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Abstract We derive the vacuum stability conditions for a
left-right-symmetric potential more general than originally
considered.

Addendum to: Eur. Phys. J. C
https://doi.org/10.1140/epjc/s10052-021-09746-w

In the original text, the left-right-symmetric potential consid-
ered was not the most general one allowed by the symmetry.
While correct bounded-from-below conditions were derived
for the considered potential, the most general potential is
more complicated and only necessary or sufficient conditions
can be derived with reasonable ease.

The quadratic and cubic parts of the potential are
unchanged (and irrelevant to deriving vacuum stability con-
ditions in the limit of large field values). The most general
quartic potential1 reads

V = λ1(tr Φ†Φ)2 + λ2[(tr Φ̃Φ†)2 + (tr Φ̃†Φ)2]
+λ3(tr Φ̃Φ†)(tr Φ̃†Φ) + λ4(tr Φ†Φ)[tr Φ̃Φ†

+ tr Φ̃†Φ] + λL |HL |4 + λR |HR |4
+λLR |HL |2|HR |2 + λΦL tr Φ†Φ|HL |2
+λ̃ΦL(tr Φ̃Φ† + tr Φ̃†Φ)|HL |2 + λΦR tr Φ†Φ|HR |2
+λ̃ΦR(tr Φ̃Φ† + tr Φ̃†Φ)|HR |2 + λ′

ΦL H
†
LΦΦ†HL

+λ′
ΦRH

†
RΦ†ΦHR + λ̃′

ΦL H
†
LΦ̃Φ̃†HL

+λ̃′
ΦRH

†
RΦ̃†Φ̃HR . (1)

1 Notice that we have changed λ′
ΦL ,R → λ̃ΦL ,R with respect to the

original in order to have a more uniform and logical notation with the
added interaction terms.

The original article can be found online at https://doi.org/10.1140/
epjc/s10052-021-09746-w.
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Altogether, the quartic potential (1) is then, in terms of the
lightcone variables, given by

V = rμλμνr
ν + λLμ|HL |2rμ + λRμ|HR |2rμ

+ λL |HL |4 + λR |HR |4 + λLR |HL |2|HR |2, (2)

where the tensor λμν is given by Eq. (70) of the original and

λLμ = (λΦL + ρΦLλ′
ΦL + ρ̃ΦL λ̃′

ΦL , 2λ̃ΦL , 0), (3)

λRμ = (λΦR + ρΦRλ′
ΦR + ρ̃ΦR λ̃′

ΦR, 2λ̃ΦR, 0). (4)

We use the parametrisation H†
LΦΦ†HL = ρΦLr0|HL |2 and

H†
RΦ†ΦHR = ρΦRr0|HR |2 with 0 � ρφL , ρφR � 1 for the

λ′
ΦL and λ′

ΦR terms, and a similar parametrisation with ρ̃ΦL

and ρ̃ΦR for the λ̃′
ΦL and λ̃′

ΦR terms. In fact, it is easy to see,
considering a basis where the bidoublet Φ is diagonal, that

ρΦL + ρ̃ΦL = 1, ρΦR + ρ̃ΦR = 1, (5)

while ρΦL and ρΦR are independent of each other. In addi-
tion, physical values for ρΦL ,R are within the ellipse given
by
(
r1

r0

)2

+ (2ρΦL ,R − 1)2 = 1 (6)

illustrated in Fig. 1.
In order to derive vacuum stability conditions for the

potential (2), we follow the procedure of Section 3.2 of the
original. First of all, we minimise the potential with respect to
r2, in effect substituting λ00 = λ1 → λ1+(λ3−2λ2)θ(2λ2−
λ3) and λ11 = 2λ2+λ3 → 2λ2+λ3−(λ3−2λ2)θ(2λ2−λ3).

Due to the non-trivial dependency on ρΦL and ρΦR in
Eq. (6), derivation of the full necessary and sufficient vacuum
stability conditions becomes very complicated. It is straight-
forward, however, to write down some necessary or sufficient
conditions. Because the potential depends on ρΦL ,R linearly,
it is minimised when these parameters take extremal values
on the boundary of the ellipse (6).
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Fig. 1 Orbit space relation between ρΦL and r1/r0. A similar param-
eter space is available for ρΦR vs. r1/r0. Considering the green points
yields simplest necessary conditions and considering the red lines suf-
ficient conditions for vacuum stability

First of all, if we set r1 to zero, then ρΦL ,R can vary
in their whole ranges. Since r0 � 0, we can immediately
use copositivity constraints in the (r0, |HL |2, |HR |2) basis.
Similarly, if we set r1 = ±r0, we can set ρΦL = ρΦR = 1/2
and do the same. Together, these choices correspond to the
green points at the ends of the semiaxes of the ellipse in Fig. 1.
In fact, we can set r1 = ±kr0 to get a necessary condition for
ρΦL and ρΦR on the boundaries of the ellipse for a constant
k. The above two choices correspond to k = 0 and k = 1,
respectively. The coupling matrix in the (r0, |HL |2, |HR |2)
basis is given by

λk =
⎛
⎜⎝

λ00
1
2λL0

1
2λR0

1
2λL0 λL

1
2λLR

1
2λR0

1
2λLR λR

⎞
⎟⎠ , (7)

where

λ00 = λ1 + (1 − k2)(λ3 − 2λ2)θ(2λ2 − λ3)

