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Abstract In this paper, we make a detailed study on
the production of the Bc, B∗

c , Bc(2 1S0), and B∗
c (2 3S1)

mesons via the three planned running modes (Z , W , and H )
at the future Circular Electron–Positron Collider (CEPC).
The fragmentation-function and full nonrelativistic QCD
approaches are adopted to calculate the production cross sec-
tions. Considering the excited states shall decay to the ground
Bc state (e.g. 11S0-state) with almost 100% probability, our
numerical results show that up to next-to-leading order QCD
corrections, there are about 1.4 × 108 Bc events to be accu-
mulated via the Z mode (

√
s = mZ ) of the CEPC, but only

about 1.6 × 104 and 1.1 × 104 Bc events to be accumulated
via the W (

√
s = 160 GeV) and H (

√
s = 240 GeV) modes,

respectively. Since the Z mode is the best mode among the
three planned modes of the CEPC for studying the produc-
tion of the Bc, B∗

c , Bc(2 1S0), and B∗
c (2 3S1) mesons and the

differential distributions of these mesons may be measured
precisely at this mode, we further present the differential
cross sections dσ/(dz dcosθ) and dσ/dz via the Z mode of
the CEPC.

1 Introduction

The Bc meson, which usually stands for the ground 11S0-
state of (cb̄)-quarkonium and carries two different heavy fla-
vors, provides a unique bound-state system for testing the
Standard Model (SM) and has attracted lots of interests. The
study on the production of the Bc meson is important for the
researches of the Bc meson, since it tells us how many Bc

events can be produced in a collider platform. On the other
hand, the theoretical models for the Bc production can be
tested after fixing its production rate by measuring its cascade
decays. Similar to the heavy quarkonia such as ηc, J/ψ , ηb,
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ϒ , and etc., the Bc meson production cross section can also
be factorized through the nonrelativistic QCD (NRQCD) [1]
factorization theory and a lot of information for the produc-
tion of Bc can be calculated perturbatively. Compared with
the quarkonium production where color-octet contribution is
usually important [2–5], the production mechanism of the
Bc meson is simpler due to the fact that the color-octet con-
tribution is always suppressed compared to the color-singlet
contribution in the Bc production processes.

At present, most studies of the Bc production focus on
the hadronic production due to the high production rate at
a hadron collider, such as Tevatron or LHC [6–23]. Indeed,
the Bc meson has been only observed at hadron colliders up
to now [24–35]. In addition to hadron colliders, a high lumi-
nosity e+e− collider can be a potentially good platform for
studying the Bc meson. Compared with the hadron collider,
there are less backgrounds at the e+e− collider, thus it is
suitable for studying the Bc meson precisely. Moreover, the
production mechanism of the Bc meson at the e+e− collider
is much simpler than that at the hadron collider. Recent stud-
ies on the Bc production at the e+e− colliders can be found
in Refs. [36–43].

The Chinese particle physics community has proposed to
construct a high luminosity e+e− collider in China which is
called the Circular Electron–Positron Collider (CEPC) [44].
The CEPC will operate at three modes: H(e+e− → ZH)

at around
√
s = 240 GeV, Z(e+e− → Z) at around√

s = mZ � 91.2 GeV, and W (e+e− → W+W−) at around√
s = 160 GeV. The integrated luminosities of those modes

are planned as 5.6 ab−1, 16 ab−1 and 2.6 ab−1, respectively
[45]. As programmed, in addition to studying the Higgs
boson properties, the CEPC also provides a good platform
for studying the heavy flavor physics. Therefore, as one of
the hot topics in heavy flavor physics, the study of the Bc pro-
duction at the CEPC is very interesting. In this paper, we will
devote ourselves to studying the properties of the inclusive
Bc production at the CEPC.
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Since the Bc meson carries two different heavy flavors, its
excited states below the BD threshold will directly or indi-
rectly decay to the ground state via the electro-magnetic or
strong interactions with a probability of almost 100%. These
excited states are important sources of the Bc meson. More-
over, the 2S excited states Bc(2 1S0) and B∗

c (2 3S1) have been
recently observed by the CMS and the LHCb collaborations
[46,47]. Thus, the study on the production of the two excited
states is interesting by itself. In this paper, besides the pro-
duction of the ground state Bc meson, we will also consider
the production of the excited states B∗

c (1 3S1), Bc(2 1S0), and
B∗
c (2 3S1).

