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Abstract Much theoretical effort and automatization are
required to confront new physics models with experimental
data for many types of particle reactions at future collid-
ers. In this context, we extend Grace, an automatic calcu-
lation system for invariant amplitudes, to incorporate parti-
cles and interactions in the Georgi–Machacek model. With
the extended Grace system, we study fermiophobic Higgs
boson production processes at e+e− and e−e− colliders in
the model. The results show some advantages of e−e− col-
liders over e+e− colliders for new physics search and thus
its complementary role.

1 Introduction

The discovery of a Higgs boson in 2012 [1,2] completed the
last piece missing from the Standard Model (SM) of par-
ticle physics. Nevertheless, there is still much that cannot
be explained within the SM. Some of the open questions
are addressed by extending the Higgs sector or by mod-
els that force us to extend that sector (see Refs. [3,4] for
recent reviews on models with extended Higgs sectors). Vast
possibilities for non-minimal Higgs sectors will be tested
by comparing future experimental data with model predic-
tions. To obtain a quantitative prediction for the collider phe-
nomenology, one may use tools dedicated to specific mod-
els (e.g., [5,6]) or general-purpose tools written in a model-
independent way (see Ref. [7] and references therein).

The aim of this paper is twofold. Firstly, we discuss
extending the public version of the Grace system [8–10] for
models with exotic Higgs particles, beyond isospin doublets.
Here, we focus on the Georgi–Machacek (GM) model [11] as
a concrete example that contains isospin triplets while keep-
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ing the custodial symmetry naturally [12] and has rich col-
lider phenomenology, e.g., [13–15]. In fact, one can imple-
ment a new model with Grace by preparing a set of files
describing the model, i.e., particle contents, interaction ver-
tices, model parameters, etc. Once the model files are estab-
lished, then in principle one can compute any tree-level decay
and scattering amplitudes.

Secondly, using Grace equipped with the GM model, we
compute production cross sections of fermiophobic custo-
dial 5-plet Higgs bosons (H±±

5 , H±
5 , H0

5 ) at future e+e− and
e−e− colliders. It is known that a clear signature of physics
beyond the SM at e−e− colliders may come from W−W−
production [16,17], which is the counterpart of the same-
sign W±W± production measurement at the LHC [18,19].
Notably, Ref. [17] considered the resonant effect of H−−

5
on W−W− production cross section at e−e− colliders in
the GM model. See Ref. [20] for other physics cases at
e−e− colliders. Comparing the production cross sections in
e+e− collisions [13,15] with those in e−e− collisions, we
will see advantages of the latter for the 5-plet Higgs boson
search.

The GM model adds isospin triplets in the scalar sec-
tor, the vacuum expectation values (VEVs) of which could
give raise to Majorana neutrino masses by the type-II seesaw
mechanism [21–25] as other Higgs triplet models, while
naturally maintaining the electroweak ρ parameter as unity
at the tree level.1 Higgs bosons in the same custodial mul-
tiplet have degenerated masses at the tree level [12,14],
which may make the model easily distinguishable from other
models. The SM-like Higgs boson’s couplings to the weak
gauge bosons can be larger than those in the SM [27],
which is favored by the slightly larger central values mea-
sured by the ATLAS experiment [28] (but see also the CMS
result [29]). The model allows the strong first-order elec-
troweak phase transition [30,31], thus provides a scenario
of electroweak baryogenesis. Theoretical constraints on the

1 See, however, Ref. [26] for ρ at the one-loop level.
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parameter space in the GM model are examined in Refs. [32–
35]. See Refs. [36–40] for recent experimental constraints
and parameter space analyses.

This paper is organized as follows. In Sect. 2, we give
the definition of the GM model to clarify our conventions.
In Sect. 3, we discuss an extension of the Grace system to
the GM model. Numerical results for custodial 5-plet Higgs
boson production cross sections are shown in Sec. 4, which
exhibit some advantages of e−e− colliders over e+e− col-
liders for new physics searches. Section 5 is devoted to the
summary.

