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Abstract We propose supertwistor realisations of (p, q)
anti-de Sitter (AdS) superspaces in three dimensions and
N -extended AdS superspaces in four dimensions. For each
superspace, we identify a two-point function that is invari-
ant under the corresponding isometry supergroup. This two-
point function is a supersymmetric extension (of a function)
of the geodesic distance. We also describe a bi-supertwistor
formulation for A/-extended AdS superspace in four dimen-
sions and harmonic/projective extensions of (p,q) AdS
superspaces in three dimensions.
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1 Introduction

Propagators in maximally symmetric spacetimes (see, e.g.,
[1-6] and references therein) make use of a unique two-point
function which is invariant under the corresponding isome-
try group. Such a two-point function is readily constructed
if one makes use of the well-known embedding formalisms
for de Sitter and anti-de Sitter spaces. Off-shell supersym-
metric field theories in AdS,; are naturally formulated in
appropriate AdS superspaces for d < 5. In order to develop
quantum supergraph techniques in such a superspace, it is
useful to work with an embedding formalism. In this let-
ter we propose supertwistor formulations for the following
superspace types: (i) (p, g) anti-de Sitter (AdS) superspace
in three dimensions; and (ii) AV-extended AdS superspace in
four dimensions.

Since the work by Ferber [7], supertwistors have found
numerous applications in theoretical and mathematical
physics. In particular, supertwistor realisations of compact-
ified \V-extended Minkowski superspaces have been devel-
oped in four [8—10] and three [11,12] dimensions and their
harmonic/projective extensions [11-19].! Recently, super-
twistor formulations for conformal supergravity theories in
diverse dimensions have been proposed [21,22]. Unlike in
Minkowski space, not much is known about supertwistor
realisations of AdS superspaces in diverse dimensions, to the
best of our knowledge, although (super)twistor descriptions
of (super)particles in AdS have been studied in the literature
[23-32]. Our goal in this paper is to fill the gap. Of course, for
theories in AdS it is always possible to use the standard coset
space formalism, see, e.g., the famous Metsaev-Tseytlin con-
struction of the type IIB superstring action in AdSs x S° [33].
However, manifest symmetry is one of the main virtues of
(super)twistor techniques.

! Similar ideas were applied in Ref. [20] to develop supertwistor real-
isations of the 2n-extended supersphere $3* withn = 1,2,...,asa
homogeneous space of the three-dimensional Euclidean superconfor-
mal group OSp(2n|2, 2).
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This paper is organised as follows. In Sect. 2 we present the
supertwistor realisations of (p, g) AdS superspace in three
dimensions. Section 3 is devoted to the four-dimensional A/ -
extended case which is then extended to a bi-supertwistor
construction in Sect. 4. Section 5 is devoted to super-
twistor constructions of harmonic/projective AdS super-
spaces in three dimensions, while Sect. 6 contains conclud-
ing comments for our paper. In the Appendix we describe
a supertwistor realisation of two-dimensional compactified

. . ~(lp,
Minkowski superspace M( » q).

2 (p, q) AdS superspace in three dimensions

The (p, g) AdS superspaces in three dimensions (3D) were
introduced in [34] as backgrounds of the off-shell 3D N-
extended conformal supergravity [35,36] with covariantly
constant and Lorentz invariant torsion. In this paper we will
restrict our attention to the conformally flat (p, ¢) AdS super-

spaces’

AdsClra) — OSP(PI2:R) x OSp(q2; R)
~ SL2,R) x SO(p) x SO(q) ’

@2.1)

which may be viewed as maximally supersymmetric solu-
tions of (p, g) AdS supergravity theories [37] (even though
these theories are intrinsically formulated in components
without auxiliary fields and can be recast in superspace only
on the mass shell).> The superspaces (2.1) with p + ¢ < 4
naturally originate as maximally supersymmetric solution
of various off-shell AdS supergravity theories. In particu-
lar, AdSGIT9 corresponds to A" = 1 AdS supergravity [39].
The superspaces AdSCID and AdSG1Z9 correspond to the
off-shell formulations for N" = 2 AdS supergravity given in
[36,40].

