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Abstract We investigate the strong deflection gravitational
lensing by an Einstein—Lovelock ultracompact object. Its
unique features are the relativistic images inside its photon
sphere which are absent for an Einstein—Lovelock black hole.
We obtain its lensing observables and evaluate their observ-
ability for the direct images of two supermassive black holes
in the Galaxy and M87 respectively, Sgr A* and M87%*, and
for the relativistic microlensing on a star closely around Sgr
A*. We find that although it is impossible to tell difference
of the ultracompact object from the black hole in Einstein—
Lovelock gravity by the direct images, it might be possible
to distinguish the Einstein—Lovelock ultracompact object by
measuring the total flux of the relativistic microlensing in the
not-so-far future.

1 Introduction

Detection of gravitational waves from binary black holes [1-
6] and directly imaging the supermassive black hole M&7*
at the center of the giant elliptical galaxy M87 [7-12] not
only reveal that black holes are abundant in the Universe, but
also provide new means to study the laws of physics in the
strong gravitational fields. A black hole with an event horizon
and a central singularity is a fundamental object predicted
by Einstein’s general relativity. However, the existence of
the event horizon blocks the connection between the interior
and exterior regions of the black hole, resulting in Hawking
radiation and the information loss problem, while the singu-
larity straightforwardly causes the breakdown of the general
relativity.

Before a quantum theory of gravity solves these problems
once for all, some alternative ways might also be consid-
ered to eliminate the singularity, such as replacing it with a
regular core, with a bouncing geometry, or with quasi-black
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holes (see Ref. [13] for a review and references therein). For
erasing the event horizon, one might, somehow, construct an
exotic compact object which is more massive than a neu-
tron star but without the event horizon. As a subclass of the
exotic compact objects, an ultracompact object is horizonless
but with a photon sphere [14]. There are so many proposals
for the ultracompact objects, but there are also as many as
unknowns (see Ref. [15] for a review and references therein).

Recently, the 4-dimensional regularized Einstein—Lovelock
theory of gravity has drawn much attention [16,17]. Such
a regularized theory can evade the Lovelock theorem [18],
which states that only the metric tensor and Einstein ten-
sor contribute to the dynamics of 4-dimensional spacetime.
Besides usual black holes in this theory [16,19-21], regular
black holes are also admitted in the Einstein—Lovelock theory
[22]. We find that ultracompact objects are as well permitted
in such a theory. Although it is crucial for understanding the
nature of these objects, the physical properties and obser-
vational signatures of the Einstein—Lovelock regular black
holes and ultracompact objects are barely known.

An ultracompact object has different features from a
black hole in gravitational and electromagnetic waves [15].
In gravitational-wave observation, echoes in the ringdown
phase [23-27] would be a smoking-gun for the ultracom-
pact object. However, a conclusive detection of these echoes
might have to wait for next-generation gravitational waves
detectors [14]. Considering recent success of radio and
infrared interferometry, such as the Event Horizon Telescope
(EHT) [7] and GRAVITY [28], we will focus on the behavior
of the Einstein—Lovelock ultracompact object which can be
accessed by the electromagnetic waves, especially signatures
in the strong deflection gravitational lensing.

With a deflection angle much bigger than 1, photons in the
strong deflection gravitational lensing wind more than once
around the photon sphere (unstable light ring), leading to a
series of relativistic images in the very close region outside
the photon sphere [29] and a “shadow” inside it (see Refs.
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[30,31] for reviews and references therein). The direct image
of M&87* by EHT [7-12] makes it possible to observe the
strong deflection gravitational lensing by a black hole , which
would provide more understandings about the black holes
[32-39] and a useful way for testing them [40-51]

The general character of an ultracompact object is the
antiphoton sphere (stable light ring) which is located inside
the photon sphere [52,53]. Under general circumstances, an
asymptotically flat black hole has a photon sphere [54], while
there are examples of hairy black holes with an antipho-
ton sphere [55] and of non-asymptotically flat black holes
without any light rings [56]. As a result, besides relativis-
tic images outside the photon sphere, the strong deflection
gravitational lensing by the ultracompact object can form
relativistic images inside the photon sphere [57], and might
have very different observables for various objects [58—73].

Inspired by these works, we will investigate the strong
deflection gravitational lensing by the Einstein—Lovelock
ultracompact object and pay close attention to its signa-
tures in its direct image and relativistic microlensing where
the outer and inner relativistic images are all involved. In
Sect. 2, we give a brief introduction of the 4-dimensional
regularized Einstein—Lovelock gravity and its solutions of
the regular black hole and ultracompact object in one special
case. After analytically studying its strong deflection gravita-
tional lensing by the Einstein—Lovelock ultracompact object
in Sect. 3, we intensively examine its observables and discuss
their observability for the direct images of the supermassive
black holes in the Galactic Center, Sgr A*, and in the galaxy
MS87,M87*,in Sect. 4 and for the relativistic microlensing on
a star closely around Sgr A* in Sect. 5. Finally, we conclude
and discuss our results in Sect. 6.

2 Einstein—-Lovelock ultracompact object

The Lagrangian density of the Einstein—Lovelock gravity in
the D-dimensional spacetime is given by (G = ¢ = 1) [18]

k

L= L Z Ok SHIVI- 4 vk
8T Zkk T101...0k Pk
k=1
0101 Ok Pk
XRMIVI "'Rﬂkvk ’ (D
MAVI- g Vk :
where 86, p,..01p, 15 the generalized Kronecker delta,

Ry v 7P is the Riemann tensor, oy = 1 and a; (k =
2,3,---) are arbitrary constants. Its resulting equations of
motion for the metric tensor g,,, read [74]

k
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Such a Lagrangian diverges as D — 4, while regular terms
arise in the field equations for D > 3. With the methodol-
ogy proposed in Refs. [16,17,75], a 4-dimensional static and
spherically symmetric spacetime with mass 7, can be found
as

ds? = —A(r)di® + B(r)dr? + C(r)(d6?* + sin® d¢p?), (3)
where A(r) is defined through a new variable 1 (r) as

