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Abstract We investigate the absorption of planar massless
scalar waves by a charged rotating stringy black hole, namely
a Kerr–Sen black hole. We compute numerically the absorption cross section and compare our results with those of the
Kerr–Newman black hole, a classical general relativity solution. In order to better compare both charged black holes,
we define the ratio of the black hole charge to the extreme
charge as Q. We conclude that Kerr–Sen and Kerr–Newman
black holes have a similar absorption cross section, with the
difference increasing for higher values of Q.

1 Introduction
The validity of general relativity (GR) in the regime of weak
gravitational fields is unquestionable, since it was extensively tested and verified [1–3]. In the last decade, following suitable technological advancements, tests of gravity in
the strong field regime became more recurrent. Observations
such as the first detection of gravitational waves (GW) by the
LIGO and VIRGO collaborations [4] and the recent results of
the Event Horizon Telescope (EHT) collaboration [5] made
an object stand out as the protagonist of these experiments:
the black hole. Emerged in literature as solutions of Einstein’s
GR equations, black holes are astrophysical objects that have
an event horizon.
Studies about black holes started with the first exact solution of Einstein’s field equations, namely the Schwarzschild
solution [6], which describes a spherically symmetric black
hole parametrized only by its mass. Over the years, other
solutions emerged, as a charged [7,8], a rotating [9] and
a charged and rotating generalization of the Schwarzschild
solution [10]. Despite appearing for the first time in the context of GR, black holes are not exclusive predictions of this
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theory. Other theories of gravity also present such astrophysical objects as possible solutions to their field equations, making black holes optimal candidates for investigating which
gravitational theory is realized in nature.
On the other hand, the search for a quantum gravity theory has also increased along the years. In this context, one of
the candidates for such theory is the heterotic string theory.
In the low-energy limit of this model of gravity, there exists
a charged rotating black hole solution, namely the Kerr–Sen
(KS) black hole [11], which has been attracting a lot of attention. Several studies on the features of KS black holes were
made, including shadow [12,13], Hawking radiation [14],
absorption of charged particles and clouds [15,16], hidden
symmetries [17], cosmic censorship [18,19] and merger estimates [20].
Although it is expected that black holes in astrophysical
scenarios do not have significant electric charge, in certain
contexts it is reasonable to consider charged black holes [21].
Besides that, recent studies, as the one fulfilled by Zhang [22],
point out that the assumption of a charged rotating black hole
could explain some astrophysical phenomena.
Nowadays, the major branches of experimental search for
black holes are GW astronomy, shadow images and x-ray
spectroscopy. All of these three branches depend, in a sense,
on the effect of the black hole in its environment. This motivates the study of absorption and scattering of waves and
particles by black holes. There is a vast literature about this
topic in many different black hole scenarios (cf., e.g., [23–26]
and references therein).
Scalar fields stand out as the simplest proposed candidates to explain some issues in physics, as, for instance,
the abundance of dark matter [27] and the strong-CP problem [28,29]. Related to the latter, some attempts suggested
the axion hypothesis to elucidate the recent reported results
of North American Nanohertz Observatory for Gravitational
Waves (NANOGrav) collaboration [30,31]. Moreover, scalar
waves have been extensively studied in the investigation of
absorption and scattering by black holes [32–34].
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We address the problem of the absorption of fields by a
charged rotating black hole in the context of heterotic string
theory. We focus on analyzing the absorption cross section of
planar massless scalar waves by a KS black hole. Due to the
similarity between KS black holes and Kerr–Newman (KN)
black holes, the charged rotating black hole solution of GR,
we shall compare our results with those of Ref. [33].
The remainder of this paper is organized as follows. In
Sect. 2 we review the spacetimes of the charged rotating black
holes treated in this paper, namely, KS and KN black holes.
In Sect. 3 we study the dynamics of a massless scalar field
impinging upon a KS black hole. In Sect. 4 we use the partial
wave analysis to express the absorption cross section and
investigate the low and high-frequency regime. In Sect. 5 we
exhibit a selection of our numerical results of the absorption
cross section for different values of the black hole charge and
spin. We compare our results with those obtained in the KN
case. Our final remarks are presented in Sect. 6. Throughout
this paper we use natural units (c = G = h̄ = 1) and the
metric signature (+, −, −, −).

