x

ψ1s(1p)

M̂ ′(′′)
0

, (33)

The Eq. (32) shows the correspondence between manifestly
covariant and LF approaches [33,45], the correspondence
between χ and h can be clearly derived by matching the CLF
expressions to the SLF ones via some zero-mode independent
quantities [33,45]. However, the validity of the correspon-
dence for the D factor appearing in the vertex operator can-
not been clarified explicitly [47]. In fact, the traditional type-I
correspondence may give self-contradictory results for some
quantities. An obvious example is fV noted by the authors
of Ref. [45]. In order to get self-consistent results for fV , a
much more generalized correspondence scheme is proposed
[47],

χP(T ) = HP(T )/N
′(′′)

→ h′(′′)
P(T )/N̂

′(′′) , M → M0 . (type-II) (34)

Within this updated self-consistent scheme, the CLF QM
can give a self-consistent result for fV,A and form factors of
P → (V, A) and V ′ → V ′′ transitions [44,47–49], while
the self-consistency of the form factors of P → T transition
remains to be tested.

Using above formulas and integrating out k′−
1 , the matrix

element, Eq. (27), can be reduced to the LF form

B̂ = Nc

∫
dxd2k′⊥
2(2π)3

hPhT

x̄ N̂ ′
1 N̂

′′
1

ŜB · ε∗ . (35)

However, the matrix element obtained in this way con-
tains spurious ωμ-dependent contributions, which violate the
covariance of matrix element. It should be noted that the con-
tribution of the zero-mode from the k′+

1 = 0 is not taken into
account in the contour integration. It is interesting that the
spurious ωμ-dependent terms in B̂ can be eliminated by the
zero-mode contributions [33]. The inclusion of zero-mode
contributions in practice amount to the following replace-
ments

k̂′μ
1 → PμA(1)

1 + qμA(1)
2 , (36)

k̂′μ
1 k̂′ν

1 → gμν A(2)
1

+ PμPν A(2)
2 + (Pμqν + qμPν)A(2)

3

+ qμqν A(2)
4

+ Pμων + ωμPν

ω · P B(2)
1 , (37)

k̂′μ
1 k̂′ν

1 k̂′α
1 → (

gμνPα + gμαPν

123
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+gναPμ
)
A(3)

1 + (
gμνqα

+gμαqν + gναqμ
)
A(3)

2

+ PμPν PαA(3)
3 + (

PμPνqα + Pμqν Pα

+qμPν Pα
)
A(3)

4

+ (
qμqν Pα + qμPνqα + Pμqνqα

)
A(3)

5

+ qμqνqαA
(3)
6

+ 1

ω · P
(
PμPνωα

+Pμων Pα + ωμPν Pα
)
B(3)

1

+ 1

ω · P
[(
Pμqν + qμPν

)
ωα

+ (
Pμqα + qμPα

)
ων

+ (
Pαqν + qαPν

)
ωμ
]
B(3)

2 , (38)

k′μ
1 N̂2 → qμ

(
A(1)

2 Z2 + q · P
q2 A(2)

1

)
, (39)

k̂′μ
1 k̂′ν

1 N̂2 → gμν A(2)
1 Z2

+ qμqν

(
A(2)

4 Z2 + 2
q · P
q2 A(1)

2 A(2)
1

)

+ Pμων + ωμPν

ω · P B(3)
3 , (40)

k̂′μ
1 k̂′ν

1 k̂′α
1 N̂2

→ (
gμνqα + gμαqν + gναqμ

) (
A(3)

2 Z2 + q · P
q2 A(4)

1

)

+ qμqνqα

(
A(3)

6 Z2 + 3
q · P
q2 A(4)

4

)

+ 1

ω · P
[(
Pμqν + qμPν

)
ωα

+ (
Pμqα + qμPα

)
ων

+ (
Pαqν + qαPν

)
ωμ
]
B(4)

5 , (41)

where A and B functions are given by

A(1)
1 = x

2
, A(1)

2 = x

2
− k′⊥ · q⊥

q2 ; (42)

A(2)
1 = −k′2⊥ − (k′⊥ · q⊥)2

q2 , A(2)
2 = (A(1)

1 )2 ,

A(2)
3 = A(1)

1 A(1)
2 ,

A(2)
4 = (A(1)

2 )2 − 1

q2 A
(2)
1 ; (43)

A(3)
1 = A(1)

1 A(2)
1 , A(3)

2 = A(1)
2 A(2)

1 ,

A(3)
3 = A(1)

1 A(2)
2 , A(3)

4 = A(1)
2 A(2)

2 ,

A(3)
5 = A(1)

1 A(2)
4 , A(3)

6 = A(1)
2 A(2)

4 − 2

q2 A
(1)
2 A(2)

1 ;
(44)

A(4)
3 = A(1)

1 A(3)
2 ; (45)

B(2)
1 = x

2
Z2 − A(2)

1 ; (46)

B(3)
2 = x

2
Z2A

(1)
2 + A(1)

1 A(2)
1

P · q
q2 − A(1)

2 A(2)
1 ,

B(3)
3 = B(2)

1 Z2 +
(
P2 − (q · P)2

q2

)
A(1)

1 A(2)
1 ; (47)

B(4)
1 = x

2
Z2A

(2)
1 − A(4)

1 ,

B(4)
5 = B(3)

2 Z2 + q · P
q2 B(4)

1 +
[
P2 − (q · P)2

q2

]
A(4)

3 ;
(48)

Z2 = N̂ ′
1 + m′2

1 − m2
2 + (x̄ − x)M ′2

+ (q2 + q · P)
k′⊥ · q⊥

q2 . (49)

The ω-dependent terms associated with the C functions are
not shown because they can be eliminated exactly by the
inclusion of the zero-mode contributions [33]. However,
there are still some residual ω-dependences associated with
the B functions, which are irrelevant zero-mode contribution
[33], and possibly result in the inconsistence and covariance
problems [44,47–49].

Using the formulae given above, one can obtain CLF
results for the matrix elements of P → T transition, Bμ

CLF.
Then, matching obtained Bμ

CLF(� = γμ) , Bμ
CLF(� = γμγ5)

and Bμ
CLF(� = σμν(1+γ5)qν) to the definitions of form fac-

tors given by Eqs. (1-3), the CLF results for the form factors
of P → T transition can be extracted directly. They can be
written as

[F(q2)]CLF = Nc

∫
dxd2k′⊥
2(2π)3

χ ′
Pχ ′′

T

x̄
F̃CLF(x,k′⊥, q2) , (50)

where the integrands are

ṼCLF = 2M ′(M ′ + M ′′)
[
m′

1(1 − 2A(1)
1 − 2A(1)

2 + A(2)
2

+ 2A(2)
3 + A(2)

4 ) + m′′
1(−A(1)

1 + A(1)
2 + A(2)

2

− A(2)
4 ) + 2m2(A

(1)
1 − A(2)

2 − A(2)
3 )

+ 4

D′′
T,con

(−A(2)
1 + A(3)

1 + A(3)
2 )
]
, (51)

ÃCLF
0 = M ′q2

M ′′

{
m′

1(3 − 6A(1)
1 − 10A(1)

2 + 3A(2)
2 + 14A(2)

3

+ 11A(2)
4 − 4A(3)

4 − 8A(3)
5 − 4A(3)

6 )

+ m′′
1(−A(1)

1 + A(1)
2 + A(2)

2 − A(2)
4 )

+ 2m2(A
(1)
1 + 2A(1)

2 − A(2)
2 − 5A(2)

3 − 4A(2)
4

+ 2A(3)
4 + 4A(3)

5 + 2A(3)
6 ) + 1

D′′
T,con

×
[(− 2M ′2 + 2(m′

1 − m2)
2 − (m′

1 + m′′
1)

2 + N̂ ′
1

123
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− N̂ ′′
1 − q2⊥

)
(1 − 2A(1)

1 − 2A(1)
2 + A(2)

2 + 2A(2)
3

+ A(2)
4 ) + 2

(
M ′2 + M ′′2 + 2(m′

1 − m2)(m
′′
1 + m2)

+ q2⊥
)
(A(1)

2 − 2A(2)
3 − 2A(2)

4 + A(3)
4

+ 2A(3)
5 + A(3)

6 ) + 2Z2(1 − 4A(1)
2 + 5A(2)

4 − 2A(3)
6 )

+ 4(M ′2 − M ′′2)
q2 (−2A(2)

1

+ 5A(1)
2 A(2)

1 − 3A(4)
4 )
]}

+ M ′ + M ′′

2M ′′ ÃCLF
1 (x,k′⊥, q2)

− M ′ − M ′′

2M ′′ ÃCLF
2 (x,k′⊥, q2) , (52)

ÃCLF
1 = 2M ′

M ′ + M ′′

{
m′

1(M
′′2 − m′′2

1 − m2
2 − N̂ ′′

1

− Z2) + m′′
1(M

′2 − m′2
1 − m2

2 − N̂ ′
1 − Z2)

+ m2[(m′
1 + m′′

1)
2 + N̂ ′

1 + N̂ ′′
1 + q2⊥]

−
[
m′

1(M
′′2 − m′′2

1 − m2
2 − N̂ ′′

1 ) + m′′
1(M

′2

− m′2
1 − m2

2 − N̂ ′
1) + m2((m

′
1 + m′′

1)
2 + N̂ ′

1

+ N̂ ′′
1 + q2⊥)

][
A(1)

1 + A(1)
2

]

+ (m′
1 + m′′

1)

[
Z2A

(1)
2 + M ′2 − M ′′2

q2 A(2)
1

]

+ 2(4m′
1 − m′′

1 − 3m2)A
(2)
1

− 8(m′
1 − m2)(A

(3)
1 + A(3)

2 ) − 4

D′′
T,con

×
[(
M ′2 + M ′′2 + q2⊥ + 2(m′

1 − m2)(m
′′
1

+ m2)
)
(A(2)

1 − A(3)
1 − A(3)

2 ) + 2
(
−Z2A

(2)
1

+Z2A
(3)
2 + M ′2 − M ′′2

q2 A(4)
1

)]}
, (53)

ÃCLF
2 = 2M ′(M ′ + M ′′)

{
− m′

1 + (6m′
1 − m′′

1 − 2m2)A
(1)
1

+ (2m′
1 + m′′

1)A
(1)
2 − (m′

1 + m′′
1)A

(2)
4

− (9m′
1 − m′′

1 − 6m2)A
(2)
2 − (10m′

1 − 6m2)A
(2)
3

+ 4(m′
1 − m2)(A

(3)
3

+ 2A(3)
4 + A(3)