As demonstrated in [34], the isometry group of AdSGI7-9)
is
G = 0OSp(p|2; R) x OSp(g|2; R) = GL x GR. 2.2)
The same supergroup is also the superconformal group

of compactified Minkowski superspace in two dimensions,

M , withits bosonic body being M = S1x S!, the com-

pactified two-dimensional Minkowski space.* Our embed-
ding formalism for AdSG!7:9) is constructed in terms of 2D
supertwistors.

2 In the case ( P, q) = (N, 0) there also exist non-conformally flat AdS
superspaces if N > 4 [34]. They will be discussed elsewhere.

3 The coset spaces (2.1) were briefly discussed in [38].

—2
M( 12

4 The supertwistor realisation of ) is given in Appendix A.

@ Springer

2.1 Algebraic background

We introduce two types of pure supertwistors, (i) a left super-
twistor

TL:(TA):<TO‘>, =12 TI=1,....,p; (23)
Iy
and (ii) a right supertwistor
Ty
TR = (Ty) = 7 | a=12, I=1,...,q. 24
- 1

In the case of even left supertwistors, Ty is bosonic and
T7 is fermionic. In the case of odd left supertwistors, T is

fermionic while 7 is bosonic. The even and odd left super-
twistors are called pure. We introduce the parity function
&(T) defined as: e(T) = 0if T iseven,and e(T) = 1if T
is odd. Then the components T of a pure left supertwistor
have the following Grassmann parities

e(Ty) = e(T) + &5 (mod 2), 2.5)

where we have defined

J— 0 o

ATl A=T1-

Analogous definitions are introduced for the right super-
twistors.

A pure left supertwistor is said to be real if its components
obey the reality condition

(Tp* = (=DFDeaten 7 (2.6)

Real right supertwistors are similarly defined. The space of
complex (real) even left supertwistors is naturally identified
with C2IP (R2IP), while the space of complex (real) odd left
supertwistors may be identified with C?1? (R?!?),

We introduce graded antisymmetric supermatrices Jp, and
Jr defined by

_— 0
JL=(J”)=<8L : )
0 1]1[,

=)= (0 ).

and similarly for Jr. Here 1, denotes the unit p x p matrix.
Associated with Jp. and Jr are graded symplectic inner prod-
ucts on the spaces of pure left and right supertwistors, respec-
tively. For arbitrary pure left supertwistors 7 and S, their
inner product is

2.7)

(T|S)y, := TTILS, (2.8)
where the row vector T°T is defined by
Tt = (Tg, — (=1 D17) = (Fz(-D*Da+en)  (29)
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and is called the super-transpose of 7. The above inner prod-
uct is characterised by the symmetry property

(T1|Ta)y, = — (=) Ty ) (2.10)

If 71 and T are real supertwistors, their inner product obeys
the reality relation

(TiTs)" = ~(Ta/Ts, .11

We recall that the supergroup OSp(p|2; C) consists of
those even (2|p) x (2|p) supermatrices

g=(g52), elgi®) =ex+eq (2.12)

which preserve the inner product (2.8) under the action
TL=(Tp — ¢ TL=(g7"Tp) (2.13)

Such a transformation maps the space of even (odd) super-
twistors onto itself. The condition of invariance of the inner
product (2.8) under (2.13) is

g Ie =i, (2.14a)
where g°T is the super-transpose of g defined by
(A5 = (~DFEEterg A, (2.14b)

The subgroup G, = OSp(p|2; R) c OSp(p|2; C) consists
of those transformations which preserve the reality condition
(2.6), which means

. _
(ng) = (1) 7TTHagt = gf=g". (219

In conjunction with (2.14), this reality condition is equivalent
to

¢ ILg = v (2.16)

Analogous definitions are introduced for the right supergroup
Gr = OSp(g|2; R) € OSp(q|2; C).

2.2 Supertwistor realisation of (p, g) AdS superspace

In order to obtain a supertwistor realisation of (p, g) AdS
superspace, we introduce a space £(p.4). By definition, it
consists of all pairs (PL, Pr), where

PL=X5", wn=12 (2.17a)
is a left real even two-plane, and
Pr=(Ta"), wn=12 (2.17b)

is a right real even two-plane, with the additional property
P I P = PRIIR Pr. (2.18)

A few comments are in order. The statement that P is even
real, means that the two supertwistors X ]’f are even and real.