+ k2(2λ2 + λ3) ± 2kλ4, (8)

λL0 = λΦL + λ′
ΦLρΦL + λ̃′

ΦL(1 − ρΦL) ± 2kλ̃ΦL , (9)

λR0 = λΦR + λ′
ΦRρΦR + λ̃′

ΦR(1 − ρΦR) ± 2kλ̃ΦR, (10)

where we have taken into account the relations (5) to substi-
tute for ρ̃ΦL and ρ̃ΦR . We must separately consider the four
combinations of signs in the solution to Eq. (6),

ρΦL = 1

2
(1 ±

√
1 − k2), ρΦR = 1

2
(1 ±

√
1 − k2), (11)

in addition to the two signs of ±k.
The resulting necessary conditions for the left-right sym-

metric scalar potential with a bidoublet and left and right

doublets, for given k, are

λL > 0,

λR > 0,

λ00 > 0,

λ̄LR = 1

2
λLR + √

λLλR > 0,

λ̄L0 = 1

2
λL0 + √

λLλ00 > 0,

λ̄R0 = 1

2
λR0 + √

λRλ00 > 0,√
λLλRλ00 + λLR

√
λ00 + λL0

√
λR

+λR0

√
λL +

√
2λ̄LR λ̄L0λ̄R0 > 0.

(12)

By considering the conditions (12) for several values for k ∈
[0, 1] (in addition to those given by the green points), we can
approximate the true necessary and sufficient conditions to
arbitrary precision.

Alternatively, we write down the quartic couplings in the
basis (r0, r1, |HL |2, |HR |2) and rotate the 1+1 forward light-
cone LC+ into the non-negative quadrant R2+ of the r0r1-
plane. The resulting orbit space is the non-negative orthant
R

4+ and therefore we can apply copositivity (Ref. [29] of the
original) to the obtained quartic coupling matrix, given by

λ =

⎛
⎜⎜⎜⎜⎝

λ− 1
2λ∓ 1

2λL− 1
2λR−

1
2λ∓ λ+ 1

2λL+ 1
2λR+

1
2λL− 1

2λL+ λL
1
2λLR

1
2λR− 1

2λR+ 1
2λLR λR

⎞
⎟⎟⎟⎟⎠ , (13)

where

λ− = 1

2
(λ1 + 2λ2 + λ3 − 2λ4), (14)

λ+ = 1

2
(λ1 + 2λ2 + λ3 + 2λ4), (15)

λ∓ = λ1 − 2λ2 − λ3 + 2(λ3 − 2λ2)θ(2λ2 − λ3), (16)

λL− = 1√
2
[λΦL + ρΦLλ′

ΦL + (1 − ρΦL)λ̃′
ΦL

− 2λ̃ΦL ], (17)

λR− = 1√
2
[λΦR + ρΦRλ′

ΦR + (1 − ρΦR)λ̃′
ΦR

− 2λ̃ΦR], (18)

λL+ = 1√
2
[λΦL + ρΦLλ′

ΦL + (1 − ρΦL)λ̃′
ΦL

+ 2λ̃ΦL ], (19)

λR+ = 1√
2
[λΦR + ρΦRλ′

ΦR + (1 − ρΦR)λ̃′
ΦR

+ 2λ̃ΦR], (20)
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where we have taken into account the relations (5) to sub-
stitute for ρ̃ΦL and ρ̃ΦR . We must consider all combina-
tions of values (ρΦL , ρΦR) = (0, 0), (1, 0), (0, 1), (1, 1).
The resulting sufficient vacuum stability conditions for the
left-right symmetric scalar potential with a bidoublet and left
and right doublets are given by

λL > 0, λR > 0, λ− > 0, λ+ > 0,

λ̄LR = 1

2
λLR + √

λLλR > 0,

λ̄L− = 1

2
λL− + √

λLλ− > 0,

λ̄L+ = 1

2
λL+ + √

λLλ+ > 0,

λ̄R− = 1

2
λR− + √

λRλ− > 0,

λ̄R+ = 1

2
λR+ + √

λRλ+ > 0,

λ̄∓ = 1

2
λ∓ + √

λ−λ+ > 0,

√
λLλRλ− + λLR

√
λ− + λL−

√
λR

+λR−
√

λL +
√

2λ̄LR λ̄L−λ̄R− > 0,√
λLλRλ+ + λLR

√
λ+ + λL+

√
λR

+λR+
√

λL +
√

2λ̄LR λ̄L+λ̄R+ > 0,√
λLλ−λ+ + λL−

√
λ+ + λL+

√
λ−

+λ∓
√

λL +
√

2λ̄L−λ̄L+λ̄∓ > 0,√
λRλ−λ+ + λR−

√
λ+ + λR+

√
λ−

+λ∓
√

λR +
√

2λ̄R−λ̄R+λ̄∓ > 0,

det(λ) > 0 ∨ some element(s) of adj(λ) < 0,

(21)

where the last condition, obtained from the Cottle–Habetler–
Lemke theorem (Ref. [31] of the original), is not given in
full. The adjugate adj(A) of a matrix A is the transpose of
the cofactor matrix of A. It is defined through the relation
A adj(A) = det(A) I .

Since the sufficient conditions (21) may exclude an unnec-
essarily large part of parameter space, it may be preferable to
use the conditions (12) for a number of different values for
k ∈ [0, 1].

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
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