2 Calculation technology

According to the NRQCD factorization formalism, the pro-
duction cross section of the Bc meson in e+e− collisions can
be written as1

dσe+e−→Bc+X =
∑

n

dσ̃e+e−→(cb̄)[n]+X 〈OBc (n)〉. (1)

where dσ̃ denotes the production cross section for the
perturbative state (cb̄)[n] with the quantum numbers n,
which can be calculated using perturbative QCD (pQCD).
〈OBc (n)〉 denotes the long-distance matrix element (LDME)
which is proportional to the transition probability for a
(cb̄)[n] pair into the corresponding Bc meson state. In
the lowest nonrelativistic approximation, only the color-
singlet LDME need to be considered, which can be related
to the wave function at the origin [i.e., 〈OBc (1S[1]

0 )〉 ≈
Nc|RS(0)|2/(2π) = 〈Ocb̄[1S[1]

0 ](1S[1]
0 )〉|RS(0)|2/(4π)] and

can be calculated through phenomenological potential mod-
els. In addition to the factorization formula (1), when the
electron–position collision energy

√
s 	 mBc , the produc-

tion cross section can also be factorized as

d2σe+e−→Bc+X

dz dcosθ
=

∑

i

∫
dy

y

d2σ̂e+e−→i+X

dy dcosθ
(y, μF )

×Di→Bc(z/y, μF ), (2)

where d2σ̂e+e−→i+X/(dy dcosθ) denotes the partonic cross
section, Di→Bc (z/y, μF ) denotes the fragmentation function
for a parton i into the Bc meson, z = 2pBc · q/q2 (here, q is
the sum of initial-state e+ and e− momenta) is the momen-
tum fraction carried by the Bc meson, θ is the angle between
the momenta of the Bc meson and the initial-state e−, and
μF is the factorization scale. This factorization formalism is
known as the fragmentation-function approach. Unlike the

1 For simplicity, we only present the formulas for the ground-state Bc
meson, the formulas for the B∗

c , Bc(2 1S0), and B∗
c (2 3S1) states are

similar to those of the Bc meson.

fragmentation functions for the light hadrons which are non-
perturbative in nature, the fragmentation function for the Bc

meson contains much information which is perturbatively
calculable, e.g., based on the NRQCD factorization,

Di→Bc(z, μF ) =
∑

n

di→(cb̄)[n](z, μF )〈OBc (n)〉, (3)

where di→(cb̄)[n](z, μF ) is the calculable short-distance coef-
ficient. The leading-order (LO) fragmentation functions for
the Bc meson and its excited states have been calculated in
the 1990s [48–53]. The next-to-leading-order (NLO) frag-
mentation functions Db̄→Bc(z, μF ) and Dc→Bc(z, μF ) can
be found in Ref. [54].

One advantage of the fragmentation-function approach is
that the large logarithms of s/m2

Q (mQ is the heavy quark
mass) appearing in the perturbative expansion of the cross
section can be resummed through solving the evolution equa-
tions of the fragmentation functions. For example, the differ-
ential cross section up to NLO and next-to-leading logarith-
mic (NLL) accuracy can be calculated through

d2σ
Frag,NLO+NLL
e+e−→Bc+X

dz dcosθ
=

∑

i=c,b̄

∫
dy

y

d2σ̂NLO
e+e−→i+X

dy dcosθ
(y, μF )

×DNLO+NLL
i→Bc

(z/y, μF ), (4)

where the expression of the partonic cross section up to
NLO accuracy can be found in Ref. [55]. To avoid the
large logarithms appearing in the partonic cross section,
we shall implicitly set the factorization scale and renor-
malization scale to be the same, i.e., μF = μR = √

s.
Then the large logarithms of s/m2

Q appear in the frag-
mentation functions. We derive the fragmentation functions
DNLO+NLL
b̄→Bc

(z, μF = √
s) and DNLO+NLL

c→Bc
(z, μF = √

s)

by solving the DGLAP equation [56–58], and the NLO
fragmentation functions DNLO

b̄→Bc
(z, μF0 = mb + 2mc) and

DNLO
c→Bc

(z, μF0 = 2mb + mc) with μR = μF0 obtained in

Ref. [54] are used as the boundary condition.2 For solving
the DGLAP equation, we adopt the Mellin transformation
method, and the NLO splitting function PQQ(y) [59–63] is
used as the evolution kernel. The related formulas for the
Mellin transformation of the NLO splitting function can be
found in Ref. [64], and the inverse Mellin transformation
can be carried out numerically [65]. Through the DGLAP
equation, the large logarithms of s/m2

Q in the fragmentation
functions are resummed to NLL accuracy.

