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Abstract A new family of (24 1)-dimensional black holes
are investigated in the background of Born-Infeld type the-
ories coupled to a Riemannian curved spacetime. We know
that both the scale and dual invariances are violated for these
nonlinear electromagnetic theories. In this set-up, first we
consider a pure magnetic source in a model of exponential
electrodynamics and find a magnetically charged (2 + 1)-
dimensional black hole solution in terms of magnetic charge
q and nonlinearity parameter 8. In the second case we con-
sider a pure electric source of gravity in the framework of
arcsin electrodynamics and derive the associated (2 + 1)-
dimensional black hole solution in terms of electric charge
QO and the parameter 8. The asymptotic behaviour of the
solutions at infinity as well as at » — 0 in both the frame-
works is discussed. The asymptotic expressions of curva-
ture invariants in the case of exponential electrodynamics
shows that there exists a finite value of curvature at the origin,
while in arcsin electrodynamics, the corresponding asymp-
totic behaviour shows that there is a true curvature singularity
at the centre of the charged object. Furthermore, thermody-
namics of the resulting charged black holes within the context
of both the models is studied. It is shown that the thermody-
namic quantities corresponding to these objects satisfy the
first law of black hole thermodynamics.

Contents

1 Introduction . .. .. .. .. ... .. ....... 1

2 (24 1)-dimensional black holes in exponential elec-
trodynamics . . . . .. ... 2

3 Thermodynamics of magnetically charged black holes 5

4 (2 + 1)-dimensional black holes in arcsin electrody-
namics

5 Thermodynamics of electrically charged black holes 8

4 e-mail: askarali@math.qau.edu.pk

b e-mail: ksaifullah@fas.harvard.edu (corresponding author)

6 Conclusion . . . ... ... ... ... ..... 10
References . . . . . . . . ... ... . ... ..., 11

1 Introduction

Black holes which are the most important prediction of Ein-
stein’s general theory of relativity, are way more than only
mathematical objects [1]. Itis widely believed that only a not-
yet-complete quantum gravity theory is capable to tackle the
problem of black hole’s singularity in a proper way. How-
ever, different phenomenological approaches have been con-
sidered in the literature for solving this problem (see Ref. [2]
for a review). One approach is to study the theory of grav-
ity in the framework of nonlinear electrodynamics (NED).
The main motivation of studying NED was to remove cer-
tain difficulties which appeared in the standard Maxwell’s
theory of electro-magnetism. Due to the property of remov-
ing divergences in electro-magnetic phenomenon, NED can
be applicable to the theory of gravity to handle the problems
of singularity and divergences of physical quantities in black
holes. In addition to this, black hole solutions of gravitational
field equations can also be derived by making the assump-
tion of nonlinear electromagnetic field as a source of gravity
[3-14].

Different mathematical models for NED, with various
motivations, in the framework of gravity have been inves-
tigated [15-22]. All these models give predictions about the
finiteness of electromagnetic energy and potentials unlike
linear Maxwell’s theory [23-27]. Among these models, the
Born-Infeld NED is special in that it was formulated for
obtaining finite electric field at the centre of charged parti-
cles. In addition to solving the problem of central singularity
NED also yields electrically charged regular black hole solu-
tions in Einstein’s theory. The spherically symmetric solu-
tions which are derived with the help of NED are asymptotic
to the Reissner—Nordstrom (RN) solution [6]. This approach
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of using NED for removing singularities and for determina-
tion of charged solutions is also successful in the analysis
of (2 + 1)-dimensional black holes [28]. Recently, (2 + 1)-
dimensional black holes attracted much attention for many
reasons, e.g., the absence of propagating degrees of freedom
due to which they possess very simple mathematical struc-
ture. Since they also possess special mass and charge depen-
dence, the (2+ 1)-dimensional black holes make a good test-
ing ground for the usual four-dimensional black holes. The
first example of (2 4 1)-black holes in this regard is the well-
known Bafiados-Teitelboim—Zanelli (BTZ) black hole [29].
The (2+ 1)-dimensional nonlinear electrically charged black
holes also possess the same physical characteristics such as
Hawking radiation, event horizon and thermodynamics that
are commonly found in the usual four-dimensional black
holes [30-32]. The solution found in Ref. [33] is another
example of (2 4 1)-dimensional black holes. This solution
is determined in the framework of Einstein’s theory coupled
to a restricted class of NED where Maxwell’s invariant has
a power 3/4. In the same way, (2 + 1)-dimensional black
holes are also studied in the presence of NED [34-36] where
the power of Maxwell’s invariant is taken as an arbitrary real
rational number k. (For more discussions related to (2 + 1)-
dimensional black holes and NED, the reader is referred to
Refs. [37—41].) Recently, the new NED models such as arcsin
electrodynamics and modified Born—Infeld electrodynamics
have also been used and static spherically symmetric elec-
trically charged solutions are determined [42—45]. Further,
exponential NED [46] was used for the computation of mag-
netically charged black hole solutions. Besides the black hole
solutions of Einstein gravity, the d-dimensional black holes
in modified gravities have also been investigated within this
context. For instance, nonsingular black holes [47,48] have
been studied under this process. Similarly, topological Love-
lock black holes with pure magnetic sources have been stud-
ied as well [49,50].

