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Abstract Leggett–Garg inequality (LGI) is a time ana-
logue of Bell’s inequality that concerns measurements per-
formed on a system at different times. Violation to LGI indi-
cates quantum coherence. We present a Leggett–Garg-type
inequality compatible with more general neutrino oscillation
frameworks, allowing the effects of decoherence to be taken
into consideration. The inequality is applied to test coherence
for data from Daya Bay, MINOS, and KamLAND experi-
ments, and their results are compared to theoretical predic-
tions to investigate decoherence. Both Daya Bay and MINOS
data exhibit clear violations of over 10σ , and of over 90%
of theoretical predictions, while the KamLAND data exhibit
violation of 1.9σ , being of 58% of the theoretical prediction.
The present work is the first to have considered the energy
uncertainties in neutrino coherence tests.

1 Introduction

The idea of neutrino oscillation was proposed half a cen-
tury ago [1], and has been confirmed by various sources
since then. A neutrino created with a specific flavour
state {|νe〉, |νμ〉, |ντ 〉} can later be found at other flavour
states, and the corresponding transition and survival prob-
abilities vary as the neutrino propagates along the space.
The standard scheme of the oscillation involves 3 flavour
states {|νe〉, |νμ〉, |ντ 〉} that are superpositions of mass eigen-
states {|m1〉, |m2〉, |m3〉} [2,3].

Although most lab-generated neutrinos (reactor neutrinos
and accelerator neutrinos) exhibit oscillation behaviors that
can be fitted into the standard scheme, neutrinos produced by
more distant sources, such as solar activities and supernova
explosions, behave rather differently. This diversity can be
addressed to effects such as quantum decoherence, i.e. loss
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of the quantum mechanical feature named quantum coher-
ence. Under decoherence, the flavour transitions of neutrino
oscillation are underdamped and can ultimately disappear
[4,5]. Environmental perturbation and wave-packet delocal-
ization are generally viewed as main sources of neutrino
decoherence [6–9]. While signs of wave-packet delocaliza-
tion were hardly found in lab-generated neutrinos, it is sug-
gested that environment-induced decoherence can be found
in lab-generated neutrinos, especially in long-baseline exper-
iments, and can help to explain certain results. [10–13]. There
are also other effects that can alter the behavior of neutrinos,
such as non-standard interactions (NSI) [14–16] or possible
existence of sterile neutrinos [17–20].

The idea of experimentally testing quantum mechani-
cal features originates from Bell [23]. It has been shown
that quantum entanglement can be experimentally identified
through violation of the famous Bell’s inequality [23,24].
While Bell’s inequality concerns correlation among mea-
surements performed on spatially separated subsystems, an
analogous inequality developed by Leggett and Garg, the
Leggett–Garg inequality (LGI), concerns that on one sys-
tem at different times [25,26]. The LGI detects violation
of “macrorealism” (MR) [26], or exhibition of coherence
in the sense of quantum mechanics. The original formu-
lation of LGI requires successive, noninvasive measure-
ments (NIM) [26], wherein difficulties may arise, for in quan-
tum mechanics a measure inevitably collapses the system.
Efforts on circumventing this problem are usually character-
ized by employing “weak” measurements [28–31] or con-
structing alternative “testable” inequalities [32–35]. Experi-
mental violations of LGI have been observed in various sys-
tems [31,33,35,36].

Several approaches have been employed to study exper-
imental neutrino oscillation decoherence from different
aspects, and it is proposed that LGI can be applied to test
coherence in neutrino oscillation [37,38]. Violations to LGI
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in different neutrino sources have been confirmed under a 2-
state approximation [39,40], and studies on this topic also
suggested that violation can be found in 3-state neutrino
oscillations in standard scheme [41].

Resent studies on neutrino oscillation coherence
[6–13,44] embrace the more general Gorini–Kossakowski–
Sudarshan–Lindblad (GKSL) framework [21,22] rather that
the standard 3-state unitary evolution scheme, and test com-
patible with this framework is therefore worth to be inves-
tigated. Also, it is possible to improve existing works by
including the effect of energy uncertainties, an effect that
plays an important role in experimental observations of neu-
trino oscillation. Methods such as analyzing the data with
parameterized decoherence models [10,42–44] or employing
quantum resource theory tools other than Bell-like inequali-
ties [45,46], are applied to study the same topic as well.

