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Abstract A new exact wormhole solution in Einstein—
Maxwell-Scalar theory is introduced. The wormhole solu-
tion is accompanied by a non-black hole naked singular
branch solution. Both of the solutions are massless such that
with charge zero the spacetime coincides with the vacuum
Minkowski flat spacetime. In addition to that, the wormhole
solution seems to be the missing part of the class of solu-
tions in the standard Einstein—-Maxwell-Dilaton theory with
an arbitrary dilaton parameter.

1 Introduction

In 1916, it was Ludwig Flamm who realized that the
Schwarzschild solution may represent a wormhole [1]. This
was almost immediately after Schwarzschild published his
solution [2]. In 1935 Einstein and Rosen introduced the
so-called Einstein—Rosen bridge which is a non-traversable
wormhole [3]. Furthermore, the notion of a traversable
wormhole was developed in the pioneering paper of Mor-
ris and Thorne [4]. More details on the traversable worm-
holes can be found in the book of Visser [5]. Wormhole solu-
tions have been studied in different theories of gravity. For
instance, Lobo and Oliveira constructed traversable worm-
hole in f(R) theories of gravity in [6] (see also [7]), and very
recently Banergee et al. investigated the existence of worm-
hole geometries in f(Q) theory of gravity, where Q is the
non-metricity scalar [8]. A comprehensive review paper on
traversable wormholes has been recently published by Lobo
in [9].

On the other hand, it is well-known that the low energy
limit of the string theory yields the action of Einstein’s gravity
coupled with other fields such as dilaton and axion [10]. Cou-
pling of dilaton to the gauge fields changes physical proper-
ties of the charged black hole such as the causal structure and
the thermodynamic properties [11-18]. The first such solu-
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tion i.e., black hole solution in Einstein—-Maxwell-Dilaton
(EMD) theory was introduced by Gibbons in 1982 [19]. How-
ever, the first static spherically symmetric solution in gravity
coupled with massless scalar field was studied by Fisher in
1948 [20]. There are several exact solutions in EMD theory
[21-26] as well as Einstein—-Maxwell-Scalar (EMS) [27-36]
theory in the literature. In particular, one of the early work
which focusses on wormhole solution in dilatonic theory is
[37]. In [37] the authors give comprehensive information on
the construction of the complete wormhole solution the emer-
gence of the two asymptotic regimes and how to implement
any necessary distribution of matter for the smooth matching
of the two spacelike regimes. In addition to that, the spher-
ically symmetric EMS theory with the scalar field coupled
nonminimally to Maxwell’s invariance via a general coupling
function has been discussed comprehensively in [38]. In [38],
the coupling function is classified as of Class I or dilatonic-
type and Class Il or scalarised-type. In Class I the coupling

function W (¢) (in Eq. (2) below) satisfies _d‘ggi’) oo £0

and ¢ (r) = 0 doesn’t solve the field equations and conse-
quently the Reissner—Nordstrom black hole is not a solution
for the field equations (Egs. (5)—(7) below). The well-known
W (¢) = e*? belongs to this class. On the other hand, in

dW(¢) _
S oo 0 and

consequently ¢ (r) = 0 solves the field equations with the
Reissner—Nordstrom as of its solution. There are two sub-
classes named as Subclass IIA or scalarised-connected-type

2
";(VP?) 0 # 0 and Subclass IIB or scalarised-

Class 1I the coupling function satisfies

where

&>W(p)

disconnected-type where 7z P = 0. In subclass IIA

the black hole solution bifurcate from Reissner—Nordstrom
such thatinthelimit¢ — 0Oitcoincides with RN. Also, it may
be associated with the so-called tachyonic instability against
the scalar perturbation. One example of this class can be
W (o) = ¢’ In subclass 1IB, the black hole solution does
not bifurcate from RN and therefore at the limit ¢ — 0, it
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d*W(¢)

de?
is no tachyonic instability in this subclass and as an example
is W (¢) =1+ agp?.

With respect to this classification and the comprehen-
sive study in Ref. [38], here in this work, we aim to intro-
duce a wormhole solution that belongs to the Subclass IIA
or scalarised-connected-type models. We should add that
scalarized wormholes have been considered in the litera-
ture. One of the recent works was published by Ibadov et
al. in [39] where the phenomenon of scalarization and the
interesting features of scalarized compact objects have been
discussed. In summary, scalarization takes place when the
scalar field ¢ couples with gravity through a source term Z.
The source term 7 in Eq. (1) (below) is the electromagnetic
invariant i.e., 7 = —F,, F/*" however in general it can be
a topological invariant too such as the Gauss—Bonnet and
the Chern—Simons invariants (in 3 4 1-dimensions) given by
3¢ R R, pe» Tespectively. The resultant theory
are called the Einstein-Scalar—Gauss—Bonnet [40—43] and
the Einstein-Scalar—Chern—Simons [44—46], respectively. As
we mentioned above, the interesting phenomenon of the
spontaneous scalarization occurs when d‘jl/—é@ 0 # 0 and
¢ = 0 doesn’t solve the field equations. For m?)re informa-
tion and references we refer to the introduction of [39].