Although the exponential and arcsin NED models belong
to the family of Born-Infeld type theories, however, there
also exist some differences among them. It was shown that
magnetically and electrically charged black hole solutions in
the framework of these models are asymptotic to RN solu-
tion. The Born—Infeld model shows this property of deriving
asymptotic solutions but some aspects of this model have
different features than the exponential and arcsin electrody-
namics models. For example, the exponential electrodynam-
ics model [46] does not admit electrically charged solutions
since the Lagrangian density of this model makes the electric
field and electric potential unbounded while within the set-
up of the Born—Infeld model electrically charged solutions
are possible to derive. There are issues of causality in Born—
Infeld electrodynamics while in exponential and arcsin NED
theories both the causality and unitarity principles are satis-
fied. The effect of vacuum birefringence occurs in quantum

@ Springer

electrodynamics due to quantum corrections in Heisenberg
Lagrangian [51]. This effect cannot be observed in Maxwell
and Born—Infeld models but in the context of exponential [46]
and arcsin [44] models it is present. Similarly, the symmetry
of duality holds in Born—Infeld model but in our chosen mod-
elsi.e. exponential and arcsin it is totally violated. In addition
to this, exponential electromagnetic field can drive the uni-
verse to accelerate, however, no such effects occur in Born—
Infeld electrodynamics [52]. Moreover, it should be noted
that the energy conditions in all these models are satisfied
and in the weak field limit Maxwell’s theory can be recovered
from all these models of NED. In this work we are consider-
ing exponential and arcsin nonlinear electromagnetic fields
as sources of gravity and study (2 + 1)-dimensional black
holes in Einstein’s theory.

The study of thermodynamic properties is also one of
the important issue in the subject of black hole physics.
Like Maxwell’s theory, thermodynamics of black holes has
gained much interest in the context of NED theories as well.
For instance, thermodynamics and phase transitions of black
holes are studied in the background of exponential electro-
dynamics [46,47]. Similarly, thermodynamic properties of
higher dimensional black holes in the presence of power-
Maxwell electromagnetic source [53] have also been stud-
ied. In Ref. [34] local thermodynamic stability of electri-
cally charged (2 4 1)-dimensional black holes is studied by
employing the technique introduced in Ref. [54]. In this paper
we also study thermodynamics of our resulting nonlinearly
charged (2 4 1)-dimensional black holes.

The layout of the paper is as follows. In the next sec-
tion, we investigate the family of new magnetically charged
(2 4+ 1)-dimensional black holes in Einstein’s theory cou-
pled to exponential electrodynamics. In this set-up metric
functions are calculated and their asymptotic behaviour at
both infinity and r = 0 are discussed. We also prove that
energy conditions are satisfied for this model. The asymp-
totic expressions of curvature invariants at infinity as well as
atr = (Qarealso calculated. In Sect. 3, thermodynamics of the
resulting magnetically charged solution is studied. Section 4
is devoted to the analysis of electrically charged black holes
within the context of gravity and arcsin electrodynamics and
Sect. 5 studies their thermodynamic properties. Finally, the
last section is devoted to some concluding remarks.

2 (2 + 1)-dimensional black holes in exponential
electrodynamics

The action function describing (2-+1)-dimensional Einstein’s
gravity in the presence of NED is given by [34]

I = /d3x\/—_g|:%<R - %A) + c}, (2.1
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where the Lagrangian density of electromagnetic field is
L(F) = —Fexp(=BF),

and F = F,,F*’ = (B> — E?)/2, B is the nonlinearity
parameter and should be taken positive, F),, is the electro-
magnetic field tensor, and B and E denote the magnetic and
electric fields. Variation of action (2.1) with respect to the four
potential A, yields the equations of motion corresponding
to NED as

2.2)

Oy [«/—gF’“’(l — BF)exp (—,6}")] =0. (2.3)

Similarly, by varying (2.1) with respect to the metric tensor

guv> We can obtain gravitational field equations as
1 1

R, — ESI‘iR + gA‘SZ =nT,, 24

where R,‘i is the Ricci tensor, R is the Ricci scalar, A is the

cosmological constant and 7" represents the matter tensor
of NED given by

THY = exp(—,B]:)|:(,3.7:— l)F’“‘F)‘j + fg“”:|. 2.5)
The trace of the above matter tensor is
T = —4BF* exp (—BF), (2.6)

which clearly shows the breaking of conformal invariance
in this theory. However, by applying the limit 8 — O, this
trace vanishes which implies that Maxwell’s theory can be
recovered in this limit.

