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Abstract The Kerr—Schild-Kundt (KSK) metrics are
known to be one of the universal metrics in general relativity,
which means that they solve the vacuum field equations of
any gravity theory constructed from the curvature tensor and
its higher-order covariant derivatives. There is yet no com-
plete proof that these metrics are universal in the presence of
matter fields such as electromagnetic and/or scalar fields. In
order to get some insight into what happens when we extend
the “universality theorem” to the case in which the electro-
magnetic field is present, as a first step, we study the KSK
class of metrics in the context of modified Horndeski theo-
ries with Maxwell’s field. We obtain exact solutions of these
theories representing the pp-waves and AdS-plane waves in
arbitrary D dimensions.

1 Introduction

The Kerr—Schild—Kundt (KSK) metrics belong to a very spe-
cial type-N metrics in general relativity. Recently, it was
shown that they are one of the universal metrics in general
relativity solving the vacuum field equations of generic the-
ories of gravitation [1-6]. As examples the solutions of the
field equations of quadratic, cubic, Born—Infeld, topologi-
cally massive gravity, and f(Riemann) theories of gravita-
tion are given explicitly. In the general case the field equations
reduce to N-number of Klein—Gordon equations, where N
is related to the degree of nonlinearity in the theory.

A generalization of the “universality theorem” given in [6]
to nonvacuum case has not been given yet. However, there
are some partial efforts for the case of generalization of the
Einstein-Maxwell field equations [7-12]. Our main goal in
the present work is to extend these works to the KSK metrics.
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In this direction, as a first step, we shall consider a generic
theory of gravity coupled with Horndeski-type [13] interac-
tion and a modification of it. We generalize the theorem on
the universality of the KSK metrics in generic gravity theo-
ries [3,4,6] to a gravity theory whose action is given as the
union of the generic gravity action and modified Horndeski
action; i.e., in D dimensions,

I :/de«/—g[f(g,R,VR,...,VV...VR,...)

1
— 1P P + o R FunFP + 02 R", FMVF“ﬂ],
ey

where f is an arbitrary function of the metric tensor (g.),
the Riemann tensor (R,.qg), and the covariant derivatives
of the Riemann tensor of any order. The term parametrized
by o7 in (1) represents the Horndeski-type interaction and
the term parametrized by oy represents the modification of
it. The explicit definitions of the tensors Fy,, and R, ,qp are
given in Sect. 2, see Eqs. (18) and (19). We show that, in the
case of the KSK metrics, the field equations of the generic
theory defined by the action (1) reduce to a system of coupled
linear partial differential equations.

The field equations derived from the action (1) are as fol-
lows

1 -
E,uv = E(T;w + o1ty + UZT;LU)a (2)
V,F* =0, 3)

where E,,, is the tensor obtained when f in (1) is varied with
respect to g, and Fy,, is the tensor when the total Lagrange
function is varied with respect to F),,. The explicit form of
the tensors T}y, Tyy, Tuv, and F, in (2) and (3) are given
in the next section, see Eqs. (24)—(27). In the generic case
(with no electromagnetic fields), when the metric is the KSK
metric, i.e., of the form g,, = guv + 2VI,l,, where g,
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represents the maximally symmetric background spacetime,
V is a scalar function, and [, is a null vector field (see Sect.
3), the tensor E,,, on the LHS of (2) takes the form (see, e.g.,
[3,4,6])

E,y =eguy + Bl,ly, %)

where e is a constant depending on the coupling parameters
of the f function of an explicit gravity theory and B is a
scalar function given by

N
B = Z an(=1)" (O =2K)" OV, (5)
n=0

where K is a constant related to the curvature scalar of the
background metric g,,,. Here, N is related to the number of
covariant derivatives of the Riemann tensor that may appear
in the f function of a generic gravity theory. In other words,
2N + 2 is the derivative order of the pure gravity theory
defined by the f function in (1); for example, N = O corre-
sponds to Einstein’s gravity (or the Einstein—Gauss—Bonnet
theory), N = 1 to the quadratic gravity (or more generally
f(Riemann) theory), and N = 2 to the sixth-order grav-
ity theory [5]. The constants a,’s in (5) are functions of the
parameters of the explicit gravity theory at hand, and the lin-
ear operator O appearing in (5) is defined in (42) in Sect. 3.