This paper is organized as follows. In Sect. 2 we intro-
duce the action and the field equations. In Sect. 3 we find the
solutions to the field equations. In the same section, we inves-
tigate the two distinct solutions with details. We summarize
and conclude the paper in Sect. 4.

doesn’t reduce to RN solution. Due to

= 0 there
=0

2 The action and field equations
We start with the action (167G =c¢ = 1)
[ = / V=8 [R —28,¢3"¢ — Ws (§) Fu F*™]d*x (1)

in which R is the Ricci scalar, F,, = 9, A, — 9,A, is the
Maxwell gauged field, ¢ is the scalar field, and

16

W = 2
O s vET: 2)

is the coupling function satisfying

dw,
5 () _0 3)
Ao |y,—0

and

d*Ws (¢) 1

—32@ =~ £0. )
do p=0 2

@ Springer

Fig. 1 Plots of ¢~ 2% (blue-dash) and % (red-solid) with

respect to ¢. The later one admits two maximum and one minimum
(vacuum states)

Hence, Wy (¢) belongs to Subclass IIA or scalarised-
connected-type of Ref. [38]. As it is depicted in Fig. 1, where
the standard dilaton potential Wp (¢) = e~2%? is plotted
with @ = 1 together with Wg (¢) = WEZM, while
Wp (¢) admits a monotonic decreasing function, Wg (¢)
asymptotically goes to zero and admits two maximum and
one local minimum (vacuum states) in a new form of the
Mexican hat.

Variation of the action with respect to the metric tensor
guv, Maxwell gauge potential A, and the scalar field ¢ gives
the field equations given by

R, =208,90"¢ + WSZ(¢) (4Fu F — Fup FUP8Y) | (5)
Vi (Ws (¢) F*') =0 (6)
and
1dW,
Vi (0"0) = Z%FMF‘”, D

respectively. Our static spherically symmetric line element
is chosen to be

ds®> = —f (r)di® + e + R (r)*dQ? ®)
f)

and the Maxwell field is a radial electric field

1
F = EFde“ Adx" = E (r)dt ndr 9)

which is produced by an electric monopole. Here in (8) and
9) f (r), R(r) and E (r) are unknown to be found.
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3 The solution

The field equations explicitly become

t 1 af
Rl = EWS (¢) Fop F°F, (10)
1
RI=2f(r¢ (r*+ 5 Ws (@) Fop FP, (11)
R =R = 5@ p s, (12)
q
E= ——-" 13
R2Ws () (1
and
' R?2dWs (¢)
2 ry of
(R219) = =gy FasF, (14)

where FygF “f — _2E?. Combining the first two equations
yields

R —R{=2f (¢’ ()’ (15)
and combining the first and the third equations implies
RI+R) =0. (16)

Knowing that,

t__ L 2 .Y
R =Rl -2 R 18

r — N T f? ( )
and

1 Y

(1
(16) becomes
<R2 f)// =2 (20)
or simply
F) = (r+ Vl)Rgf” +72) 21

inwhich 1 and r are two integration constants. Furthermore,
(15) reduces to

"

— = (r)?. 22)

In summary, we are left only with (10) and (14) which explic-
itly read

2

( R? f’>/ — 2RZWS (23)
and

2o 1dWs ¢?
(#1¢) =375 wz @

and (22) while the metric function is given by (21). Moreover,
considering % = ‘;/73 in (24) where the prime stands for
the derivative with respect to r, and Egs. (21) and (22), after
a rather tedious manipulation one can show that, irrespec-
tive of the form of Wg, these two equations (i.e, Eq.s (23)
and (24)) are simultaneously satisfied. This in turn implies
that the number of independent differential equations reduces
to only two equations, i.e., (22) and (23). Finally, with the
explicit form of Wy given in Eq. (2), the solutions of the field
equations are found to be

2
1
fe(r) = (1 + @) —_—, (25)
/o (1)
Ri(r)=rln (1 + |°r]—|> , (26)
2
exp <¢—i) = (1 + M) 27
4 r
and
lq| lq| 1
Ei(r) = — 1n<1:|:—>—1+— . (28)
r r (1+4)

We should add that the integration constants have been set
in a manner that both equations i.e., (22) and (23) have been
satisfied. In Figs. 2 and 3 we plotted f4 (r) in terms of r for
lg| € [0.1, 3] with equal steps.