A(r) =[BOI ' =12y, 4
C(r)=r?, Q)

and v (r) satisfies the algebraic equation

k
2m,
P (1= Y @t = =58, ©)
k=1
where
a 2k—2
a=—[[>-2-p) (7
p=1

In order to solve the metric tensor (3) from the field Eq.
(2), the expression of P[v(r)] must be specified. With the
choice of k = +oo that was first proposed in Ref. [76] and
with the assumption adopt in Ref. [22] that P[y/(7)] could
be taken and expanded as

1
Py (r)] = — arcsin(ne )

1 3
=+ gy o ®)

where the parameter 7, with the dimension of [length]? has
to be introduced to balance the dimension of Eq. (6), the
explicit form of  is, therefore, found as [22]

I . [(2nem,
Y (r) = — sin 3 . )
Ne r
By comparing Eq. (8) with Eq. (6), one can obtain that
2
~ ~ ~ Mo ~ ~ 3 4
:1, :0, = —, :O, = — R 10
ay a o= a5 = 757 (10)

When n, = 0, the metric (3) returns to the one of the
Schwarzschild black hole. As n, <> —ne, A(r) remains
unchanged so that we can simply focus on n, > 0. The
spacetime (3) is asymptotically flat as r — 400, while A(r)
is finite and unity as r — 0. In order to ensure the existence
of the event horizon(s) that [B(r)]~! = A(r) = 0 has real
and positive root(s), we find that the dimensionless parameter

n= - (11)

= m_%
must belong to the domain

Drn = {n |0 <n < nu ~ 2.38617}, 12)
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so that the spacetime (3) describes a regular black hole. Oth-
erwise, it represents a horizonless object if 1, > ny.

Based on the geodesic motion of a photon in the equator
of the spacetime (3), its radial equation of motion is

2 4 L*Vege(r) = EZ, (13)

where A(r)B(r) = 1 is used, E and L are respectively the
energy and angular momentum of the photon, and the effec-
tive potential per L2 is

A(r)
C(r)

An unstable circular light ring, which is also called the photon
sphere, exists as long as the conditions that Vi, (rm) = 0
and Vi, (rm) < 0 are satisfied for a positive radius r,, where
" denotes the derivative against r. When n, = 0, ry, returns
to its value for the Schwarzschild black hole 7y sch = 3 m,.
The radius rg, of the gravitationally lensed photon sphere as
observed at infinity is [77]

Vette (r) = (14)

m

NI TE
When 1, = 0, rg, goes back to the one of the Schwarzschild
black hole rgh sch = 3+4/3 m,. This radius casts a shadow for
a black hole. However, such a “shadow” might no longer be
applicable for a ultracompact object, since there is no event
horizon and consequently no photon absorption. For later
convenience, we define the following dimensionless quanti-
ties that

15)

x= L =M = (16)
Me Me Me
and
Verr (x) = m2 Vegre (x), (17)
2

Vetr 1 (x) = m Vo (r) = — P(x), (18)

where
2n

P(x) =3cos = | (19)
X

Since V/;, (rm) = 0 is equivalent to P(xp) = 0 for any
positive ry, and x,, we can immediately obtain that xy, is no
more than 3.

We find that there is an interesting feature about the
(dimensionless) radius of the photon sphere. It suddenly
jumps from xp, ~ 2.56210 down to x, =~ 1.21506 as n
increases and crosses ny & 4.60077, because the oscillating
nature of the sine function in A(r). Figure 1 shows such a
jump of P (x) for two cases with n = 4.2 and n = 5.2 where
the black dots denote their dimensionless radii of the photon
spheres xp,. The radius of the gravitationally lensed photon
sphere shares the same behavior due to its directly connection
with the photon sphere through Eq. (15). The top and middle

T

Fig. 1 P(x) for n = 4.2 (top) and n = 5.2 (bottom) are shown. The
dimensionless radius of the photon sphere x, (denoted by black dot)
jumps from about 2.5 (top) to about 1.2 (bottom)

Tm

Tsh
=

xa
[\

102 101 1 10 102

Fig. 2 The (dimensionless) radii of the photon sphere xy, (top), the
gravitationally lensed photon sphere xg, (middle) and the antiphoton
sphere x, (bottom) with respect to 1. The blue shadowed region of xg,
is consistent with the EHT observation [78], while the grey shadowed
domain of 7 is ruled out

panel of Fig. 2 demonstrate xy, and x4, with respect to 1 and
their sudden changes near n = ny. However, this theoretical
behavior is not supported by practice. Based on the direct
image of M87* [7—12], it was found [78] that the size of the
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Fig. 3 A(x) (top) and Vg (bottom) with respect to x fro some n

MS87*’s shadow is consistent within 17% at 68% confidence
level with the predicted size of the general relativity. Follow-
ing the approach of Ref. [78], we obtain a preliminary bound
on (dimensionless) n as 0 < n < ny and rule out the domain
of n > nu by EHT observation as the middle panel of Fig. 2
shown since its xg, is outside the allowable area given by
EHT. Here, we do not take the spin of the central compact
object and its inclination into account, whereas their overall
influence on the size and shape of the shadow is less than
4% and 7%, respectively [79]. We think that this bound on
n might be valid at the leading order and the EHT measure-
ment might be adequately adopted for testing the irrational
spacetime (3). According to Eq. (11), n, for various systems
could still be distinct even if 7 is fixed, since their m, are
different.