The present work offers a LGI for general quantum
dynamical semigroup, making the test valid for more general
neutrino oscillation models (these models cover the cases
of non-standard interaction, possible sterile neutrinos, and
environmental perturbation). The inequality is applied to test
the neutrino oscillation data from Daya Bay, MINOS, and
KamLAND experiments. Violations are observed in all three
experiments. The corresponding confidence levels are esti-
mated quantitatively, and are compared to those of theoretical
predictions. It is also notable that the analysis in this work
have considered the energy uncertainties of neutrino experi-
ments, for the first time in neutrino coherence tests.

2 Formalism

Consider a dichotomic projection-valued measure (PVM,
quantum measure characterized by an orthocomplete set of
possible outcomes) Q̂ with realization ±1. In the language of
quantum mechanics, a dichotomic PVM is characterized by
two orthocomplete Hermitian projectors {�̂(+), �̂(−)} and
corresponding eigenvalues {λ(+), λ(−)} (being ±1 herein).
The projectors correspond to separate subspaces {H(+), H(−)}
that form the total Hilbert space via direct sum H = H(+) ⊕
H(−). Under eigenbasis, the projectors have the following
block-diagonal form :

�̂(+) =
[
Êm×m Ôm×n

Ôn×m Ôn×n

]
;

�̂(−) =
[
Ôm×m Ôm×n

Ôn×m Ên×n

]
,

(1)

wherein Ê stands for identity matrix. The measure, being
Q̂ = �̂(+) − �̂(−), determines which subspace the sys-
tem lies in, with the corresponding probabilities P(+) =
Tr[�̂(+)ρ̂] and P(−) = Tr[�̂(−)ρ̂] and outcome 〈Q〉 =

P(+)−P(−) = 2P(+)−1. The bracket 〈. . .〉 indicates expec-
tation, or average over many trials.

Quantum coherence, being a measure-based property
characterized by nonzero off-diagonal blocks in density
matrix under eigenbasis of the measure, implies that the
system cannot be seen as “in either H(+) or H(−) (macro-
realism)”. Completely incoherent density matrices take the
blockwise-diagonal form:

ρ̂ =
[

ρ̂
(+)
m×m Ôm×n

Ôn×m ρ̂
(−)
n×n

]
. (2)

Let the measure Q̂ be performed at the system succes-
sively and noninvasively (NIM) at different times. Defining
the correlation C(ti , t j ) between time ti and t j as:

C(ti , t j ) = 〈Q(ti )Q(t j )〉, (3)

and macrorealism predicts:

N−1∑
i=1

C(ti , ti + 1) − C(t1, tN ) ≤ N − 2, (4)

which is the Wigner-type LGI [27]. This can be easily
recognized, as a single macrorealism system yields Q =
±1 (no bracket, for the result is definite) and thus satis-
fies the inequality. Averaging over an ensemble preserves
the inequality.

Experimental determination of correlation involves suc-
cessive, non-invasive measurements, which contradict the
fundamental quantum mechanical principle of quantum col-
lapse. This issue can be handled by deriving experimentally
testable inequalities on the basis of additional assumptions.
In particular, many researches on testing LGI in neutrino
oscillations adopt the assumption of stationary correlation
[39,40]:

C(ti , t j ) = C(0, t j − ti ), (5)

that is, the correlation depends only on time interval t j − ti ,
rather than on ti and t j . Given the initial state, one single
measurement at t = t j − ti would be sufficient for acquiring
the correlation C(ti , t j ). The issue of NIM is thus obviated.

Stationary correlation assumption holds generally true
only for 2-state time-homogeneous Markovian evolution,
while neutrino oscillation involves at least 3 states
(|νe〉, |νμ〉, |ντ 〉). Previous studies [41] have suggested that
additional correction term, evaluated using the neutrino
Hamiltonian, can be added so that LGI test can be performed
for 3-state neutrino oscillation. While successfully bypassing
the limit of stationary correlation, the method has left space
for improvement as well: The actual evolution of the system
may deviate from the prediction using the presumed Hamil-
tonian, in this case the reliability of the evaluated correction
term is limited. Also, by using a specific Hamiltonian, the
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evolution is assumed to be unitary. A unitary evolution pre-
vents decoherence at first place, therefore raising question to
the necessity of characterizing coherence.

Recent studies [6–13,44] on neutrino oscillation coher-
ence embrace the GKSL approach [21,22], a general frame-
work that describes the time-homogeneous Markovian evo-
lution of quantum density operator ρ̂. Such evolutions form
a quantum dynamical semigroup. Time-evolution in GKSL
master equation consists of a Hamiltonian term and a dissi-
pation term:

∂ρ̂

∂t
= − i

h̄
[Ĥ, ρ̂] + 1

2

N2−1∑
k=1

γk([V̂k, ρ̂V̂ †
k ] + [V̂k ρ̂, V̂ †

k ]).