Both solution are asymptotically non-flat and f (r)
admits a singularity at r = 0. Furthermore, for large r we

f.(r)
40

30

20

0 2 4 6 8 10
r

Fig. 2 Plotof f4 (r) in terms of r for various values of ¢ = 0.1...3.0
with equal steps
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£(r)

40

q=-0.1

30

20

Fig. 3 Plotof f_ (r) interms of r for various values of |¢| = 0.1...3.0
with equal steps

obtain

) 7 3 1 5, 7lq
rll)r{:ofi(r)—ﬁim—'r—l-?f' —?

1 1,
and
q> 1

lim Ri(r)zzl:lql———f-O(—z)N:l:Iql. (30)

r—>00 r r

Therefore the large r behavior of the solution is approxi-
mately expressed by

}’2 6]2
dsi ~ ——dt* + =dr’ + ¢*dQ’ 31)
q r

which is nothing but the charged Bertotti—-Robinson (BR)
spacetime [47-49] . To see this explicitly, we introduce 7 = %
and 7 = ¢?t which transforms (31) into the standard BR

spacetime given by
PL

dsi ~ L (—dz"Q +di? + deQz) . (32)

Finally, we would like to add that, in the limit g = 0, we get
¢ =0, Wg =1, R(r) =r, and fi (r) = 1 which is the
Minkowski flat spacetime. This indicates that the solutions
are massless.

@ Springer
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Fig. 4 Plots of the Ricci (blue-solid) and Kretschmann (red-dash)
scalars with respect to r/|g| > 1 for the negative-branch solution.
Both are zero at r = |g| and regular for r/ |g| > 1

3.1 The negative branch

In{¢, r, 6, ¢} coordinates system the negative branch admits a
physically unacceptable solution for r < |¢g|, which suggests
imposing the constraint r € [|g|, 00). For r > |g| the solu-
tion admits no singularity. This can be seen from the invari-
ants of the spacetime such as the Ricci and the Kretschmann
scalars which are given by

2¢°
R=—"—7F——+ (33)
r#1n’ (1 - lr—l)
and
o 497 (12r2 — 24 |q|r + 14¢%)  4q* (24r> — 641q|r + 4647)

r8 In* (1 — M)
-

4q* (12r% — 64 |q| r + 67¢%)

8 1n® (1 — M)
-

564*
FRN . h—
78 In (1 - u)
i

respectively. We note that, lim,_, || R = Oandlim, _, ;| K =
0 while lim, 5o R = 0 and lim, , oo, K = q%. In Fig. 4 we

r81nd (1 — m)
-

49 (24|q|r — 464°)

o7 (1 14)
:

(34)

plot g>R and ¢*K in terms of ‘;—‘ which are regular every-
where.

Next, to discover the wormhole properties of the solution
we apply the following two successive transformations. First,
we introduce ¢ = r — |¢| to transform the line element of the
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negative branch spacetime to an isotropic form expressed by

()

g =~ > ) ey ( + "”) In’
In? (1 + M) 0
(1 + "”) (do? + 0*a0?) (35)
0

where ¢ € [0, 00). Then we make the second coordinate
transformation

(1 + @> In (1 + @) 0=rs, (36)
% Y

in order to go to the so-called Schwarzschild curvature coor-
dinates where the line element reads

ql 4
dsi=——<l+ ) ) N dr?

72 2
r. 1q1
s ]+Q

+r2d Q2. (37)

Herein, o is an implicit function of r; with s € [|g|, 00) . To
show that this spacetime represents a traversable wormhole
we compare it with the standard wormhole line element

ds? = —e*®"ar* + dr} +rldQ? (38)

1 — b(” )

Is

with a throat at r; = |g|. The red-shift function ® (r;) and
the shape functions b (ry) are found to be

4
2 M)
Q200 — @ (l tg

39
P (39
and
2
1

b(rs)=rs|1— lal _ (40)

re 14 ld

0
First of all, in this new coordinate system i.e., {t, rs, 0, ¢}

there is no horizon since ez‘b(“) > 0.InFig. 5 we plotimplic-

itly ¢2®¢s) with respect to ‘q which confirms our claim on
the definite positiveness of ¢>®(s).