In order to derive the circularly symmetric magnetically
charged (2 + 1)-black hole solution, first we choose the pure
magnetic field such that E = 0. This implies that Maxwell’s
invariant would be equal to F = B?/2 = ¢2/2r* [46],
where g represents the magnetic charge. Now, the line ele-
ment ansatz in (2 4+ 1)-dimensional spacetime can be taken
as

ds®> = —y(r)di®> + ar” + r2de?.
Y (r)

Using the Lagrangian density (2.2) of NED, the compo-
nents of matter tensor (2.5) can be calculated as follows:

2.7)

2 2
q Baq
TOO = F exXp ( — F), (28)
Ba*\[ 4* (4°B q°
Tll = T22 = exp < — _2}’4 ) |:r21ﬁ(r) (—2r4 — 1) + —2r4:|.
2.9)

From the line element (2.7), the 00-component of Einstein’s

equations (2.4) gives
ldy A _ ng’ Ba*
— + == exp| — =< |
P 2r4

— 2.10
2r dr + 3 2r4 ( )

Solving the above differential equation yields

2 3
)
3l JB22 22

where we choose A = —1/12, [ being a real parameter and
E (x) is the error function. The constant D can be related
to mass of the gravitating object at infinity by using the
Brown—York formalism [33,46,53]. With the use of quasilo-
cal mass formulation, a static circularly symmetric (2 4 1)-
dimensional line element takes the form [34]

Q2.11)

d 2

ds® = —f(N2di® + = 4 r2d6”. 2.12)
g(r)

This yields the quasilocal mass Mg in the form

Mor = Tim 2f(ry)lgr(rs) = g(rp)]. (2.13)

In the above expression, g,(rp) stands for an arbitrary non-
negative reference function which allows the zeros of the
energy in the spacetime. The value 7, denotes the radius of
some spacelike hypersurface. From the form of our line ele-
ment (2.7), it can be clearly seen that

2 g
F) =g(r) = A E(‘NB

D+ — —
«/Erz

2 ﬁz% >, (2.14)

and

2 (r) = 2.15)

P2 gqn? E<q~/3>‘

W ypad \V2r

Thus, by substituting the above Eqgs. (2.14) and (2.15) in
Eq. (2.13) the metric function (2.11) for choosing M > 0
becomes

2 3
T4 E("ﬁ) (2.16)

) =M+ 5 —

32 /g2 \V2r?
The asymptotic expression of the above metric function in
the vicinity of infinity can be obtained as

2

.
=M+ — —
v tae " 2

nq®  wpq*
12506

+o007'%. @17
This shows that at infinity the spacetime is not Minkowskian
and the solution (2.16) reduces to that of Einstein-Maxwell
theory when B — 0. Similarly the asymptotic value of the
metric function when r — 0 is calculated as

P2 gl N < Bq*
gt

7'[}’2 7'[7‘6 0 10
|25 T2 O]

Y(r) = —M+

(2.18)
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Note that in calculating the above expansion we used the
relation

Ex)=1- %F(I/Z, x?), (2.19)

JT
where I' (s, x) refers to the incomplete Gamma function. The
asymptotic expansion (2.18) shows that the metric function is
finite at the centre » = 0. This behaviour of metric functions
is a consequence of the nonlinear electromagnetic nature of
Lagrangian density (2.2). It should also be noted that the limit
B — 0 cannot be taken for (2.18) and hence the apparent
singularity in this case is fake.