2 Charged rotating black holes

where
q K2 S
,
2M
Δ ≡ r (r + 2d) − 2Mr + a 2 ,

d≡

2

(2)

with Bμν being a second-rank antisymmetric tensor gauge
field, known as Kalb–Ramond field.
Written in Boyer–Lindquist coordinates (t, r, θ, ϕ), the
line element of the KS solution is:

ds 2 = 1 −

2Mr
ρ2




dt 2 − ρ 2

dr 2
+ dθ 2
Δ



(6)

ρ2
1
,
Φ̃ = − ln 2
2 r + a 2 cos2 θ
qK S
Aμ d x μ = 2 r (dt − a sin2 θ dϕ),
ρ
dra sin2 θ
Btϕ =
.
ρ2

(7)
(8)
(9)

The parameters (M, q K S , a) are the mass, the electric
charge and the angular momentum per unity mass of the KS
black hole, respectively. The event horizon is localized at
(M − d)2 − a 2 .

(10)

In the context of GR theory, the black hole that we shall
use to compare our results is the charged rotating KN black
hole. In Boyer–Lindquist coordinates, its line element reads:
2Mr − q K2 N
ds = 1 −
ρ K2 N
2

+


dt

2

− ρ K2 N

dr 2
+ dθ 2
ΔK N



4Mar sin2 θ − 2aq K2 N sin2 θ
dtdϕ
ρ K2 N
(r 2 + a 2 )2 − Δ K N a 2 sin2 θ sin2 θ

−

ρ K2 N

dϕ 2 .

(11)

The only non-gravitational field is associated with the electromagnetic vector potential, given by
qK N
Aμ d x μ = 2 r (dt − a sin2 θ dϕ),
(12)
ρK N
where
Δ K N ≡ r 2 − 2Mr + a 2 + q K2 N ,

(13)

ρ K2 N

(14)

≡ r + a cos θ.
2

2

2

The KN black hole presents an event horizon at:

4Mra sin2 θ
dtdϕ
+
ρ2


2Mra 2 sin2 θ
sin2 θ dϕ 2 ,
− r (r + 2d) + a 2 +
ρ2

rh K N ≡ M +

(3)

123

2

As can be seen from the action (1), there is a coupling between
gravity and other fields, such as the dilaton field and gauge
fields. The solutions for the non-gravitational fields of this
spacetime are:

where Φ̃ is the dilaton field and Hkμν is a third-rank tensor
field defined as
Hkμν ≡∂k Bμν + ∂ν Bkμ + ∂μ Bνk


− 2 Ak Fμν + Aν Fkμ + Aμ Fνk ,

(5)

ρ ≡ r (r + 2d) + a cos θ.
2

rh K S ≡ M − d +

The KS black hole is a solution of the low-energy limit of the
heterotic string theory. The action that describes this theory
in four dimensions, in the Einstein frame, is the following
[35]:


4 √
S = d x −g R − e−2Φ̃ Fμν F μν − 2∂μ Φ̃∂ μ Φ̃

(1)
1 −4Φ̃
kμν
,
− e
Hkμν H
12

(4)

M 2 − a 2 − q K2 N .

(15)

Both spacetimes have very similar geometrical aspects,
but also present some distinctive features. For instance, the
KS solutions allow a larger range of values of electric charge.
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Therefore, in order to compare our results, we shall use a
normalized charge
ext
,
Q(i) = q(i) /q(i)

(16)

ext is the value of charge of an extreme black hole,
where q(i)
with the subscript (i) = K S, K N indicating the corresponding spacetime.

Vωlm

The dynamics of a massless scalar field Ψ (x μ ) in KS spacetime is described by the Klein Gordon equation, which can
be written in a covariant form as:
√
1
(17)
√ ∂μ ( −gg μν ∂ν Ψ ) = 0,
−g
where g is the determinant of the KS metric, whose contravariant components are g μν .
In order to solve this equation, one can assume a separation
form of Ψ in terms of wavelike solutions, as given by:
+∞ 
+l

l=0 m=−l

Uωlm (r )

Sωlm (θ )ei(mϕ−ωt) .
r (r + 2d) + a 2

(18)

The functions Sωlm (θ ) are the oblate spheroidal harmonics,1
that satisfy the following equation [37]:



d2
d
Sωlm
+
cot
θ
dθ 2
dθ


m2
Sωlm = 0,
+ λlm + a 2 ω2 cos2 θ −
sin2 θ

with the symbol ∗ denoting complex conjugation. The terms
U I and UT can be expanded as:
N

hj
j=0

rj

(19)

The KS solution belongs to a class of axisymmetric and asymptotically flat spacetimes that allow the separation of variables of the KleinGordon equation solutions as in Eq. (18), with the angular part being
given in terms of the spheroidal harmonics [36].