Meanwhile, a stable circular light ring, which is called
the antiphoton sphere [57], exists if Ve’ff. (r) = 0 and
Viise(ra) < 0 for a positive radius r,. The antiphoton sphere
starts to emerge when n grows over ny. As 17 increases further,
the photon and antiphoton spheres will become closer to each
other and eventually disappear atn = ny such that Vj;, = 0.
Since the domain of > ny is disfavored by the EHT obser-
vation on M87* [78], we will not consider its antiphoton
sphere. Therefore, a horizonless spacetime (3) with both pho-
ton and antiphoton spheres is called an Einstein—Lovelock
ultracompact object by demanding that

Dyco=1{nlnu <n < nu} (20)
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Figure 3 displays the variation of A(x) and Vg for some
n € Dyco respectively in the top and bottom panels. For an
Einstein—Lovelock ultracompact object, it has no event hori-
zon that A(x) = 0 has no roots, and it has the photon and
antiphoton spheres that V¢ has the minimum and maximum
points until they merger into one as  — ny. Due to the
oscillating behavior of A(r), which can be seen in the upper-
left corner of the top panel of Fig. 3, Vet o< A(r) does have
other extrema besides those shown in the bottom panel of
Fig. 3, also see Fig. 1. In order to more clearly show this out-
ermost pair of extrama of Vegr and their change with respect
to n, we choose to zoom in this sub-figure and keep other
extrema out. Such an outermost pair can generate the most
significant inner and outer relativistic images, since they have
the smallest Ve and the biggest impact parameters, which
are proportional to Ve;fl 2 (see Sect. 3 for details). We only
consider these leading lensing effects of the outermost pair
in this work and leave other subtle effects in our next move.
The bottom panel of Fig. 2 shows the (dimensionless) radius
X, of the antiphoton sphere with respect to n where we define

Fa
Xg = —. (21)
Me
In the following sections, we will investigate the strong
deflection gravitational lensing by an Einstein—Lovelock

ultracompact object and detailedly analyse its observables.

3 Strong deflection gravitational lensing

In the spacetime (3) as a lens, the path of a photon emitted
would be deflected by an angle as [80]

a(rg) =2 (22)

/ e dr

-,
ro r/[r2u=? — A@r)]
where A(r)B(r) = 1 is used, rg is the closest approach of
the photon and the impact parameter u is

u= 10 (23)

VA(ro)
When rg 3> m,, the deflection angle & will be much less
than 1, resulting in the weak deflection gravitational lens-
ing. When r( approaches to ry,, & will increase and eventu-
ally explode. In order to characterize the relation among the
images, the source, the lens and the observer, we take the
lensing equation as [32,33]

tan B = tan ¢ — Drs [tan® + tan(@ — 9)], (24)
Dos
where the angular positions of the source and the lensed
images are respectively denoted by B and ¢}, and the dis-
tances from the source to the lens and to the observer are
respectively indicated by Dy s and Dps. The magnification
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is defined as the flux ratio of the lensed image to the unlensed
source, which reads [81]
sinBdB|™!

sin® do|

(25)

Before we proceed, it is worth mentioning that the
Schwarzschild black hole, the Einstein—Lovelock regular
black hole and ultracompact object have the same Taylor
expansions of A(r) and B(r) in terms of m4r~! up to the
order of O(mf r~©). Therefore, these spacetimes have indis-
tinguishable signatures in the weak deflection gravitational
lensing, such as the deflection angle, the positions and mag-
nification of images, and the centroid (see Appendix A for
details). It also suggests that the strong deflection gravita-
tional lensing might be the way to tell their difference.

In the scenario of the strong deflection gravitational lens-
ing by an Einstein—Lovelock ultracompact object, the diver-
gence of the deflection angle generates a set of infinite rel-
ativistic images outside and inside the photon sphere. For a
photon with r9 > rp, it can form a relativistic image out-
side the photon sphere and its deflection angle in the strong
deflection limit is [34,38]

& (u) = —ay log (ui - 1) by

m

+O[(u — um) log(u — um)]1, (26)

o9

where and hereafter a quantity with a subscript “m” means
its value at the photon sphere rp,, €.g., um = u(rm). The
coefficients of the strong deflection limit in Eq. (32) are [38]

2
= |— = 27
TN AL — CuAL @7

_ C// A//
by = —m +aylog I:FI%I<C_m — A_m):| + 14 (rm), (28)
m m
where
1 Fm Cnm ay
I (rm) =2 — T |d
+rm) /0 [(1 —z)z\/mmcz — A.Cn)C. |z|} ’
(29)
r=1-12 (30)

r

9

and a quantity F' with subscript “z” means
F.=F[r(2)] = Flrn(1-2)7"]. (€29

For a photon with r9 < ry, it will generate a relativistic
image inside the photon sphere and its deflection angle in the
strong deflection limit is [57]

u> -
a_(u) = —a_log (—‘; — 1) +b_
u

+O[(uE, — u?) log(uz, — u?)], (32)

where
a_ =2ay, (33)
b — 2 2 (G _ An (1w _
b_ = 2a4 log |:2rm<cm Am) ( e l)]
+1_(ro) —m, (34)
! Fm Ce ay
I_(re) =2 - ldz.
e /1_ [(1 — 22\ (AcC; = A.CoC: d )
(35)

Here r. satisfies the equation Veg(re) = Ver(rm) and the
condition r. < rny; and a quantity with subscript “c” denotes
its value at r..

In the strong deflection gravitational lensing, we assume
that the source, the lens and the observer are in a nearly
collinear alignment so that the lens Eq. (24) can be simplified
as [82]

B=1yv— ﬂ[&(ﬂ) — 27,
Dos

nel. (36)
For the outer relativistic images, their deflection angles have
a(®) = ay(u) where u = 9 DoL, and the outer relativistic
Einstein rings ﬁEn with o4 = 2nm are located at

u
A —_ | , 37
+n Do (I+eqn) (37)
where
by —2
ein = eXp (+—””> (38)
at

As n — oo, we can have the apparent angular size of the
photon sphere as

u
oo =0E = . 39
The outer relativistic images ¥4, are located at [34]

D = 9F, 4 LmeenDOS 5 e (40)

T @, Dol Dis o
and their magnification based on (25) are [34]
2
umDos
=—"-—— (1+ey,)er,. 41

M+n (3+BD(2)LDLS ( +n)e+n 41

For the inner relativistic images, their deflection angles have
@(¥) = &_(u), and the inner relativistic Einstein rings 9F,

with «_ = 2nm are located at [57]
u
D 42
" DoLT+ e, “2)
where
b_ —2nm
e_n=exp| ——). 43)
a_
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As n — oo, we can have the apparent angular size of the
antiphoton sphere as

9E =" g, (44)

~ DoL
which is exactly the same as the one of the photon sphere.
The inner relativistic images ¥_, are located at [57]

) B —»E
9, = ﬁEn . ’/ime nDos ( y;) ’ (45)
2a_Dor,Dis (1 +e_,)3/?
and their magnification are [57]
2
us, Dos e_
Ii—n “ - (46)

" 2a_BD3 Dis (L +e_p)?