The weak energy condition (WEC) would be fulfilled if
and only if the energy density p = TO0 and principle pressures
pm = —T)" (there is no summation in the index m) satisfy

>0, p+pu=>0, m=1,2. (2.20)

The satisfaction of WEC ensures that any local observer mea-
sures the non-negative energy density. It is also worthwhile
to note that the above WEC is equivalent to the 7},,¢#¢" for
any timelike vector ¢# [1,43,46]. Thus, from Egs. (2.9) and
(2.20), one can easily verify that WEC holds for any value
of magnetic field B such that SB? < 2. Validity of the dom-
inant energy condition (DEC) [1,43,46] is governed by the
conditions

p=0, p+pmn=0, p=pn=0 m=12 (221)

Again from Eq. (2.9) one can prove that DEC also holds
if BF < 1 for the Lagrangian density (2.2). This shows
that speed of sound would be always less than the speed of
light. Similarly, validity of the strong energy condition (SEC)
[1,43,46] is given by

p+p1+p2=0. (2.22)

Using the energy—momentum tensor components one can
conclude that SEC holds for this model of electrodynamics
if the exponential magnetic field satisfies the inequality

p< |2_¥0O)
VB 2B

The satisfaction of SEC implies that there is no acceleration
of the universe in the model of nonlinear electromagnetic
field coupled to the gravitational field [43].

Now, we discuss the nature of singularity of our result-
ing solution described by Egs. (2.7) and (2.16), for which
we will calculate the curvature invariants. It is possible to
find out the Ricci scalar from Einstein’s equations describ-
ing gravitational field i.e. Eq. (2.4) so that

2 2mq*B Bq*
-+ ——exp| —— ).
12 r4 P 2r4
This expression of the Ricci scalar implies that it is defined
and finite at » = 0. The finiteness of Ricci scalar shows

(2.23)

R= (2.24)

@ Springer

that at any point say ro for which R(rp) = 0, one can find
the change in curvature around such a point. So one may
encounter a transition from negative curvature to positive.
One can also find the Kretschmann scalar /C for the metric
(2.7) in the form

2 (dy\*  [(d*y\?
K=—(— — ). 2.25
r2 < dr ) + < dr? (2.25)
Now from Eq. (2.17) we have
dyr 2r q27r ,3q2
— = — 4+ — - — ), 2.26
dr 312 + r3 exp( 2r4 (2.26)
and
ey 2 3¢°wm Ba*
arr T3z T P\ T e
2 4’37.[ ’3 2
M exp ( - 2—34) 2.27)

Hence, the asymptotic expansion of Kretschmann scalar at
r — 00 is given by
4 Ang®  (11x%¢*% - 27q*B)

K=—7— o™,
38 324 T 128 o
(2.28)

The expression of the Ricci scalar (2.24) and the above
expansion of Kretschmann scalar show that the spacetime
is not asymptotically flat since lim,_, o, KC(r) = 4/3[*. The
asymptotic expression of Kretschmann scalar in the vicinity
of r = 01is given by

4 —q2,3 47rq2 8nﬂq4 1
K= - 0
3P < 2 J\3ea s 00D
_qZﬂ 47T2q8,32
+exp 4 16
12 2.6 11 2 4

rab Ura O(r3)), (2.29)
r r

which is regular at the origin. Thus our resulting (2 + 1)-
dimensional black hole solutions within exponential electro-
dynamics, i.e., Eq. (2.16) describe a family of regular black
holes.

The event horizons can be obtained from the condition
Y (r) = 0, which implies that

2 3
_ g (aVB
T 2@E<ﬁr5)'

Figure 1 shows clearly that there exists a critical value
re below which no event horizon corresponding to the value
of M can exist as mass becomes negative. However, for all
values of r; greater than the critical value, there exist event
horizons associated with the positive value of mass M. Fig-
ure 2 shows the plot of metric function (2.16) for different
values of mass, magnetic charge and nonlinearity parameter.

(2.30)
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Mirp]
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100 - W q=10, p=10
W g=100, B=15
50
— 2 4 g 8 w0 "
-50 |

Fig. 1 Plot of function M from Eq. (2.30) for fixed value of / = 0.5
and different values of ¢ and 8

¥ir]

500 |

W g=1, 8=3, M=50
“0F  m g=10, =10, M=60
W g=100, 8=15, M=100

) J
-100 |-

Fig. 2 Plot of function v (r) from Eq. (2.16) for fixed values of [ = 0.5
and three different values of M, ¢ and B

It can be clearly seen that the magnetic charge and parameter
B affect the horizon structure of (2 4 1)-dimensional black
hole.

