
Eur. Phys. J. C (2022) 82:250
https://doi.org/10.1140/epjc/s10052-022-10196-1

Regular Article - Theoretical Physics

Effects of Cuscuton dynamics on braneworld configurations
in the scalar–tensor representation of f (R, T) gravity

João Luís Rosa1,a, D. Bazeia2, A. S. Lobão Jr. 3

1 Institute of Physics, University of Tartu, W. Ostwaldi 1, 50411 Tartu, Estonia
2 Departamento de Física, Universidade Federal da Paraíba, João Pessoa, PB 58051-970, Brazil
3 Escola Técnica de Saúde de Cajazeiras, Universidade Federal de Campina Grande, Cajazeiras, PB 58900-000, Brazil

Received: 15 November 2021 / Accepted: 8 March 2022 / Published online: 23 March 2022
© The Author(s) 2022

Abstract In this work we study braneworld configurations
in the scalar–tensor representation of the f (R, T ) gravity
theory in the presence of a Cuscuton term in the source field
matter Lagrangian. We start by deriving the scalar–tensor
representation of the theory and obtaining its respective equa-
tions of motion. We then introduce the standard metric for
a flat braneworld model with one extra dimension for the
general case of a f (R, T ) theory and study two different
models for the source field. Given the complexity of the field
equations, these solutions are obtained numerically. In these
cases, the Cuscuton term effectively amplifies the effect, by
increasing the height of the stability potential barrier and,
consequently, the depth of the minimum of the graviton zero-
mode on the brane. Finally, we study the particular cases of
F(R) + T and R +G (T ), for which only the scalar fields ϕ

or ψ are present, respectively, and we prove that the presence
of the scalar field ϕ is essential in the development of internal
structure on the brane.

1 Introduction

While preserving the several positive results of Einstein’s
theory, extended theories of gravity can be considered as a
new paradigm to address conceptual and experimental prob-
lems recently emerged in Astrophysics, Cosmology and High
Energy Physics. Modifications of the Einstein’s theory of
gravity by replacing the curvature scalar R in the action by
the generic function F(R) [1–3] or by including new scalars
constructed using the Riemann tensor as the Gauss–Bonnet
scalar G = R2 − 4RμνRμν + Rμναβ Rμναβ [4–7] have been
the subject of several recent studies. These proposals suggest
viable routes to address important physical problems, e.g.
cosmic inflation, dark energy, and local gravity constraints

a e-mail: joaoluis92@gmail.com (corresponding author)

[8,9]. In addition to curvature scalars, proposals for modified
theories of gravity have also considered the inclusion of mat-
ter terms, such as the so-called f (T )-gravity, where T is the
trace of the stress–energy tensor [10,11], or modifications to
the way matter fields interact, called K-fields [12–17]. The
structuring of these ideas in different perspectives and mod-
els has been the subject of interesting studies over the last
three decades.

In connection with superstring theories, which requires the
presence of extra spatial dimensions [18], in the seminal work
of Randall and Sundrum [19] an interesting model was intro-
duced, dealing with a five-dimensional anti de-Sitter warped
geometry engendering an extra spatial dimension of infinite
extent. This possibility, which deals with a single brane in
a factorized geometry, nicely reproduces four-dimensional
gravity and is known as the thin brane scenario. Soon after,
it was modified to include a source scalar field, giving rise to
what is now known as the thick brane scenario [20–24]. In
the thick braneworld scenario, modified gravity has proven
to be of major importance to extend the plethora of behaviors
and results [25–32]. In this perspective, important physical
characteristics were analyzed in the context of theories such
as f (R), f (R, T ) and in mimetic gravity, with or without the
inclusion of a Cuscuton term in the dynamics of the brane
source fields [25–36]. In particular, in the presence of the
Cuscuton term one usually investigates its contribution to
change the internal structure of the thick brane.

In the presence of the modifications to gravity described
above, it is not unusual that the high degree of complexity
of the system of equations prevents one to obtain analyti-
cal solutions in general cases. It is thus common to recur
to numerical methods to solve this problem. In particu-
lar, braneworld models in the general f (R, T ) and par-
ticular F (R) + T and R + G (T ) cases has been studied
numerically [37] in the scalar–tensor representation of the
theory, where the two extra scalar degrees of freedom are
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considered explicitly via the introduction of two auxiliary
scalar fields [38]. In this work, we build upon these previ-
ous results [37,38] by introducing a Cuscuton term for the
dynamics of the source field of the brane, to see how it con-
tributes to modify the geometry of the brane.

The Cuscuton dynamics are implemented though the addi-
tion of a scalar field without its own dynamical degrees of
freedom; see, e.g., Refs. [39,40]. In particular, it is shown
that the Cuscuton action can model the continuum limit of
the evolution of a field which is protected against quantum
corrections at low energies. Moreover, in studies of cosmo-
logical bounce models based on Cuscuton gravity [41–45],
the absence of ghosts or curvature instabilities was proven.
One also finds that power-law inflation with the addition
of Cuscuton dynamics can ameliorate inflation models and
make predictions consistent with observations [46]. These
are results of current interest, and have motivated the use of
modified dynamics to describe Cuscuton kinks and branes
[47]. The fact that the Cuscuton dynamics appear to be more
effective at low energies has inspired us to study how it
can be used to change the geometry of the brane and, in
the present work, we deal with this within the context of a
five-dimensional braneworld model in the modified f (R, T )

scalar–tensor gravity, with a single extra spatial dimension
of infinite extent. Our analysis includes also the analysis of
the separable cases F(R)+T and R+G(T ), which allow to
verify the importance of the Cuscuton term on these two sta-
ble braneworld scenarios, with distinct geometry and matter
contributions.