With these positions and magnification of the outer and
inner relativistic images, we will intensively discuss the
observables of the direct imaging of the supermassive black
holes Sgr A* and M87* and of the relativistic microlensing
by Sgr A*.

4 Direct images of Sgr A* and M87*

Since it is almost impossible to distinguish an ultracompact
object from a black hole through gravitational wave [15],
we might assume that Sgr A* and M87* would be either
the Einstein—Lovelock regular black holes or the Einstein—
Lovelock ultracompact objects respectively with the mass
Msgrasx = 4.28% 100 M and the distance Dor sgras = 8.32
kpc [83] and with Myig7s = 6.5 x 10° M and Dop Mg7s =
16.9 Mpc [12].

If the innermost and outermost relativistic images could
only be separated and all of the others would be packed
together at the photon sphere 6, the separations among these
relativistic images can obtained as

Si’jEl?i—l?j, (47)

and their differences in brightness can be found as

Am; ;= 2.51og, (ﬂ> (48)
M j

where i, j = —1, 0o, 1 are respectively taken for the inner-

most relativistic image, the photon sphere and the outermost
one. With the help of u;, < Doy, for Sgr A* and M87*, we
can simplify these observables as

S+1,00 = B0l 1, (49)
Soo,—1 = Osoll — (1 + e, (50)
S41,—1 = Oso[l + e — (1 + e~ 12, (51)
Amyi o = 2.5logol(usn) er1 (1 +es)], (52)

Am_j oo = —2.510go[41snle—1) (1 +e_)?,  (53)

€+1 2
Amyy,—1 = 2.5log [4e—(l +er)(l+e_y) } (54)
-1

@ Springer

where the brightness of the packed at the photon sphere con-
tributed by the inner and outer relativistic images so that its
magnification reads

o
psh =D () + (o))
=

o0 e
- Z[(1+e+,~)e+,~+4(l+—e’ﬂz}. (55)

j=2

The angular separation between the outermost relativistic
image and the photon sphere is denoted as 541 , the one
between the photon sphere and the innermost relativistic
image is indicated as s —1, and the one between the out-
ermost and innermost images is denoted as syj —j. The
brightness differences among these images are respectively
Amyy o0, AM_1 o and Amy —y. Although all of the angu-
lar separations are proportional to the apparent size of the
photon sphere which relies on the mass m, and the distance
DoL, their brightness differences are independent of these
two properties of the lens.

From top to bottom, Fig. 4 shows the angular observables
Oo0s S+1,005 Soo,—1 and s_p 41 for the Einstein—Lovelock reg-
ular black hole (if applicable) on the domain Drpy and for
the Einstein—Lovelock ultracompact object on the domain
Duco in the cases of Sgr A* and M87*. The apparent radius
of the photon sphere 0, shrinks as 7 increases as shown in
the top panel of Fig. 4. It means that the Einstein—Lovelock
regular black hole has a smaller 6, than the Schwarzschild
black hole (when n = 0), while O of the Einstein—Lovelock
ultracompact object will be the smallest. For Sgr A*, 6
decreases from 26.3 jLas to 26.2 jLas on Drpy, and it contin-
ues to descend to 25.6 pLas on Dyco. For M87%*, 6, decreases
from 19.7 pas to 19.6 pas on Drpy and reduces from 19.6
pas to 19.1 pas on Dyco. We find that the apparent sizes of
the photon sphere 6, of the Einstein—Lovelock regular black
hole and ultracompact object can be observed with EHT,
while their deviation from the one of Schwarzschild black
hole are no more than 0.7 pas, which is beyond the current
ability of EHT [7]. Therefore, it is impossible to distinguish
the Schwarzschild black hole, the Einstein—Lovelock regu-
lar black hole and the Einstein—Lovelock ultracompact object
solely based on the apparent size of the photon sphere of Sgr
A* and M8T*.

From the second panel of Fig. 4, we can find that as
n increases, the angular separation between the outermost
image and other packaged images on the photon sphere s 1«
increases monotonically on Dgrpy, while it grows further to
a peak and decreases on Dyco. For Sgr A*, 511,00 on DrH
can reach about 42 nanoarcsecond (nas), which is 1.25 times
bigger than the one of the Schwarzschild black hole (in the
case of n = 0), and it can arrive at the peak of 95 nas on
Duco. For M87%, 541, is at the level of 31 nas on Drpy
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Fig. 4 The apparent radius of the photon sphere 0, and the angular
separations between relativistic images $41,00, Soo,—1 and s41,_1 are
shown with respect to n for an Einstein—Lovelock regular black hole
(if applicable) and for an Einstein—Lovelock ultracompact object in the
cases of Sgr A* (blue) and M87* (red)

and its peak on Dyco is about 71 nas. Although 541 o has
very different trends on Dyco from those on Drpy, its val-
ues on these two domains are too tiny to resolve, meaning
that it is unable to distinguish the Schwarzschild black hole,
Einstein—Lovelock regular black hole and Einstein—Lovelock
ultracompact object through measurement on 541 « in the
near future.