5 )

− 1

D′′
T,con

[(
(m′

1 + m′′
1)

2 + N̂ ′
1

+ N̂ ′′
1 + q2⊥

)(− 1 + 2A(1)
1 + 2A(1)

2 − A(2)
2

− 2A(2)
3 − A(2)

4

)

+ 2
(
M ′2 + M ′′2 + q2⊥ + 2(m′

1 − m2)(m
′′
1 + m2)

)

(A(1)
1 − 2A(2)

2 − 2A(2)
3 + A(3)

3 + 2A(3)
4 + A(3)

5 )
]}

,

(54)

T̃CLF
1 = M ′

{
4A(3)

1 + 12A(3)
2 − 10A(2)

1

+ 4(M ′2 − M ′′2)(A(2)
2 − A(2)

3 − A(3)
3 + A(3)

5 )

+ 4q2(A(1)
2 − A(1)

1 + A(2)
2 + A(2)

3 − 2A(2)
4 − A(3)

4

+ A(3)
6 ) + [

(m′
1 + m′′

1)
2 + N̂ ′

1 + N̂ ′′
1

+ q2⊥
]
(1 − A(1)

1 − A(1)
2 ) + 2

[
M ′2 − M ′′2 − q2⊥

+ 2(m′
1 + m′′

1)(m2 − m′
1) − 2N̂ ′

1

]
(A(1)

1

− A(2)
2 −A(2)

3 ) + 8(m′
1 + m′′

1)

D′′
T,con

(A(3)
1 + A(3)

2 − A(2)
1 )

}
,

(55)

T̃CLF
2 = M ′

{[
(m′

1 − m′′
1)

2 + N̂ ′
1 + N̂ ′′

1 + q2⊥

− q2

M ′2 − M ′′2
(
2(m′

1 − m2)
2 − (m′

1 − m′′
1)

2

− 2M ′2 + N̂ ′
1 − N̂ ′′

1 − q2⊥
)]

(A(1)
1 + A(1)

2 − 1)

+ 2Z2q2

M ′2 − M ′′2 (1 − 3A(1)
2 + 2A(2)

4 )

+ 2
[
M ′2 + M ′′2 − 2(m′

1 − m2)(m
′′
1 − m2) + q2⊥

]

[
A(1)

1 − A(2)
2 − A(2)

3 + q2

M ′2 − M ′′2 (A(1)
2

− A(2)
3 − A(2)

4 )
]

+ 8(A(1)
2 A(2)

1 − A(3)
1 − A(3)

2 )

+ 2q2

M ′2 − M ′′2 (5A(2)
1 − 4A(3)

1 − 4A(3)
2 )

+ 8

D′′
T,con

[
m′

1 + m′′
1 − q2

M ′2 − M ′′2

(m′
1 − m′′

1 − 2m2)
][

A(3)
1 + A(3)

2 − A(2)
1

]}
, (56)

T̃CLF
3 = M ′

{
[2M ′2 + (m′

1 − m′′
1)

2 − 2(m′
1 − m2)

2

− N̂ ′
1 + N̂ ′′

1 + q2⊥](1 − A(1)
1 − A(1)

2 )

+ 2[M ′2 + M ′′2 + 2(m′
1 − m2)(m2 − m′′

1) + q2⊥]
× (A(2)

3 + A(2)
4 − A(1)

2 )

+ 2(4A(3)
1 + 4A(3)

2

− 5A(2)
1 ) + 2(M ′2 − M ′′2)

[
2(A(1)

1 − A(1)
2 − 2A(2)

2

+ 2A(2)
4 + A(3)

3 + A(3)
4 − A(3)

5 − A(3)
6 )

+ 1

q2 (3A(2)
1 − 4A(1)

2 A(2)
1 )
]

+ 2Z2(−1 + 3A(1)
2 − 2A(2)

4 )

123
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+ 4

D′′
T,con

[
m′

1(M
′2 − M ′′2)(3A(1)

1 + 3A(1)
2

− 3A(2)
2 − 6A(2)

3 − 3A(2)
4 + A(3)

3 + 3A(3)
4 + 3A(3)

5

+ A(3)
6 − 1) + 2m′

1(−A(2)
1 + A(3)

1 + A(3)
2 )

+ m′′
1(M

′2 − M ′′2)(A(1)
2

− A(1)
1 + 2A(2)

2 − 2A(2)
4

− A(3)
3 − A(3)

4 + A(3)
5 + A(3)

6 ) + 2m′′
1(A

(2)
1 − A(3)

1

− A(3)
2 ) + 2m2(M

′2 − M ′′2)(2A(2)
2

− A(1)
1 + 2A(2)

3 − A(3)
3 − 2A(3)

4 − A(3)
5 )

+ 4m2(A
(2)
1 − A(3)

1 − A(3)
2 )
]}

. (57)

The CLF results given above are independent of μ and
λ, which implies that the CLF contributions are irrelevant
to the self-consistence and covariance problems. This is a
significant advantage of CLF QM compared the SLF QM.
However, it should be noted that the contributions associ-
ated with B functions are not included in above formulae.
These contributions may result in the self-consistence and
covariance problems of CLF QM except they are equal to
zero numerically, and will be analyzed in the next section.

In our following discussions, we also need the valence
contributions, which can be obtained by assuming k+

2 �= 0 (or
p+ �= 0). This assumption ensures the pole of N2 is safely
located in the contour of k′−

1 integral ( the pole of N2 is
finite) and implies that the zero-mode contributions are not
taken into account. At this moment, the replacements for
k̂′μ

1 given above have to be disregarded. Instead, one just
need to directly use the on-mass-shell condition of spectator
antiquark, k2

2 = m2
2, and the conservation of four-momentum

at each vertex. The valence contributions to the form factors
can also be expressed as Eq. (50) with the integrands written
as

Ṽ val. = 2M ′(M ′ + M ′′)
x̄q2(M ′2 − M ′′2 + q2⊥)

×
{

2x̄k′⊥ · q⊥k′′⊥ · q⊥(m′
1 − m′′

1)

+k′′⊥ · q⊥
[
(k′2⊥ + m2

2)(m
′′
1 − m′

1)

+x̄2((m′′
1 − m2)M

′2 − (m′
1 − m2)(M

′′2 − q2⊥))

+x̄m2(M
′2 − M ′′2 + q2⊥)

]

− 1

D′′
T,con

[
(k′2⊥q2⊥ − 2x̄k′⊥ · q⊥k′′⊥ · q⊥

−x̄2q4⊥)(k′2⊥ − x̄2M ′2 + m2
2) + (x̄k′2⊥k′′⊥ · q⊥

+x̄2q2⊥k′⊥ · k′′⊥)(M ′2 − M ′′2)
+x̄
(
4(k′⊥ · q⊥)2k′′⊥ · q⊥ − 2k′2⊥q2⊥k′′⊥ · q⊥

−k′2⊥k′⊥ · q⊥q2⊥ + x̄2k′⊥ · q⊥q4⊥
)]}

, (58)

Ãval.
0 = M ′

x̄M ′′q4⊥

{
x̄
[
8(k′⊥ · q⊥)2k′′⊥ · q⊥ − 6k′2⊥k′′⊥ · q⊥q2⊥

−4x̄k′2⊥q4⊥ + 4x̄(k′⊥ · q⊥)2q2⊥
]
(m′

1 − m2)

+x̄
[
2k′⊥ · q⊥k′′⊥ · q⊥ − k′⊥ · k′′⊥q2⊥

]

×
[(

(1 − 2x)m′
1 + m′′

1 + 2xm2
)
(M ′2 − M ′′2)

−2q2⊥
(
2x̄m′

1 − (1 − 2x)m2
)]+ x̄k′⊥ · k′′⊥q4⊥

×
[
(2x − 1)m′

1 + m′′
1 − 2xm2

]

+k′′⊥ · q⊥q2⊥
[
x̄2M ′2((2x − 1)m′

1 − m′′
1 − 2xm2

)

+2(xm2 + x̄m′
1)(x̄

2q2⊥ − x x̄M ′′2)
+k′2⊥

(
(1 − 2x)m′

1 − m′′
1 + 2xm2

)

−m2
2(m

′
1 + m′′

1 − 2m2)

+2x̄m2(m
′
1 − m2)(m2 − m′′

1)
]

− 2

D′′
T,con

[
2x̄
(
2(k′⊥ · q⊥)2k′′⊥ · q⊥ − k′⊥ · q⊥k′2⊥q2⊥

+x̄2k′⊥ · q⊥q4⊥
)(
M ′2 + (m′

1 − m2)(m
′′
1 + m2)

)

+
(
k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥ − x̄2q4⊥

)(
x̄q2⊥

×(x̄M ′2 − (x − 2)m′
1m2

+m′′
1(x̄m

′
1 + xm2) − x̄m2

2

)

+(k′2⊥ + m2
2 + x̄m2(m

′
1 − m′′

1 − 2m2)

+x̄2(m2 − m′
1)(m

′′
1 + m2)

)(
M ′2 − M ′′2))]

}
, (59)

Ãval.
1 = M ′

x̄(M ′ + M ′′)q2⊥

{
− x̄

[
2(k′⊥ · q⊥)2 − k′2⊥q2⊥

]

×
[

− 2m′′
1 + (1 − 4x)m2 + (4x − 3)m′

1

]

−(k′⊥ · q⊥)
[
k′2⊥
(
(3 − 4x)m′

1 + 3m′′
1 + (4x − 2)m2

)

+x̄q2⊥
(
9x̄2m′

1 − 3x x̄m′
1 + 3x̄m′′

1

+12x x̄m2 − 2m2
)+ x̄2M ′′2

×(− 2xm2 − m′′
1 + (4x − 1)m′

1

)

+2xm3
2 + (1 − 2x)m′

1m
2
2

+(1 + 2x)m′′
1m

2
2 + 2x̄m′

1m
′′
1m2

]

−q2⊥
[
k′2⊥
(
x̄(8x − 6)m′

1

−4x̄m′′
1 + (8x2 − 10x + 3)m2

)

+(1 − 4x)(M ′′2 − q2⊥)(x x̄2m2 + x̄3m′
1)

−2q2⊥(x x̄2m2 + x̄3m′
1) − 2x̄2m′

1m
′′
1m2

+(2x − 1)m2
2(xm2 + x̄m′

1) − 2x x̄m′′
1m

2
2

]