2 Model

Here, we briefly recapitulate the GM model [11] with the
focus on the physical Higgs bosons.2 The Higgs sector of
the GM model contains one real isospin triplet field ξ with
hypercharge Y = 0 and one complex isospin triplet field χ

withY = 1, as well as the usual complex isospin doublet field
φ with Y = 1/2 in the SM. It is convenient to express these
scalar fields as SU (2)L × SU (2)R bi-doublet and bi-triplet:

� =
(

(φ0)∗ φ+
−(φ+)∗ φ0

)
, � =

⎛
⎝ (χ0)∗ ξ+ χ++

−(χ+)∗ ξ0 χ+
(χ++)∗ −(ξ+)∗ χ0

⎞
⎠ .

(2.1)

The kinetic terms for the scalar fields are given as

Lkin = 1

2
tr

[
(Dμ�)†(Dμ�)

]
+ 1

2
tr

[
(Dμ�)†(Dμ�)

]
,

(2.2)

where the covariant derivatives are defined by

Dμ� = ∂μ� + ig
τ a

2
Wa

μ� − ig′Bμ�
τ 3

2
, (2.3)

Dμ� = ∂μ� + igtaWa
μ� − ig′Bμ�t3, (2.4)

with τ a being the Pauli matrices and ta being generators for
SU (2) triplet representations, which one can choose

2 Our conventions are almost the same as those in Ref. [14] except that
we do not introduce M2

1 and M2
2 in Eq. (2.9) of Ref. [14] and we use

(χ++)∗, (ξ+)∗, (φ+)∗, etc. in this section rather than χ−−, ξ−, φ−,
etc. Note that there are many conventions used in the literature for the
parameterization of the Higgs potential, (signs of) mixing angles and
so on.

t1 = 1√
2

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠ , t2 = 1√

2

⎛
⎝0 −i 0
i 0 −i
0 i 0

⎞
⎠ ,

t3 =
⎛
⎝1 0 0

0 0 0
0 0 −1

⎞
⎠ . (2.5)

The most general Higgs potential preserving the SU (2)L×
SU (2)R symmetry [32] is given in our conventions as

VH = m2
1 tr(�†�) + m2

2 tr(�†�) + λ1

[
tr(�†�)

]2

+λ2

[
tr(�†�)

]2

+λ3 tr
[
(�†�)2

]
+ λ4 tr(�†�) tr(�†�)

+λ5 tr

(
�† τ a

2
�

τ b

2

)
tr(�†ta�tb)

+μ1 tr

(
�† τ a

2
�

τ b

2

)
(P†�P)ab

+μ2 tr(�†ta�tb)(P†�P)ab, (2.6)

where the matrix P is defined as

P =
⎛
⎜⎝

− 1√
2

i√
2

0

0 0 1
1√
2

i√
2

0

⎞
⎟⎠ . (2.7)

Note that if one sets both the trilinear couplings μ1 and μ2

to zero, which leads to the conventional Z2 symmetric ver-
sion of the GM model [12], then the model is already highly
constrained [41].

The spontaneous symmetry breaking is triggered by the
VEVs of the neutral components of the scalar fields:

〈�〉 = vφ√
2

(
1 0
0 1

)
, 〈�〉 = v�

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠ . (2.8)

The weak bosons acquire their masses as

m2
W = m2

Z cos2 θW = g2

4
v2, (2.9)

where v2 = 1/(
√

2GF ) ≈ (246 GeV)2 consists of contribu-
tions from the two VEVs:

v2 = v2
φ + 8v2

�. (2.10)

We define the doublet-triplet mixing angle θH as tan θH =
2
√

2v�/vφ , and use abbreviations sH = sin θH , cH =
cos θH and tH = tan θH . The minimization conditions of
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the Higgs potential relate the VEVs to the other dimen-
sionful parameters in the potential, which allows one to
eliminate m2