In order to investigate these issues, we organize the present
work as follows. In Sect. 2 we introduce the general formal-
ism that describes a f (R, T )-brane in a scalar–tensor repre-
sentation with a Cuscuton term in the matter Lagrangian and
we study two models numerically. In Sect. 3 we investigate
the particular cases F(R) + T and R +G(T ). In Sect. 4 we
perform the stability analysis of these models in the scalar–
tensor representation of the theory, and finally in Sect. 5
we trace our conclusions and present comments on future
prospects of this work.

2 Analysis of the general f (R, T ) case

2.1 Theory and field equations

Let us consider the general f (R, T ) theory of gravity in 4+1
dimensions, which is represented by an action S of the form

S = 1

2κ2

∫
�

√|g| f (R, T ) d5x + Sm (gab, φ) , (1)

where κ2 = 8πG5/c4, where G5 is the 5-dimensional
gravitational constant and c is the speed of light, � is a

5-dimensional spacetime manifold described by a set of coor-
dinates xa , |g| is the absolute value of the determinant of
the metric gab, f is an arbitrary function of the Ricci scalar
R = gabRab, where Rab is the Ricci tensor of the metric gab,
and the trace T = gabTab of the stress–energy tensor Tab,
Sm is the matter action defined by Sm = − ∫ Lsd5x , where
Ls is the Lagrangian density of the source of the braneworld
model, considered minimally coupled to the metric gab, and
φ denotes the source field.

One can derive the field equations of the theory via the
variation of Eq. (1) with respect to the metric gab, leading to

∂ f

∂R
Rab − 1

2
f (R, T ) gab − (∇a∇b − gab�)

∂ f

∂R

= κ2Tab − ∂ f

∂T
(Tab + �ab) , (2)

where ∇a represents covariant derivatives and � ≡ ∇a∇a the
d’Alembert operator, both written with respect to the metric
gab. The stress–energy tensor Tab is defined in the usual way
as the variation of the source Lagrangian density Ls with
respect to the metric gab, i.e.,

Tab = − 2√|g|
δ
(√|g|Ls

)
δgab

, (3)

and �ab is in turn defined in terms of the variation of the
stress–energy tensor Tab with respect to the metric gab, i.e.,

�ab = gcd
δTcd
δgab

. (4)

Once the form of either the stress–energy tensor Tab or the
source Lagrangian density Ls are given explicitly, one can
obtain the explicit form of the tensor �ab.

Similarly to what happens in the f (R) theory of gravity,
one can derive a dynamically equivalent scalar–tensor rep-
resentation of the theory by introducing two auxiliary scalar
fields α and β. To do so, let us rewrite Eq. (1) in the form

S = 1

2κ2

∫
�

√|g|
[
f (α, β) + ∂ f

∂α
(R − α) +

+∂ f

∂β
(T − β)

]
d5x + Sm (gab, φ) . (5)

Equation (5) depends on three independent quantities, the
metric gab and the auxiliary scalar fields α and β, plus any
source field that might be present. The equations of motion
for these auxiliary fields obtained via the variation of Eq. (5)
are

fαα (R − α) + fαβ (T − β) = 0, (6)

fβα (R − α) + fββ (T − β) = 0, (7)

respectively, where the subscripts α and β denote partial
derivatives with respect to these fields, and fαβ = fβα for
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any well-behaved function f (α, β) satisfying the Schwartz
theorem. Equations (6) and (7) can be rewritten as a matrix
equation MX = 0 in the form

MX =
(
fαα fαβ

fβα fββ

) (
R − α

T − β

)
= 0. (8)

The system in Eq. (8) will present a unique solution if and
only if the determinant of the matrix M does not van-
ish, which imposes a constraint on the second-order partial
derivatives of f (α, β) of the form fαα fββ �= f 2

αβ . Provided
that this condition is valid, the unique solution of Eqs. (6) and
(7) is α = R and β = T . Inserting these results back into
Eq. (5) one verifies that the original action in Eq. (1) is recov-
ered and the two representations are dynamically equivalent.

One can now define two scalar fields ϕ and ψ , along with
a scalar potential U (ϕ, ψ) as

ϕ = ∂ f

∂R
, ψ = ∂ f

∂T
, (9)

U (ϕ, ψ) = ϕR + ψT − f (R, T ) , (10)

in such a way that the auxiliary action in Eq. (5) can be
rewritten in the scalar–tensor representation as

S = 1

2κ2

∫
�

√|g| [ϕR + ψT −U (ϕ, ψ)
]
d5x

+Sm(gab, φ). (11)

Again, Eq. (11) depends on three independent quantities, in
this case the metric gab and the two scalar fields ϕ and ψ ,
plus any source field. Varying Eq. (11) with respect to these
variables respectively yields

ϕRab − 1

2
gab (ϕR + ψT −U ) − (∇a∇b − gab�) ϕ

= κ2Tab − ψ (Tab + �ab) , (12)

Uϕ = R, (13)

Uψ = T, (14)

where subscripts ϕ and ψ denote partial derivatives with
respect to these fields, respectively. As the numerical analysis
of the standard dynamics in the scalar tensor representation
of the general f (R, T ) gravity was already studied in a pre-
vious publication [37], in this work we will focus solely in
the Cuscuton dynamics and their consequences.