The third and forth panels of Fig. 4 show the angular sep-
arations between the packaged images on the photon sphere
and the innermost image s, —1 and between the outermost
image and the innermost one s41,_1, respectively, both of
which are unique observables for the Einstein—Lovelock
ultracompact object since the Einstein—Lovelock regular
black hole has no inner relativistic images inside the pho-
ton sphere. They decrease monotonically as the increment of
n on Dyco. Moreover, s41,—1 and so,—1 share almost the

—— RBH (SgrA*/M87*) —— UCO (Sgr A* /M8T*)

7.0

Amiy, o (mag)

ER
g
8
T
R
ol Not applicable RBH
0: ' -
RBH,UCO
» -l
<
g
il
g
<

Not applicable

0 1 2 3 4

Fig. 5 The brightness differences Am 1 00, Am_1,00 and Amyy
with respect to n for an Einstein—Lovelock regular black hole and for
an Einstein-Lovelock ultracompact object in the cases of SgrA* and
M87*

same shape since their difference 51,1 — Soo,—1 = S+1,00
is significantly less than both of them. For Sgr A*, so0 —1
and s41,—1 reduce from about 2.8 jLas to about 0.8 pas; and
for M87%, they decrease from about 2.0 pas to about 0.8
pas. Although s+, —1 and s41,—1 can reach the level of a few
pas which is at least 20 times bigger than sy ~, they are
close to but still beyond the current resolution of EHT [7].
It also suggests that it is not feasible to tell difference of the
Einstein—Lovelock ultracompact object by its inner relativis-
tic images.

Figure 5 shows the brightness differences between the
outermost image and other packaged images on the photon
sphere Am | ~, between the innermost image and the pack-
aged images Am_1, o, and between the outermost and inner-
most ones Am 1 1 from top to bottom, respectively. Since
these observables depend on 7 only, instead of the mass and
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the distance of the lens, Sgr A* and M87* have the same
curves of them. From the top panel of Fig. 5, Am_ o on
Drpy indicates that the outermost image is brighter than the
packaged images by about 6.4—6.8 mag. However, Am 1
on Dyco suggests that the outermost image is fainter than the
packaged images by about 0.2—0.8 mag, because the inner rel-
ativistic images of the ultracompact object on photon sphere
brighten the packaged images. These two totally different
behaviors provide a straightforward way to distinguish an
Einstein—Lovelock ultracompact object from an Einstein—
Lovelock regular black hole as long as the outermost rela-
tivistic image can be separated. The middle and bottom pan-
els of Fig. 5 show Am_1 o and Am1, 1, both of which are
unique features of the inner relativistic images of an ultra-
compact object. Am_1 o on Dyco indicates that the inner-
most relativistic image is brighter than the packaged images
on the photon sphere by about 0.5-2.7 mag, while Am 1 _;
on Dyco means that the outermost relativistic image is fainter
than the innermost one by about 0.5-3.5 mag. Neverthe-
less, the angular separation between these relativistic images
are too small to resolve for current ground based radio tele-
scopes array, making it impossible to detecting and testing
the Einstein—Lovelock ultracompact object.

In a summary, after analysing the angular separations
and brightness differences between the inner and outer rel-
ativistic images, we find that (1) both the angular separa-
tion and the brightness of the innermost relativistic image
of the Einstein—Lovelock ultracompact object are more sig-
nificant than those of the outermost relativistic one; (2) the
observables in the strong deflection gravitational lensing by
the Schwarzschild black hole, the Einstein—Lovelock regu-
lar black hole on Drpy and Einstein—Lovelock ultracompact
object on Dyco are all consistent with the measured size of
MS87*’s shadow by EHT; and (3) it makes these three space-
times indistinguishable currently due to the lack of higher
angular resolution.

This situation triggers us to look for some gravitational
lensing observables without resolving the lensed images.

5 Relativistic microlensing

In the scenario of the weak deflection gravitational lensing by
a point mass, two lensed images are formed. When these two
images are unable to be resolved, it leads to microlensing with
two fundamental observables that are the total magnification
and the centroid of the lensed images. With plenty of projects
[84-89] monitoring the resulting brightness change of stars,
microlensing has been a very important tool in astronomy
for searching the unseen components of matter and deter-
mining the mass and distance of the lens [90-97]. The weak-
deflection picture of microlensing was extended by consid-
ering a black hole as the lens [98], which brings the (outer)
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relativistic images in the strong deflection gravitational lens-
ing into the total magnification and the centroid, turning into
the relativistic microlensing. It was shown [98] that, in the
case of Sgr A* as the lens, when the lens-source distance is
more than 10 pc, the relativistic correction due to the outer
relativistic images of the Schwarzschild black hole to the
microlensing effects are extremely tiny, far beyond the tech-
nology in the foreseen future. However, we will show that the
correction due to the inner relativistic images of the Einstein—
Lovelock ultracompact object to the microlensing might be
bigger than those due to the outer relativistic images of the
Schwarzschild black hole and the Einstein—Lovelock regular
black hole by a factor of 100 and demonstrate a potential pos-
sibility of testing the Einstein—Lovelock ultracompact object
by the relativistic microlensing on a star whose pericenter
distance to Sgr A* might reach the level of less than 18 au,
just like the S62 star [99].

In the case of the weak deflection gravitational lens-
ing, the closest approach of the photon r(y is much larger
than m, so that the metric (3) can be expanded in terms
of mer~!'. We, therefore, show in Appendix A that the
Schwarzschild black hole, the Einstein—Lovelock regular
black hole and the Einstein—Lovelock ultracompact object
share the same Taylor-expand form of their metrics up
to the order of O(m%r~%), making them indistinguishable
from the microlensing observables with current technol-
ogy. These observables of the total magnification and the
centroid for the Schwarzschild black hole are already well
known [98] and they are listed in Appendix A for self-
completeness. We will focus on the relativistic microlensing
by the Einstein—Lovelock ultracompact object in this sec-
tion, since the observables for the Einstein—Lovelock regular
black hole can be easily recovered from those of the Einstein—
Lovelock ultracompact object when the contribution from the
inner relativistic images is discarded.