(6)

Herein V̂k are dissipative operators that are accountable for
decoherence, and they form a complete basis of the N × N
traceless operator space. The GKSL master equation pre-
serves total probability Tr[ρ̂] as well as the semigroup prop-
erty. The semigroup property states that time-evolution map-
pings of the system φ(t j ) satisfy:

φ(t j )φ(ti ) = φ(ti+t j ). (7)

Time-evolution mappings are linear operators acting on the
space of density operators. Time-evolution mappings can be
viewed as integrals of the GKSL master equation:

ρ̂(ti + t j ) = φ(t j )[ρ̂(ti )]. (8)

If any incoherent density matrix remains incoherent in its
subsequent evolution, then the time-evolution mappings can
be decomposed into survival and transition terms:

ρ̂(+)(ti + t j ) = φ++
(t j )

[ρ̂(+)(ti )] + φ+−
(t j )

[ρ̂(−)(ti )],
ρ̂(−)(ti + t j ) = φ−+

(t j )
[ρ̂(+)(ti )] + φ−−

(t j )
[ρ̂(−)(ti )].

(9)

Consider a system that starts as an equiprobable distribu-
tion in H(+) at t = 0. The corresponding density matrix ρ̂(0)

is indeed incoherent, explicitly:

ρ̂(+)(0) = 1

m
Êm×m,

ρ̂(−)(0) = Ôn×n .

(10)

Perform the measure at (t, 2t, . . .), on separate mem-
bers of an ensemble characterized by the density matrix.
The NIM is circulated, for successive measurements are not
involved. Density matrices and corresponding probabilities
can be obtained by applying Eq. (9). The following inequal-
ities can be acquired by dropping the transition terms, since

they give nonnegative contribution to the survival rate P(+):

P(+)(2t) ≥ Tr

[
φ++

(t)
2
[

1

m
Êm×m

]]
≥ P(+)(t)2,

P(+)(3t) ≥ Tr

[
φ++

(t)
3
[

1

m
Êm×m

]]
≥ P(+)(t)3,

. . .

(11)

The second “≥” is provided by the AM-GM inequality of the
eigenvalues of density matrix. For the special case of m = 1,
the second “≥” is replaced by “=”, as ρ̂(+) is now 1 × 1
with value P(+). Also, the time intervals t are not necessar-
ily identical under this circumstance. Hence, the inequality
becomes:

P(+)

(
N∑
i=1

ti

)
−

N∏
i=1

P(+)(ti ) ≥ 0. (12)

This inequality is to be applied to test neutrino coherence in
this work.

In addition, if n = m = 1 the contribution of transition
terms can be explicitly evaluated rather than simply dropped
off, resulting in the equality:(

2P(+)

(
N∑
i=1

ti

)
− 1

)
=

N∏
i=1

(2P(+)(ti ) − 1), (13)

which recovers the Wigner-type LGI for stationary correla-
tion [27]:

N−1∑
i=1

C(0, ti ) − C

(
0,

N−1∑
i=1

ti

)
≤ N − 2. (14)

3 Neutrino oscillation

The standard scheme of neutrino oscillation is the 3-state
neutrino model. The oscillation involves 3 flavour eigenstates
{|νe〉, |νμ〉, |ντ 〉}, being superpositions of mass eigenstates
{|m1〉, |m2〉, |m3〉}:
|να〉 =

∑
k

U∗
αk |νk〉, (15)

herein α = {e, μ, τ }, and k = {1, 2, 3}. Uαk is the
Pontecorvo–Maki–Nakagawa–Sakata (PMNS,PMNSa) mat-
rix [2,3], parameterized by three mixing angles and one CP-
violating phase:⎛
⎝ c12c13 s12c13 s13e−iδCP

−s12c23−c12s13s23eiδCP c12c23−s12s13s23eiδCP c13s23

s12s23−c12s13c23eiδCP −c12s23−s12s13c23eiδCP c13c23

⎞
⎠ .

(16)

Neutrino in vacuum at ultrarelativistic limit subjects to a
unitary time-evolution determined by the PMNS matrix and
two mass square differences 
m2

21,
m2
31, if decoherence
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effects are not taken into account. The survival and transition
rates under the standard scheme are given as:

Pα→β =
∣∣∣∣∣
∑
i

U∗
αiUβi e

−i

m2

i1L
2E

∣∣∣∣∣
2

. (17)

The parameter L/E herein can be viewed as an analogue of
“time”. In the following section Eq. (17) provides theoretical
prediction of survival rates. The oscillation parameters are
listed in Table 1.