2.2 Cuscuton dynamics

Let us consider the source matter to be described by a single
dynamical scalar field φ with an interaction potential V (φ)

and a Cuscuton term controlled by a positive real parameterα.
The source Lagrangian density that describes this distribution
of matter is given by

Ls = 1

2
∇cφ∇cφ + α

√|∇cφ∇cφ| − V (φ) . (15)

To simplify the notation in the upcoming calculations, let us
define a quantity X as

X = α

√|∇cφ∇cφ|
∇cφ∇cφ

. (16)

Inserting Eq. (15) into the definition of the stress–energy
tensor Tab in Eq. (3) yields

Tab = (1 + X) ∇aφ∇bφ − gabLs . (17)

The explicit form of Tab in Eq. (17) allows one to obtain the
tensor �ab from Eq. (4) via the variation with respect to gab.
The result is

�ab = −
(

5

2
+ 3X

)
∇aφ∇bφ − gabLs . (18)

Finally, the equation of motion for the field φ can be
obtained by taking a variation of the matter action with
respect to φ using the source Lagrangian Ls in Eq. (15).
Note that given the dependence in T of the gravitational sec-
tor of the action, the equation of motion for φ will also feature
contributions from this sector. The resultant equation is[

1 + X + ψ

2κ2 (3 + 4X)

]
�φ +

(
4ψ

2κ2 + 1

)
∇cφ∇cX +

+ 1

2κ2 (3 + 4X) ∇cφ∇cψ +
(

5ψ

2κ2 + 1

)
Vφ = 0 ,

(19)

where the subscript φ denotes a derivative with respect to
that field.

2.3 Equations and solutions

Let us now consider the standard metric for the braneworld
model with an additional dimension y described by a line
element given by

ds2 = e2Aημνdx
μdxν − dy2 , (20)

where ημν is the four-dimensional Minkowski metric with
signature (+ − −−), and greek indices run from 0 to 3. Fur-
thermore, we assume the system to be static, i.e., all quantities
considered are functions solely of the extra dimension. In this
form, the warp function, auxiliary fields, and the source field
of the brane are written as A = A(y), ψ = ψ(y), ϕ = ϕ(y),
and φ = φ(y), respectively. Furthermore, in the following
calculations we will consider a system of geometrized units
for which κ2 = 2. Given the homogeneity and isotropy of
the metric in Eq. (20) in the four-dimensional hypersurface,
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the field equations in Eq. (12) feature only two linearly inde-
pendent components, namely

3ϕ
(
A′′ + 2A′2) + 3ϕ′A′ + ϕ′′ + 1

2
U

= −
(

5

2
ψ + 2

)
V −

(
3

4
ψ + 1

)
φ′2 − 2αφ′ (1 + ψ) ,

(21)

6ϕA′2 + 4ϕ′A′ + 1

2
U

= −
(

5

2
ψ + 2

)
V +

(
3

4
ψ + 1

)
φ′2. (22)

These two equations can be linearly combined to obtain the
simpler relation

3ϕA′′ + ϕ′′ − ϕ′A′ = −
(

3

2
ψ + 2

)
φ′2 − 2αφ′ (1 + ψ) .

(23)

The equations of motion for the auxiliary scalar fields ϕ and
ψ from Eqs. (13) and (14) become

Uϕ = 8A′′ + 20A′2, (24)

Uψ = 3

2
φ′2 + 5V − 4αφ′, (25)

and finally the equation of motion for the source field φ given
in Eq. (19) yields(

3

4
ψ + 1

)
φ′′ +

(
3

4
ψ ′ + 3

2
ψ A′ + 4A′

)
φ′

+α
(
4A′ + 4ψ A′ + ψ ′) =

(
5

4
ψ + 1

)
Vφ. (26)

Note that Eqs. (24)–(26) depend on partial derivatives of the
potential functions, i.e.,Uϕ ,Uψ and Vφ . These partial deriva-
tives can be written in terms of derivatives of U , V , ϕ, ψ and
φ with respect to y via the use of the chain rule. In particular,
for the potential V which is a function solely of φ, one can
write V ′ = Vφφ′, and use this relation to eliminate Vφ from
Eq. (26). For the potentialU however, since it is a function of
both ϕ and ψ , the derivatives Uϕ and Uψ can not be directly
eliminated from the equations, but a relationship between
them can be found via the same method, which yields

U ′ = Uϕϕ′ +Uψψ ′. (27)