In Sect. 4, we will show that, when the vector potential is
A, = ¢(x)l,, where ¢ is a scalar function [see Eq. (43)],
the RHS of the Eq. (2) takes the form

RHS = Byl,l,, (6)
where Bj is a scalar function given explicitly in Sect. 4, see
Egs. (47), (52), and (53). Then the field equations (2) of the
full theory (1) reduce to, from (4) and (6),

e=0, (N

which determines the effective cosmological constant in
terms of the parameters of the theory, and

B =By, ®)
which gives higher order linear coupled partial differential
equations for V and ¢.

To see the simplification introduced by the KSK metrics,
let us give the following two specific examples.

A. Einstein gravity with modified-Horndeski couplings

In this case, the function f appearing in the action (1) is

1
S8 R) =77 (R—=2A), ©))

@ Springer

which is the Einstein—Hilbert Lagrange function with a cos-
mological constant. Therefore, from (4)—(8), we have

eEL[A_wK}ZO,
k2 2

1 I-
OV = 5{*” - 401[551# +E%0 Y — (Eap®)’

(10)

+p* PPVt + % [sz +(D*>—-7D + 8)[(] w}
- 1

+02 [Dw + 2690y + E@ap"‘ﬂ

+p pPVakp — 6Kx/f} } (11)

where py = 949, ¥ = pop®, &, is a vector field defined in
the covariant derivative of the vector [, [see Eq. (32)], and
we have taken ag = 2/‘(—2 and N = 0 in (5). In this work, we
shall consider this theory and present the specific solutions
to (11), together with (3).

B. Quadratic gravity with modified-Horndeski couplings
This time the function f in (1) is

1
f(8 R =55 (R=2M0) +aR® + BRy,
v (R2, — 4R, + R?), (12)

which is the combination of the Einstein—Hilbert Lagrangian
(with the bare cosmological constant Ag) and the squared
terms parameterized by («, B, ). The highest derivative
order of this theory is N = 1 [2]. Then, (7) determines the
cosmological constant in the theory as

Ag— A
ezzK—z—hM:o, (13)
where we made the definitions
A= (D — 1)2(D—2)K’
_ (D —4) (D —3)(D—4)
h:(Doz—}-,B)(D_2)2 y(D—l)(D—Z)’ (14)

and (8) becomes

8 [o _ <2K + %)] ov
1 . _

= 5{1// — 4o [EDV/ + &% — (Sotl’a)z +papﬂVa§5
[ 2

+5 [& +(D —7D+8)K]w]

- 1 _
+az[Dw + 2600V + 5 ™) + P PPVt - 61<w] }

15)
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where

1 +4AD N 4A
—_— o
k2 D=2 D—1

4A(D —3)(D — 4)
(D—=1)(D-2)

c

[\

(16)

Note that, in order to obtain the LHS of (15), one should write
(5) for both the Einstein—Hilbert part (for which N = 0)
and the squared terms part (for which N = 1) of (12), with
the redefined a,,’s for each. Also observe that, if we set the
couplings &, B, and y to zero, we recover the case A discussed
above.

In this work, we will solve the field equations of the gravity
theory defined in the case A above for which f is the Hilbert
Lagrange function with a cosmological constant given by
(9), and the matter energy—momentum tensor comes from
the modified Horndeski couplings appearing in (1). For this
purpose we structure the paper as follows. In Sect. 2, we
define the modified Horndeski theory and give its field equa-
tions. In Sect. 3, we review the properties of the KSK met-
rics. In Sect. 4, we study the KSK metrics in the context of
the modified Horndeski theory. In Sects. 5 and 6, pp-waves
and AdS-plane waves in modified Horndeski theory are dis-
cussed, respectively. In Sect. 7, the solutions of some special
cases are given. Finally, in Sect. 8, we give our concluding
remarks. Throughout the paper, we shall use the metric sig-
nature (—, +, +, +,...) .