1 and m2
2. Note that the VEVs of the neutral

components of the triplet fields are taken to be the same
value, 〈ξ0〉 = 〈χ0〉 = v�. This preserves the diagonal
custodial SU (2)V symmetry after its spontaneous breaking
SU (2)L × SU (2)R → SU (2)V and keeps the electroweak ρ

parameter, ρ ≡ m2
W /(m2

Z cos2 θW ), as unity at the tree level.
Given the exact form of the Higgs potential and the

symmetry breaking pattern, one can determine the relations
between the weak eigenstates and the mass eigenstates of
the scalar fields. The preserved custodial symmetry classi-
fies the states as SU (2)V multiplets; the field � contains a
3-plet and a singlet while the field � contains a 5-plet, a 3-
plet and a singlet. In general, the two 3-plets coming from �

and � mix each other. The same happens for the two singlets.
Consequently, the components fields in � and � are related
to physical Higgs boson states (H++

5 , H+
5 , H0

5 ), (H+
3 , H0

3 ),
H0

1 , h and Nambu–Goldstone boson states (G+,G0) as fol-
lows:

χ++ = H++
5 , (2.11)⎛

⎝φ+
ξ+
χ+

⎞
⎠ =

⎛
⎜⎝

1 0 0
0 1√

2
− 1√

2
0 1√

2
1√
2

⎞
⎟⎠

⎛
⎝cH −sH 0
sH cH 0
0 0 1

⎞
⎠

⎛
⎝G+
H+

3
H+

5

⎞
⎠ , (2.12)

(
φi

χi

)
=

(
cH −sH
sH cH

) (
G0

H0
3

)
, (2.13)

⎛
⎝φr

ξr
χr

⎞
⎠ =

⎛
⎜⎜⎝

1 0 0

0 1√
3

−
√

2
3

0
√

2
3

1√
3

⎞
⎟⎟⎠

⎛
⎝cα −sα 0
sα cα 0
0 0 1

⎞
⎠

⎛
⎝ h
H0

1
H0

5

⎞
⎠ . (2.14)

Here, we have parameterized the neutral component fields
φ0, χ0 and ξ0 as

φ0 = 1√
2
(φr + vφ + iφi ), χ0 = 1√

2
(χr + iχi ) + v�,

ξ0 = ξr + v�. (2.15)

Another mixing angle α has been introduced for the SU (2)V
singlet states (via sα ≡ sin α and cα ≡ cos α), which diago-
nalizes a submatrix

M2
CP-even
singlet

=
(
M2

11 M2
12

M2
12 M2

22

)
, (2.16)

where

M2
11 = 8c2

Hλ1v
2, (2.17)

M2
22 = s2

H (3λ2 + λ3)v
2 − 1√

2

c2
H

sH
μ1v + 3√

2
sHμ2v,

(2.18)

M2
12 =

√
3

2
sHcH (2λ4 + λ5)v

2 +
√

3

2
cHμ1v, (2.19)

and is determined by

tan 2α = 2M2
12

M2
11 − M2

22

. (2.20)

Without loss of generality, one can choose the state h in such
a way that h is lighter than H0

1 by fixing the sign of α as

sgn(sin 2α) = − sgn
(
M2

12

)
, (2.21)

see the mass eigenvalues below. In this paper, we identify the
lighter singlet state h as the 125 GeV Higgs boson.

The masses of the physical Higgs boson states are as fol-
lows:

m2
H5

≡ m2
H++

5
= m2

H+
5

= m2
H0

5

=
(
s2
Hλ3 − 3

2
c2
Hλ5

)
v2 − 1√

2

c2
H

sH
μ1v − 3

√
2sHμ2v,

(2.22)

m2
H3

≡ m2
H+

3
= m2

H0
3

= −1

2
λ5v

2 − 1√
2sH

μ1v,
(2.23)

m2
H1

≡ m2
H0

1

= M2
11s

2
α + M2

22c
2
α − 2M2

12sαcα

= 1

2

[
M2

11 + M2
22 +

√
(M2

11 − M2
22)

2 + 4(M2
12)

2

]
,

(2.24)

m2
h = M2

11c
2
α + M2

22s
2
α + 2M2

12sαcα

= 1

2

[
M2

11 + M2
22 −

√
(M2

11 − M2
22)

2 + 4(M2
12)

2

]
.