2 To avoid the large logarithms appearing in the initial fragmentation
functions, the factorization and renormalization scales of the initial frag-
mentation functions are set to be the minimal invariant mass of the
fragmentation quark, i.e., μF0 = μR = mb + 2mc for the b̄-quark
fragmentation channel and μF0 = μR = 2mb + mc for the c-quark
fragmentation channel.
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As a comparison, we also calculate the differential cross
section at the NLO level alone under the fragmentation-
function approach, i.e., without doing the resummation of
the large logarithms of s/m2

Q ,

d2σ
Frag,NLO
e+e−→Bc+X

dz dcosθ
=

∑

i=c,b̄

∫
dy

y

d2σ̂NLO
e+e−→i+X

dy dcosθ
(y, μF )

×DNLO
i→Bc (z/y, μF ), (5)

where the factorization and renormalization scales of the par-
tonic cross section and the fragmentation functions are set as
the minimal invariant mass of the fragmentation quark, i.e.,
μF = μR = mb + 2mc for the b̄-quark fragmentation chan-
nel and μF = μR = 2mb+mc for the c-quark fragmentation
channel.

3 Numerical results and discussions

To do the numerical calculation, the necessary input param-
eters are taken as follows:

mc = 1.5 GeV, mb = 4.9 GeV, mZ = 91.1876 GeV,

sin2θw = 0.231, α = 1/128, 	Z = 2.4952 GeV,

|R1S(0)|2 = 1.642 GeV3, |R2S(0)|2 = 0.983 GeV3. (6)

Here α = α(mZ ) is the electromagnetic coupling constant
at the scale mZ , |R1S(0)| and |R2S(0)| are radial wave func-
tions at the origin for the color-singlet 1S-level and 2S-level
(cb̄)-quarkonium states, which are taken from the calculation
based on the Buchmuller–Tye potential model [66]. For the
strong coupling constant, we adopt the two-loop formula:

αs(μ) = 4π

β0 ln(μ2/�2
QCD)

[
1 − β1 ln ln(μ2/�2

QCD)

β2
0 ln(μ2/�2

QCD)

]
,

(7)

where β0 = 11 − 2
3n f and β1 = 102 − 38

3 n f (n f being the
active flavor numbers) are the one-loop and two-loop {βi }-
functions. According to αs(mZ ) = 0.1185 [67], we obtain

�
n f =5
QCD = 0.233 GeV.

3.1 Basic results for the three production modes at the
CEPC under the fragmentation-function approach up to
NLO+NLL level

The cross sections for the production of Bc, B∗
c , Bc(2 1S0),

and B∗
c (2 3S1) states via the three modes of the CEPC under

the fragmentation-function approach up to NLO+NLL level
are given in Table 1. From the table, we can see that the cross
sections for the production of the Bc, B∗

c , Bc(2 1S0), and

Table 1 The cross sections (in unit: pb) for the production of the Bc,
B∗
c , Bc(2 1S0), and B∗

c (2 3S1) states at
√
s = mZ ,

√
s = 160 GeV,

and
√
s = 240 GeV under the fragmentation-function approach up to

NLO+NLL level

States
√
s = mZ

√
s = 160 GeV

√
s = 240 GeV

Bc 2.58 1.71 × 10−3 5.34 × 10−4

B∗
c 3.04 2.05 × 10−3 6.40 × 10−4

Bc(21S0) 1.54 1.03 × 10−3 3.20 × 10−4

B∗
c (23S1) 1.82 1.23 × 10−3 3.83 × 10−4

Table 2 The expected numbers of the Bc, B∗
c , Bc(2 1S0), and B∗

c (2 3S1)

events to be generated via the three planned modes of the CEPC

States
√
s = mZ

√
s = 160 GeV

√
s = 240 GeV

Bc 4.13 × 107 4.45 × 103 2.99 × 103

B∗
c 4.86 × 107 5.33 × 103 3.58 × 103

Bc(21S0) 2.46 × 107 2.68 × 103 1.79 × 103

B∗
c (23S1) 2.91 × 107 3.20 × 103 2.14 × 103

B∗
c (2 3S1) states at

√
s = mZ are larger than the correspond-

ing cross sections at
√
s = 160 GeV and

√
s = 240 GeV

by about three to four orders of magnitude. This is because
the cross sections are enhanced by the Z -boson resonance
effect when