2 Modified Horndeski theory

The action that generalizes the Einstein—Maxwell theory by
including the Horndeski’s modification in D dimensions is
given by

R—2A 1
I = /dD)Cq/—g [7 —Z HVF'L“)—FO'] RugﬂFMuFaﬁ
+or Ry Fn 8 . a7

where «2 is the gravitational constant, A is the cosmological
constant, o7 and o are coupling constants, R is the Ricci
scalar, and

Fuy = VA, — VoA, (18)
1 i
Rfp = —Zéggprp;G, (19)

with A, and R” KU being the electromagnetic vector poten-
tial and the Riemann tensor, respectively. The generalized
Kronecker delta used here is defined as

o0 [or1 arl _ oy A
5,31~~~/3k = k!(Sﬁl ""Sﬂk = k!SD31 "'Sﬁk]' (20)

With the definition (19), one can also write the interaction
term in (17) as
RM  Fuy F*P = —RF? + 4R ! Fyo F** — R Fuy FOP | (21)

B B

where F? = F,, F*¥ and R,/ is the Ricci tensor.

The field equations of the theory by varying the action
(17) with respect to the independent variables g”** and A,
can be obtained as

G+ A8, =T, +o17,) + 02 T), (22)
V]}f’uv = Ov (23)
where
Vo va 1 v 2
T, = FuaF" — 20, F?, (24)
T = 8,0 Va FOTVP Fgy — AR, Fyc FOX, (25)
T =Vy Vg (F* FP'+ F* FP ),
1 \
+58, Rapry FoP phy
3
+§Fa'3 (R"3ap F* 1+ Ruzap F*") . (26)
FH = FI — 4o RY ) FP + 40y RV FP. 27)

Using the Bianchi identity R y[eg;,] = 0 and the fact that

v, 85;;‘? = 0, one can rewrite (23) as

Vo FR — 4o RM,V, F 4 4oy, (R“; F“ﬂ) —0. (28)

B

3 KSK class of metrics

Suppose that the spacetime is endowed with a metric of the
“generalized” Kerr—Schild form [14-16]

8uv = g/,(,v + 2Vlull) (29)

Here, by the word “generalized,” we mean that the back-
ground metric g,,, is a maximally symmetric spacetime; i.e.,
its curvature tensor has the specific form

Ry = Koy, (30)
with
R
K = ——— = const. 3
DD —-1)

It is therefore either Minkowski, de Sitter (dS), or anti-de

Sitter (AdS) spacetime, depending on whether K = 0, K >

0, or K < 0. The scalar field (called profile function) V (x)

and the vector field /** in (29) satisfy the following conditions
1

l/}.l# = 0, V;le = E(ZMSV + lvéu)a (32)

£ =0, "9,V =0, (33)

@ Springer
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where £# is an arbitrary vector field for the time being. From

these relations it follows that
v, =0, "V, =0, V,I"'=0. (34)

Kerr—Schild metrics of the form (29) with the properties (32)
and (33) are called the Kerr—Schild—Kundt (KSK) metrics [1—
6]. All the properties (32) and (33), together with the inverse
metric

gt =g —2VIMY, (35)
imply that (see, e.g., [2])

re, =Tk, zurgﬁzlﬂf“ l“rgﬂzz“f“ (36)

ap’ ap’

gl = 8Tl (37)

Ruavpl®lP = Rygupl®l? = —K1,1,, (38)

Ryl = Ryl" = (D —1)KI,, (39)

R=R=D(D - DK, (40)
and the Einstein tensor is calculated as

(D—-1(D-2)
Gﬂ”z—fl(al‘i—plul”, 41)
with
- 1
0= |:D+2$°‘8a+§§a§°‘+2(D—2)K:| =-0V,
(42)

where [ = V, V* and V,, is the covariant derivative with
respect to the background metric g, .

4 KSK metrics in modified Horndeski theory

Let us now assume that the spacetime is endowed with a met-
ric of the form (29) and the electromagnetic vector potential
is given by

Ay =)y, (43)

where ¢ (x) is a scalar function and /,, is the null vector field
satisfying (32) and (33). This immediately yields

F/w = 2P[ulv]v (44)

where p,, = d,,¢. Now if we further assume that /,, p"* = 0,
then F),, becomes null, i.e.,

F*=F,,F" =0, (45)

and the null vector field /,, defines a principal null direction
of the electromagnetic field, i.e.,

Fu 1" =0. (46)

@ Springer

All these mean that the energy—momentum tensor (24) of the
electromagnetic field is of the form

T =yl (47)

where ¥ = p, p", and we have a pure radiation field (null
dust).