In addition to that, in Fig. 6 we plot 1 — b(“) versus
which is zero at ry = |g| and positive afterward

Finally we check the so called “flare-out conditions” to
make sure the line element (37) is actually a traversable

wormhole. The first flare-out condition implies

Iql

100/ '

| exp(29) II
so |l

/

|

| /
60 | /

| /
o] /

|

0| | /
r./q

1 2 3 4 5

Fig. 5 Implicit plot of e2®

in terms of ‘;—“ which is definite positive
without a horizon

1-b ~N
0.08 /7 / N
0.07 / A
‘ / N
/ N

0.06

0.05

0.04 I
0.03 I

0.02

0.01 /

0

r./q

1 1.5 2 2.5 3 3.5

Fig. 6 Implicit plot of 1 — r% in terms of |’ e The graph shows that

1 — -2 is definite positive for 7y > |g| and zero exactly at 7y = |g| which
is the throat of the wormhole

b(lql) = lq| (41)

where r; = |q| is the radius of the throat. Based on Fig. 6
where 1 — (”) is zero with l’ = 1 this condition is trivially
satisfied. The second flare-out condition states that

Is

b (ry)

—1>0 (42)

@ Springer
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for ry > |q| . This condition is also satisfied considering the
2

> 0 and consequently

b _ (ol _ _1
fact thatl—rs =7 1+%

b (ry) < ry (see Fig. 6). The last flare-out condition implies
b () < 2% for ry > |q].

blrs) gy .
In Fig. 7 we plot implicitly ”T‘(r) in terms of |rq—Y| It

implies that the last flare-out condition is satisfied locally
(at and near the throat). Therefore the line element (37) is
actually a wormhole with a throat located at ry = |g|.

3.2 The positive branch solution

The positive branch is a naked singular solution with no hori-
zon. The Ricci scalar is found to be

2q2

R= 3 lq1
r41n (l + 7)

(43)
such that lim,_,o R = oo and lim,_,oo R = 0. Also the
Kretschmann scalar is obtained to be

4g% (12r2 + 24 |q|r + 14¢%) 44> (24r> + 64 |q| r + 46¢%)

K= -
r81n* (1 + @) r81nd (1 + @)
49> (1212 + 64 |q|r +679°)  4q* (24 |q|r + 464°)
e (14 4) o7 (14 14)
56¢*
+—r (44)
ot (14 14)
0.25
(b/r-b)/q
0.20 //
0.15 /
0.10 /
0.05 /
/ r./q
0
0.9 1.0 1.1 1.2 1.3 1.4
- . M)y v
Fig. 7 Implicit plot of ’ST in terms of T At the throat where
s b/ (ry)

>0

rs = |gq| and its vicinity —= 7 >

@ Springer

which gives lim,_,0 K = oo and lim,_, o K = 5. In the

coordinates system {t, r, 8, ¢} the singularity is located at
the origin where the invariants of the spacetime diverge.

In Fig. 8 we plot ¢>R and ¢*K in terms of |;—| which
are both singular at » = 0. Unlike for the negative branch,
the coordinate system {z, r, 6, ¢} is an appropriate system to
express the positive branch solution. As we have mentioned
before, asymptotically (i.e., ¥ — 00) the positive branch line
element is a charged BR spacetime. The behavior of the area
of the spherical surfaces of the constant » coordinate also is
remarkable. One finds

Ap = 4nR* = 47r? In? (1 - 'f—') (45)

such that lim,_,0 A; = 0 and lim,_, o Ay = 47g? and
its derivative also is zero only at r = 0 and r = oo. Hav-
ing asymptotically constant surface area is due to its BR-
asymptotic behavior.

3.3 Energy-momentum tensor

Due to the hybrid form of the metric tensor for the negative
branch solution in {z, ry, 8, ¢} coordinates system we pre-
fer to calculate the energy—momentum tensor of both solu-
tions in the original coordinates i.e., {z, r, 6, ¢} . The energy—
momentum tensor for both cases are given by

T, =diag[—p. pr. po. py] “6)

20 \

15 \

~
10 e S
§~~——
5
TR
0
0 2 4 6 7/q 8 10

Fig. 8 Plots of the Ricci (blue-solid) and Kretschmann (red-dash)
scalars with respect to r/ [¢g| > 1 for the positive-branch solution. At
r = 0 the spacetime is singular
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in which the energy density is obtained to be

2 lq]
g2 1+m? (1)

== - 47
P (1+14) ()
-
and the radial and angular pressures are found as
2q2 In (112
—_ = = = —_———— 48
pi’ p9 plp r4 1n4 (l :l: m) ( )

The large r behavior of the energy—momentum tensor agrees
with the large r behavior of the line element which we have
already discussed to be of the form of the charged BR space-
time. Here we see that,

lim T) =di ! L 11 49
ri)rglo w = ag —q—z,—q—z,q—z,q—z ( )
which is the energy—momentum tensor of the charged BR
spacetime.