The general GKSL framework allows the inclusion of
effects beyond the standard scheme, such as non-standard
interaction, sterile neutrinos, and environmental perturba-
tion. These effects modify the evolution Eq. (17) by alter-
ing the Hamiltonian, adding new flavour eigenstates to the
Hilbert space, and introducing additional non-unitary dissi-
pation terms. The inequality Eq. (12) is deduced using this
framework, and is therefore applicable for coherence test
even with these effects in presence.

4 Experimental violation of LGI

In experiments, neutrinos with almost identical initial state
(|νe〉, |νμ〉, |ντ 〉) travel across a fixed baseline L before reach-
ing the detector. Changing the energy E of the neutrinos
results in different survival( or transition) probabilities Psuv

and their dependance on L/E .
The work tests coherence for data gathered by MINOS,

Daya Bay, and KamLAND with LGI. All the three exper-
iments are disappearance experiments that measure neu-
trino survival rates. Both Daya Bay and KamLAND study
electron-antineutrino (|ν̄e〉), and MINOS studies muon-
neutrino (|νμ〉). As for the baseline and energy parameters,
Daya Bay has L ∈ [364m, 1912m] (for there are mul-
tiple reactors and detectors located differently) and E ∈
[1MeV, 8MeV] [47], MINOS has L = 735km and E ∈
[0.5GeV, 50GeV] [49], and KamLAND has L = 180km and
E ∈ [2MeV, 10MeV] [51]. The survival rates obtained by

Table 1 Neutrino oscillation parameters (Normal Ordering) from
global fit. The data are taken from NuFIT [54,55]

Parameter Best fit±1σ 3σ range


m2
21/10−5 eV2 7.42+0.21

−0.20 6.82 → 8.04


m2
31/10−3 eV2 2.514+0.028

−0.027 2.431 → 2.598

θ12/
◦ 33.44+0.78

−0.75 31.27 → 35.86

θ13/
◦ 8.57+0.13

−0.13 8.20 → 8.97

θ23/
◦ 49.0+1.1

−1.4 39.6 → 51.8

δCP/◦ 195+51
−25 107 → 403

these experiments and theoretical predictions of 3-neutrino
model Eq. (17) are shown in Fig. 1.

For neutrino disappearance experiments, Eq. (12) is appli-
cable, with the measure projectors being �̂(+) = |i〉〈i | and
�̂(−) = Ê − |i〉〈i |, wherein |i〉 stands for the initial state.
The 3-party inequality becomes:

K3(ti , t j , tk) := Psuv(ti )Psuv(t j ) − Psuv(tk) ≤ 0, (18)

with

ti + t j = tk . (19)

For real data, however, the ‘time’ t = L/E has systematic
uncertainties (for that the energy resolutions are finite), and
can therefore never match exactly the correlation condition of
Eq. (19). The observed survival probabilities have uncertain-
ties as well. To take these uncertainties into consideration as
well as to evaluate qualitatively the degree of LGI violation,
the method of statistical sampling of generated pseudodata
can be utilized.

The procedure goes as follows: Given a set of experi-
mental data of times and survival rates and corresponding
uncertainties {(ti , Pi ;
ti ,
Pi )}, generate a set of pseudo-
data of times and survival rates {(τi , πi )} using normal dis-
tributions, with the means being (ti , Pi ) and the variances
being ((
ti )2, (
Pi )2).

A data triad {(τi , πi ), (τ j , π j ), (τk, πk)} is taken as “cor-
related” if it satisfies the correlation condition of Eq. (19)
within the range of ε = 5%:

|τi + τ j − τk |
τk

≤ ε. (20)

The reason for setting ε to be 5% is that, if the standard is
too strict (for example, ε = 1%), it would be virtually impos-
sible to have any correlated triads for the time uncertainties
of the data being considered herein. On the other hand, a too
rough standard, such as ε = 10%, would hardly resemble
any actual correlation. Setting ε to be 5% strikes a balance
between these two factors, and it is also a conventional value
in statistics.

A correlated triad is considered to have violated LGI, if:

K3(τi , τ j , τk) = πiπ j − πk > 0. (21)

Count the number of correlated triads that exhibit viola-
tions. Repeating this procedure generates a distribution of
violation counts. Confidence level of the violation can be
obtained by dividing the expectation of the distribution μ by
its standard deviation σ .