It is now a matter of computation to show that (27) boils
down to

FM =1 +401(D —2)(D — 3)K +80aK1F™,  (48)

and (23) becomes

—[1 +401(D —2)(D —3)K + 80 K[ + £ pyI* =0,
49)

which, assuming that the coefficient is not zero, yields
Cp +£"py = 0. (50)

On the other hand, when the coefficient is zero, the coupling
constants are related to each other in the following way

14+ 401(D —2)(D —-3)K + 802K =0. (51

In this case, the dynamics of the scalar field is completely
free, and so, any field ¢ (x) constitutes a source for the Ein-
stein equations (22). From now on, we shall assume that the
coefficient is nonzero and ¢ (x) should satisfy (50).

After a long calculation, one can also calculate (25) and
(26) as

t = —4{%175@“17’3 + %s“aaw — (g p™)?

+% [52 +(D—2)(D - 3)1(] w}lﬂz“, (52)
T = {iw +26%30 Y + %@ap“)z

+p% pPVatp — 6K¢f}lul”, (53)

where (50) has been used. Now using (41), (47), (52), and
(53), we can write the Einstein equations (22) as

[A_<D‘”(D‘2>

5 K} 8% — plul”

. 1
= Kz{llf — 4oy [Vapﬁvapﬂ + 55013(110 - (i:apa)z
1 2
+5 [é; +(D—2)D - 3)1{] w]
} 1
+02 [Dw +26%0, ¥ + §<sap°‘)2

+p* pPVyEp — 6K1ﬂ] }l#l”, (54)
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from which we find that
D—1 —
_@0-hw-2)
2
_ 1
OV +2£%03,V + [EEO,E“ +2(D — 2)K} \%

A (55)

- 1
= —Kz{w — 4oy [vap,aV“pf‘ + S E% B — Ep®)’
1 2
+5 [ég +(D-2)(D - 3)1<] w]
+07 [iw + 2% 9,9 + %@ap‘*)z
+p*pPVatp — 6K¢]}. (56)
Using the relation
. 1- 1
VappVepl = SO0 + S6%0. 9 — (D = DKy
+p*pPVatp — pPVs([Op + £V0,0). (57)
together with (50), we can equivalently write (56) as
OV 4 2£%9,V + [%sas“ +2(D — 2)1(} 1%
= —Kz{lﬂ — 40 [%Eﬁ/f +E% Y — (Eotpa)2
+p*pPVaEp + % [52 + (D> —17D + 8)K] w]
+07 [iw + 2% 9,9 + %@ap")z

+p* pPVyEp — 6K1p]}. (58)

Note that when §, = 0, K = 0, and o, = 0, all these
expressions recover the flat background (pp-wave) case in
Horndeski theory [17].

5 pp-waves in modified Horndeski theory

After having the field equations, let us first study pp-waves
in the modified Horndeski theory. For this purpose we only
need to set §;, = 0 and K = 0 in the formulation above.
Doing this in (29), (35) and (55) immediately leads to [14—
16]

guv = Nuv +2VIyly, 59)

for the spacetime metric with the flat background metric 7,
(since A = 0) and the inverse metric

gV = gt — 2V, (60)

And doing the same in (50) and (58) produces

O¢ =0, (61)
OV = =Pl — 201 — o)y, (62)
Now the vector field /* and the scalar fields ¢ (x) and V (x)
satisfy the conditions

I,* =0, Vu,=0, (63)
"9, =0, "9,V =0. (64)
If we specifically study in the coordinate system x* =
(u, v, x") with u and v being the double null coordinates
andi =1,..., D — 2 in which the null vector /,, is taken to

be [, = §);, we can easily show that the two conditions in
(64) give

V=Vux), ¢=q¢ux), (65)
the pp-wave metric (59) takes the form

ds? = 2dudv + 2V (u, x")du® + dx;dx", (66)
and the field equations (61) and (62) become

vig =0, (67)
VIV = -y — Qo1 — o) Vi v, (68)

where V2 = 9;3' and ¢ = 9;¢9'¢. At this point, we can
make a further ansatz

Viux) = Vot x') = 5 gl x)? + 13 Qoy — o)y (. x),
(69)

with which Eq. (68) becomes

ViVp =0, (70)

upon using (67). Thus any simultaneous solution of (67) and
(70) describes a pp-wave metric (66) with the profile function
(69) in the modified Horndeski theory.