3 Thermodynamics of magnetically charged black holes

Here we study thermodynamics of the black hole solutions
described by Eq. (2.16). For doing this we use an alternative
method to determine the local Hawking temperature with
the help of the Unruh effect in curved spacetime [55-57].
A similar analysis was also introduced in Ref. [58] for d-
dimensional black holes in the framework of Einstein-power-
Maxwell theory. In the Unruh effect the observer in the space-
time exterior to the black hole observes a thermal state with
local temperature defined as

2 dy(w
T = , 3.1
W) = 3.1
which on using Eq. (2.16) becomes
2 2, q*m ( ,qu):|
T =——|— + — -— | 32
=T [312 A G2

Here X represents a Killing vector field that generates the
outer horizon ry,. This expression of local Hawking temper-
ature implies that at »r — rp, Ty (r) is undefined and at
r — 00, itis zero. This behaviour of temperature is expected
since our resulting black hole solution (2.16) is not asymp-
totically flat, thus the local Hawking temperature vanishes at
infinity. By using the method described in Refs. [34,57], the
re-energized temperature can be obtained as

_2[2nm q’m < Bq? )}

To =—| =5 + — -—
x |: 32 5 =P 2r}

By using the Brown—York quasilocal energy formalism [33,

46,53], we can express the internal energy of the system on
a constant ¢ hypersurface as

=—2(VI(w) - —)

( V3l

where r = rj, is a finite boundary of the black hole spacetime.

By varying the internal energy E (rp) with respect to r; and
g, one can easily arrive at the first law

(3.3)

(3.4)

dE(rp) = Ty (rp)dS + W (rp)dq, 3.5)
where

__ L[, P4
ruow = s e+ e (- )} o

is the Hawking temperature evaluated at rp, and S = 4mry
in Eq. (3.5) is the entropy of the (2 + 1)-dimensional black
hole. The function

W) = —— [”q exp ( _ ﬁ%)
VY (rp) Zrb 2ry
LIVT (q\/ﬁ )}

2728 \V22) ]
is the magnetic potential difference between the boundary
of the black hole and at infinity. Similarly, the difference

between the potential at the event horizon and boundary r,
can also be calculated as

= (-5 + ()

4B VT <‘N_>}
r}%exp< 2r2'> mE ﬁr,% . (3.9

Now, we compute the expression of heat capacity at a con-
stant magnetic charge g of our magnetically charged black
holes which are considered inside a box and bounded by
r = rp. The heat capacity is defined by

(3.7)

@ (rp)

0S 4JTTH
Co=Tyg——\g = ——|g- 39
o =T, = T (3.9)
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Cg
60 W q=05, =12

. i} q:1.5T p=135
3 W q=35, =19
rys
sof
20

10f

ey,

Fig. 3 Plot of function C, from Eq. (3.10) for fixed value of / = 0.5
and different values of ¢ and 8

Therefore, by using Eq. (3.6) in this we get

5( g4 2,2 _ Bd?
wry <8rh + 121°q nexp( 2r2 ))
2 2\’
Zr;f + 6wq*pI% exp ( - ba ) - 97Tq212r2 exp ( - Ba_ )

erl'
(3.10)

Cq =

This represents the general expression for black hole’s heat
capacity for any value of nonlinear electrodynamics param-
eter 8.

Figure 3 shows the plot of heat capacity for different values
of NED parameter 8 and magnetic charge ¢g. One can see
that both the parameter 8 and magnetic charge g have effects
on the local thermal stability of black holes. The value of
rp at which the heat capacity is positive implies the black
hole of that horizon radius is stable and physical. Thus, we
conclude that the mentioned (2 + 1)-dimensional black holes
are enjoying thermal stability.

4 (2 + 1)-dimensional black holes in arcsin
electrodynamics

The action function for the model of nonlinear electrody-
namics coupled with general relativity in three dimensions is
written in the form (2.1). Here we will take the Lagrangian
density L(F) of the form

L(F) = —% arcsin (BF). A.1)

The nonlinear electromagnetic field equations can be obtained
from variation of (2.1) with respect to A, as

()

The gravitational field equations will have the same form as
(2.4), however, the matter tensor in this case will be written

—=0. 4.2)

@ Springer
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m Q=15, 8=35
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03f
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Fig. 4 Plot of E(r) from Eq. (4.5) for fixed values of Q and j

as

:_ﬂ_(g‘%

V-

The trace of the above matter tensor can be worked out as

4.3)

(4.4)

4F 4 )
——— + — arcsin (BF).
JI—(BF)?2 B

Hence, like the exponential electrodynamics, the scale invari-
ance is violated in arcsin electrodynamics too due to the
above non-zero trace of the matter tensor. It should be noted
that the trace (4.4) also vanishes in the limit 5 — 0 which
implies that the arcsin electrodynamics reduces to Maxwell’s
theory in the weak field limit. Since we are interested in
electrically charged black hole solution, therefore, we should
assume magnetic field B = 0 which makes Maxwell’s invari-
antequal to F = —(E(r))?/2. Thus from Eq. (4.2) on using
the (2 + 1)-dimensional line element (2.7), it is straightfor-
ward to obtain the value of electric field as

E(r) = Qiz\/,/ruﬁza‘ -2,

where the integration constant Q represents the electric
charge.