As a result, the system of Eqs. (21), (22), (24), (25), (26),
and (27) form a system of six equations, from which only
five are linearly independent. This can be proved by taking
the derivative of Eq. (22) and using the system equations to
cancel the quantities A′′, φ′′, ϕ′′, V , U , and U ′. The result
is an identity, thus proving that these equations are linearly
dependent, and supporting that one of these equations may be

discarded without loss of generality. Due to the complicated
nature of the field equations, we chose to replace Eqs. (21)
and (22) by Eq. (23). Finally, one can use Eqs. (24) and (25)
to eliminate the quantities Uϕ and Uψ from Eq. (27) (for a
detailed proof of why Uϕ , Uψ and U can be considered all
independent quantities, we refer the reader to Sect. III B of
[37]), thus obtaining

U ′ =
(

8A′′ + 20A′2) ϕ′ +
(

3

2
φ′2 + 5V − 4αφ′

)
ψ ′ . (28)

We are thus left with a system of three independent equa-
tions, Eqs. (23), (26), and (28), for the six independent quan-
tities A, ϕ, ψ , φ, V , and U . This implies that the system
is underdetermined and one can impose three constraints to
close the system. In the following we pursue such an analysis
by choosing explicit forms for A, φ and V , and leaving the
auxiliary fields and potential as unknown quantities. Given
the complicated nature of the equations, analytical solutions
are not attainable in this general case, and we shall focus on
numerical methods.

2.3.1 Model 1

As a first example, let us impose the following constraints on
the quantities A, φ and V ,

A (y) = A0 log
[
sech (ky)

] + A1 tanh (ky) , (29)

φ (y) = φ0 tanh (ky) , (30)

V (φ) = 1

2

(
Wφ + α

)2 − 4

3
W (φ)2 , (31)

where the parameters A0 > 0, A1 < 0, k, and φ0 are real con-
stants, and the function W (φ), known as the super-potential,
was defined as

W (φ) = φ − 1

3
φ3. (32)

As shown in Ref. [36], if one usesW as given by the above Eq.
(32), the set of Eqs. (29)–(31) give the solutions of the model
in the presence of the Cuscuton term for the standard gravity,
that is, for F = R. This is important, since it proves that the
generalized theory preserves the desired qualitative behavior
present in the standard braneworld scenario. For instance,
it ensures that the energy of the brane, which is obtained
from E = ∫

ρdy, where ρ = T00 = −e2ALs , has the
usual profile, leading to the thin brane limit and ensuring the
asymptotic limit of the model, such that �5 = V (±φ0) < 0,
which makes the bulk asymptically AdS5. In this sense, in
order to avoid undesired issues, we then follow the direction
described before for the standard gravity with the Cuscu-
ton term, taking the corresponding relations as constraints to
guide the numerical investigation to be done below.
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Fig. 1 Numerical solutions for ϕ(y) (top panel), ψ(y) (middle panel)
andU (y) (bottom panel) from Eqs. (23), (26), and (28) with ϕ0 = 10 =
−ψ0, U0 = k = φ0 = 1, A0 = 4/9, and A1 = −1/9, for different
values of α

To solve the system of Eqs. (23), (26), and (28) numer-
ically, one has to impose four boundary conditions on the
brane, i.e., at y = 0, namely ϕ (y = 0) = ϕ0, ψ (y = 0) =
ψ0, U (y = 0) = U0, and ϕ′ (y = 0) = 0, the latter guaran-
teeing that the solutions are even. Since in a previous work
(see [37]) we have proven that the brane only develops inter-
nal structure if the signs of ϕ0 and ψ0 are contrary, and in this
work we are interested in studying the effects of the Cuscu-
ton term in the internal structure of the brane, we shall deal
solely with boundary conditions satisfying this requirement,
e.g., ϕ0 = 10 = −ψ0. The solutions for ϕ(y), ψ(y) and
U (y) are plotted in Fig. 1. Although the general behavior of
the fields is not massively affected, it is clear that a variation
in α has a non-negligible effect in the shape of both the fields
and the potential.

2.3.2 Model 2

In this second example, we impose the following constraints
on the quantities A, φ and V ,

A (y) = A0 ln [sech (ky)] , (33)

φ (y) = φ0 arctan [tanh (ky)] , (34)

V (φ) = 1

2

(
Wφ + α

)2 − 4

3
W (φ)2 , (35)

where the parameters A0 > 0, k, and φ0 are again constants,
and the superpotential W (φ), in this case is defined as

W (φ) = sin φ. (36)

Similarly to the previous model, we see Eqs. (33)–(35) as
constraints that appear from the study of brane in the case
of standard gravity with the Cuscuton, using W (φ) as in Eq.
(36). Again, we introduce the constraints in order to avoid
undesired changes in the model in the scalar–tensor repre-
sentation of the generalized theory. Here we have to impose
four boundary conditions on the brane at y = 0, namely
ϕ (y = 0) = ϕ0, ψ (y = 0) = ψ0, U (y = 0) = U0, and
ϕ′ (y = 0) = 0, to be able to integrate the system of Eqs.
(23), (26), and (28) numerically. Again, to study the effects
of the Cuscuton term on the internal structure of the brane, we
choose ϕ0 = 1, ψ0 = −5. The solutions for ϕ(y), ψ(y) and
U (y) are plotted in Fig. 2. Similarly to model 1, a variation in
the Cuscuton parameter α affects the shapes of the auxiliary
fields and potential in a non-negligible matter, although the
general behaviors are not altered.