Based on Eq. (40), the positions of the positive- and
negative-parity outer relativistic images can be found as [98]

um Dos

ﬁj-:n = iﬁ—ﬁE—n + ern(BF I?En)’ (56)

ay DrsDop

and, with the help of Eq. (41), their magnification can be
obtained as

2
u;, Dos

——— (1 + eqn)etn. 57
C_l+BD(2)LDLS( +n) +n ( )

+ _
Hip =

The total magnification for the outer relativistic images is

o0
M—F,[O[ = Z(:u’in + /*L-T-n)

n=1
2“,2,,DOS ad
= 2nDOS S er (58)
a+BD(2)LDLSnZ:; e
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Likewise, based on Eq. (45), we can have the positions of the
positive- and negative-parity inner relativistic images as

umDos  e—n(BFVE))

ot =49 — , 59
- " 2a_DisDor (1+e_y)3/? 69
and, from Eq. (46), we can find their magnification as
2
D _
uE, S 08 o (60)

" 2a_BD, Dis (1+e_p)?

The total magnification for the inner relativistic images is

o0
Bt = Y (E, 4+ 1T,

n=1
_ u2, Dos - e_n ©1)
EZ_BD%LDLS I 1+ e—n)z.

Therefore, the relativistic total magnification of the outer and
inner relativistic images is

2u2 DosG

— g (62)
a+BD(2)L Drg

Mgt = Mt tot + M—tor =
where Eq. (33) is used and G is a summation on all the rela-
tivistic images as

o
€—n
G = [l—i-e ; +—]. 63
; (U exmesn + g (63)
For the Einstein—Lovelock ultracompact object, its total mag-
nification for the relativistic microlensing with all the images
in the weak and strong deflection gravitational lensing is

Mtot = M;Y)t + Mfot = :Uvr(/)t + K+ tot + M- tot) (64)

where 5, comes from the contribution of the positive- and
negative-parity images in the weak deflection gravitational
lensing and its expression can be found in Eq. (A.8). It
is worth mentioning that, in Eq. (64), its first two terms
have been given in the total magnification of the relativistic
microlensing for a Schwarzschild black hole considered in
Ref. [98], while the third term is unique for an ultracompact
object.

As a natural extension of the concept in the microlensing,
the centroid of the relativistic microlensing by the Einstein—
Lovelock ultracompact object is defined as a magnification-
weighted summation of all the positive- and negative-parity
images in the weak and strong deflection gravitational lensing
that is

o
Scen = [ﬂﬂﬁ AR S AR )

HMtot el

o
+2_0%ut, + ﬁ_nu_p}

n=1
/L;)(V)t w Mfot S

= sy o Ztotgs (65)

Mot en Mot oen

where the centroid S, of the lensed images in the weak
deflection gravitational lensing can be found in Eq. (A.9) and
the relativistic centroid S%, = of the outer and inner relativistic

cen
images is
Bu,, D
. m0S fg_l
2a4 DoL Drs

SSn =

cen

: (66)

with F being a summation on all the relativistic images as

00 2
F=y [2(1 +ern)ed, — ﬁ} 67)

n=1

As a comparison with the relativistic centroid considered in
Ref. [98], the contribution from the inner relativistic images
is unique for an ultracompact object.

Recently, S62 was discovered [100] and confirmed [101]
as a star on a 9.9-year orbit around Sgr A* with the peri-
center distance rp s62 = 17.8 au = 421.3 mq sgra«- Its veloc-
ity at the pericenter can reach about 6.8% of the speed of
light [100], which is vy s62 = 2.053 x 10" ms~!. Although
the S62 star would be gravitationally lensed by Sgr A*,
the effect is expected to be very weak due to the lack of
perfect alignment of them. However, astronomical observa-
tions indicate [99] that there might be a population of faint
fast-moving stars around Sgr A* with periods < 10 yr. We
consider a yet-to-be discovered star of this population as a
source with Dogs = rp s62. Itis assumed to be relativistically
microlensed in a nearly collinear configuration by Sgr A*,
which is hypothesized as an Einstein—Lovelock ultracom-
pact object. Its angular Einstein ring radius, see Eq. (A.4),
is 9g = 0.208 mas. We assume that the star will cross the
Einstein radius with vg = v}, s62. Its Einstein radius crossing
time is defined as

__ UeDoL

VE

e =3.51h, (68)

which characterizes the duration of the relativistic microlens-
ing event. Since #g is much shorter than the orbital period of
the star ~ 10 year, its motion during crossing the Einstein ring
is able to be approximated to a linear motion with the con-
stant speed vg. Therefore, the angular position of the source
can be parameterized as

B 5 (t —19)?
= — = . —_—, 69
B . +/ Brin T 2 (69)

where Bnin 1S the minimum angular separation between the
lens and the source in the unit of ¥g and 7y is the time that
arrives Bmin. We will examine whether it is possible to dis-
tinguish the Einstein—Lovelock ultracompact object from the
Schwarzschild black hole and the Einstein—Lovelock regular
black hole in this context.

Figure 6 shows color-indexed magnification py, i+ ot
and fuyor on the domain of (1, B) (left column) and their time
evolution during crossing the Einstein ring (right column). As
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shown in Appendix A, the total magnification of the images
in the weak deflection gravitational lensing p}, depends on
B only and is irrelevant to 7, see Fig. 6a. It increases with
B and ranges from 1 to about 100. In the time domain, ),
reaches its peak when B arrives its minimum, as demon-
strated in Fig. 6b. The total magnification of the outer rela-
tivistic images in the strong deflection gravitational lensing
M+ .tor grows with the increment of 1 roughly, ranging from
~ 10795 to ~ 10739, see Fig. 6¢c. In the time domain, we
can clearly see from Fig. 6d that, for a fixed S;in, a bigger n
can make the overall outer relativistic images brighter, i.e. a
bigger (14 or. Contrary to pi4 1o, the total magnification of
the inner relativistic images in the strong deflection gravita-
tional lensing ju_ or decreases with the growth of n roughly
and its value can reach from ~ 107° to ~ 1072, see Fig. 6e.
In the time domain shown in Fig. 6f, when the B, is cho-
sen, a smaller n makes the light curve have a bigger peak of
— 1ot meaning that the overall inner relativistic images is
brighter. Since 11— (o is typically 10 times larger than pt (or
for the same given 1 and g, it suggests that the flux of all
inner relativistic images in the relativistic microlensing is
about 10 times brighter than the one of all outer relativistic
images. It also implies that the Einstein—Lovelock ultracom-
pact object might have a brighter peak in the light curve than
the Einstein—Lovelock regular black hole, making it easier to
detect by photometry, because the much brighter inner rela-
tivistic images are a unique feature for ultracompact objects.
The total magnification of all images i in the relativistic
microlensing and its time evolution look very much like those
for the images in the weak deflection gravitational lensing
due to the faintness of the outer and inner relativistic images,
see Fig. 6g, h.