The asymptotic expansion of electric field at r — o0 is
given by

4.5)

5R2
-2

Similarly, the asymptotic expansion of electric field at » = 0
becomes

V2 r? " r4
VB V20283 442043
The electric potential A(r) can be easily obtained through
integration of Eq. (4.5) as

1
2ﬁ [rﬁ /4 +B20% — 2

+ o007,

(4.6)

E(r) = +0@).

%))

A(r) =
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Fig. 5 Plot of function A(r) from Eq. (4.8) for fixed values of B and
0

~Q*Blog (/rt + p20* - r2>]
+OBIg 0B + Vr |+ Ot - L

One can also find the asymptotic value of electric potential
atr — 00 as

(4.8)

552
A(r) = Qlog (r) + == + 0(™°). (4.9)
32r

Similarly, the asymptotic value at r — 0 becomes

\/_I’ 1"3
A0y = 1oz (p0%) + 100,

VB 343023

(4.10)

Egs. (4.7) and (4.10) show that the electric field and potential
are both finite at the origin » = 0 unlike in Maxwell’s theory
where both of these quantities diverge at the origin. The finite-
ness of these quantities at the origin can also be observed from
Figs. 4, 5. This non-Maxwellian behaviour of electric field
and electric potential is due to the nonlinear electromagnetic
nature of Lagrangian density (4.1). Using this Lagrangian
density, the components of matter tensor (4.3) can be calcu-
lated as

70— 7 = 2E? _ arcsin (ﬂEZ/Z)’

Ji-pE B

T} = —% arcsin (BE?/2).

.11

Hence, by choosing the value of electric field as (4.5) in the
above components one can show that WEC, SEC and DEC
are satisfied for this model in (2 + 1)-dimensional geometry.
Substitution of the metric ansatz (2.7) and the matter tensor

components (4.11) into field equations (2.4) yields

Ldy A 2E? arcsin (BE?/2) Lo
2 dr _n[,/4—ﬁ2E4_ B ]'( 12

Upon solving the above differential equation, we can get the
metric function as

r2 ar(Q*+42)
e A i
2
+77° atosin ( sy
B pO?
(VAN G-
+m tanh™ ( 5 )
0°p
(\/Q4I32 + 2,,2(,,2 /r4 + /32 Q4)>
+
N N AN Ey
(4.13)
where D is the integration constant and A = —1//%. Now

again with the help of quasilocal mass formalism, a static
circularly symmetric three-dimensional line element yields
a quasilocal mass M, in the form (2.13). And so, from line
element (2.7) we obtain

r2 n nr(Q2+2)
32 B 02

2
x\/ /r4+ﬂ2Q4—r2+%

fr)?=gr)?*=D

xarcsin( _ r4—+—,32Q4>

BO?
— <r«/§\/ r4+ﬂ2Q4—r2)
7 tan 075

L0 (\/Q4,32+2r2(r W))
og
ST NN NNy v

4.14)
and
2
+71_r2 arcsin ( _ W)
B BO?
+ t h_l <rﬁ\/ r4+ﬂ2Q4_r2>
7T tan
0%

+

<\/ 04p2 + 20202 — Jri ¢ ﬁ2Q4))
02 + V2V + QY

(4.15)

2
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Thus, by using the above Eqgs. (4.15) and (4.16) in Eq. (2.13),
the metric function (4.13) becomes

2 ar(Q%*+2)
V) =M+ 5+ ——or— 507 Jri+prot —r?
2 2 _ /.4 24
+1arcsin r A0
B BO?
N s
+7 tanh™ 028

Vri+ £
0% + V3V + 20—

(4.16)

an, \/Q4,32 + 2,,2(,,2 _
+ 5 log

The asymptotic expansion for the above metric function
when r — oo can be computed as

%
+——+——F

}’2
w<r>=—M+ﬁ+ﬁn( 2

2
x log <%)) — an log(r)

2 N4 2
+'616Qr4” (Q— +3-V2(0% + 2)) +ow).
4.17)

6

The above expression shows that the black hole is not asymp-
totically flat at infinity. Similarly, the asymptotic behaviour
in the vicinity of r = 0 is given by the series expansion

n(ﬁ 0 Q2+2>r

=-M+—|\——-—1
vr) NG

0 Ao

LI P
— = )r? r
312 28

This shows that the metric function remains finite and regular

at the origin r = 0. It is possible to find out the Ricci scalar
from field equations (2.4) as