6 AdS-plane waves in modified Horndeski theory

In this section, we shall consider AdS-plane waves for which
the background metric g, is the usual D-dimensional AdS
spacetime with the curvature constant
1 21A|
K=s——=—-—"7""7"—7/"—"7, (71)
£2 (D—=1)(D —=2)
where ¢ is the radius of curvature of the spacetime. We shall
represent the spacetime by the conformally flat coordinates
x* = (u,v,x', ) withi = 1,..., D=3 and the background
metric

02 ,
ds? = gupdx"dx’ = Z—z(2dudv +dxidx' +dz%),  (72)

where u and v are the double null coordinates. In these coor-
dinates, the boundary of the AdS spacetime lies at z = 0.

@ Springer
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Now if we take the null vector in the full spacetime of the
Kerr-Schild form (29) as[,, = SZ, then using (35) along with
[, = 0 we have

I = oMV — ghV] — éaﬂ
=8 h=§ v= 2%
229V 22 3¢
:laaaVze—zﬁzo & la3a¢=£—2£=0, (73)

which represents that functions V and ¢ are independent
of the coordinate v; that is, V = V(u,xi,z) and ¢ =
¢ (u, xt, 7). Therefore, the full spacetime metric defined by
(29) will be

ds? = [g,w + 2V (u, x', z)lﬂlv] dx*dx"”
= d5* +2V(u, x', 2)du?, (74)

with the background metric (72). It is now straightforward to
show that (see also [2])

- 1
Vuly =Vul, = Z(l,ﬁﬁ + 1,85, (75)

where we used the second property in (36) to convert the
full covariant derivative V, to the background one V,,, and
Iy = 6, with 9,1, = 0. Comparing (75) with the defining
relation in (32), we see that
2
éﬂ = _5Z 5 4
e * 2 = &' =, (76)
§ =g =86 = oL
where we again used (35) together with /,,£* = 0. One can
also show that

- 2
Viéy = Z—2(3ﬁ5§ = M) (77)

Thus, for the AdS-plane wave ansatz (74), the equations that
must be solved are the Eq. (50), which takes the form

228%p + (4 — D)z 9, =0, (78)
where 32 = 9;0' + ag, and the equation (58), which becomes
2202V + (6 — D)z3,V +23 — D)V
= —K2{ [1 + %(DZ —7D +8) + %] (z0¢)?

201 — o A N
Z 2 [0+ 6 - Dz | (e

Jr4(201 +02)

2 (zazqs)z}, (79)

where (3¢)% = 8;¢9'¢ + (0,¢)2.

@ Springer

7 Solutions in special cases
7.1 Einstein-Maxwell theory

As is obvious from the action (17), when the non-minimal
couplings o1 and o, become zero, we recover the usual
Einstein-Maxwell theory. In this case, the field equations
(78) and (79) become

23%¢ + @4 — D)z, =0, (80)
220°V + (6 — D)2,V +2(3 — D)V = —«*(z0¢)>. (81)

Let us consider some solutions to these equations.

7.1.1 Generic solutionin D =3

In D = 3, the Egs. (80) and (81) can be solved exactly
because x* = (u, v,z)andsoV = V(u, z)and ¢ = ¢ (u, z2).
Indeed, the equation (80) takes the form

2202¢ + 20,9 =0, (82)
and has the general solution
¢(u,z) =ar(u) +ax(u)lnz, (83)

where a1 (1) and ay (1) are arbitrary functions. Plugging this
into (81), one has

2202V 4320,V = —i2ar(u)?, (84)

which can easily be integrated to give
21 2
V(u,z) =b1(u) +br(u)z = — EK ax(u)“Inz, (85)

where b1 (1) and b; (u) are arbitrary functions. Note that the
second term by (u)z_2 can always be absorbed into the AdS
part of the metric (74) by a redefinition of the null coordinate
v, which means that one can always set b>(#) = 0 without
loosing any generality. Thus the metric

62
ds® = gndx"dx’ = = Qdudv + dz*) + 2V (u, 2)du’,
<

(86)

with the profile function given by (85), describes an exact
plane wave solution propagating in the AdS background
spacetime in three-dimensional Einstein—-Maxwell theory.