The property of P being a two-plane means that’
det(Xg") # 0. (2.19)

Similar statements hold for the right planes. In the space
£(p.q) We introduce the following equivalence relation

(PL, Pr) ~ (PLM,PrM), M € GL(2,R). (2.20)
The supergroup (2.2) acts on £, 4 by the rule
(8L, gR)(PL. Pr) := (gLPL, 8rRPR),
(gL. gr) € OSp(p|2; R) x OSp(¢[2; R). (2.21)

This action is naturally extended to the quotient space
Lp.qy/ ~- The latter proves to be a homogeneous space
of OSp(p|2; R) x OSp(g|2; R). It turns out that

AdSGIP-a) — Lol ~ - (2.22)

The equivalence relation (2.20) allows us to choose a
gauge

P I 8o’ © o
R = (Y4") = o) PL=(Xz") = ion )
(2.23a)

Then the condition (2.18) turns into

lex=s— i(eLT o — egeR). (2.23b)
This equation provides the embedding of AdSCG!”@) into
R2:22r+24 1y the non-supersymmetric case, p = g = 0,
(2.23b) is equivalent to

x € Sp(2,R) = SL(2, R), (2.24)
which is the standard realisation of AdSs.

Instead of using the gauge (2.23a), one can choose the
alternative gauge condition

r=o = () Pe=ow= ()

i 19711' i ﬁLV'
(2.25a)
Then the condition (2.18) turns into
yey=e— i(ﬁ{{ﬁR -9 ﬁL). (2.25b)

5 More precisely, the body of the matrix (Xg*) must be a nonsingular
matrix. See [41] for the necessary information about infinite dimen-
sional Grassmann algebra A, and supermatrices.

@ Springer
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2.3 G-invariant two-point function on AdS©G!7-4)

Let Z = (PL,Pr) and 7 = (ﬁL, 512) be two points of
£(p.q)- We introduce the following two-point function®

= 1 sT DsT -
(7.7 =3 [P (Pl IrPe) |- (2.26)
By construction, it is invariant under the group action (2.21).
The two-point function is also well defined on the quotient
space (2.22). Indeed, given two sets of equivalent points

(PL, Pr) ~ (PLM, PrM), (Pr, Pr)~(PLM, PrM),

(2.27)
with M, M € GL(2, R), we have

PTILPL ~ M I PLM,

P IR Pr ~ MTPY Ir Pr M, (2.28)

and therefore the two-point function (2.26) does not change.
It is instructive to evaluate (2.26) in the non-supersymmetric
case, p = q = 0. Assuming the gauge condition (2.23a), we
then have

xo—i—xl xz—i—x3
X = 2 3 0 1]

X" —X X —X
N2+ )2 - (H?r - (2?2 =1, (2.29)
and therefore
wix, %) =30x0 + 33 - 3xt - 2% (2.30)

3 N -extended AdS superspace in four dimensions

The supergroup OSp(N|4; R) is the isometry group of four-
dimensional A/-extended AdS superspace

OSp(N4; R)
44N _
AdS " 80(@3, 1) x SOW)’

Here we describe a supertwistor realisation of this super-
space. Our embedding formalism for AdS**V s constructed
in terms of 3D supertwistors.

It should be pointed out that AdS** was introduced in [42—
44]. Tt is a maximally supersymmetric solution of N' = 1
supergravity with a cosmological term, see [39,41] for a
review. The description of AdS*® as a maximally super-
symmetric solution of A/ = 2 supergravity with a cos-
mological term was given in [45-47]. The conformal flat-
ness of AdS** was established by Ivanov and Sorin [44]
and then reviewed in textbooks [39,41]. The superconfor-
mal flatness of AdS**V was demonstrated in [38]. Ref. [48]
described alternative conformally flat realisations for AdS**

3.1)

% Due to the relations (2.18) and (2.19), the combination 73§TJR73R is
nonsingular.

@ Springer

and AdS*® which are based on the use of Poincaré coordi-
nates.