We noticed that in the two models investigated above,
the Cuscuton parameter modifies the asymptotic behavior of
the field ϕ, but it only changes the field ψ near the origin.
However, these two effects combine when one investigates
the potential U .

3 Analysis of particular separable cases

In a previous work [37], it was shown that in f (R, T ) gravity
with a standard scalar-field source, the brane only develops
an internal structure when the two extra scalar degrees of
freedom are present, i.e., when an arbitrary dependence on
both R and T is present in the action and, consequently, the
to scalar fields ϕ and ψ appear in the scalar–tensor represen-
tation of the theory. In the particular cases for which one of
these dependencies is suppressed, e.g. f (R, T ) = F (R)+T
or f (R, T ) = R +G(T ), and thus only the scalar field ϕ or
ψ appear in the scalar–tensor representation, respectively, no
combinations of the parameters tested was capable of induc-
ing internal structure on the brane. This conclusion was in
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Fig. 2 Numerical solutions for ϕ(y) (top panel), ψ(y) (middle panel)
andU (y) (bottom panel) from Eqs. (23), (26), and (28) with ϕ0 = U0 =
k = φ0 = 1, ψ0 = −5, A0 = 4/9, and A1 = −1/9, for different values
of α

agreement with the results previously obtained from a Bloch
brane, where internal structure was induced by a combination
of two scalar fields [36].

However, it was also shown in Ref. [36] that if the brane
is sourced by a scalar field with Cuscuton dynamics, inter-
nal structure can be induced even in the presence of a sin-
gle extra scalar degree of freedom. It is thus worth studying
how the Cuscuton scalar field φ interacts separately with the
scalar fields ϕ and ψ in these separable particular cases in
the scalar–tensor representation, in which situations it is pos-
sible to induce an internal structure on the brane, and what is
the effect of the Cuscuton term in the stability potentials and
structure of the graviton zero mode. We now turn to this.

3.1 Case of f (R, T ) = F (R) + T

Let us start by considering the particular case for which
f (R, T ) = F (R) + T . The general method described in
the previous section is no longer valid in this situation since
fRT = fT T = 0, and thus det M = 0. Following Ref. [37],
it was shown that the scalar–tensor representation associated
with such a particular case is described by an action S of the
form

S = 1

2κ2

∫
�

√|g| [ϕR + T −U (ϕ)] d5x + Sm (gab, φ) .

(37)

Notice how the scalar field ψ is completely absent from this
action, both explicitly and via the potential U , which is now
a function of ϕ only. There are thus only two equations of
motion to be derived from the variational method with respect
to gab and ψ , which are

ϕRab − 1

2
gab (ϕR + T −U )

− (∇a∇b − gab�) ϕ = κ2Tab − (Tab + �ab) , (38)

Uϕ = R. (39)

Notice how these equations of motion could be obtained from
the general case by imposing U (ϕ, ψ) = U (ϕ) and ψ = 1,
see Eqs. (12) and (13), but they could not be obtained as
a limit of the general system because Eq. (14) would force
T = 0, whereas here the distribution of matter is still arbi-
trary. The complete set of independent equations for this case,
considering a metric defined by Eq. (20) and a distribution
of matter of the form of Eq. (15), becomes

3ϕA′′ + ϕ′′ − ϕ′A′ = −7

2
φ′2 − 4αφ′, (40)

U ′ = (
8A′′ + 20A′2)ϕ′, (41)

7

4
φ′′ + 11

2
A′φ′ + 8αA′ = 9

4
Vφ, (42)

where Eq. (40) was obtained by subtracting the (y, y) com-
ponent from the (t, t) component of Eq. (38), and Eq. (41)
via the use of the chain rule on Eq. (39). It is interesting
to note that even though we have reduced both the num-
ber of equations and variables by one in comparison to the
general system (the equation of motion for ψ and the field
ψ itself have been discarded), in this particular case we
have one fewer degree of freedom to impose constraints in
comparison to the general case. This difference arises from
the fact that the potential U , being a function of solely ϕ,
carries a single degree of freedom, whereas in the general
case the potential U (ϕ, ψ) carries two degrees of freedom.
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Fig. 3 Warp function A (y) resulting from Eq. (42) with φ0 = k = 1
for different values of α

Thus, only two extra constraints can be imposed to close the
system, e.g. the explicit form of φ and V , and A must be
computed from the equations. In this case, we impose

φ (y) = φ0 tanh (ky) , (43)

V (φ) = 1

2

(
Wφ + α

)2 − 4

3
W (φ)2 , (44)

W (φ) = φ − 1

3
φ3. (45)

Inserting Eqs. (43)–(45) into the system of Eqs. (40)–(42),
one verifies that Eq. (42) becomes a decoupled differential
equation for Awhich can be directly integrated to find an ana-
lytical solution for A. We do not show this solution explicitly
due to its size. Instead, we plot the warp function A (y) in
Fig. 3 for different values of α.

Different from the models studied in the previous section,
here the constraints introduced by Eqs. (43)–(45) can alter the
energy density of the brane, since the warp function is now
to be found from Eq. (42). However, the profile of the energy
density is qualitatively the same. To show this explicitly, we
can construct the energy density from the expression

ρ = e2A
(

1

2
φ′2 − αφ′ + V

)
.