√
s = mZ . More explicitly, the squared ampli-

tude of the Z -boson exchange diagrams is proportional to a
factor of 1/[(s − m2

Z
)2 + m2

Z
	2
Z ]. This factor has a peak at

the Z pole, and it decreases rapidly when
√
s deviates from

mZ . It has the value of 1.93 × 10−5 GeV−4 (as a compar-
ison, the corresponding factor 1/s2 of the γ -exchange dia-
grams is 1.45 × 10−8 GeV−4) at the Z pole, which quickly
decreases to 3.35 × 10−9 GeV−4 and 4.12 × 10−10 GeV−4

when
√
s = 160 GeV and

√
s = 240 GeV, respectively.

With the planned luminosities of the three running modes
at the CEPC, the numbers of the events of these states to
be generated via the three modes of the CEPC are estimated
and presented in Table 2. We can see that there are O(107)

[O(103),O(103)] Bc, B∗
c , Bc(2 1S0), and B∗

c (2 3S1) events to
be produced at the Z (W , H ) mode of the CEPC. Therefore,
the CEPC (especially the planned Z mode) will provide a
new opportunity for studying the properties of the Bc meson.

3.2 More studies on the Z mode of the CEPC

Since the Z -boson resonance effect shall raise the production
rates by several orders of magnitude at the Z pole, the total
production cross sections as well as the differential distribu-
tions of the Bc, B∗

c , Bc(2 1S0), and B∗
c (2 3S1) states may be

measured precisely via the Z mode of the CEPC. Therefore,
it is important to give a more detailed study on the production
of those states at the Z pole.
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Fig. 1 The differential cross section d2σ/(dz dcosθ) for the produc-
tion of the Bc(1 1S0) meson at the Z pole under the fragmentation-
function approach up to NLO+NLL level, where θ is the angle between
the momenta of the final Bc meson and the initial electron
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Fig. 2 The differential cross section d2σ/(dz dcosθ) for the produc-
tion of the B∗

c (1 3S1) meson at the Z pole under the fragmentation-
function approach up to NLO+NLL level, where θ is the angle between
the momenta of the final B∗

c meson and the initial electron

We present differential cross sections d2σ/(dz dcosθ) by
using the fragmentation-function approach up to NLO+NLL
level for the production of Bc, B∗

c , Bc(2 1S0), and B∗
c (2 3S1)

states at the Z pole of CEPC in Figs. 1, 2, 3, 4. Results
for several typical momentum fractions (e.g. z = 0.2, 0.4,
0.6 and 0.8) are presented. From those figures, we can see
that the differential distributions d2σ/(dz dcosθ) are asym-
metric. Those forward-backward asymmetries arise from the
parity violation due to the exchange of Z boson.

By further integrating the differential cross sections
d2σ/(dz dcosθ) over cosθ , we obtain the differential cross
sections dσ/dz, which are presented in Figs. 5, 6, 7, 8.
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Fig. 3 The differential cross section d2σ/(dz dcosθ) for the produc-
tion of the Bc(2 1S0) meson at the Z pole under the fragmentation-
function approach up to NLO+NLL level, where θ is the angle between
the momenta of the final Bc(2 1S0) meson and the initial electron
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Fig. 4 The differential cross section d2σ/(dz dcosθ) for the produc-
tion of the B∗

c (2 3S1) meson at the Z pole under the fragmentation-
function approach up to NLO+NLL level, where θ is the angle between
the momenta of the final B∗

c (2 3S1) meson and the initial electron

As a comparison of the NLO+NLL fragmentation-function
result (labelled as “Frag, NLO+NLL”), we also present the
results for the full NLO NRQCD approach (labelled as “Full
NRQCD, NLO”), the fragmentation-function approach up
to NLO level but without doing the resummation of the
large logarithms of m2

Q/s (labelled as “Frag, NLO”), and
the combined results of the fragmentation-function approach
and the full NRQCD approach (labelled as “Combined,
NLO+NLL”).