+ 2

x̄ D′′
T,con

×
[
2x̄k′⊥ · q⊥k′′⊥ · q⊥

(
3k′2⊥ + m2

2

123
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+2(x̄m′
1 + xm2)(xm2 − x̄m′′

1) − x̄2(M ′′2 − q2⊥)
)

−4x̄2(k′⊥ · q⊥)2k′′⊥ · q⊥
−2k′′⊥ · q⊥

(
k′2⊥ + (x̄m′

1 + xm2)(xm2 − x̄m′′
1)
)

×(k′2⊥ + m2
2 − x̄2(M ′′2 − q2⊥)

)]}

+2(M ′2 − M ′′2 + q2⊥)

(M ′ + M ′′)2 Ãval.
2 (x,k′⊥, q2) , (60)

Ãval.
2 = 2M ′(M ′ + M ′′)

q4

{
(k′⊥ · k′′⊥q2⊥

−2k′⊥ · q⊥k′′⊥ · q⊥)
[
(1 − 2x)m′

1 + m′′
1 + 2xm2

]

+k′′⊥ · q⊥q2⊥(1 − 2x)(x̄m′
1 + xm2)

+ 2

x̄ D′′
T,con

[(
k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥

−x̄2q4⊥
)(
k′2⊥ + (x̄m′

1 + xm2)(xm2 − x̄m′′
1)
)

+2x̄(k′⊥ · q⊥)2k′′⊥ · q⊥ − x̄k′2⊥k′⊥ · q⊥q2⊥

+x̄3k′⊥ · q⊥q4⊥
]}

, (61)

T̃ val.
1 = M ′

x̄q2(M ′2 − M ′′2 + q2⊥)

{
x̄
[
8(k′⊥ · q⊥)2k′′⊥ · q⊥

−6k′2⊥q2⊥k′′⊥ · q⊥ + 4x̄(k′⊥ · q⊥)2q2⊥ − 4x̄k′2⊥q4⊥
]

+
(
k′⊥ · k′′⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥

)

×
[
2k′2⊥ + x̄((2x − 1)M ′2 − M ′′2 + 2x̄q2⊥) + 2m2

2

]

−x̄k′′⊥ · q⊥q2⊥[2xM ′2 − 2xM ′′2 + q2⊥] + k′′⊥ · q⊥
×
[
2x̄q2⊥

(
k′2⊥ + m2(m

′
1 + m′′

1 − m2)
)

−2x̄
(
k′2⊥ − m2(m

′
1 + m′′

1 − 2m2)(M
′2 − M ′′2)

)

+(k′2⊥ + m2
2)(2M

′2 − 2M ′′2 + q2⊥)

+x̄2(2x − 1)M ′2q2⊥ + 2x̄2(m′
1 − m2)(m

′′
1 − m2)

×(M ′2 − M ′′2 + q2⊥)
]

− 2

D′′
T,con

(
m′

1 + m′′
1

)[
4x̄(k′⊥ · q⊥)2k′′⊥ · q⊥

−x̄k′2⊥q2⊥k′′⊥ · q⊥ − x̄2k′⊥ · k′′⊥q4⊥
+(k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥
−x̄2q4⊥)(k′2⊥ − x̄2M ′2 + m2

2)

−x̄(k′2⊥k′′⊥ · q⊥ − x̄k′⊥ · k′′⊥q2⊥)(M ′2 − M ′′2)
]}

,(62)

T̃ val.
2 = M ′

x̄(M ′2 − M ′′2)(M ′2 − M ′′2 + q2⊥)

×
{
x̄
[
8(k′⊥ · q⊥)2k′′⊥ · q⊥ − 6k′2⊥q2⊥k′′⊥ · q⊥

−4x̄k′2⊥q4⊥ + 4x̄(k′⊥ · q⊥)2q2⊥
]

−
(

2k′′⊥ · q⊥k′⊥ · q⊥ − q2⊥k′⊥ · k′′⊥
)[

2k′2⊥

+2m2
2 − x̄

(
M ′2 + 3M ′′2

+4(m′
1 − m2)(m2 − m′′

1)
)− 2x̄2(M ′2 − q2⊥)

]

+x̄k′⊥ · k′′⊥q2⊥
[
4(m′

1 − m2)(m2 − m′′
1)

+q2⊥ + 2(2 − x)M ′2 + 2xM ′′2]

−k′′⊥ · q⊥
[
2
(
k′2⊥ + m2

2 + x̄2(m2 − m′
1)(m2 − m′′

1)
)

×(M ′2 + M ′′2)+ 2x̄
(
k′2⊥ + m2(m

′
1 − m′′

1)
)

×(M ′2 − M ′′2)+ 4(m′
1 − m2)(m2 − m′′

1)(k
′2⊥ + m2

2)

−4x̄2M ′2M ′′2 + q2⊥
(
(2x − 1)k′2⊥ − x̄2(2x − 3)M ′2

−2(x̄m′
1 + xm2)(x̄m

′′
1 + xm2)

+4x̄m′
1m2 + 3(x − x̄)m2

2

)]

− 2

D′′
T,con

(
− m′

1 + m′′
1 + 2m2

)

[
x̄(M ′2 − M ′′2)(2x̄k′2⊥q2⊥ − k′2⊥k′⊥ · q⊥

−x̄2k′⊥ · q⊥q2⊥) + 4x̄(k′⊥ · q⊥)2k′′⊥ · q⊥
−3x̄k′2⊥q2⊥k′′⊥ · q⊥ − x̄2q4⊥k′⊥ · k′′⊥
+(k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥ − x̄2q4⊥)

×(k′2⊥ + m2
2 − x̄2M ′2)

]}
+ T̃ val.

1 (x,k′⊥, q2) , (63)

T̃ val.
3 = 2M ′(M ′2 − M ′′2)

x̄q4(M ′2 − M ′′2 + q2⊥)

{
x̄
[
6k′2⊥k′′⊥ · q⊥q2⊥

−8(k′⊥ · q⊥)2k′′⊥ · q⊥ + 4x̄k′2⊥q4⊥
−4x̄(k′⊥ · q⊥)2q2⊥

]
− k′′⊥ · q⊥q2⊥

[
(3 − 4x)k′2⊥

+(1 − 2x)(m2
2 − x̄2M ′2)

]

−
[
k′⊥ · k′′⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥

]

×
[
2k′2⊥ + 2m2

2 + x̄((2x − 1)M ′2

−M ′′2 + 2x̄q2⊥)
]

+ x̄(1 − 2x)k′⊥ · k′′⊥q4⊥

+ 2

D′′
T,con

[
x̄(m′

1 + m′′
1)(4(k′⊥ · q⊥)2k′′⊥ · q⊥

−2k′2⊥k′⊥ · q⊥q2⊥
+2x̄k′⊥ · q⊥q4⊥) + (

k′2⊥q2⊥ − 2k′⊥ · q⊥k′′⊥ · q⊥
−x̄2q4⊥

)(
(m′

1 + m′′
1)(k

′2⊥ + m2
2)

+x x̄m2(M
′2 − M ′′2 + q2⊥) − x̄2m′′

1M
′2

−x̄2m′
1(M

′′2 − q2⊥)
)]}

+M ′2 − M ′′2

q2

[
T̃ val.

1 (x,k′⊥, q2)

−T̃ val.
2 (x,k′⊥, q2)

]
. (64)

123
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3 Numerical results and discussion

With the theoretical results given above and the values of
input parameters collected in appendix A, we then present our
numerical results and discussions in this section. As has been
mentioned in the last section, the contributions associated
with B functions are not included in the CLF results, Eqs. (51-
57). These contributions to the matrix elements of P → T
transition can be written as

[B]B = Nc

∫
dxd2k′⊥
2(2π)3

χ ′
Pχ ′′

T

x̄
B̃B , (65)

where, the integrands are

B̃μ
B(� = γμ) = 2iεμλραε∗λδqδP

αωρ B(2)
1

ω · P
(−m′

1 + m′′
1
)

+ 2iεμλραε∗λδqδq
αωρ B(2)

1
ω · P

(
m′

1 + m′′
1 − 2m2

)

+ 4iεμραβε∗λδqλqδP
αqβωρ B(3)

1 + 2B(3)
2 − 2B(2)

1
ω · P · 1

DT,con
,

(66)

B̃μ
B(� = γμγ5) = 4Pμε∗λδqλωδ

{
B(2)

1
ω · P

[
− 5m′

1 + 3m2

+ 1

DT,con

(
2M ′2 + 2M ′′2 + N̂ ′

1 + N̂ ′′
1

+ (m′
1 + m′′

1)2 + 4(m′
1 − m2)(m′′

1 + m2) − 3q2)]

+ 2(B(3)
1 + B(3)

2 )

ω · P
[
2m′

1 − 2m2

− 1

DT,con

(
M ′2 + M ′′2 + 2(m′

1 − m2)(m′′
1 + m2) − q2)]

− 4(B(3)
3 − B(4)

5 )

ω · P · 1

DT,con

}
+ 4qμε∗λδqλωδ

{
B(2)

1
ω · P

×
[

− 3m′
1 − m′′

1 − 2m2 + 1

DT,con

(
2M ′2 − N̂ ′

1 + N̂ ′′
1

− 2(m′
1 − m2)2 + (m′

1 + m′′
1)2 − q2)]+ 2B(3)

2
ω · P

×
[
2m′

1 − 2m2 − 1

DT,con

(
M ′2 + M ′′2 − q2

+ 2(m′
1 − m2)(m′′

1 + m2)
)]− 2(B(3)

3 − B(4)
5 )

ω · P

· 1

DT,con

}
+ 4ωμε∗λδqλqδ

{
B(2)

1
ω · P

×
[

− 4m′
1 + m′′

1 + 3m2 + 2

DT,con

(
M ′2 + M ′′2 + 2(m′

1 − m2)

(m′′
1 + m2) − q2)]+ B(3)

1 + 2B(3)
2

ω · P
×
[
2m′

1 − 2m2 − 1

DT,con

(
M ′2 + M ′′2

+ 2(m′
1 − m2)(m′′

1 + m2) − q2)]

− 4(B(3)
3 − B(4)

5 )

ω · P · 1

DT,con

}
, (67)

B̃B(� = σμνq
ν) = 4ενλαβ P

αqνωβε∗λδqδPμ

× B(3)
1 + B(3)

2 − B(2)
1

ω · P + 2ενλαβ P
αqνωβε∗λδqδqμ

× 2B(3)
2 − B(2)