For the total flux observed in practice, we define the fol-
lowing indicators to describe the fractional contributions
from different images that are

w
= ot po=E= 0

5 +
Mtot Mtot Mtot

M+ tot
= and

Pw

which count the contributions from the images in the weak
deflection gravitational lensing, the outer and inner rela-
tivistic images in the strong deflection gravitational lensing,
respectively. From top to bottom, Fig. 7 shows color-indexed
pw and p1 on the domain of (1, B) (left column) and their
time evolution during crossing the Einstein ring (right col-
umn). As 1 — py displayed in Fig. 7a, the fractional contri-
bution from the images in the weak deflection gravitational
lensing is very close to 1, meaning that it dominates the total
flux. Although u{¥; is immune to 7, its fractional ratio py, is
not by definition, see Eq. (70). It increases with the growth of
n and B, and is able to reach ~ 0.9999. Figure 7b shows some
time evolution of 1 — py, on the time domain. For a given S,
a smaller 1 can result in a bigger peak value of 1 — py,, corre-
sponding to a smaller py,. For a fixed n, a smaller minimum
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angular separation SBni, can make the peak value of 1 — py
bigger. The fractional contribution of the outer relativistic
images p4 grows with the increment of 1 and stays at the
level of ~ 10~° as shown in Fig. 7c. In the time domain,
when g is fixed, a bigger 1 allows p4 to have a larger peak
value, see Fig. 7d. Unfortunately, since p4 ~ 107 is so tiny,
it is far beyond the current precision of space-borne photom-
etry about 300 parts per million (ppm). Different from p,
the fractional contribution of the inner relativistic images p—
decreases with the growth of n as shown in Fig. 7e. It might
reach the level of ~ 10~* which is almost 100 times bigger
than p4. In the time domain, after 8 is chosen, a smaller n
renders p_ with a higher peak, see Fig. 7f. Although p_ is
about 100 ppm which is still less than the current photometric
resolution by a factor of 3, it might be possible to distinguish
p— based on its unique dependence of n by a dedicated space-
borne equipment in the foreseen future if Sgr A* is in its qui-
escence, implying that the Einstein—Lovelock ultracompact
object would be more detectable than the Einstein—Lovelock
regular black hole.

Another observable in the relativistic microlensing is the
shift of the centroid. In the weak deflection gravitational lens-
ing, it is well known that the centroid shiftis [92,95,102,103]

_ B
-3

and its trajectory is an ellipse with the axis ratio of
Bmin (ﬂgﬂn + 2)_1/ 2 when the angular position of the source
can be described by Eq. (69). When 8 = +/2, the centroid
shift reaches its maximum as

sy V2

max = 4

8% = s

ey — B UE (71)

Dg. (72)

If the images in the weak deflection gravitational lensing and
the outer relativistic images are considered only, the centroid
shift reads

- B, (73)
n=,=0

5+ = Scen

where the contributions of the inner relativistic images are
set to be vanished. For the Einstein—Lovelock ultracompact
object, its centroid shift is

5_ = Seen — B. (74)

In order to show the contributions of the images in the weak
deflection gravitational lensing, the outer and inner relativis-
tic images in the strong deflection gravitational lensing in the
centroid shift respectively, we define following indicators as

Swt = 8% — 8y, (75)
S = 8% —5_, (76)
Sp_ =8, —5_. (77)



Eur. Phys. J. C (2022) 82:162

Page 11 of 17 162

Fig. 6 Left column: (a)
color-indexed magnification 10

Migt> Mt tor and fio on the

domain of (7, B8). Right column:

their time evolution during 1

crossing the Einstein ring

107!

1072

2.5 3.0 3.5 4.0

2.5 3.0 3.5 4.0
n

Even before specific calculation, we can expect that, due to
the existence of the outer and inner relativistic images, the
centroid shift 1+ would move inward and become closer to
the lens than §%, i.e., §% > 64 > §_.

For the S62-like source we consider, the maximum cen-
troid shift in the weak deflection gravitational lensing is
Swax = 73.5 pas which is reachable by current astromet-

ric accuracy of GRAVITY as 10-20 pas [28,104]. From top
to bottom, Fig. 8 shows color-indexed 8y + and 64 — on the

(b)
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4.5 —4 —2 0 2 4
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domain of (n, 8) (left column) and their time evolution dur-
ing crossing the Einstein ring (right column). As displayed in
Fig. 8a, the deviation of centroid shift caused by the outer rel-
ativistic images dy,+ increases with n and its biggest value
is about 1.6 x 1073 jas which is far beyond the reach of
current technology. Figure 8b shows some time evolution of
dw.+ on the time domain. The difference between the light
curves with the same 7 but different 8 becomes distinct only
when —2tg < t < 2tg. For a given f, a bigger n can give a
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Fig. 7 Left column: the
color-indexed fractional
contributions py and p+ on the
domain of (n, B8). Right column:
their time evolution during
crossing the Einstein ring

bigger dy, +. For a fixed n, a bigger minimum angular sepa-
ration Bmin can make dy, 4 larger. The deviation of centroid
shift due to both outer and inner relativistic images &y, —
decreases with 7 and can reach the level of ~ 1072 pas as
shown in Fig. 8c. In the time domain, when f is fixed, a big-
ger n renders dy, — smaller, which is contrary to the trend of
dw.+, see Fig. 8d. Although &, — is about 100 times bigger
than 8y 4, itis still too tiny to measure. The deviation of cen-
troid shift solely contributed by the inner relativistic images
8+ — and its time evolution as shown in Fig. 8e, f are very
similar to those of é, — because the outer relativistic images
are much fainter than the inner relativistic images. Therefore,
itis infeasible to detect 8y, 4 and 64 _ by current astrometry.