(22)

In Fig. 1, we plot Vωlm for different values of the normalized charge Q K S (top panel) and rotation parameter a (bottom
panel), setting Mω = 0.1 and l = m = 1 in both cases. One
can notice that Vωlm is larger for higher values of the BH
charge and spin. In the asymptotic limit, Vωlm tends to ω2 ,
as in the Kerr-Newman case [33].
When dealing with absorption and scattering phenomena,
it is common to use a set of independent solutions called in
modes, which correspond to incoming waves from the past
null infinity, part of which is transmitted to the event horizon
while the remaining part is reflected to the future null infinity.
In the asymptotic limits (infinity and event horizon), these
modes have the following behavior:

Iωlm U I + Rωlm U I∗ (r /M → +∞),
(23)
Uωlm (r )
Tωlm UT
(r /M → −∞),

U I = e−iωr

where λlm are the eigenvalues of the spheroidal harmonics.
The radial part of the solution (18) satisfies a lengthy equation, which can be reshaped in terms of the tortoise coordinate
r , defined, in the KS spacetime, as



r (r + 2d) + a 2
.
(20)
r ≡ dr
Δ

1

where the function Vωlm is given by:




 
Δ a 2 −d 2 − 2d M + 2dr − 4Mr + r 2 + a 4 + r d 2 (2M − r ) − 2d 3 + 2d Mr + 2Mr 2
=−

4
a 2 + 2dr + r 2
2
 2
a ω − am + 2dr ω + r 2 ω
Δ
2 2
− (λlm + a ω − 2maω) 
.
2 +

2
a 2 + 2dr + r 2
a 2 + 2dr + r 2

3 Scalar field in the KS background

Ψ =

With the aid of the tortoise coordinate, it is possible to rewrite
the radial equation in a simpler form:
 2

d
+ Vωlm Uωlm (r ) = 0,
(21)
dr 2

UT = e−i(ω−mΩ H )r

,

(24)

N


g j (r − rh K S ) j ,

(25)

j=0

where
ΩH =

a
2Mrh K S

(26)

is the angular velocity of the event horizon. The coefficients
h j and g j are constants found by solving Eq. (21). The terms
I, R and T are related to the incident, reflected and transmitted parts of the wave, respectively. It can be show that they
obey the relation:


2



 Rωlm 2
 = 1 − ω − mΩ H  Tωlm  .

(27)


I
ω
Iωlm 
ωlm
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The total absorption cross section is obtained as a sum of the
partial contributions σlm over all allowed values of l and m:
σ =

∞ 
+l


σlm .

(29)

l=0 m=−l

It is possible to decompose the total absorption cross section in a sum of corotating modes, given by
σ co =

∞ 
l


σlm ,

(30)

l=1 m=1

and counterrotating modes, given by
σ counter =

∞

l=1

σl0 +

l


σl(−m) .

(31)

m=1

4.1 Low-frequency regime

Fig. 1 Vωlm as a function of r , for different values of the KS black hole
normalized charge (top panel) and different values of the KS black hole
angular momentum (bottom panel). For both panels we have chosen
l = m = 1 and Mω = 0.1.

For ω < mΩ the reflection coefficient is greater than 1,
corresponding to the superradiance phenomena. The equality ω = mΩ also corresponds to the minimum value of frequency for which the black hole can be overspun into a naked
singularity [38].

4 Absorption cross section
Considering a scalar massless plane wave whose incidence
angle is γ , one can find the partial absorption cross section
through partial wave methods [39], as:

σlm =

4π 2
|Sωlm (γ )|2
ω2

123



 Rωlm 2
 .