1
ω · P + 2εμλαβ P

αωβε∗λδqδ

×
[

2(M ′2 − M ′′2)
B(2)

1 − B(3)
1 − B(3)

2
ω · P + q2 · B(2)

1 − 2B(3)
2

ω · P

]

+ 2εμλαβq
αωβε∗λδqδ

{[
(m′

1 + m′′
1)(m′

1 − m2) + N̂ ′
1

]2B(2)
1

ω · P

+ 2(M ′2 − M ′′2)
2B(2)

1 − B(3)
1 − B(3)

2
ω · P + q2 · B(2)

1 − 2B(3)
2

ω · P
}

+ 2εμλαβ P
αqβε∗λδωδ

{[
(m′

1 + m′′
1)(m2 − m′

1) − N̂ ′
1

]

× 2B(2)
1

ω · P +
(
M ′2 − M ′′2) B(2)

1 + 2B(3)
1 − 2B(3)

2
ω · P

+ q2 · 3B(2)
1 + 2B(3)

2
ω · P

}
+ 4εμναβ P

νqαωβε∗λδqλqδ

×
(
m′

1 + m′′
1

DT,con
· 2B(2)

1 − B(3)
1 − 2B(3)

2
ω · P

)
, (68)

B̃B(� = σμνγ5q
ν) = 4i Pμε∗λδqλωδ

{
q2B(2)

1
ω · P

×
[

1 + 2(2m′
1 − m′′

1 − 2m2)

DT,con

]
+ B(3)

2
ω · P

4q2(m2 − m′
1)

DT,con

− 2q2B(3)
1

ω · P

[
1 + m′

1 − m′′
1 − 2m2

DT,con

]
− B(3)

3
ω · P

}

+ 2iqμε∗λδqλωδ

(
M ′2 − M ′′2)

×
{
B(2)

1
ω · P ×

[
3 + 4(m′′

1 + 2m2 − 2m′
1)

DT,con

]

+ 4B(3)
1

ω · P
(

1 + m′
1 − m′′

1 − 2m2

DT,con

)
+ 8B(3)

2
ω · P · m

′
1 − m2

DT,con

}

+ 4iωμε∗λδqλqδ

{
B(2)

1
ω · P ×

[
2M ′2 − M ′′2

123
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+ (m′
1 − m2)(m2 − m′′

1) + q2

− 2

DT,con

(
(M ′2 − M ′′2)(m′

1 + m′′
1) − q2(m′

1 − m′′
1 − 2m2)

) ]

+ B(3)
1 + 2B(3)

2
ω · P

[
− M ′2 + M ′′2 − q2 + 1

DT,con

× (
(M ′2 − M ′′2)(m′

1 + m′′
1) − q2(m′

1 − m′′
1 − 2m2)

)]− B(3)
3

ω · P
}

+ 2iε∗μδωδ

(
M ′2 − M ′′2)×

{
B(2)

1
ω · P

[
− (M ′2 + M ′′2)

+ 2(m2 − m′
1)(m2 − m′′

1) − q2
]

+ 2B(3)
3

ω · P
}

. (69)

After extracting their contributions to the form factors,
[F]B, one can obtain the full result of form factor in the CLF
QM, which can be expressed as

[F]full = [F]CLF + [F]B . (70)

Based on these results, we have following discussions and
findings:

• Here, we take B̃B(� = σμνγ5qν) given by Eq. (69) as an
example. From this equation, it can be found that the third
term is proportional to ωμ. This spurious ωμ-dependent
contribution corresponds to an unphysical form factor
and may violate the covariance of matrix element if it is
non-zero. The other terms would present contributions
to the tensor form factors, T2 and T3. For convenience
of discussion, we take T3 as an example, which could
receive the contribution from the second term written as

T̃B
3 = 2(M ′2 − M ′′2)

e∗ · q
ελδ∗qλωδ

ω · P{
B(2)

1

[
3 + 4(m′′

1 + 2m2 − 2m′′
1)

DT,con

]

+ 4B(3)
1

(
1 + m′

1 − m′′
1 − 2m2

DT,con

)

+ 8(m′
1 − m2)B

(3)
2

DT,con

}
, (71)

which is obviously dependent on the choice of λ′′. For
different values of λ′′, T̃B

3 can be explicitly written as

Fig. 1 The Feynman diagram for the matrix element within the CLF
QM

T̃B
3 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2M ′(M ′2−M ′′2)(M ′2−M ′′2+q2⊥)

(M ′2−M ′′2)2+2(M ′2−2M ′′2)q2⊥+q4⊥{
B(2)

1

[
3 + 4(m′′

1+2m2−2m′
1)

DT,con

]

+4B(3)
1

(
1 + m′

1−m′′
1−2m2

DT,con

)

+B(3)
2

8(m′
1−m2)

DT,con

}
, λ′′ = 0

M ′(M ′2−M ′′2)

M ′2−M ′′2+q2⊥{
B(2)

1

[
3 + 4(m′′

1+2m2−2m′
1)

DT,con

]

+4B(3)
1

(
1 + m′

1−m′′
1−2m2

DT,con

)

+B(3)
2

8(m′
1−m2)

DT,con

}
, λ′′ = ±1

0 . λ′′ = ±2

(72)

Further considering the fact that [F]CLF is independent
of λ′′, it is clearly seen that T3 possibly suffers from a
self-consistence problem (i.e. [T3]full

λ=0 �= [T3]full
λ=±1 �=

[T3]full
λ=±2) caused by the B function contributions in the

CLF QM. Comparing with the other transitions, the P →
T transition is associated with much more B functions,
and thus presents a tougher challenge to the CLF QM.

• In order to clearly show the possible self-consistence
problem caused by B functions within type-I and type-
II schemes, we define the contributions of B functions
�B(x) as

�B(x) ≡ d[FB]λ′′

dx
, (73)

which is equal to Nc
∫ d2k′⊥

2(2π)3
χ ′
Pχ ′′

T
x̄ T̃B

3 for the case of T3.
Taking D → K ∗

2 and Bc → D∗
2 transitions as examples,

the dependence of �B(x) on x are shown in Fig. 1. It can
be seen that the self-consistence is violated within the
type-I scheme, but it can be satisfied within the type-II
scheme due to

∫ 1
0 dx [�B]T3(x) = 0 for any values of λ′′.

In order to further confirm such finding, we list the
numerical results of [T3]full for Bc → D∗

2 transition
at q2⊥ = (0, 1, 4, 9) GeV2 with λ′′ = (0,±1,±2) in
Table 1, in which the SLF, valence and CLF results are

123
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Table 1 Numerical results of form factor T3(q2⊥) at q2⊥ = (0, 1, 4, 9) GeV2 for Bc → D∗
2 transition

Bc → D∗
2 [T3]SLF

λ′′=±2 [T3]full
λ′′=0 [T3]full

λ′′=±1 [T3]full
λ′′=±2 [T3]val. [T3]CLF

q2⊥ = 0 Type-I 0.03 −0.14 −0.04 0.05 0.10 0.05

Type-II 0.08 0.08 0.08 0.08 0.08 0.08

q2⊥ = 1 Type-I 0.03 −0.13 −0.04 0.05 0.09 0.05

Type-II 0.07 0.07 0.07 0.07 0.07 0.07

q2⊥ = 4 Type-I 0.02 −0.11 −0.04 0.03 0.07 0.03

Type-II 0.05 0.05 0.05 0.05 0.05 0.05

q2⊥ = 9 Type-I 0.02 −0.08 −0.03 0.02 0.05 0.02

Type-II 0.04 0.04 0.04 0.04 0.04 0.04

also given for comparison. From these numerical results,
it is found that [T3]full

λ=0 �= [T3]full
λ=±1 �= [T3]full

λ=±2 within
the traditional type-I scheme, while

[T3]full
λ=0

.= [T3]full
λ=±1

.= [T3]full
λ=±2 , (type-II) (74)

which confirms again that the contribution associated
with B functions vanishes numerically within the type-II
scheme, even though it exists formally in the expression
of form factor given by Eq. (70). In addition, one can also
find from Table 1 that the SLF results are also consistent
with the CLF ones, [T3]full=̇[T3]SLF, in type-II scheme.
These results confirm again the finding obtained from
Fig. 1. Moreover, we have checked the contributions of
B functions to the other form factors, and obtain the same
conclusion. Therefore, it can be concluded that the CLF
results for the form factors of P → T transitions have
a self-consistence problem caused by B function contri-
butions within the type-I scheme, but the type-II scheme
can give self-consistent results.

• Besides of the self-consistence, the contributions of B
functions also possibly result in a covariance problem
because some terms in B̃μ are associated with ωμ. Tak-
ing the third term in B̃B(� = σμνγ5qν) given by Eq. (69)
as an example, this spurious ωμ-dependent contribution
corresponds to an unphysical form factor and would vio-
late the covariance of matrix element except it vanishes
numerically. Similar to the case of [T3]B discussed above,
it is found that this spurious ωμ-dependent contribution
is (non)zero within the type-II (I) scheme, which implies
that the Lorentz covariance of Bμ is violated within the
type-I correspondence scheme, but such problem can be
avoided by employing the type-II scheme.

• As has been mentioned above, the spuriousωμ-dependent
contributions associated with C functions can be can-
celed by the zero-mode contributions [33]. The resid-
ual zero-mode contributions to form factors can be
obtained via [F]CLF = [F]val. + [F]z.m.. In order to
clearly show the effect of zero-mode contribution, we

take T
B→K ∗

2 ,D→K ∗
2

3 as examples and plot the depen-
dence of d[F]z.m./dx on x in Fig. 2. It can be found
that zero-mode presents nonzero contributions within
the traditional type-I correspondence scheme; while,
these contributions, although existing formally, vanish
numerically in the type-II correspondence scheme, i.e.,
[T3(q2)]z.m.=̇0 (type-II), because the contribution with
small x and the one with large x cancel each other out
exactly at each q2⊥ point. This can also be found from the
numerical results given by Table 1.