3.1 Algebraic background

A supertwistor is a column vector

T3 ”
T =(Ty) = (?> (o) = (;})

a,B=12 i=1,...,N. (3.2)

Pure supertwistors are defined similarly to Sect. 2. Specif-
ically the components T4 of a pure supertwistor have the
following Grassmann parities

e(Ty) =e(T)+e4 (mod?2), (3.3)

where we have defined

. _[0 aA=a
ATYN1 A=

We choose the graded antisymmetric supermatrix

J — (JAB) — <M) ,

01[iln

58 0 1
— (J¥B) = 2
I = (J ) - (—]12 0 ) ’
which allows us to define a graded symplectic inner product

on the space of pure supertwistors by the rule: for arbitrary
pure supertwistors 7 and S, the inner product is

(3.4)

(TIS)y :=T*"J S, (3.5)

3.2 Supertwistor realisation of AdSHNV

We denote by & the space of all real even supertwistors.
Next we introduce a complex frame in €xr

T = (T4™).
(3.62)

T = (TH, TH),
My =1,2.

T = (Ta"),

Here the supertwistor T/ is the complex conjugate of 7.
We require the elements of the frame to obey the conditions:

(3.6b)
(3.6¢)

3uv<Tu|Tv>J] #0;

(THT"); = 0.
We denote § ar the space of all complex frames (3.6).
Itis not difficult to construct explicit examples of complex

frames (3.6). Let U* and V* be real even supertwistors with
the properties

(UHU")s = (VIVY)5 =0,
(UHIV)y = —(VHU®)y = 8.

(3.7a)
(3.7b)
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Such supertwistors originate as even vector-columns of an
arbitrary group element g € OSp(N|4; R). Then we define
the complex even supertwistors

TH = UM 4+ie"°V°, TH.=U!* —igh Vo, (3.8)
for which the properties (3.6) hold.
In the space of frames § s, we introduce the following

equivalence relation

TH ~ TYR,M, R € GL(2,0). 3.9
The supergroup OSp(N|4; R) acts on F s by the rule
g(T", T") = (gT",gT"), g€ OSP4 R). (3.10)

This action is naturally extended to the quotient space
Sn/ ~. The latter proves to be a homogeneous space of
OSp(N4; R). It turns out that

AdSHN — 3/~ (3.11)

3.3 Anti-de Sitter space

In order to prove (3.11), it suffices to consider the non-
supersymmetric case, ' = 0. Then we have
T T T 0 TP e s s = A

g 1y 1§ €avep = Begpyps

— (T35 + Jas Iig + Jas gy ) (3.12)
for some A # 0. We know that
(TMT )y = ke,  (THT")y = ke, (3.13)

for some complex parameter k # 0. Making use of (3.6a),
(3.12) and (3.13), we deduce that
T T AT, — .
KTy Tﬂu +«Ty Tﬂﬂ = AJ&ﬁ.
It is useful to introduce the traceless part of the antisymmetric

bi-twistor Ty “Tﬁ s

(3.14)

J“ﬁT T,

T Ts =TT, 1.]
(@ - wo v B

P 5 ap¥ =0. G.15)
Then the relation (3.14) is equivalent to the two identities:

©T6" Ty, + T Ty,

A = —kk.

=0, (3.16a)
(3.16b)

Making use of the equivalence relation (3.9) allows us to

choose a gauge

for a fixed real parameter £. Then (3.16a) turns into the reality
condition

(3.18)

Associated with T(&“Tﬁ)ﬂ is the real 5-vector

l A
X; = E(JF&)""gT(&“TA

1 S
A= E(Jrﬁ)aﬁT&MTA

G (3.19)

Here I'; are real 4 x 4 matrices which obey the anti-
commutation relations

{Ta. Ty} =251, gy = diag (— ++ + -,

4=0,1,2,3,4=a,3,4. (3.20)

These matrices constitute a Majorana representation of
the gamma-matrices for pseudo-Euclidean space R32. The
explicit realisation of I'y; is given, e.g., in [12]. Making use
of the completeness relation

(J DB ()7 = gab 78 o gad gBS _ yad phyy
3.21)

we obtain

XX =~ (3.22)

The above twistor description of AdS4 is equivalent to the
bispinor formalism introduced in [49].