1−
Iωlm 

(28)

There are some analytical approximations in the literature for
the absorption cross sections that allow us to test the accuracy of our numerical results. For the low-frequency regime,
Higuchi found in 2001 [40] that the absorption cross section
of a stationary and circularly symmetric black hole with any
dimensions tends to the area of the event horizon.
The event horizon area of the KS black hole is given by
 π π
√
gθθ gϕϕ dϕdθ
Ah =
0
−π


(32)
= 4π rh2K S + a 2 + 2drh K S .
As we shall see in Sect. 5, our numerical results are in
excellent agreement with the corresponding low-frequency
approximation.
4.2 High-frequency regime
In the high-frequency regime, the absorption cross section is intimately related with the properties of the photon
orbits. This relation is very well represented by the so-called
sinc approximation. Firstly proposed by Sanchez [41], for
the Schwarzschild black hole, this approximation was later
derived using complex angular momentum techniques [42]
(c. f. also [32,43]). One can show that:



2π ω
8πβe−πβ
sinc
,
(33)
σ ≈ σgeo 1 −
ΩN
Ω N2 bc2
where β ≡ Λ/Ω N , with Λ being the Lyapunov exponent,
Ω N the orbital frequency for the null orbit, bc the critical
impact parameter, and σgeo ≡ π bc2 . For the on-axis case of
the KS black hole, we have:
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rc = M − d + 2 M 2 − a 2 + 4Md + 2d 2 /3 cos





M (M − d)2 − a 2
1
×
,
arccos 

 3/2
3
M 2 − a 2 + 4Md + 2d 2 /3
(34)
2(rc + d) rc (rc
,
(35)
rc + d − M

 2
4 2a 2 − bc2 + 4d 2 + 12drc + 6r 2
a
,
Λ=
K −
√
K
T0 K
(36)

 2
4
a
T0 = √
KE −
K
K
  2 

a
(rc (rc + 2d) + a 2 )2
2
− (a + K) K −
,
+
Δ
K
(37)

bc2 =

+ 2d) + a 2

where K (k) and E(k) are the complete elliptic integrals of
the first and second kind, respectively, K ≡ C − (a − Lz )2 is
a Carter-like constant, Lz ≡ L z /E is the azimuthal angular
momentum per unit energy, C is a constant of motion, rc is
the critical radius and T0 is the latitudinal period.
As we shall see in Sect. 5, our numerical results are in
excellent agreement with the sinc approximation.

5 Results
In this section we show a selection of our results for the total
absorption cross section of the KS black hole in the Einstein
frame for different values of the incidence angle γ of the
scalar wave.
In Fig. 2, we exhibit the total absorption cross section
for polar incidence (γ = 0) with fixed values of charge
(top panel) and fixed values of the rotation parameter (bottom panel). One can notice that as the values of charge and
angular momentum increase, the total absorption cross section decreases. Furthermore, one can see a regular oscillatory
behavior around the high-frequency limit.
In Fig. 3 we compare our numerical results for polar incidence with the corresponding ones obtained via the sinc
approximation, showing excellent agreement.
Illustrated by Fig. 4, the equatorial incidence case (γ =
90◦ ) reveals a distinctive behavior when compared with in
the on-axis case. One can identify an oscillatory pattern less
regular than the one exhibited in Fig. 2. On the top panel the
total absorption cross section is plotted for fixed value of the
KS black hole charge (q K S /M = 0.3) and a/M = 0.3, 0.6
and 0.9, while in the bottom panel we consider KS black holes
with same angular momentum (a/M = 0.9) and different
values of the charge, namely q K S /M = 0.1, 0.3 and 0.5. Note
that although the increase of spin and charge leads generally

Fig. 2 Total absorption cross section for fixed charge (top) and angular
momentum per unity mass (bottom) of the KS black hole. Both panels
are plotted for polar incidence (γ = 0)

Fig. 3 Sinc approximation for the on-axis (γ = 0) case. The solid
lines are the numerically computed absorption cross sections and the
dashed lines represent the sinc approximation

to a smaller absorption cross section, the plots in the bottom
panel preserves its essential shape, what does not occur in
the top panel.
In Fig. 5 we show the total absorption cross section for
different choices of the scalar wave incidence angle. One can
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Fig. 4 Total absorption cross section for different values of the rotation parameter (top) and electric charge (bottom), plotted for equatorial
incidence