The tensor form factors of P → T transition have also
been calculated by Cheng and Chua (CC) [50] within the tra-
ditional CLF QM, their results are given in appendix B. The
contributions associated with B functions are not considered
in their calculation. Besides, comparing CC’s results with
ours, it is found that they are the same for T1, but are obvi-
ously different for T2 and T3 in form. In addition, it has been
checked that their numerical results for T2 and T3 are differ-
ent either within type-I scheme. After checking our and CC’s
calculations, we find another inconsistent problem caused
by the different way for dealing with the trace term SP→T

μνλδ

related to the matrix element BP→T
CLF [� = σμνγ5]. To clar-

ify the origin of this inconsistent problem, we take the term
2igνλgαμgβσ (P + q)βk′σ

1 k′α
1 k′

1δ appeared in SP→T
μνλδ as an

example. As has been mentioned in the last section, some
replacements are needed to take the zero-mode contribution
into account after integrating out k′−

1 . In the CC’s calculation,
the replacement for k̂′σ

1 k̂′α
1 k̂′δ

1 is used directly though σ is a
dummy indices, i.e.,

2igνλgαμgβσ (P + q)β k̂′σ
1 k̂′α

1 k̂′
1δ

= 2igνλgαμgβσ (P + q)β
[
(gασ Pδ + gα

δ P
σ + gσ

δ P
α)A(3)

1

+ (gασqδ + gα
δ q

σ + gσ
δ q

α)A(3)
2

+ Pσ PαPδA
(3)
3 + ...

]

= 2igνλ

{
gμδ[(P2 + P · q)A(3)

1 + (P · q + q2)A(3)
2 ]

123
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Fig. 2 The dependences of
[�B ]T3 (x) on x for D → K ∗

2
transition at q2⊥ = (0, 0.2) GeV2

and for Bc → D∗
2 transition at

q2⊥ = (0, 9) GeV2

(a) (b)

(c) (d)

Fig. 3 The dependences of
d[T3]z.m./dx on x for D → K ∗

2
transition at q2⊥ = (0, 0.2) GeV2

and for Bc → D∗
2 transition at

q2⊥ = (0, 9) GeV2

(a) (b)
Table 2 The summary of the resonance masses (in units of GeV) with different quantum numbers entering the z-series expansions of the P → T
form factors [1,55,56]

F(q2) J P c → q c → s b → q b → s b → c

A0(q2) 0− 1.864 1.968 5.279 5.367 6.275

V (q2), T1(q2) 1− 2.007 2.112 5.325 5.415 6.329

A1(q2), A2(q2), T2(q2), T3(q2) 1+ 2.422 2.460 5.726 5.829 6.767

+ Pμ[(2Pδ + qδ)A
(3)
1 + qδA

(3)
2

+ Pδ(P
2 + P · q)A(3)

3 + ...]
+ qμ[PδA

(3)
1 + (Pδ + 2qδ)A

(3)
2 + ...]

}
. (75)

In our calculation, we employ the standard procedure of CLF
calculation, and obtain

2igνλgαμgβσ (P + q)β k̂′σ
1 k̂′α

1 k̂′
1δ

= 2igνλk̂
′
1μk̂

′
1δ k̂

′
1 · (P + q)

= 2igνλ

{
gμδ

[
(M ′2 + m′2

1 − m2
2 + N ′

1 − Z2)A
(2)
1

]

+ Pμ

[
(M ′2 + m′2

1 − m2
2 + N ′

1)(PδA
(2)
2 + qδA

(2)
3 )
]

+ qμ

[
(M ′2 + m′2

1 − m2
2 + N ′

1)(PδA
(2)
3 + qδA

(2)
4 )

−qδ

(
A(2)

4 Z2 + 2
q · P
q2 A(1)

2 A(2)
1

)}+ ... . (76)

Comparing Eq. (76) with Eq. (75), one can easily find that
CC’s result is different from ours because different replace-
ments are needed. As a result, our and CC’s results for T2,3

are different in form.
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Table 3 Fitting results for form factors of c → (q, s) induced D → (a2, K ∗
2 ), Ds → (K ∗

2 , f ′
2), ηc(1S) → (D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions

with the parameterization scheme given by Eq. (78)

F F(0) b1 F F(0) b1 F F(0) b1

V D→a2 0.96+0.18
−0.16 −4.60+3.60

−2.70 V D→K ∗
2 1.00+0.15

−0.16 −4.60+2.84
−2.32 V Ds→K ∗

2 0.98+0.22
−0.19 −4.80+4.00

−3.10

AD→a2
0 0.62+0.07

−0.07 −3.70+3.90
−2.90 A

D→K ∗
2

0 0.68+0.06
−0.08 −3.70+3.10

−2.48 A
Ds→K ∗

2
0 0.58+0.08

−0.08 −4.20+4.50
−3.40

AD→a2
1 0.63+0.11

−0.10 −2.00+2.60
−1.80 A

D→K ∗
2

1 0.71+0.09
−0.10 −1.90+1.98

−1.63 A
Ds→K ∗

2
1 0.61+0.12

−0.10 −2.60+3.00
−2.30

AD→a2
2 0.45+0.10

−0.08 −3.70+2.70
−1.90 A

D→K ∗
2

2 0.58+0.11
−0.10 −4.90+2.58

−1.97 A
Ds→K ∗

2
2 0.51+0.14

−0.10 −5.10+3.40
−2.50

T D→a2
1 0.61+0.08

−0.08 −4.06+3.16
−2.90 T

D→K ∗
2

1 0.68+0.07
−0.09 −3.63+2.27

−2.08 T
Ds→K ∗

2
1 0.58+0.09

−0.09 −4.58+3.40
−3.42

T D→a2
2 0.61+0.08

−0.08 4.78+2.06
−1.38 T

D→K ∗
2

2 0.68+0.08
−0.09 4.64+1.66

−1.29 T
Ds→K ∗

2
2 0.58+0.09

−0.09 4.23+1.87
−1.23

T D→a2
3 0.22+0.03

−0.06 −4.85+1.81
−1.55 T

D→K ∗
2

3 0.17+0.07
−0.10 −2.85+1.35

−1.58 T
Ds→K ∗

2
3 0.15+0.05

−0.08 −4.21+1.97
−2.42

V Ds→ f ′
2 1.19+0.19

−0.20 −4.40+3.00
−2.50 V ηc(1S)→D∗

2 2.87+1.47
−0.93 −19.4+10.8

−10.4 V ηc(1S)→D∗
s2 3.67+1.53

−1.12 −14.6+9.59
−8.34

A
Ds→ f ′

2
0 0.72+0.07

−0.08 −3.70+3.42
−2.80 A

ηc(1S)→D∗
2

0 0.96+0.22
−0.20 −18.5+11.4

−10.8 A
ηc(1S)→D∗

s2
0 1.28+0.25

−0.24 −13.3+9.59
−8.85

A
Ds→ f ′

2
1 0.77+0.10

−0.11 −2.10+2.21
−1.91 A

ηc(1S)→D∗
2

1 1.10+0.34
−0.27 −15.8+9.23

−8.67 A
ηc(1S)→D∗

s2
1 1.47+0.35

−0.32 −10.8+7.86
−7.32

A
Ds→ f ′

2
2 0.67+0.15

−0.13 −4.90+2.99
−2.36 A

ηc(1S)→D∗
2

2 0.98+0.55
−0.30 −14.2+13.0

−10.1 A
ηc(1S)→D∗

s2
2 1.13+0.62

−0.35 −8.39+13.4
−10.9

T
Ds→ f ′

2
1 0.73+0.08

−0.10 −3.64+2.59
−2.31 T

ηc(1S)→D∗
2

1 1.04+0.27
−0.23 −22.1+10.9

−10.4 T
ηc(1S)→D∗

s2
1 1.38+0.30

−0.28 −16.9+9.07
−8.56

T
Ds→ f ′

2
2 0.73+0.08

−0.09 6.30+1.89
−1.85 T

ηc(1S)→D∗
2

2 1.04+0.27
−0.23 28.4+7.53

−13.8 T
ηc(1S)→D∗

s2
2 1.38+0.30

−0.28 88.1+26.1
−21.7

T
Ds→ f ′

2
3 0.15+0.07

−0.12 −2.27+1.09
−1.83 T

ηc(1S)→D∗
2

3 0.16+0.18
−0.23 −41.1+8.96

−10.6 T
ηc(1S)→D∗

s2
3 0.35+0.28

−0.35 −30.0+6.30
−2.50

V Bc→B∗
2 13.4+5.30

−4.11 −87.6+26.7
−23.5 V Bc→B∗

s2 14.8+5.59
−4.12 −74.7+20.2

−14.1

A
Bc→B∗

2
0 2.01+0.33

−0.37 −19.3+3.46
−6.39 A

Bc→B∗
s2

0 2.45+0.11
−0.14 −20.5+5.34

−4.03

A
Bc→B∗

2
1 2.42+0.60

−0.55 −35.4+1.13
−3.74 A

Bc→B∗
s2

1 2.94+0.10
−0.30 −35.4+2.79

−3.63

A
Bc→B∗

2
2 2.51+2.42

−1.15 −31.6+12.0
−14.1 A

Bc→B∗
s2

2 3.45+3.15
−1.60 −29.4+16.5

−7.91

T
Bc→B∗

2
1 2.24+0.43

−0.44 −77.1+10.1
−11.7 T

Bc→B∗
s2

1 2.69+0.43
−0.49 −74.5+4.74

−3.43

T
Bc→B∗

2
2 2.25+0.45

−0.45 89.2+22.9
−20.2 T

Bc→B∗
s2

2 2.69+0.10
−0.18 117+23.5

−26.4

T
Bc→B∗

2
3 −0.06+0.90

−1.43 −60.1+13.0
−24.8 T

Bc→B∗
s2

3 −0.52+1.29
−1.82 −61.1+21.3

−26.1

In order to clearly show the divergence between CC’s and
our results, we define the difference

�CLF
F (x,q2⊥) ≡ d[F]CLF

ours

dx
− d[F]CLF

CC

dx
, (77)

where F = T2,3. Then, taking D → K ∗
2 and Bc → D∗

2 as
examples, the dependences of �CLF

T2,3
(x,q2⊥) on x in type-I

and -II schemes are shown in Fig. 3. It can be easily seen
from Fig. 3 that our and CC’s numerical results for TCLF

2,3
are inconsistent within the type-I scheme; however, such
inconsistence problem vanishes in the type-II scheme due
to
∫ 1

0 dx�CLF
T2,3

(x)=̇0.
From above discussions, one can conclude that the CLF

QM with type-II corresponding scheme can make sure
the Lorentz covariance of matrix elements and give self-
consistent results for the form factors. Using the values of
input parameters collected in appendix A and employing the

self-consistent type-II scheme, we then present our numeri-
cal predictions for the form factors of c → (q, s) (q = u, d)
induced D → (a2, K ∗