3.4 OSp(N|4; R)-invariant two-point function on
Ads4\4./\/

Let T# and T* be arbitrary points of §ar. The following
two-point function

(THT) Tl T)s
(T|T5)3(T*|Tp)g

(T, ) (3.23)

is clearly OSp(/N4; R)-invariant. It is also invariant under
equivalence transformations

R, R e GL(2,0),
(3.24)

TH - T'R*,  TH — T'RM.

and therefore the two-point function is defined on the quotient
space (3.11).

In the non-supersymmetric case, ' = 0, (3 23) is simply
related to the AdS4 two-point function X“X ax. In the gauge
(3.17), we obtain

XX, = 0+ (THMT)(Tp ). (3.25)

3.5 Poincaré coordinate patch in AdSHV

Let us consider an open subset of AdS**V such that the
upper 2 x 2 block in

T ™
THI

T+

TH _ (3.26)

@ Springer
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is nonsingular. Then we can use the gauge freedom (3.9) to
impose the condition (3.17) and choose T,* o §4**. Now,
imposing the conditions (3.6¢), (3.13) and (3.17), we obtain
the general solution

8 I3
h— ! —x( Mz +69ePr | (3.27a)
o iv20,"
S
Th = \/% —xfl — %(KZ(_-H- —6HeP | (3.27b)
ivV20;"

where we have denoted

0 2 1
. = X —X —X
W::ﬂﬂinWﬁ>,.Wﬂ=( L xm+ﬁ>,

X
(3.28a)
1 _ _ _
z@=ziﬂw—m2, 02 = 0,014, 0> =0,"014.
(3.28b)
The real coordinates z > 0 and x? = (9 x!,x?)

parametrise AdS4 in the Poincaré patch. They are related
to the embedding coordinates X¢, eq. (3.22), as follows

Xa — (X(l, X3, X4)
l@al—ﬂ—w@21+#+w@3
Z 9 2 b 2 9

x2 = x%%,. (3.29)

In the non-supersymmetric case, ' = 0, the relations (3.27)
reduce to those given in [49].

Using the Poincaré coordinates introduced, it is easy to
show that the OSp(N|4; R)-invariant two-point function
(3.23) is not unique in the N > 0 case. In addition to (3.23),
we can introduce the following two-point functions

(THT) (T, Ty)y

_ T,T = ~—,
N ISRV AR
o (THTY)(T3IT
o (T, T) = <_, 770 <§ Ts)s (3.30)
(T | Ty ) (TAIT )y

which are OSp(NV|4; R)-invariant. They are also invariant
under arbitrary equivalence transformations (3.24). As fol-
lows from (3.27), o (T, T) depends on the chiral variables
X(—), 2(—) and 6 at each point 7" and T, whilst o) (T, T)
depends on the antichiral variables > X(4)s 2(+) and 6. This
means that w_ (T, T) and w4 (7T, T) are distinct. The three
two-point functions (3.23) and (3.30) coincide only if the
Grassmann variables @ and 6 are switched off.

This non-uniqueness is not surprising, since correlation
functions could depend on the type of supersymmetric mul-

@ Springer

tiplets and shortening conditions of local operators.” The
chirality condition is the simplest half-BPS constraint. With
extended supersymmetry, other constraints can be imposed.
The detailed classification goes beyond the scope of the
present paper, though we expect the next two sections to
provide techniques required to tackle such an analysis.

4 Bi-supertwistor construction for AdSHNV

Along with the supertwistor realisation of compactified
N-extended Minkowski superspaces in four dimensions,
M4|4N, there also exists the so-called bi-supertwistor realisa-
tion for the same superspace which was introduced by Siegel
[52,53] (see [18] for amodern description). Here we describe
its extension to AdS*+V

It should be mentioned that the bi-supertwistor construc-

tion of WHN was called “superembedding formalism” in
[54-56]. Indeed, this construction may be viewed as a specific
example of a general (super)embedding approach reviewed
in [57] in application to superbranes. This construction was
advocated in [54-56,58,59] as a powerful alternative tech-
nique to compute correlation functions in conformal field
theories, which is in a sense complementary to the more tra-
ditional superspace approaches pursued in [60—63].