With this data processing procedure, both the MINOS and
the Daya Bay neutrino oscillation data yield a clear violation
of over 10σ , while the KamLAND data exhibit a less sig-
nificant violation, of 1.9σ . However, these results cannot be
compared directly, as more data points and better energy res-

123



Eur. Phys. J. C (2022) 82 :133 Page 5 of 7 133

Fig. 1 Neutrino survival probability data from Daya Bay (left) [48],
MINOS (middle) [50], and KamLAND (right) [52]. Blue curves indi-
cate the theoretical prediction of standard scheme Eq. (17) using param-
eters from NuFIT [54,55] global fit. The stairs represent the predicted

value averaged over the uncertainty interval of corresponding data
points, demonstrating the ‘flattening’ effect that arises from the finite
energy resolution of the experiments. Data from the three experiment
halls (EHs) of Daya Bay (left) are demonstrated separately

Fig. 2 Statistics of violation counts of experimental and theoretical
pseudodata for Daya Bay (left) [48], MINOS (middle) [50], and Kam-
LAND (right) [52]. The distributions and violation confidence levels of
Daya Bay and MINOS experimental pseudodata are close to that of theo-

retical pseudodata (90% and 94%), while the distribution of KamLAND
experimental data is very different from its theoretical pseudodata, and
the violation confidence level is only 58% of theoretical pseudodata

Fig. 3 Distributions of pseudodata of K3 for Daya Bay (left) [48],
MINOS (middle) [50], and KamLAND (right) [52]. The gray shade
represent the prediction using standard scheme Eq. (17) with NuFIT

[54,55] global fit parameters, while the blue and red points represent
experimental and theoretical pesudodata separately

123



133 Page 6 of 7 Eur. Phys. J. C (2022) 82 :133

olution would result in higher confidence level even for the
same evolution.

To understand the implication of these results, the same
procedure is applied for data with experimental values of
times, time uncertainties, and survival rate uncertainties,
while the survival rates are replaced by theoretically pre-
dicted values Eq. (17), and the results are compared with
those of experimental data. The confidence levels of viola-
tion of both Daya Bay and MINOS data are very close to those
of theoretical pseudodata, of over 90%, while that of Kam-
LAND data is considerably less than the confidence level
of theoretical pseudodata, of only 58%. The results and the
comparison are shown in Fig. 2, and the generated pseudo-
data are shown in Fig. 3.

5 Conclusion

This work presents a testable Leggett–Garg-type inequality
compatible with recent GKSL framework of neutrino oscil-
lation study. The inequality allows test for a wide range of
neutrino oscillation models (such may involve environmental
perturbation, non-standard interactions, and possible sterile
neutrinos), and have the potential of identifying decoherence.
This work advances existing works in this area by offering
a general test that is free from 2-state approximation or uni-
tary (no decoherence) evolution assumption. The analysis in
this work have also taken the experimental energy uncertain-
ties into account, being the first time in neutrino coherence
tests.

The inequality is applied to test coherence for neutrino
oscillation data from MINOS, Daya Bay, and KamLAND.
Both MINOS and Daya Bay data give definite results of LGI
violation, while the violation in KamLAND data is not as
clear. The results are compared to those of theoretical pre-
diction. Violation confidence levels of Daya Bay and MINOS
are close to those of theoretical pseudodata (90% and 94%),
while the confidence level of KamLAND is only 58% of that
of theoretical pseudodata. KamLAND has one of the biggest
“time” parameter (L/E ∼ 105km/GeV) among current neu-
trino oscillation experiment facilities [53] and its data deviate
from the prediction of the standard 3-flavour unitary evolu-
tion with global fit parameters, and KamLAND data there-
fore have been used as a source for investigating neutrino
decoherence [10,42,43]. The result in this work supports the
idea of seeking decoherence in KamLAND and other lab-
generated neutrino experiments, for the confidence level of
LGI violation in KamLAND data is considerably less than
that of theoretical prediction.

The question of testing neutrino coherence with the pres-
ence of wave-packet delocalization, is still unsolved. The
delocalization effect is characterized by the parameter L2/E4

[4,43], and thus a universal “time” parameter with respect

to energy E and baseline L can no longer be constructed.
Besides, the effective time-evolution of delocalization in
flavour subspace goes beyond the GKSL scheme for it is
non-Markovian. Further efforts are needed to tackle these
difficulties. Also, it is still yet to de determined that what
mechanisms lead to the difference between KamLAND data
and that of theoretical prediction, and that how to describe
the coherence loss over propagation in experiments quanti-
tatively.
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