In a summary, when considering a S62-like star relativis-
tically microlensed by Sgr A*, we find that (1) it might be
possible to distinguish the Einstein—Lovelock ultracompact
object from the Einstein—Lovelock regular black hole by
measuring the effects of the inner relativistic images on the
total flux and its variation with time during a quiet state of
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Sgr A* in the not-so-far future; and (2) it is impossible to dis-
tinguish any contribution from either outer or inner relativis-
tic images by measuring the centroid shift of the relativistic
microlensing by the Einstein—Lovelock regular black hole or
ultracompact object.

6 Conclusions and discussion

We investigate the strong deflection gravitational lensing by
the Einstein—Lovelock ultracompact object predicted by a
special class of the four-dimensional regularized Einstein—
Lovelock gravity. Its unique lensing observables are the
inner relativistic images which are absent for the Einstein—
Lovelock regular black hole given by the same theory. For the
direct images of Sgr A* and M87*, we study the angular sep-
arations and the brightness differences among the outermost
relativistic image, the photon sphere and the innermost rela-
tivistic image for the Einstein—Lovelock ultracompact object
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Fig. 8 Left column: the
color-indexed centroid shift
8w,+ and 64 _ on the domain of
(n, B). Right column: their time
evolution during crossing the
Einstein ring

and regular black hole (if applicable). We find that although
the angular separation and the brightness of the innermost rel-
ativistic image of the Einstein—Lovelock ultracompact object
are more significant than those of the outermost relativistic
one, it is impossible to tell difference from the Schwarzschild
black hole, the Einstein—Lovelock regular black hole and
ultracompact object based on the measured size of M87*’s
shadow by EHT. Furthermore, considering a S62-like star
relativistically microlensed by Sgr A*, we find that although
the centroid shift of the relativistic microlensing is far from
reachable for the current astrometry, it might be possible to
distinguish the Einstein—Lovelock ultracompact object from
the Einstein—Lovelock regular black hole by measuring the
effects of the inner relativistic images on the total flux and
its variation with time in the not-so-far future.

In this work, we do not take the rotation of the Einstein—
Lovelock ultracompact object into account. A non-rotating
MS87* is disfavored by the observation of EHT [7]. How-
ever, the metric of a spinning Einstein—Lovelock ultracom-
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pact object is still unknown for now and, therefore, its gravi-
tational lensing signatures cannot be found self-consistently.
Even though, we could expect that the spin might shift and
distort the caustic, like in other scenarios [105-122]. In order
to interpret the observed size and shape of M87* in the direct
image by EHT, one has to heavily rely on computation-
ally expensive simulations of general relativistic magneto-
hydrodynamics of plasma around the Kerr black hole [11],
in which plenty of untested assumptions about accretion flow
and emission physics are made [123]. Any deviation in the
spacetime raised from the Einstein—Lovelock theory might
not be distinguished from the breakdown of these astrophys-
ical assumptions. The photon ring [124] around M87* might
offer a vigorous test, but it needs very challenging space-
based interferometry [125-127]. Therefore, we cannot con-
strain the Einstein—Lovelock ultracompact object and regular
black hole based on the direct images of Sgr A* and M87*
in a self-consistent way at least in the current stage. This
situation pushes us to find that the relativistic microlensing
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on a S62-like by the quiescent Sgr A* might be a promis-
ing way to distinguish the Einstein—Lovelock ultracompact
object. Nevertheless, separating its signals from astrophysi-
cal noises, such as flares of Sgr A* and brightness variation
due to tidal interaction with Sgr A*, would be far from easy.
In view of these difficulties, it would be also necessary to
know more tell-tale signatures about the Einstein—Lovelock
ultracompact object, for instance the precessing [128—135]
and periodic [136—147] orbits around it.
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Appendix A: Weak deflection gravitational lensing

In the weak deflection gravitational lensing, the closest

approach of the photon rp is much larger than m, so that

the metric (3) can be expanded in terms of m, r~las

m 4 m’! m!3
Ary=1-2—"+ -2 +0(—), Al
") r + 3”' r’ (r13> (A-D
2 3 4
By = 1427 447 1 87« 4 167>
r r r r
5 7 8
m 4 ,m m
N2 P2 +0l—2). A2
+ rs 3n°r7+ <r8> (A2)

We find that A(r) and B(r) deviate from those of the
Schwarzschild black hole starting at the orders of O(mz =7
and O(mS r=°), respectively. Nevertheless, these tiny devia-
tions are far beyond the reach of current technology so that
it is impossible to distinguish the Schwarzschild black hole,
the Einstein—Lovelock regular black hole and the Einstein—
Lovelock ultracompact object through measuring observ-
ables in the weak deflection gravitational lensing. For self-
completeness, we will list the lensing observables in the weak
deflection scenario for the spacetime (A.1) and (A.2) based
on the well-known ones for the Schwarzschild spacetime.
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For the convenience, we also define the following dimen-
sionless variables

B v
=— and 6 =—, A3
B g 0 . (A.3)
where U is the angular Einstein ring radius
4meD
g = [ LS (A4)
Dor.Dos

For the spacetime (A.1) and (A.2), the positions of positive-
and negative-parity images 0= can be obtained as [98]

6F = %(ﬁ +). (A5)
where

n =4+ B2, (A.6)
and their magnification ui can be found as [98]

nE = j:% + ﬂ;;;z. (A7)

When the positive- and negative-parity images are unre-
solved, the total magnification and the centroid of these two
images will be the observables. The total magnification is
(98]

w o _ .+ - _ 'B g +2
Mot = K™ + 1 B
As a magnification-weighted summation of the positive- and
negative-parity images, the centroid is [98]

(A.8)

Tt + 9 B> +3
Soen = T — = 5 . (A9)
nwt+u B=+2
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