Given a point in § n7, we associate with it the graded anti-
symmetric matrices

Ta*Tpu

Xap = —2——— = —(=1)"*F Xpy, (4.1a)
(TV|Ty)y

_ TaPTp, _

XAB =-2—— = —(—l)gASBXBA. (41b)
(TTy)y

These supermatrices are invariant under arbitrary equiva-
lence transformations

T" - T'R,*, R e GL(2,0), 4.2)

7 Here it is instructive to recall the following well-known results in
N-extended Minkowski superspace M**N parametrised by Cartesian
coordinates z4 = (x4, 07 ,éé), where i = 1,..., N. This super-
space possesses a one-parameter family of supersymmetric vector two-
point functions [50,511, ¢§, (z, )= (x —x)" =i — 00" +
191.’0“(9_ — 6" — i@ —0");0%(@ — &), where A is a parameter. For
any two values of the parameter, A; and A», the two-point function
Nabt(y,) (@ z’){{’m (z, 7') is super-Poincaré invariant, with 5,5, being the
Minkowski metric. We note that {(‘6) (z, 7') is real, whilst {(“])(z, 7) is
antichiral with respect to z and chiral with respect z’.
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and therefore they may be used to parametrise AdS**N  The
bi-supertwistors (4.1) have the following properties:

XapXcpy =0, (4.3a)

(=X 535 Xcp = Xap, (4.3b)
IBAX ap =2, (4.3¢)

(D)8 XI5 Xcp = 0. (4.3d)

Making use of the results of [18], the bi-supertwistor for-
mulation for AdS**V defined by (4.3) may be shown to be
equivalent to the supertwistor one described in Sect. 3.

5 Harmonic/projective AdS superspaces

The supertwistor realisations of AdSGIP9) and AdSH4NV s
which have been described in Sects. 2 and 3 , make use of
even supertwistors. In order to formulate AdS analogues of
the harmonic [64,65] and projective [66—68] superspaces,
odd supertwistors must be taken into account. The corre-
sponding technical details are analogous to the 3D and 4D
flat-superspace constructions of Refs. [12, 17] which built on
earlier works [13,14,16]. This is why we provide such AdS
formulations only in three dimensions.

Here we consider particular members of the family of
3D (p,q) AdS superspaces, specifically AdSCWV.0 - =
AdS3?N| For a fixed N = p + g, the specific fea-
ture of AdSCWV-9 and AdSCION) is that the correspond-
ing R-symmetry subgroup of the isometry group (2.2) is
maximal and coincides with the R-symmetry subgroup
of the N-extended superconformal group OSp(N|4; R),
which is SO(V).® Superspace AdS??V can be extended to
AdS3I2V X/I\/ , where the internal space X/lv is realised in
terms of left complex odd supertwistors’

2L=<"E), & #0, 5.1
9

which are subject to the constraints

PTIs =0, =TI =0, (5.2)
and are defined modulo the equivalence relation
YL~cX,, ceC\{0}. (5.3)

8 The superspaces AdSCHV-9 and AdSCION) are related to each other
by a parity transformation.

9 One can also consider superspaces AdS3PNV % Xf,Y , for any integer
m < [N/2], with [N'/2] being the integer part of A//2. Space X,/,‘[ is
realised in terms of m left odd complex supertwistors X/, with i =
1,....m, such that (i) the bodies of %! are linearly independent; (ii)
the =/ obey the constraints PETJLii = 0 and EiSTJLE{ = 0; and
(iii) the X7 are defined modulo the equivalence relation si~3%/iD ji R
with D € GL(m, C).

In the gauge (2.25), the above constraints take the form:

Pz =97 655, ity = ipwe™ pg. (5.4)

For N' > 2 the internal manifold le\/— proves to be a sym-
metric space,

N > 2.

SOW
X = WN)

T SO(WN —=2) x SO2)’ (5:5)

In the N = 3 case, the internal space X{’ is CP!, while for
N = 4 one obtains X} = CP! x CP!, see [12] for the
details.