It is observed that, the energy conditions including Null
(i.e., p + pi = 0), Weak (i.e., p > O and p + p; > 0),
Strong (p + Z?:l pi > 0) and Dominant (o — |p|; > 0) are
all satisfied for the positive branch solution. However, non
of the energy conditions are satisfied for the negative branch
solution. This is mostly due to the fact that in the negative
branch, p + p; < 0. Violation of the null-energy conditions
for the wormhole spacetime is expected. This clearly shows
that the wormhole is supported with exotic matter. To ensure
the presence of exotic fluid near the wormhole’s throat we use
the so-called the “exocity parameter” introduced as [50,51]

— —pP — Pr
lol

If @ > 0 then exotic matter is present at wherever it is eval-
uated. In our case

P Y
2q2 q21+ln (1—7)
=

I (1 - |’r1_|>,4 gt (1 B |Z_|)

that is definitely positive for » > |g| which implies the pres-
ence of exotic matter. On the other hand, we may calculate
the total amount of exotic matter by employing the Volume
Integral Quantifier (VIQ) [52,53] which is given by

o0

(p+pr)dV. (52)

(50)

Q=

D

Iy =
g1

For the wormhole solution in this study the total amount of
exotic matter which violates the energy conditions is found
to be

o0
d
Iy = 874> / g (53)
|

g r2n (1)

which is infinite.

3.4 Connection with the Einstein-Maxwell-Dilaton theory

The negative branch solution seems to be the missing chain
in the black hole solution of the Einstein-Maxwell-Dilaton
theory. To see this we recall that the solutions of the field
equations when

Wp () = e 29 (54)

with « an arbitrary dilaton parameter, are known to be

]—a2 2
N\ d
ds2=_<1_ri)(1_L)l+a2dt2+ r i
r r - l—a
(1-5)0-5)
20(2
12 (1 _ r;) e g2 (55)
r
with
r 2u
eZoz¢ — (1 o _—) 1+a2 (56)
r
and
ror_ = (1 + az) 0> (57)
az
We observe that the function of R (r) = r (1 — =)+ in

this theory doesn’t cover its natural member i.e., R (r) =
rln ( 11— rf) . With the solution we presented in this study,
it is now clear why R (r) = rIn (1 — rf) is missing. In fact,
this solution is not compatible with the standard dilatonic
coupling function (54), and instead, it is the solution with the
coupling function given in (2). We compared the behavior of
the two coupling functions in terms of the dilaton/scalar field
¢ in Fig. 1.

4 Conclusion

We obtained an exact wormhole solution in the context of
Einstein-Maxwell-Scalar gravity. The coupling function is of
the Subclass IIA or scalarised-connected-type in accordance
with the classification in Ref. [38]. Our coupling functioni.e.,
Ws () = m is a new Mexican hat-type potential

with two maximum at ¢ = 4+/2 and one minimum at ¢ = 0
and also Wy (¢) asymptotically goes to zero. The solution
admits two branches namely the positive and the negative
one. The positive branch is a non-black hole singular cosmo-
logical object which asymptotically goes to the well-known
charged BR metric. On the other hand, the negative branch
is a wormhole solution supported by infinite exotic matter.
In the former case the radial coordinate r € [0, 00), however
in the later case r € [|¢q|, 0c0) where ¢ stands for the electric
charge. In the negative branch solution, to reveal it is a worm-
hole we have transformed the solution from {z, r, 9, ¢} to
the Schwarzschild curvature coordinates {z, rg, 6, ¢} where

@ Springer
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we have shown that all flare-out conditions are satisfied.
Here when the charge is zero the entire theory reduces to
the vacuum flat Minkowski spacetime. This feature in the
negative branch reminds us of the charged Einstein—Rosen
bridge [3] (quasi-charged bridge) where Einstein and Rosen
set the mass of the Reissner—Nordstrém to be zero and the
charge to be pure imaginary (a non-physical assumption).
Here, in comparison, we ask: whether the negative branch is
anaturally charged Einstein—Rosen bridge? This needs more
investigation which we conduct in a separate work.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This theoretical
work does not use or produce numerical data.]
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