2 ), Ds → (K ∗
2 , f ′

2), ηc(1S) →
(D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions and b → (q, s, c)

induced B → (a2, K ∗
2 , D∗

2), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc →

(D∗
2 , D∗

s2, Xc2(1P)), ηb(1S) → (B∗
2 , B∗

s2) transitions.
It should be noted that the CLF calculation is made in the

q+ = 0 frame, which implies that the form factors are known
only for space-like momentum transfer, q2 = −q2⊥ � 0,
and the results in the time-like region need an additional
q2 extrapolation. For the phenomenological applications, we
adopt the BCL version of the z-series expansion [52] in the
form adopted in Refs. [53,54],

F(q2) = F(0)

1 − q2/m2
i,pole
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Table 4 Fitting results for form factors of b → (q, s, c) induced B → (a2, K ∗
2 , D∗

2 ), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc → (D∗

2 , D∗
s2, χc2(1P)),

ηb(1S) → (B∗
2 , B∗

s2) transitions with the parameterization scheme given by Eq. (78)

F F(0) b1 F F(0) b1 F F(0) b1

V B→a2 0.24+0.04
−0.04 −5.30+1.10

−0.98 V B→K ∗
2 0.28+0.05

−0.05 −5.50+1.10
−0.99 V B→D∗

2 0.75+0.13
−0.16 −6.20+0.52

−0.50

AB→a2
0 0.21+0.03

−0.03 −5.40+0.74
−0.61 A

B→K ∗
2

0 0.24+0.04
−0.04 −5.60+0.74

−0.59 A
B→D∗

2
0 0.64+0.11

−0.11 −6.20+0.53
−0.51

AB→a2
1 0.19+0.04

−0.03 −2.30+0.52
−0.37 A

B→K ∗
2

1 0.22+0.07
−0.01 −2.50+0.51

−0.34 A
B→D∗

2
1 0.63+0.11

−0.12 −3.00+0.51
−0.48

AB→a2
2 0.17+0.03

−0.02 −4.80+0.83
−0.90 A

B→K ∗
2

2 0.20+0.04
−0.03 −5.20+1.00

−0.92 A
B→D∗

2
2 0.58+0.12

−0.12 −6.10+0.52
−0.53

T B→a2
1 0.19+0.03

−0.03 −5.40+0.75
−0.61 T

B→K ∗
2

1 0.23+0.04
−0.04 −5.60+0.75

−0.59 T
B→D∗

2
1 0.63+0.11

−0.12 −6.30+0.52
−0.51

T B→a2
2 0.19+0.03

−0.03 −2.00+0.42
−0.30 T

B→K ∗
2

2 0.23+0.04
−0.04 −2.20+0.41

−0.26 T
B→D∗

2
2 0.63+0.11

−0.12 −2.40+0.20
−0.33

T B→a2
3 0.12+0.01

−0.05 −4.90+1.35
−0.92 T

B→K ∗
2

3 0.13+0.03
−0.01 −5.20+3.10

−0.62 T
B→D∗

2
3 0.24+0.01

−0.06 −5.91+0.47
−0.83

V Bs→K ∗
2 0.23+0.04

−0.05 −6.50+0.42
−0.28 V Bs→ f ′

2 0.32+0.05
−0.06 −6.30+0.48

−0.37 V Bs→D∗
s2 0.95+0.18

−0.17 −6.50+0.66
−0.66

A
Bs→K ∗

2
0 0.18+0.04

−0.04 −6.80+0.42
−0.29 A

Bs→ f ′
2

0 0.26+0.05
−0.05 −6.50+0.47

−0.37 A
Bs→D∗

s2
0 0.76+0.13

−0.13 −6.60+0.67
−0.67

A
Bs→K ∗

2
1 0.17+0.03

−0.04 −4.00+0.08
−0.04 A

Bs→ f ′
2

1 0.24+0.05
−0.05 −3.70+0.19

−0.10 A
Bs→D∗

s2
1 0.74+0.15

−0.14 −3.40+0.67
−0.67

A
Bs→K ∗

2
2 0.16+0.03

−0.03 −6.10+0.31
−0.18 A

Bs→ f ′
2

2 0.22+0.04
−0.04 −6.00+0.40

−0.31 A
Bs→D∗

s2
2 0.66+0.14

−0.13 −6.00+0.64
−0.65

T
Bs→K ∗

2
1 0.17+0.04

−0.03 −6.80+0.42
−0.28 T

Bs→ f ′
2

1 0.25+0.05
−0.04 −6.50+0.47

−0.37 T
Bs→D∗

s2
1 0.75+0.14

−0.14 −6.70+0.67
−0.67

T
Bs→K ∗

2
2 0.17+0.04

−0.03 −3.70+0.02
−0.12 T

Bs→ f ′
2

2 0.25+0.05
−0.04 −3.40+0.09

−0.03 T
Bs→D∗

s2
2 0.75+0.14

−0.14 −2.30+0.12
−0.38

T
Bs→K ∗

2
3 0.10+0.02

−0.02 −6.30+0.30
−0.18 T

Bs→ f ′
2

3 0.14+0.01
−0.05 −6.10+0.57

−0.61 T
Bs→D∗

s2
3 0.29+0.32

−0.16 −6.00+2.35
−5.80

V Bc→D∗
2 0.35+0.09

−0.10 −14.0+1.10
−0.99 V Bc→D∗

s2 0.65+0.19
−0.13 −13.0+2.40

−2.60 V Bc→χc2(1P) 1.54+0.51
−0.38 −13.0+2.90

−2.80

A
Bc→D∗

2
0 0.19+0.06

−0.06 −15.0+0.97
−0.91 A

Bc→D∗
s2

0 0.37+0.08
−0.09 −13.0+0.83

−0.86 ABc→χc2(1P)
0 0.96+0.25

−0.20 −13.0+3.00
−2.90

A
Bc→D∗

2
1 0.19+0.06

−0.06 −12.0+1.90
−1.70 A

Bc→D∗
s2

1 0.36+0.08
−0.09 −10.0+1.40

−1.40 ABc→χc2(1P)
1 0.97+0.28

−0.22 −9.80+3.20
−3.10

A
Bc→D∗

2
2 0.18+0.06

−0.06 −13.0+1.40
−1.30 A

Bc→D∗
s2

2 0.31+0.08
−0.08 −11.0+1.20

−1.20 ABc→χc2(1P)
2 0.87+0.32

−0.22 −12.0+3.00
−3.00

T
Bc→D∗

2
1 0.19+0.06

−0.06 −15.0+0.98
−0.91 T

Bc→D∗
s2

1 0.37+0.08
−0.08 −13.0+0.84

−0.86 T Bc→χ2c(1P)
1 0.96+0.26

−0.21 −13.0+3.00
−2.90

T
Bc→D∗

2
2 0.19+0.06

−0.06 −12.8+1.90
−1.50 T

Bc→D∗
s2

2 0.37+0.08
−0.08 −9.30+1.90

−1.60 T Bc→χ2c(1P)
2 0.96+0.26

−0.20 −7.70+2.50
−2.80

T
Bc→D∗

2
3 0.08+0.03

−0.01 −15.5+6.00
−4.75 T

Bc→D∗
s2

3 0.15+0.03
−0.04 −13.0+1.00

−1.00 T Bc→χ2c(1P)
3 0.29+0.03

−0.07 −13.0+1.70
−3.10

V ηb(1S)→B∗
2 0.61+0.22

−0.19 −57.4+3.37
−3.43 V ηb(1S)→B∗

s2 0.90+0.27
−0.24 −56.0+4.06

−4.05

A
ηb(1S)→B∗

2
0 0.19+0.07

−0.06 −58.5+1.18
−1.27 A

ηb(1S)→B∗
s2

0 0.29+0.09
−0.08 −57.2+1.27

−1.22

A
ηb(1S)→B∗

2
1 0.21+0.08

−0.07 −53.0+1.81
−1.80 A

ηb(1S)→B∗
s2

1 0.32+0.11
−0.09 −51.5+1.26

−1.22

A
ηb(1S)→B∗

2
2 0.23+0.10

−0.08 −52.8+0.73
−0.84 A

ηb(1S)→B∗
s2

2 0.35+0.14
−0.11 −51.4+0.56

−0.69

T
ηb(1S)→B∗

2
1 0.20+0.06

−0.07 −58.7+0.95
−1.06 T

ηb(1S)→B∗
s2

1 0.30+0.10
−0.08 −57.4+0.26

−0.21

T
ηb(1S)→B∗

2
2 0.20+0.06

−0.07 −54.1+1.78
−1.75 T

ηb(1S)→B∗
s2

2 0.30+0.10
−0.08 −52.2+0.52

−0.44

T
ηb(1S)→B∗

2
3 0.02+0.01

−0.02 −73.6+25.9
−17.8 T

ηb(1S)→B∗
s2

3 0.03+0.02
−0.03 −71.4+22.9

−11.9

×
{

1 +
N∑

k=1

bk
[
z(q2, t0)

k − z(0, t0)
k
]}

, (78)

where, z(q2, t0) =
√

t+−q2−√
t+−t0√

t+−q2+√
t+−t0

, t+ = (M ′ + M ′′)2, t0 =
(M ′ + M ′′)(

√
M ′ − √

M ′′)2. For the masses of resonances
collected in Table 2, we take the values given by PDG [1]
and lattice QCD [55,56]. In the practice, we will truncate the
expansion at N = 1. The parameter bk will be obtained by
fitting to the results computed directly by CLF QMs.