(2.25)

Due to the custodial symmetry, physical Higgs bosons in
the same SU (2)V multiplet have the degenerated mass at
the tree level. It is a straightforward task to express the five
dimensionless parameters λ1, . . . , λ5 in terms of the physi-
cal Higgs boson masses mH5 , mH3 , mH1 , mh and the mixing
angle α [14]. To implement the GM model in Grace, all
the particles should be given in their mass eigenstates and
interaction vertices are written in these states with physical
parameters. We choose a set of independent physical param-
eters originating from the Higgs potential as follows: the 4
physical Higgs boson masses (mH5 ,mH3 ,mH1 ,mh), the VEV
v and the 2 mixing angles (θH and α) and the 2 dimensionful
trilinear couplings (μ1 and μ2).
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The isospin doublet field φ = (φ+, φ0) has the Yukawa
interactions with quarks and leptons:

LY = −Q′
LYu φ̃u

′
R − Q′

LYdφd
′
R − L ′

LYeφe
′
R + h.c., (2.26)

where φ̃ = iτ 2φ∗ and the fermion fields with primes are
in the weak-eigenstate basis. Neglecting Majorana neutrino
masses, which arise from the Yukawa interactions between
the complex isospin triplet χ and the lepton doublets, one
finds the Yukawa interactions in the GM model having the
following form for every generations in the mass-eigenstate
basis:

LY ⊃ −
∑

f =u,d,e

m f

v

[
cα

cH
f̄ f h − sα

cH
f̄ f H0

1

+iSign( f )tH f̄ γ5 f H
0
3

]

+
{

−
√

2Vud
v

tH ū(muPL − mdPR)dH+
3

+
√

2me

v
tH ν̄PReH

+
3 + h.c.

}
. (2.27)

Here Vud is an appropriate element of the Cabibbo–
Kobayashi–Maskawa matrix, the projection operator is
defined as PR,L = (1 ± γ5)/2 and Sign( f ) is given by

Sign( f ) =
{

+1 for f = u,

−1 for f = d, e.
(2.28)

Note that the custodial 5-plet Higgs bosons (H++
5 , H+

5 , H0
5 in

Eqs. (2.11), (2.12) and (2.14)) are linear combinations of the
component fields in the isospin triplets ξ and χ . Therefore,
they do not have the usual Yukawa interactions with fermions
as in the SM and become fermiophobic.

3 Extension of the GRACE system

The Grace system is a set of programs for automatic calcu-
lation of invariant amplitudes in quantum field theory devel-
oped by the Minami-Tateya collaboration at KEK. The user
can obtain numerical results of various cross sections and
decay widths by selecting the appropriate phase space option.
The public version of Grace can perform calculations in the
SM and the minimal supersymmetric standard model [8,9].
This system can be extended by adding particles and inter-
actions to a few text files describing the model-dependent
part as appropriate. For example, an extension to the two-
Higgs-doublet model and an analysis using it was done in
Ref. [42].

We extended Grace for the SM to perform calculations in
the GM model. Specifically, we incorporated the set of Higgs

particles (H±±
5 , H±

5 , H0
5 , H±

3 , H0
3 , H0

1 , h0) and their interac-
tions with gauge bosons and fermions.3 We selected the fol-
lowing 30 types of two-body decay widths and 2 → 2 cross
sections, and systematically tested the correctness of these
incorporations by checking whether the analytical results and
Grace results agree by at least 10 orders of magnitude.