We can use Eqs. (43)–(45) and the solution of Eq. (42) to
get an analytical expression for the energy density. However,
instead of writing the analytical expression, we decided to
depict its shape in Fig. 4, for some values of α.

On the other hand, the Eqs. (43)–(45) ensure the asymp-
totic behavior of the model, such that �5 = V (±φ0) < 0,
keeping the bulk asymptotically AdS5.

The solutions for ϕ and U must then be obtained numeri-
cally from the remaining equations, i.e., Eqs. (40) and (41),
subjected to a set of boundary conditions ϕ (y = 0) = ϕ0,
U (y = 0) = U0, and ϕ′ (y = 0) = 0. In Fig. 5 we plot
the solutions for ϕ and U under the boundary condition
ϕ0 = −1 = −U0 and for different values of the parame-
ter α. It can be seen that for this combination of parameters

Fig. 4 Energy density ρ(y) with φ0 = k = 1 for different values of α

Fig. 5 Numerical solutions for ϕ(y) (top panel) and U (y) (bottom
panel) from Eqs. (40) and (41) with ϕ0 = −1, U0 = k = φ0 = 1, for
different values of α

the Cuscuton parameter α affects the shapes of ϕ and U and
that these modifications can alter the qualitative behavior of
these functions, unlike in the general case. For example, an
increase in α can transform the potential U from a double
potential barrier into a double potential well, which simulta-
neously leads to a scalar field ϕ that is monotonically decreas-
ing away from the brane instead of achieving two minima.

Since in this section the warp function A was not the stan-
dard one but instead was obtained as a solution of Eq. (42),
it is useful to compute the Kretschmann scalar to verify
that no unwanted divergences appear in the system. The
Kretschmann scalar is given by
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Fig. 6 Numerical solutions for the Kretschmann scalar K (y) from
Eq. (46) with φ0 = k = 1 for different values of α

K = 40A′4 + 16A′′2 + 32A′2A′′ . (46)

The solutions for the Kretschmann scalar for the three cases
studies in this section are plotted in Fig. 6. It can be seen
that it behaves appropriately in the presence of the Cuscuton
term, for the values of the parameters used in this situation.

3.2 Case of f (R, T ) = R + G (T )

Let us now turn to another particular case given by
f (R, T ) = R+G (T ). The general method is again not valid
in this situation since fRR = fRT = 0, and thus det M = 0.
It was also shown in Ref. [37] that the scalar–tensor repre-
sentation associated with this particular case is described by
the following action S:

S = 1

2κ2

∫
�

√|g| [R + ψT −U (ψ)] d5x + Sm (gab, φ) .

(47)

This time, it is the scalar field ϕ that is absent from the action,
both explicitly and via the potential U , which is now a func-
tion of solely ψ . One can thus obtain two equations of motion
by taking the variation of S with respect to gab and ψ respec-
tively, which take the forms

Rab− 1

2
gab (R+ψT−U )=κ2Tab−ψ (Tab+�ab) , (48)

Uψ = T . (49)

Again, these two equations in particular could be obtained
by imposing U (ϕ, ψ) = U (ψ) and ϕ = 1 in the general
equations, see Eqs. (12) and (14), but they are not a limit of
the general case since Eq. (13) would force R = 0, whereas
here R is not constrained. Taking a metric in the form of
Eq. (20) and the usual distribution of matter from Eq. (15),
the system of independent equations in this case takes the
form

3A′′ = −
(

3

2
ψ + 2

)
φ′2 − 2αφ′ (1 + ψ) , (50)

U ′ =
(

3

2
φ′2 + 5V − 4αφ′

)
ψ ′, (51)

(
3

4
ψ + 1

)
φ′′ +

(
3

4
ψ ′ + 3

2
ψ A′ + 4A′

)
φ′

+α
(
4A′ + 4ψ A′ + ψ ′) =

(
5

4
ψ + 1

)
Vφ. (52)

where Eq. (50) was obtained by subtracting the (y, y) com-
ponent from the (t, t) component of Eqs. (48) and (51) was
obtained vie the use of the chain rule on Eq. (49). Similarly
to the previous particular case, we note that even though we
have one fewer equation and one fewer variable in compar-
ison to the general case, there is also one fewer degree of
freedom contained in the potential U because it becomes a
function of a single variable, and thus we can only impose
two constraints to close the system instead of the three avail-
able in the general case. Again, we set the explicit form of φ

and V , and leave A to be computed from the equations. Our
ansatz is the same as before, given by Eqs. (43)–(45), that is,
again, we decided to keep the asymptotic baehavior of the
model, instead of modifying the warp function. Inserting this
ansatz into the system of Eqs. (50)–(52), one obtains a set of
three coupled differential equations for A, ψ andU that must
be integrated numerically subjected to a set of boundary con-
ditions A (y = 0) = 0, ψ (y = 0) = ψ0, U (y = 0) = U0,
and ψ ′ (y = 0) = 0.