Using the parameterization scheme given by Eq. (78),
we present our numerical results of F(0) and b1 for the
c → (q, s) (q = u, d) induced D → (a2, K ∗

2 ), Ds →
(K ∗

2 , f ′
2), ηc(1S) → (D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions

and the b → (q, s, c) induced B → (a2, K ∗
2 , D∗

2), Bs →
(K ∗

2 , f ′
2, D

∗
s2), Bc → (D∗

2 , D∗
s2, Xc2(1P)), ηb(1S) →

(B∗
2 , B∗

s2) transitions in Tables 3 and 4, respectively. The q2

dependence of form factors are shown in Figs. 4 and 5. Some
remarks on these results are given in order.
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Fig. 4 The dependences of
�CLF

T2,3
on x for D → K ∗

2

transition at q2⊥ = (0, 0.2) GeV2

and for Bc → D∗
2 transition at

q2⊥ = (0, 9) GeV2

(a) (b)

(c) (d)

Fig. 5 The q2 dependence of form factors of c → (q, s) induced D → (a2, K ∗
2 ), Ds → (K ∗

2 , f ′
2), ηc(1S) → (D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2)

transitions
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Table 5 Numerical results of Zk(q2) at q2 = (3, 5, 7) GeV2 for B → D∗
2 transition, and at q2 = (6, 10, 14) GeV2 for B → K ∗

2 transition

B → D∗
2 q2 = 3 GeV2 q2 = 5 GeV2 q2 = 7 GeV2

Z1(q2) −1.28 × 10−2 −2.18 × 10−2 −3.11 × 10−2

Z2(q2) −2.92 × 10−4 −3.00 × 10−4 −1.40 × 10−4

B → K ∗
2 q2 = 6 GeV2 q2 = 10 GeV2 q2 = 14 GeV2

Z1(q2) −3.57 × 10−2 −6.27 × 10−2 −9.30 × 10−2

Z2(q2) −2.28 × 10−3 −2.31 × 10−3 −6.05 × 10−4

Table 6 The values of b1 and b2 for the form factors of B → D∗
2 and B → K ∗

2 transitions within the truncation-scheme N = 2. The values given
in the parenthesis are the results obtained within the truncation-scheme N = 1

B → D∗
2 V A0 A1 A2 T1 T2 T3

b1 −6.59(−6.20) −6.64(−6.20) −3.19(−3.00) −6.44(−6.10) −6.61(−6.30) −2.47(−2.40) −5.85(−5.91)

b2 5.94 6.51 2.44 5.93 4.87 1.17 0.50

B → K ∗
2 V A0 A1 A2 T1 T2 T3

b1 −6.49(−5.50) −6.62(−5.60) −2.69(−2.50) −6.20(−5.20) −6.64(−5.60) −2.30(−2.20) −5.78(−5.20)

b2 6.55 6.55 1.02 6.30 6.55 0.31 0.13

• Firstly, we would like to test the legality of the truncation-
scheme N = 1 employed in this paper. In the expansion,
Eq. (78), the values of Zk(q2) ≡ z(q2, t0)k − z(0, t0)k in
general satisfy Zk+1/Zk ∼ O(10−1∼−2), which can be
found from the values listed in Table 5 (for convenience
of discussion, we mainly study the effect of k = 2 term,
and take B → D∗

2 and B → K ∗
2 transitions as exam-

ples). Therefore, the k = 2 term can be neglected except
for b2 
 b1. From Table 6, it can be found that the values
of b1 and b2 are at the same level. Thus, the truncation
N = 1 employed in this paper is acceptable. It can be
also clearly seen from Fig. 6 that the effect of truncation-
scheme N = 2 on the q2-dependences of form fac-
tors are not significant compared with truncation-scheme
N = 1. Such finding can be easily understood because
the CLF result for the form factors can be well repro-
duced within the truncation-scheme N = 1, and thus
the higher-order terms are trivial. Some discussions on
the effects of higher-order terms have been made in, for
instance, Refs. [54,64].

• Just like the η − η′ mixing in the pseudoscalar case, the
physical isoscalar tensor states f2(1270) and f ′

2(1525)

also have a mixing. In order to exhibit their flavor com-
ponents, the mixing relation can be written as

f2 ≡ 1√
2
(uū + dd̄) cos θ + ss̄ sin θ , (79)

f ′
2 ≡ 1√

2
(uū + dd̄) sin θ − ss̄ cos θ , (80)

where θ is the mixing angle. It is obvious that the mixing
angle should be small because f2(1270) and f ′

2(1525)

decay predominantly into ππ and K K̄ , respectively.
Numerically, it is found that θ = 9◦ ± 1◦ [1]. There-
fore, in our calculation, the possible mixing effect is
neglected, i.e., f2(1270) and f ′

2(1525) are assumed to
be pure (uū + dd̄) and (ss̄) states, respectively.

• From Table 4 and Fig. 5, it can be clearly found that all
of transitions respect the relation

T1(0) = T2(0) , (81)

which is essential to assure that the hadronic matrix ele-
ment of P → T is divergence free at q2 = 0. How-
ever, their dependence on q2 is different, which can be
applied further in the relevant phenomenological studies
of meson decays.

• Some B → T transitions have been studied by employ-
ing other approaches. For instance, the form factors of
B → (a2 , K ∗

2 ) transitions have also been evaluated with
the LCSR [36] and the PQCD approach [41]. These the-
oretical predictions are collected in Table 7, the tradi-
tional CLF QM (type-I) results given by Cheng [3,57]
and our results with self-consistent type-II CLF QM are
also listed for comparison. Through comparison of these
results listed in Table 7, it can be found that our cen-
ter values are generally larger than the results obtained
by the LCSR and the PQCD, but are smaller than the
traditional CLF QM results, while they are still in con-

sistence within errors except for T
B→K ∗

2
3 (0). Our result

for T
B→K ∗

2
3 (0) agrees well with the results obtained by

LCSR and PQCD, however Cheng’s CLF result has a dif-
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Fig. 6 The q2 dependence of form factors of b → (q, s, c) induced B → (a2, K ∗
2 , D∗

2 ), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc → (D∗

2 , D∗
s2, χc2(1P)),

ηb(1S) → (B∗
2 , B∗

s2) transitions

ferent sign. This finding indicates again that the type-II
corresponding scheme can improve the CLF predictions.

• Compared the numerical results of P → T transition
with the ones of P → V transition obtained in our
previous works [46,48] at q2 = 0, it is found that: (i)
For the c → q and b → q (q = u, d, s) induced
transition with a light spectator quark, the former are

smaller than the later, which is favored by the experi-
mental data of radiative decays. For instance, our result

T
B→K ∗

2
1 (0)/T B→K ∗

1 (0) � 0.72 ± 0.18 agrees well with
the result 0.71 obtained by PQCD [41], both of them
are also consistent with the experimental data 0.53 ±
0.08 extracted from the radiative decays of B meson,
B− → K ∗−

2 (1430)γ and B− → K ∗−γ [1]. Such result

123
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Fig. 7 The q2-dependence of
form factors of B → D∗

2 and
B → K ∗

2 transitions within the
truncation-schemes N = 1 and
N = 2

implies again that the CLF prediction can be improved by
employing the self-consistent type-II scheme since the

traditional CLF results give T
B→K ∗

2
1 (0)/T B→K ∗

1 (0) =
0.97 [57], which conflicts with the data. (ii) For the
b → (s, c) induced transitions with a heavy spectator
quark (c or b), the form factors of P → T transition are
generally larger than the ones of P → V transition, for

instance, T
Bc→D∗

s2
1 /T

Bc→D∗
s

1 = 0.37/0.20. It is expected
that our results in this work can serve as a useful reference
for relevant studies of meson decays.

The semileptonic decays play an important role in test-
ing the perditions of form factors, but unfortunately, most
of semileptonic decays induced by (B, D) → T transi-
tion have not been measured except for the decay chains
B → D̄∗

2(2460)�ν�(D̄∗
2(2460) → D̄π) (� = e, μ). The

averaged experimental results are [1]

B(B+ →D̄∗0
2 �+ν�)B(D̄∗0

2 → D−π+)

= (1.53 ± 0.16) × 10−3 , (82)

B(B+ →D̄∗0
2 �+ν�)B(D̄∗0

2 → D∗−π+)

= (1.01 ± 0.24) × 10−3 , (83)

B(B0 →D∗−
2 �+ν�)B(D∗−

2 → D̄0π−)

= (1.21 ± 0.33) × 10−3 , (84)

B(B0 →D∗−
2 �+ν�)B(D∗−

2 → D̄∗0π−)

= (0.68 ± 0.12) × 10−3 , (85)

given by PDG. Theoretically, for the relevant strong decays,
the relation �(D̄∗0

2 → D(∗)−π+) = �(D∗−
2 → D̄(∗)0π−)

is required by the isospin symmetry. Further considering the
relation �(B+ → D̄∗0

2 �+ν�) � �(B0 → D∗−
2 �+ν�), it is

expected that

B(B+ → D̄∗0
2 �+ν�)B(D̄∗0

2 → D(∗)−π+)

B(B0 → D∗−
2 �+ν�)B(D∗−

2 → D̄(∗)0π−)

� �(B0)�(D∗−
2 )

�(B+)�(D̄∗0
2 )

� 1.06 , (86)

where, 1.06 is obtained by using the PDG results for decay
widths. This relation is allowed by current experimental
data, 1.26 ± 0.37 (1.49 ± 0.44) obtained from Eqs. (82,
84) (Eqs. (83, 85)), within 1σ error. It is also noted that
the SM result obviously deviates from the central values of
data (1.06 vs. 1.26 , 1.49), thus the future refined measure-
ments may present a strict test on the SM prediction.

In order to extract the experimental results for B(B →
D̄∗

2�+ν̄�), the decay widths of relevant strong decays are
essential. However, these decays have not been measured
experimentally for now, and the current theoretical evalu-
ations involve large uncertainties. Using the QCD SR pre-
dictions �(D̄∗0

2 → D(∗)−π+) = 7.91+3.49
−3.00(3.99+1.22

−1.56) MeV
[65,66] and Eqs. (82, 83), we can obtain the following exper-
imental results,

B(B+ → D̄∗0
2 �+ν�) =

{
(0.92+0.10+0.41

−0.10−0.35) × 10−2 ,

(1.20+0.29+0.37
−0.29−0.47) × 10−2 ,

(87)

where, the upper and the lower values are extracted from
Eq. (82) and Eq. (83), respectively; for each result, the first
and the second errors are caused by Eqs. (82, 83) and QCD
SR predictions for �(D̄∗0

2 → D(∗)−π+), respectively.
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Table 7 Theoretical predictions for the form factors of B → a2 and B → K ∗
2 transitions at q2 = 0 in this work, LCSR [36], PQCD [41] and

traditional CLF QM [3,57]

B → a2 B → K ∗
2

This work LCSR [36] PQCD [41] CLF [3] This work LCSR [36] PQCD [41] CLF [3,57]