H++
5 → W+W+, W+H+

3 , (3.1)

H+
5 → W+Z , ZH+

3 , W+H0
3 , (3.2)

H0
5 → W+W−, Z Z , ZH0

3 , W+H−
3 , (3.3)

H+
3 → t b̄, cs̄, W+H0

1 , W+h0, (3.4)

H0
3 → t t̄, bb̄, ZH0

1 , Zh0, (3.5)

H0
1 → t t̄, bb̄, W+W−, Z Z , (3.6)

h0 → bb̄, (3.7)

e+e− → H++
5 H−−

5 , H+
5 H−

5 , H+
3 H−

3 , Zh0, (3.8)

e+νe → H++
5 H−

5 , H+
5 H0

5 , H+
3 H0

3 , W+h0. (3.9)

Formulae for cross sections and decay widths used in the ana-
lytical calculations, as well as expressions for the interaction
coefficients, are provided in Appendix A.

In addition, we have reproduced the production cross sec-
tions of several Higgs bosons at e+e− colliders that are shown
in Fig. 5 of Ref. [15]. The list of concrete processes is as fol-
lows:

e+e− → H++
5 H−−

5 , H+
5 H−

5 , (3.10)

e+e− → ZH0
5 , W−H+

5 + c.c., W−W−H++
5 + c.c.,

(3.11)

e+e− → e−ν̄eH
+
5 + c.c., νeν̄eH

0
5 , e+e−H0

5 . (3.12)

Typical Feynman diagrams contributing to these processes
are shown in Fig. 1. The first type includes pair production
of the doubly- and singly-charged Higgs bosons. The second
and third types involve vector boson associated (VBA) and
vector boson fusion (VBF) processes, respectively. One can
also find calculations for these production cross sections in
Ref. [13].

The Grace model files for the GM model are available
from the authors upon request.

4 Numerical results

In this section, we present production cross sections of the
custodial 5-plet Higgs bosons at future e+e− and e−e− col-
liders, computed by using Grace implementing the GM

3 Three- and four-scalar vertices are not needed for the numerical results
presented in the next section. We leave implementation of such interac-
tion vertices and analysis that can be affected by them for future work.
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Fig. 1 Typical Feynman
diagrams for the 5-plet Higgs
boson production in e+e−
collisions:
a e+e− → H++

5 H−−
5

(similar diagrams for
e+e− → H+

5 H−
5 ),

b e+e− → ZH0
5 H

0
5 ,

c e+e− → W−H+
5 ,

d, e e+e− → W−W−H++
5 ,

f e+e− → e−ν̄eH
+
5 ,

g e+e− → νe ν̄eH0
5 and

h e+e− → e+e−H0
5 .

The diagram (a) is classified as
pair production, the
diagrams (b)–(e) are VBA type,
and the diagrams (f)–(h) are
VBF type

Graph   (a)

e−

e+ H5
++

H5
− −

γ /Z

Graph   (b)

e−

e+ Z

H5
0

Z

Graph   (c)

e−

e+ W −

H5
+

Z

Graph   (d)

e−

e+
W −

W −

H5
++

γ /Z
W +

Graph   (e)
e−

e+

W −

W −

H5
++νe

W +

Graph   (f)
e−

e+

e−

νe

H5
+

Z

W +

Graph   (g)
e−

e+

νe

νe

H5
0

W −

W +

Graph   (h)
e−

e+

e−

e+

H5
0

Z

Z

produced by GRACEFIG

model. The center-of-mass energy
√
s is assumed to be 0.5

TeV. Typical Feynman diagrams appearing in e−e− pro-
cesses we consider are shown in Fig. 2. Among the unknown
model parameters in the GM model, only the 5-plet Higgs
boson mass mH5 and the doublet-triplet mixing angle θH
affects these cross sections. The latest CMS result [40]
excludes sH ≡ sin θH = 2

√
2v�/v greater than 0.20–0.35

at the 95% confidence level for a wide range of mH5 . On
the other hand, some points of mH5 � 140 GeV in the full
parameter space are already excluded by Drell–Yan produc-
tion of H0

5 decaying to diphoton [39]. Therefore, as a typical
benchmark point, we take v� = 10 GeV (sH ≈ 0.11) with
varying mH5 from 150 GeV to around

√
s. In addition to

the above experimental constraints, these points satisfy the
theoretical constraints in Ref. [14].