In Fig. 7 we plot the warp function A (y) and in Fig. 8 we
plot the solutions for ψ andU for different values of α. Again,
one verifies that a variation in the Cuscuton parameter α

affects the qualitative behavior of ϕ and U , unlike it happens
in the general case. In particular, an increase in the Cuscuton
parameter changes the potential from a triple potential barrier
to a single potential barrier at the brane, which affects the
shape of ϕ accordingly.

Again, since the solution for the warp function A is not
standard but instead arises as a solution of the system of

Fig. 7 Warp function A (y) resulting from the system of Eqs. (50)–(52)
with ψ0 = −1, φ0 = U0 = k = 1 for different values of α
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Fig. 8 Numerical solutions for ϕ(y) (top panel) and U (y) (bottom
panel) from Eqs. (50) to (52) with ψ0 = −1, φ0 = U0 = k = 1 for
different values of α

Fig. 9 Numerical solutions for the Kretschmann scalar K (y) from
Eq. (46) with ψ0 = −1, φ0 = U0 = k = 1 for different values of α

Eqs. (50)–(52), we have computed the Kretschmann scalar
given in Eq. (46) to guarantee that there are no unwanted
divergences in the system. The results are plotter in Fig. 9,
and we see that it also behaves appropriately, for the values
of the parameters used in this case.

4 Stability

In this section we study the linear stability of the gravitational
sector of the f (R, T )−brane in the scalar–tensor represen-
tation. For this purpose, we follow Ref. [32] and take linear

perturbations in the scalar source field φ and the metric gab,
so that φ → φ(y)+ δφ(r, y) and gab → gab(y)+πab(r, y),
where r represents the four-dimensional position vector and
πab is a symmetric tensor, with no component in extra
dimension, and the four-dimensional components are rep-
resented by πμν = e2Ahμν(r, y), where hμν(r, y) satisfies
the transverse and traceless (TT) conditions ∂μhμν = 0 and
h = ημνhμν = 0.

With this prescription, it is possible to show that if the
potential U in scalar–tensor representation is separable as
U1(ϕ) + U2(ψ), then the perturbation of the source scalar
field decouples from the tensor perturbation of the metric. In
this case we can obtain an equation for the tensor perturbation
of metric in the form
(
−∂2

y −4A′∂y+e−2A�(4)− ϕ′(y)
ϕ(y)

∂y

)
hμν = 0 . (53)

In order to better interpret this result, let us consider a
transformation of the form dz = e−A(y)dy, which makes the
metric conformally flat. In this case, the perturbed metric is
written as

ds2 = e2A(z)
[
(ημν + hμν(r, z))dx

μdxν − dz2
]
.

Also, let us rewrite the tensor perturbation as hμν(r, z) =
ξ(r)e−3A(z)/2ϕ−1/2Hμν , where the function ξ(r) obeys the
plane wave equation �(4)ξ(r) = ω2ξ(r). Following these
definitions, Eq. (53) can be written as a Schrödinger-like
equation in the form

(
− d2

dz2 + U(z)
)
Hμν = ω2Hμν , (54)

where the potential U(z) that governs the stability is written
as,

U(z) = α2(z) − dα

dz
, (55)

where the function α(z) is defined as

α(z) = −3

2

d A

dz
− 1

2

d

dz

(
ln ϕ

)
.

For this form, one verifies that the theory remains stable
since Eq. (54) can be factorized in the form S†S Hμν =
ω2Hμν , where S† = −d/dz + α(z), with † denoting hemi-
tian conjugation, and ω2 ≥ 0. The massless graviton state
represented by the zero mode is

H (0)(z) = N0
√

ϕ(z) e3A/2 , (56)

where N0 is a normalization factor that can be computed via
the integration of the zero mode

N 2
0

∫
ϕ(y)e2A(y) dy = 1 .

Let us use this formalism to analyze first the stabil-
ity potential U and the graviton-zero mode H (0) of the
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Fig. 10 Stability potential U(y) (top panel) and graviton zero-mode
H (0)(y) (bottom panel) for the numerical solutions obtained in
Sect. 2.3.1, with ϕ0 = 10 = −ψ0, U0 = k = φ0 = 1, A0 = 4/9,
and A1 = −1/9, for different values of α

solutions obtained numerically in Sect. 2.3.1, which are plot-
ted in Fig. 10. It is clear that even though the boundary con-
ditions and free parameters were tuned in such a way as
to guarantee that the graviton-zero mode of brane features
an internal structure, the Cuscuton term contributes to an
increase in the height of the potential barrier, resulting in an
increase in the depth of the minimum of the graviton zero-
mode and thus emphasizing the separation of the double-peak
structure. The situation is qualitatively the same for the model
presented in Sect. 2.3.2, for which the stability potential U
and the graviton zero-mode H (0) are plotted in Fig. 11.