7.1.2 Homogeneous AdS-plane waves in D > 3

In higher dimensions than three, it is not possible to give
general solutions to the Egs. (80) and (81) because now x* =
(u, v, xt, z)withi =1,..., D—3andin general V and ¢ are
functions of x’ also. But we can obtain a special solution if
we assume the functions V and ¢ are homogeneous along the
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transverse coordinates, i.e., V = V(u, z) and ¢ = ¢(u, z).
If this is the case, the equation (80) becomes

2292¢ + (4 — D)zd,¢ =0, (87)
which has the general solution
b, 2) = ar(w) + ax(w)z” >, (88)

with the arbitrary functions a (1) and a (u). With this solu-
tion, the Eq. (81) then becomes

2202V + (6 — D)2,V +2(3 — D)V
= —k2(D = 3)2a(u)??P=, (39)

which can also be solved exactly and the solution is

V(u,z) = bl(u)zD73 + bz(u)f2
KD =3)ar)* p_s

2(D —2) ©0)

where b1 (1) and b, (1) are arbitrary functions. Notice that this
solution is asymptotically well-behaved as z — 0. Therefore,
the metric

ds? = guvdxtdx"
e ;
= 5 Qdudv + dxdx' +dz%) +2V (@, du®,  (91)
Z

with the profile function (90) describes an exact plane
wave, propagating in the D-dimensional AdS background,
in Einstein—-Maxwell theory.

7.2 Modified Horndeski theory

When the Modified Horndeski interactions are present, i.e.
o1 # 0 and o # 0, which is the case in D > 3, we have to
solve the Egs. (78) and (79). But as we stated before, it is not
possible to obtain the general solutions of these equations,
so we shall specialize to the homogeneous case in which the
functions V and ¢ do not depend on the transverse coor-
dinates x! of the spacetime coordinates x* = (u, v, Xt 2),
wherei =1,..., D — 3.

7.2.1 Homogeneous AdS-plane waves in D > 3

With the assumption that V = V (u, z) and ¢ = ¢ (u, z), the
field Eqgs. (78) and (79) become

296+ (4 — D)zd.¢ =0, (92)
2292V 4 (6 — D)z3.V +2(3 — D)V

20 8o
= _KZ{ [1 + 57 (D7 =D +12) + 722] (20:0)°

_y [2233 +(6— D)zaz] (z8z¢)2}- ©3)

The first equation has the solution
$(u, 2) = a1(u) + a2z, ©4)

as in the Einstein—-Maxwell case, where a1 (u#) and ap (1) are
two arbitrary functions. Inserting this solution into the second
equation produces

2292V + (6 — D)z3,V +2(3 — D)V =—«*(D — 3)*ar(u)*
20‘1
X |1 =—(D+2)(D-3)
52
20
+£—22(D2 —4D + 7)} 203, (95)
which can easily be solved to give

2(p — 2
Vi, 2) =biw)zP 7 + byu)z™> — 2D — 3)ar (u)”

2(D—2)
20
x [1 - (042D -3
2
+ (D~ 4D + 7)} 203, (96)

where b1 () and by (u) are arbitrary functions. This solution
is asymptotically well-behaved as z — 0, and we can see
that it reduces to the solution (90) in Einstein—Maxwell case
when o1 = 0 = 0. Thus we obtained that the metric

e ;
ds® = guvdxtdx" = Z—2(2dudv + dxidx' +dz%)
+2V (u, z)du?, 97)

with the profile function (96) describes an exact AdS-plane
wave solution in the modified Horndeski theory. The AdS-
plane wave solution of Horndeski theory can be obtained by
easily setting oo = 0 in (96).

8 Conclusion

In this work, we studied the field equations of the generic
gravity with the electromagnetic field. The theories we con-
sidered are the several versions of the generic gravity with
Horndeski type of couplings. We have reduced the field equa-
tions for the case of the Kerr—Schild—Kund (KSK) class of
metrics and, giving these field equations explicitly for some
special cases, we presented exact solutions representing the
pp-waves and AdS-plane waves in such theories.
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