(4.18)

[ dg2 _ 2
R——nT—i—AL—ﬂarcsin r+op d —i
32 B 02 3/2

4 (m - rz)
_ §
ﬁ\/ Q*f2 - (m - r2>

The asymptotic value of Ricci scalar at radial infinity is given
by

(4.19)

4 -5
—55 + 007,

This clearly indicates that at r — oo the Ricci scalar is non-
zero which means that the spacetime is not asymptotically

R = (4.20)

@ Springer

flat. Similarly, the asymptotic value of Ricci scalar at» — 0
is calculated as

_2V20m 4
B 32
2 3
+2n B Sﬁzsrr n Smtr 4 0¢). @21
B 0B 6v20%2

This expansion shows that the Ricci scalar possesses singu-
larity at » = 0. Thus, our resulting (24 1)-dimensional black
hole solution (4.16) has a true curvature singularity at» = 0.

5 Thermodynamics of electrically charged black holes

In order to study thermodynamics corresponding to (2 + 1)-
dimensional electrically charged black hole (4.16), we will
calculate important thermodynamic quantities. Following the
same technique as before we can obtain the local Hawking
temperature in this case as

2 2rp

Ty(r) = 0 | 32

2|y + QB2 = 1)
VB QZ\/ 0483 — ((Jrj + 0*B2 — r})?
rn . VV;:-I—Q“ﬁZ—F}%

— —— arcsin )
0°p

+27

G.D

Here also X¢ is a Killing vector field which generates the

outer horizon rj;. The event horizon equation ¥ (r) =
r

M — h

implies that
th(Q2+2) [ 4, 2214
_312 ﬂQ2 h+/3Q —rh
T s (r;% — Vi +ﬂ2Q4>
——— arcsin

5 02

rhﬁ\/,/rﬁ + B204 — r}%
0B

+7 tanh ™!

0% \/ QB2 + 2 (rjf — \[rs + B2OY
+——1og
2
Q%8 + rhﬁ\/ ROt — 1}
(5.2)

Figure 6 shows the behaviour of M in terms of horizon
radius. Those values of r, which corresponds to the positive
values of M describes the horizons of black hole. Similarly,
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Fig. 6 Plot of mass M from Eq. (5.2) for specific value of / = 0.5 and
different values of Q and 8
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Fig. 7 Plot of metric function ¥ (r) from Eq. (4.16) for specific value
of [ = 1 and different values of M, Q and 8

by choosing different values of mass M, electric charge Q
and nonlinearity parameter 8, we have plotted the metric
function (4.16) in Fig. 7. Those values of r for which the
curve intersects the r-axis indicate the location of horizons.

The expression of local Hawking temperature (5.1) indi-
cates that at » — ry, it is undefined and at r — oo it is zero.
This behaviour is expected because the black hole solution
defined by (4.16) is not asymptotically flat, hence the tem-
perature vanishes at infinity. By using the same method as
described in Refs. [34,57], the re-energized temperature is
defined by

2 |2
T == |2k
T

W+2

2rh(\/r; + 04p% — rh)
\FﬂQZ\/Q4ﬁ3 - (\/”1‘1t + 0462 - ";%)2
[r4 4 042 — 2
—%’arcsin (th‘Brh) . (5.3)

0B

Now, from the expression of internal energy (3.4) on a con-
stant ¢ hypersurface, it is easy to obtain the first law of ther-
modynamics by varying the internal energy with respect to
rp and Q, so that

dE(rp) = Ty (rp)dS + W (rp)dQ, 5.4
where
TH(rp)
1 T \/I‘;—I—ﬂzQ“—r,% ™
= — — arcsm _— —
Y(rp) | 28 BO? 672
rm(\/ri+ B2O% — 1)) L
ﬂQZ\/ Q4% — (Jry + B2Q* = rp)? a3l
(5.5)

denotes the Hawking temperature evaluated at the boundary
r =rpand S = 4mry in Eq. (5.4) is the entropy. Furthermore,
the function

wrpH1(Q, rp)

W(rp) = _ZWHQ(Q, )’ 5.6)
where

Hi(Q,r) = 2++v2)0%Q* —2)p* +4(1 — 0H)rj

x (\/ 0B +r} — r,f) ’

+880%7 <~/ 04p 1 - rg)