In the fragmentation-function approach, because of the
approximation

√
s 	 mQ , some terms which are suppressed

by various powers of m2
Q/s have been neglected. Those
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Fig. 5 The differential cross sections dσ/dz for the production of the
Bc meson at the Z pole under different approaches
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Fig. 6 The differential cross sections dσ/dz for the production of the
B∗
c meson at the Z pole under different approaches

neglected terms can be recovered with the help of Eqs. (1, 5),
and we then obtain the combined result of the fragmentation-
function approach and the full NRQCD approach up to NLO
level, i.e.

d2σ
Combined,NLO+NLL
e+e−→Bc+X

dz dcosθ
= d2σ

Frag,NLO+NLL
e+e−→Bc+X

dz dcosθ

+
⎛

⎝
d2σ

Full NRQCD,NLO
e+e−→Bc+X

dz dcosθ
− d2σ

Frag,NLO
e+e−→Bc+X

dz dcosθ

⎞

⎠ , (8)

in which the terms given in the parentheses count the
contribution neglected in the fragmentation-function for-
mula (4). As a subtle point, to be self-consistent with
d2σ

Frag,NLO
e+e−→Bc+X/(dz dcosθ), the renormalization scale of

the differential cross section d2σ
Full NRQCD,NLO
e+e−→Bc+X /(dz dcosθ),
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Fig. 7 The differential cross sections dσ/dz for the production of the
Bc(2 1S0) meson at the Z pole under different approaches
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Fig. 8 The differential cross sections dσ/dz for the production of the
B∗
c (2 3S1) meson at the Z pole under different approaches

which is calculated through the formula (1) up to NLO
accuracy, is taken as the same as that of the dominant b̄-
fragmentation channel, i.e., μR = mb + 2mc. The com-
bined result (8) is more accurate than the results under
the fragmentation-function approach or the full NRQCD
approach. From those figures, one can see that the curves
from the “Frag, NLO” are close to the corresponding curves
from the “Full NRQCD, NLO”. Compared with the “Full
NRQCD, NLO” results, the “Frag, NLO” results neglect
all the non-leading power contributions. Thus, one can con-
clude that those contributions are small for the production
of the Bc, B∗

c , Bc(2 1S0), and B∗
c (2 3S1) at the Z pole,

and the fragmentation-function approach can give a good
approximation to the full NRQCD calculations. The effect
of resumming the leading and next-to-leading logarithms
of s/(mb + 2mc)

2 or s/(2mb + mc)
2 can be seen through
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comparing the “Frag, NLO+NLL” curves with the “Frag,
NLO” curves. One may observe that after resumming the
leading and next-to-leading logarithms of s/(mb + 2mc)

2 or
s/(2mb +mc)

2, the z-distributions become softer. However,
the effects of the DGLAP evolution for the NLO calculations
are not as large as the LO case [40]. This is because the “Frag,
NLO” calculations contain the first term of the leading loga-
rithmic series, and the effect of the DGLAP evolution for the
NLO calculation is to resum the leading and next-to-leading
logarithms from the corrections beyond the NLO QCD calcu-
lations. The “Combined, NLO+NLL” results not only include
the power suppressed terms which have been neglected in the
fragmentation-function approach but also resum the leading
and next-to-leading logarithms to all orders. Therefore, the
“Combined, NLO+NLL” results are the most accurate results
among those predictions shown in Figs. 5, 6, 7, 8.

Total production cross sections at the Z pole under the
“Combined, NLO+NLL” approach can be obtained through
integrating the differential cross sections over z. And we
obtainσ

Combined,NLO+NLL
e+e−→Bc+X = 2.51 pb,σCombined,NLO+NLL

e+e−→B∗
c +X =

3.02 pb, σ
Combined,NLO+NLL
e+e−→Bc(21S0)+X

= 1.49 pb, and

σ
Combined,NLO+NLL
e+e−→B∗

c (23S1)+X
= 1.80 pb at the Z pole.

4 Summary

As a summary, we have studied the production of the Bc, B∗
c ,

Bc(2 1S0), and B∗
c (2 3S1) mesons at the CEPC. The cross sec-

tions for these states via the three planned modes (Z , W , and
H ) of the CEPC are presented, and the numbers of the events
are estimated. If assuming the B∗

c , Bc(2 1S0), and B∗
c (2 3S1)

states decay to the ground-state Bc with a probability of 100%
via electromagnetic or hadronic interactions, then there are
about 1.4 × 108 (1.6 × 104, 1.1 × 104) Bc events to be pro-
duced via the Z (W , H ) mode of the CEPC. Thus we may
have a good opportunity to study the properties of the Bc

meson via the Z mode of the CEPC. The differential angle
and energy distributions for these states via the Z mode are
further analyzed. There are relatively fewer Bc events to be
produced via the other two (W and H ) modes. If one wants to
study the properties of the Bc meson via the two modes, it is
better to improve the luminosities of the two modes properly.
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