It is obvious that the above construction naturally extends
to the case of (p, g) AdS superspaces with p > ¢ > O.
Technical details will be skipped.

6 Conclusion

In this paper we have presented supersymmetric extensions
of the twistor descriptions of AdS3 and AdS,. Specifically,
we have proposed supertwistor realisations of (p, g) AdS
superspaces in three dimensions and A/-extended AdS super-
spaces in four dimensions. In the three-dimensional case, we
have also presented harmonic/projective superspace formu-
lations of (p, g) AdS supersymmetry, and these results can
be readily extended to four dimensions.

One of the main results of our paper is the construction of
manifestly supersymmetric two-point functions in AdS317-4)
and AdS**N . Tn Minkowski backgrounds, the embedding
approach is known to be a powerful framework for decipher-
ing the structure of correlation functions in conformal field
theories — see, e.g., [54-56,58,59,69]. Analogously, it is of
interest for several applications to study n-point correlation
functions in AdS by employing symmetry arguments, see,
e.g., [49] and references therein for a recent discussion in
the non-supersymmetric case. The results of our work open
new avenues to perform manifestly supersymmetric studies
of correlation functions in AdS3; and AdS4. We aim to look
into this direction in the near future.
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ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
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Funded by SCOAP3.

A Compactified (p, ¢) Minkowski superspace in two
dimensions

For completeness, in this appendix we describe a super-

twistor realisation of 2D compactified Minkowski super-

i Cle.a)

space Ml . This superspace will be identified with

21p.q)
MY = Ay ~ - (A.1)

Here A(p 4) is the space of real even supertwistor pairs
(Tp, Tr), where T1, and TR are left and right even real super-
twistors of the form (2.3) and (2.4), respectively, with non-
zero bosonic parts,

=g #0, Tr:=Ty) #0. (A.2)
The equivalence relation in (A.1) is defined by
(T, Tr) ~ (LT, pRTR),  pL,prR €R—{0}.  (A3)
The supergroup (2.2) acts on A(,_4) by the rule

(8L, R)(TL, Tr) = (8LTL, &rTR),

(gL. gr) € OSp(p|2: R) x OSp(q|2; R). (A4)

This action is naturally extended to the quotient space
Ap,qy/ ~- The latter proves to be a homogeneous space
of OSp(p[2: R) x OSp(g[2; R).

Let us define one-forms

oL = —TTILdTL,  wr = —T§ JrdTR. (A.5)

They have the following properties: (i) . and wr are invari-
ant under the action of OSp(p|2; R) x OSp(g|2; R); and (ii)
w1, and wg scale under point-dependent (local) equivalence
transformations,

oL — pﬁa)L, WR —> pﬁwR. (A.6)
. =—=Qlp,

Therefore we can define a superconformal metric on M

by the rule

ds? = W[, WR. (A7)

In order to get a better feeling for the above construction,
let us consider the non-supersymmetric case, p = g = O.
The elements of A = A q,0) are all possible pairs (71, Tr) =
(Tg, Ty), where the real two-component spinors T and Ty

@ Springer

are non-zero. The freedom to perform equivalence transfor-
mations (A.3) can be partially fixed by imposing the condi-
tions

(T2 + (T3 =1, (T)*+(T)* =1 (A.8)

In this gauge, the equivalence relation (A.3) reduces to Tz ~
—Tg and T, ~ —Ty. Itis seen that the quotient space A/ ~
is ST x S,

Instead of imposing the conditions (A.8), we can intro-
duce inhomogeneous (North-chart) coordinates for the one-
spheres,

= ("), mw=("%). (A.9)
1 1

Then the one-forms (A.6) take the form

oL, = dxg, wr = dxg, (A.10)

and the metric (A.7) becomes ds? = dxi dxg. Given a group
element

gL=<i’ Z)GGL=Sp(2,R)§SL(2,R), (A.11)

itactson 71, eq. (A.9), by the fractional linear transformation

axy +b dxr

_— d _ A.12
cxp +d = L (cxp + d)? ( )

Given a group element gr € Gr = Sp(2, R), it generates
a similar fractional linear transformation of xg. Under the
action of (g1, gr) € GL x GR, the metric ds? = dxpdxg
scales.
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