V (0) 0.24+0.04
−0.04 0.18+0.12

−0.07 0.18+0.05
−0.04 0.28 0.28+0.05

−0.05 0.22+0.11
−0.08 0.21+0.06

−0.05 0.29

A0(0) 0.21+0.03
−0.03 0.30+0.06

−0.05 0.18+0.06
−0.04 0.24 0.24+0.04

−0.04 0.30+0.06
−0.05 0.18+0.05

−0.04 0.23

A1(0) 0.19+0.04
−0.03 0.16+0.09

−0.05 0.11+0.03
−0.03 0.21 0.22+0.07

−0.01 0.19+0.09
−0.07 0.13+0.04

−0.03 0.22

A2(0) 0.17+0.03
−0.02 0.07+0.08

−0.03 0.06+0.02
−0.01 0.19 0.20+0.04

−0.03 0.11+0.05
−0.06 0.08+0.03

−0.02 0.21

T1(0) 0.19+0.03
−0.03 0.15+0.09

−0.05 0.15+0.04
−0.03 0.23+0.04

−0.04 0.19+0.09
−0.06 0.17+0.05

−0.04 0.28

T2(0) 0.19+0.03
−0.03 0.15+0.09

−0.05 0.15+0.04
−0.03 0.23+0.04

−0.04 0.19+0.09
−0.06 0.17+0.05

−0.04 0.28

T3(0) 0.16+0.01
−0.05 0.07+0.06

−0.03 0.13+0.04
−0.03 0.12+0.03

−0.01 0.09+0.06
−0.04 0.14+0.05

−0.03 −0.25

Table 8 Numerical results for the branching fractions of B → D̄∗
2�+ν� (� = e , μ) and B → D̄∗

2τ+ντ decays. The errors are caused by the form
factors given in Eqs. (89,90)

Type-II Type-I Ref. [67] Ref. [36]

B(B → D̄∗
2�+ν�) (1.23+0.36

−0.39) × 10−2 (0.63+0.39
−0.34) × 10−2 (1.01+0.30

−0.30) × 10−3 (3.80+0.74
−0.74) × 10−2

B(B → D̄∗
2τ+ντ ) (0.49+0.15

−0.16) × 10−3 (0.22+0.14
−0.13) × 10−3 (0.16+0.06

−0.06) × 10−3 (1.50+0.28
−0.28) × 10−3

Theoretically, the differential decay widths of semilep-
tonic B → D̄∗

2 lνl decays can be written as [67,68]

d�

dq2 =
λ(m2

B,m2
D∗

2
, q2)

4m2
D∗

2

(
q2 − m2

�

q2

)2

×
√

λ(m2
B,m2

D∗
2
, q2)G2

FV
2
cb

384m3
Bπ3

×
{

1

2q2

[
3m2

�

m2
B

λ(m2
B,m2

D∗
2
, q2)[A0(q

2)]2

+(m2
� + 2q2)

∣∣∣∣∣−
1

2mD∗
2
mB

[(m2
B − m2

D∗
2
− q2)

×(mB + mD∗
2
)A1(q

2)

+
λ(m2

B,m2
D∗

2
, q2)

mB + mD∗
2

A2(q
2)]
∣∣∣∣∣

2⎤
⎦

+2

3
(m2

� + 2q2)λ(m2
B,m2

D∗
2
, q2)
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V (q2)

mB(mB + mD∗
2
)

− (mB + mD∗
2
)A1(q2)

mB

√
λ(m2

B,m2
D∗

2
, q2)

∣∣∣∣∣∣

2

+
∣∣∣∣∣∣

V (q2)

mB(mB + mD∗
2
)

+ (mB + mD∗
2
)A1(q2)

mB

√
λ(m2

B,m2
D∗

2
, q2)
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2
⎤
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⎪⎭

,

(88)

where λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc is the
Källén function. Using the CLF results for (V, A0, A1, A2)

in type-I and -II schemes,

F(0) =
⎧⎨
⎩

(
0.75+0.13

−0.16 , 0.64+0.11
−0.11 , 0.63+0.11

−0.12 , 0.58+0.12
−0.12

)
, type-II(

0.70+0.20
−0.18 , 0.37+0.17

−0.16 , 0.43+0.17
−0.15 , 0.54+0.20

−0.14

)
, type-I

(89)

b1 =
{

(−6.20 ,−6.20 ,−3.00 ,−6.10) , type-II

(−6.42 ,−4.79 ,−0.75 ,−6.22) , type-I
(90)

and the values of the other input parameters given by PDG, we
summarize our results for B(B → D̄∗

2�+ν� , B → D̄∗
2τ+ντ )

in Table 8, in which the results obtained in Refs. [36,67]
are also listed. It can be found that our results are much
larger (smaller) than the ones given in Ref. [67] (Ref. [36])
due to the different form factors. Comparing our results with
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experimental data given in Eq. (87), we find that the type-II
results are in good consistence with data, while the type-
I results can not be excluded due to the large theoretical
and experimental errors. More theoretical and experimen-
tal efforts are needed to improve the accuracies of results
and further test the legality of such two schemes. The errors
caused by form factors can be well controlled by evaluating

the ratio RD∗
2

≡ �(B→D̄∗
2τ+ντ )

�(B→D̄∗
2�+ν�)

. Our prediction is

RD∗
2

= 0.040+0.002
−0.002 (0.035+0.004

−0.003) , type-II (type-I) (91)

which are consistent with the LCSR prediction 0.041±0.002
[36], but are different from the result 0.16 ± 0.04 [67]. Such
ratio is expected to be measured in the future, it will test
whether the RD(∗) anomalies in the pseudoscalar (vector)
channels exist also in the tensor channel or not, and play a
similar role as RD(∗) in testing the lepton flavor universality.

4 Summary

In this paper, the matrix elements and relevant vector, axial-
vector and tensor form factors of P → T transition are
calculated within the CLF approach. The SLF results are
also calculated for comparison. The self-consistency and
Lorentz covariance of the CLF QM are analyzed in detail.
It is found that the CLF QM with the traditional corre-
spondence scheme (type-I) between the manifest covari-
ant BS and the LF approaches has two kinds of self-
consistence problems: one is caused by the non-vanishing
ω-dependent spurious contributions associated with the B
functions, which also violate the strict Lorentz covariance
of CLF QM; another one is caused by the different strate-
gies for dealing with the trace term in the calculation of
matrix element. The self-consistence and Lorentz covariance
problems can be resolved by employing the improved self-
consistent type-II correspondence scheme which requires
an additional replacement M → M0 relative to type-
I scheme. Within the self-consistent type-II scheme, the
zero-mode contributions to the form factors exist only in
form but vanish numerically, and the valence contribu-
tions are exactly the same as the SLF results. Theses find-
ings confirm again the conclusion obtained via P → V ,
P → A and V ′ → V ′′ transitions in our previous works.
Finally, we present our numerical predictions for the vec-
tor, axial-vector and tensor form factors of c → (q, s)
induced D → (a2, K ∗

2 ), Ds → (K ∗
2 , f ′

2), ηc(1S) →
(D∗

2 , D∗
s2), Bc → (B∗

2 , B∗
s2) transitions and b → (q, s, c)

induced B → (a2, K ∗
2 , D∗

2), Bs → (K ∗
2 , f ′

2, D
∗
s2), Bc →

(D∗
2 , D∗

s2, Xc2(1P)), ηb(1S) → (B∗
2 , B∗

s2) transitions by
employing a self-consistent CLF approach. These numeri-
cal results are collected in Tables 3 and 4. Some form factors

are first predicted in this work. Our predictions for the form
factors of B → a2 and B → K ∗

2 transitions are generally in
consistent with the results obtained by employing LCSR and
PQCD approaches, and show that the self-consistent type-II
scheme can significantly improve the CLF prediction. Com-
pared with the form factors of P → V transition, it is also
found that the form factors of P → T transition are smaller
than the ones of P → V at q2 = 0 point when T is a light
tensor meson, which is in consistence with the experimen-
tal data. Using the obtained form factors, we also present
the predictions for B → D̄∗

2(2460)�+ν� (� = e, μ) and
D̄∗

2(2460)τ+ντ decays. It is expected that our results for the
form factors of P → T transition can be applied further to
the relevant phenomenological studies of meson decays.
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Appendix A: Input parameters

The constituent quark masses and Gaussian parameters β are
essential inputs for computing the form factors. The quark
masses are model dependent, and their values obtained in
the previous works [45,58–63] are different from each other
more or less. In this work, we take

mq = 230 ± 40 MeV , ms = 430 ± 60 MeV ,

mc = 1600 ± 300 MeV , mb = 4900 ± 400 MeV . (92)

which suggested values given in the previous works [49], it
covers properly the others values and therefore can reflect
roughly the uncertainties induced by the model dependence
of quark mass. Then, the parameters β listed in Table 9 [46],
in which it have been assumed that βqq̄ is same for V and
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T due to the lack of tensor meson decay constant data . In
addition, the type-II correspondence scheme is employed in
the fits, while the fitting results do not affect following com-
parison between type-I and -II schemes.

Appendix B: The CLF results for the tensor form factors
of P → T transitions obtained in the previous paper

The tensor form factors of P → T transition in the CLF QM
have also been calculated by Cheng and Chua, the results can
also been written as Eq. (50) with the integrands [50],

T̃CLF
1

(
q2
)

= M ′
{

2(A(1)
1 − A(2)

2

− A(2)
3 )

[
M ′2 − M ′′2 − 2m′2

1

− 2N̂ ′
1 + q2 + 2(m′

1m2 + m′′
1m2

− m′
1m

′′
1)
]

− 8(A(2)
1 − A(3)

1 − A(3)
2 )

+ (1 − A(1)
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, (93)
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(
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+ 2
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Table 9 The values of Gaussian parameters β (in units of MeV)

βqq̄ βsq̄ βss̄ βcq̄ βcs̄

P 348 ± 1 365 ± 2 384 ± 3 473 ± 12 543 ± 10

T 312 ± 6 313 ± 10 348 ± 6 429 ± 13 530 ± 19

βcc̄ βbq̄ βbs̄ βbc̄ βbb̄

P 753 ± 14 552 ± 10 606 ± 12 939 ± 11 1394 ± 12

T 703 ± 7 516 ± 15 568 ± 10 876 ± 20 1390 ± 12

− P · q
q2 A(2)
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+ 4(q2 − 2M ′2 − 2M ′′2)(A(2)

2

− A(2)
3 − A(3)

3 + A(3)
5 ) − 4(M ′2

− M ′′2)(−A(1)
1 + A(1)

2 + A(2)
2 + A(2)

3 − 2A(2)
4

− A(3)
4 + A(3)

6 ) + 2(A(2)
1 + 2A(3)

1

− 2A(3)
2 ) − 8

D′′
V

[
(m′′

1 − m′
1

+2m2)(A(2)
1 − A(3)

1 − A(3)
2 )

] }
, (94)
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