In what comes to the particular cases studied in Sects. 3.1
and 3.2, there are a few comments to outline. For the partic-
ular case f (R, T ) = F (R) + T , the stability potential U
and the graviton zero-mode H (0) are plotted in Fig. 12. In
these figures, it is clearly visible that even though a single
scalar degree of freedom of the theory is present, i.e., the
scalar field ϕ, the addition of the Cuscuton term allows one
to find solutions with internal structure in zero-mode, a situa-
tion that was unattainable when the source field was assumed
to have standard dynamics, see Ref. [37]. However, the same
is not true for the particular case f (R, T ) = R + G(T ).
In this situation, no matter the choice of free parameters
and the value of α the stability potential is always a double

Fig. 11 Stability potential U(y) (top panel) and graviton zero-mode
H (0)(y) (bottom panel) for the numerical solutions obtained in
Sect. 2.3.2, with ϕ0 = U0 = k = φ0 = A0 = 1, ψ = −5, for
different values of α

Fig. 12 Stability potential U(y) (top panel) and graviton zero-mode
H (0)(y) (bottom panel) for the numerical solutions obtained in Sect. 3.1,
with ϕ0 = −1, U0 = k = φ0 = 1, for different values of α
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Fig. 13 Stability potential U(y) (top panel) and graviton zero-mode
H (0)(y) (bottom panel) for the numerical solutions obtained in Sect. 3.2,
with ψ0 = −1, U0 = k = 1, A0 = 0 for different values of α

potential well, and thus the graviton zero-mode never devel-
ops a double-peak structure, i.e., the brane never develops
internal structure, as we can see in Fig. 13.

5 Comments and conclusions

In this work, we have extender our previous studies of the
f (R, T )−brane models in the scalar–tensor representation
of the theory. We have obtained mostly numerical solutions
for the auxiliary fields, using kink-like solutions as ansatz for
the source field of the brane. The main improvement in com-
parison to our previous works is the addition of the Cuscuton
term in action source of the brane, for which we analyzed the
influence on general case and particular separable cases.

We started by using numerical methods to investigate the
differential equations arising from the more general brane
model in the scalar–tensor representation, with the source
field of brane having dynamics modified by inclusion of the
Cuscuton term. In this situation we have shown that the inclu-
sion of the Cuscuton term, although altering the asymptotic
behavior of auxiliary fields and non-negligibly affecting the
shape of the solutions, it does not introduce any other qualita-
tive modification for the model other than an increase of the
zero-mode split behavior of the gravitational sector stabil-
ity. However, if one considers instead the particular cases for

which a single auxiliary scalar field is present, i.e., the sepa-
rable f (R, T ) = F (R)+T and f (R, T ) = R+G (T ), the
effects of adding a Cuscuton term become much more evi-
dent, inclusively altering the general behavior of the scalar
field potential U and, consequently, the scalar fields them-
selves (either ϕ or ψ respectively, depending on the particular
situation considered).

A particularly interesting result concerns the addition of
the Cuscuton term to the situation where only the scalar field
ϕ is present. The Cuscuton term allows one to induce an
internal structure on the brane even in this situation, whereas
in a previous work [37] we have found that if the source field
presents standard dynamics then no internal structure can
be induced with the scalar field ϕ only. This means that the
Cuscuton dynamics also plays a role in this case, contributing
to change the geometry of the brane, an issue that may modify
phenomenological aspects of particle physics in the F(R)+T
scenario. This motivates other investigations, in particular,
on the entrapment of fermions [48–50]. Moreover, it may
also contribute to change the cosmological behavior under
possible braneworld cosmology scenarios; see, e.g., Refs.
[51,52] and references therein.

The same effect is not present for the model with the scalar
field ψ alone, for which we have shown that, no matter the
intensity of the Cuscuton term, the graviton zero-mode is
always single-peaked on the brane. Thus, it seems like the
scalar field associated to the arbitrary dependence of the func-
tion f (R, T ) in T is per se not fundamental in the develop-
ment of an internal structure, whereas the scalar field asso-
ciated with the dependence in R is essential. This informa-
tion is of current interest, and may guide us toward studies
concerned with the importance of the Cuscuton within the
scalar–tensor representation of f (R, T ) gravity.

We verified that despite the modifications introduced in
this work, the robustness of the brane model has remained
unchanged. This indicates that the modifications are of cur-
rent interest and can be used to analyze other situations as
in the recent study [36] where the authors add the Cuscuton
term in source two-field models that led to new and inter-
esting split behaviors in the warp factor. Following this, an
immediate question to address in future works would be to
analyze whether the split warp factor behavior is maintained
in generalized two-field brane models with scalar–tensor rep-
resentation. Another issue concerning two-field scenarios is
the possibility recently considered in [53], where one also
adds another extra dimension, to search for intersecting thick
brane configurations in a braneworld environment with two
extra dimensions, in (5, 1) dimensional spacetime. This is of
interest since the enlarged scenario may perhaps give rise to
more accurate phenomenology, which motivates the intro-
duction of the Cuscuton dynamics. We can also focus on
the possibility of finding domain wall solutions from cosmo-
logical solutions, searching for first order equations induced
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on the brane [52], within the scalar–tensor representation
of f (R, T ) gravity and, in particular, within the F(R) + T
decomposition and the addition of the Cuscuton term. Dis-
tinct possibilities explored in [54,55] are also of current inter-
est; for instance, in [54] the authors considered the case of
f (R, T 2), with T 2 = TμνTμν , and in [55] the modification
used f (R, T, RμνTμν). We think that such distinct scenar-
ios could also be investigated in the presence of a warped
geometry with a single extra dimension of infinite extent in
the presence of the Cuscuton term. These and other issues
are under investigation and we hope to report on some on
them in a future work.
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