~4(1+v2) ,32Q4rb\/\/m — 2

28205 \/m 2

(frb \/\/ Q42 +r}—r2 -1~ 2) , (5.7)

and

Hy(Q. 1) = BO*\/ 0% + r;‘\/\/Q“ﬂz =}

x (Qzﬂ + ﬁrb\/\/m - rg)

+2Qlog \/Q4ﬂ2 - 2r§\/m . (5.8

,3Q2+x/§rb\/,/Q4,32 +r§ —rg

is the electric potential difference between the boundary
rp and infinity. Similarly, the electric potential difference
between horizon r;, and boundary rp, can be expressed as
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_ mrpHi(Q, 1)
2V (ro) H2 (Q. rp)

1
55 [ﬁrh\/,/Q4ﬂ2 +rt—r?— 08
x log (,/Q4ﬁ2 +rp— r§> + 0°Blog
x [Q2ﬂ<Q2ﬁ + «/Erh\/,/Q“ﬁZ +rf— r,f)ﬂ .

@ (rp) =

(5.9)
Finally, the heat capacity in this case takes the form
47 [rh Ty — #}
Co= , (5.10)
2 1
|:TO + T +2r T — m]
where
I 0'p> + 1 — 1)
To(rp) = — arcsin ( 5 )
28 0°p
VOB 1y —rf
— =,
02J/B,| 0*p* - < Q4B + 1) —Vf)
(5.11)

2 (,/Q4,sz - r,g)
2
/Q4,32+r2\/Q4,32 _ ( /Q4/32 +Vﬁ _r}%>

2 1
. (W B E)’ 612

and vspace*-6pt

T1(rp) =

3
(\/m - rg)
NEN
Jorr vrivae (o - (o vrt-1it) )

(5.13)

Tr(rp) =

Equation (5.10) is the general expression for black hole’s heat
capacity for any value of nonlinear electrodynamics param-
eter 8.

The behaviour of heat capacity for different values of
charge O and NED parameter § is shown in Fig. 8. The
region where this quantity is positive guarantees local ther-
mal stability. It can also be seen that both the charge Q and
parameter S can affect the local thermodynamic stability and
are giving us stable solutions.
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Fig. 8 Plot of function C¢ from Eq. (5.10) for fixed value of / = 0.5
and different values of Q and

6 Conclusion

There exist several models of NED which are useful in study-
ing the gravitational fields of highly massive objects such
as black holes. In recent decades, black holes of Einstein’s
theory and modified gravities have been studied within the
context of these NED models. In this paper, we have inves-
tigated (2 + 1)-dimensional black holes in the framework of
two different Born—Infeld type NED models. In the back-
ground of these NED models, the scale invariance has been
violated because the associated matter tensor possesses non-
zero trace. First, we derived magnetically charged (2 + 1)-
dimensional black hole solution in Einstein’s theory coupled
to exponential electrodynamics. It is shown that the consid-
eration of exponential electromagnetic field as a source of
gravity makes the metric function (2.16) regular and finite
at the origin » = 0. It is also shown that in the weak field
limitr — oo or B — 0, the metric function (2.16) describes
(2 4+ 1)-dimensional black hole with a Maxwellian magnetic
charge. The convergence of curvature invariants associated to
(2.16) shows that the black hole is regular and there is no true
curvature singularity at r = 0. In the second case, we derived
electrically charged (2 + 1)-dimensional black hole solu-
tion in Einstein’s theory coupled to arcsin electrodynamics.
In this case too, the gravitational field equations are solved
and the metric function (4.16) is derived. The asymptotic
behaviours of resulting metric function at both radial infinity
and at r = 0O are also discussed. Like the case of exponen-
tial electrodynamics, the arcsin electromagnetic source on
the right side of gravitational field equations makes the met-
ric function finite at the origin, which can be seen from the
asymptotic value (4.18). Moreover, the asymptotic expres-
sion of metric function at infinity shows that for large values
of r, the contributions of NED could be negligible and the
resulting solution reduces to Maxwellian electrically charged
(2 4+ 1)-dimensional black hole. The curvature invariant, i.e.,
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Ricci scalar was also calculated for the electrically charged
black hole. The series expansion of this curvature invariant
about r — o0 shows that the object is not asymptotically
flat while the corresponding series expansion about r — 0
indicates that there exists an essential curvature singularity
at the central position.

The thermodynamic properties associated to the black
hole solutions derived within the backgrounds of exponential
and arcsin models of NED are also analysed. For doing this,
we have computed entropy, temperature and heat capacity for
both the black holes. It is shown that these quantities satisfy
the first law.

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This is a theoretical
work and there is no experimental data associated with it.]
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