Fig. 5 Total absorption cross section of a KS black hole with q K S /M =
0.3 and a/M = 0.9 for different values of the incidence angle

note that as we move away from the on-axis case (γ = 0 deg),
the behavior of the absorption cross section is less regular.
Superradiance is associated to the amplification of the
reflected waves, what in this context is characterized by a
negative partial absorption cross section. In Fig. 6 we plot
the partial absorption cross section for l = m = 1, highlight-
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Fig. 6 Partial absorption cross section with l = m = 1, for fixed angular momentum per unity mass (top) and normalised charge (bottom).
Both panels are plotted for equatorial incidence (γ = 90◦ ). The insets
emphasize the occurrence of superradiance

ing the negative values in the insets as a clear manifestation
of the superradiance phenomenon.
We plot the absorption cross section divided by the horizon
area of KN and KS black holes in Fig. 7, for the on-axis
(γ = 0◦ ) and equatorial incidence (γ = 90◦ ) cases. We see
that, in general, the KS black hole has a larger total absorption
cross section than the corresponding KN case.
This is in agreement with the fact that the function Vωlm of
the KS spacetime is generally smaller than the corresponding
one of the KN spacetime.2 We also notice that in the lowfrequency limit the absorption cross section agrees with the
result of Ref. [40], i.e., tends to the area of the black hole
horizon.
In Fig. 8 we plot the ratio between the absorption cross
section and the areas of the KS and KN black holes, namely
(σ K N /A K N )/(σ K S /A K S ). We see that this quantity is very
close to unity, implying that the difference between the
absorption cross section of both black holes is very small.
2

We notice that for some low-frequency values and black holes close
to extremality, the KN potential can be smaller than the KS one.
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Fig. 7 Comparison between the ratio of absorption cross section and
area of the black holes as a function of the normalised charge Q(i) =
ext . The top panel corresponds to a wave with polar incidence
q(i) /q(i)
(γ = 0◦ ) whereas the bottom panel corresponds to a wave with equatorial incidence (γ = 90◦ )

Furthermore, we see that, in general, this quantity is larger
for KS black holes than for KN black holes.

6 Final remarks
We computed numerically the absorption cross section for
KS black holes. We have shown that, for the on-axis case
(γ = 0), there is a well behaved oscillatory pattern, resulting from the contributions of waves with different angular
momentum, l. Besides that, the increase of the parameters of
the black hole (charge and angular momentum), decreases
the absorption cross section.
For the off-axis case, it can be noted that a less well
behaved pattern is present. This is a feature usually seen
in stationary and axisymmetric spacetimes [32,33]. It is
explained by the distinct contributions coming from the coand counterrotating modes. Moreover, the absorption cross
section becomes more irregular for higher values of the black
hole charge and angular momentum.

Fig. 8 Ratio between the absorption cross section and the areas of the
black holes for a wave with incidence angle γ = 0 deg (top), γ = 45
deg (middle) and γ = 90 deg (bottom)

When the condition ω < mΩ H is obeyed, the partial
absorption cross section is negative. This is due to the superradiant scattering, which implies in a reflection coefficient
greater than 1. For the scalar case, this effect is more pronounced for the l = m = 1 wave [44]. Although the partial
absorption cross section can be negative, the total absorption
cross section remains positive, due to the fact that to compute the total absorption cross section we sum over both the
positive and negative m contributions.
In order to compare the absorption cross section of the KS
black hole with the one of a KN black hole, we defined the
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normalized charge Q. We have shown that both spacetimes
have qualitatively similar behaviors of the massless absorption cross section, although the KS case generally presents a
larger absorption cross section than the KN case, for the same
values of the pair (ωM, Q). The difference between the two
cases increases as the black holes approach the extremality,
albeit being very small. A small difference between physical quantities associated to KN and KS black holes with the
same normalized charge is also manifest in the case of their
shadows [13,17,20,45].
The electromagnetic sector of the Kerr–Sen solution is
more involved than the Kerr–Newman case, due to the interaction with additional fields present in the former case. It
would be interesting to analyze the case of the incidence of
an electrically charged scalar field, and the absorption cross
section will depend on whether the electromagnetic interaction between the black hole and the field is attractive or
repulsive.
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