Figure 3 shows the mass mH5 dependence of the total
cross section for several neutral H0

5 particle production pro-
cesses in e+e− and e−e− collisions. Here, e+e− → ZH0

5
has only a VBA-type Feynman diagram, except negligible
ones. The other e+e− processes contain Feynman diagrams
of both VBA and VBF types, but for a comparison purpose
the results here are restricted to the VBF type only. The curves

for e+e− → νeν̄eH0
5 and e+e− → e+e−H0

5 are due to WW
fusion and Z Z fusion, respectively. The difference in the
magnitude of the interaction coefficient is reflected in the dif-
ference in the cross sections. The reader should bear in mind
that, as mentioned above, these two e+e− processes also have
Feynman diagrams of the VBA type (via e+e− → ZH0

5 and
the subsequent Z decay), thus for phenomenological pur-
poses such contributions need to be taken into account.

In Fig. 3, we have also plotted the curve for e−e− →
e−e−H0

5 , which originally has contributions only from the
Feynman diagrams of VBF type. In fact, we can see that
the size of this cross section is almost the same as e+e− →
e+e−H0

5 except for the VBA type; the tiny deviation comes
from the fact that the e−e− scattering has two diagrams where
one is the crossed diagram of the other and the interfer-
ence of the two diagrams gives a tiny but positive contri-
bution. In both processes, once the integral luminosity of
L = 10 ab−1 is accumulated, more than a few tens of events
can be expected in the search for neutral H0

5 particles with
mass less than about 350 GeV. However, it is necessary to
evaluate the background events to determine whether the
search is actually possible or not.
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Graph   (a)
e−

e−

e−

e−

H 5
0

Z

Z

Graph   (b)
e−

e−

νe

νe

H 5
−−

W −

W −

Graph   (c)
e−

e−

e−

νe

H 5
−

Z

W −

Graph   (d)
e−

e−

νe

νe

W −

W −W −

W −
H 5

−−

produced by GRACEFIG

Fig. 2 Typical Feynman diagrams contributing to: a e−e− →
e−e−H0

5 , b e−e− → νeνeH
−−
5 , c e−e− → eνeH

−
5 and d e−e− →

νeνeW−W−

Fig. 3 The H0
5 production cross sections at e+e− and e−e− colliders.

For the dashed curves (e+e− → νe ν̄eH0
5 and e+e− → e+e−H0

5 ), only
VBF-type diagrams are taken into account in the computations

Now let us turn our attention to scattering processes in
e−e− collisions caused entirely by the VBF-type diagrams.
Figure 4 shows the production cross sections of neutral,
singly- and doubly-charged H5 particles at e−e− colliders.
Since these particles are produced with a similar phase space
as the VBF type, the difference in the size of the cross sec-
tions is more or less a simple dependence on the interac-
tion constants. The ratios of the cross sections in Fig. 4 read
σ(e−e− → νeνeH

−−
5 )/σ (e−e− → e−νeH

−
5 ) = 3.2–3.8

and σ(e−e− → e−νeH
−
5 )/σ (e−e− → e−e−H0

5 ) = 4.8–
5.2, and both of them gradually increase as mH5/

√
s does.

These numbers are fairly close to 3 and 9/2, respectively,

Fig. 4 The 5-plet Higgs boson production cross sections at e−e− col-
liders. The ratios of the cross sections are also plotted at the bottom

which can be obtained by using a VBF cross-section for-
mula in the high energy limit

√
s → ∞, see Appendix B.

If such a ratio of the production cross sections is confirmed
experimentally, then it would suggest the possibility of the
H5 Higgs boson group in the GM model, and therefore could
be useful information for model verification. We emphasize
that such simplicity of single 5-plet Higgs boson produc-
tion processes in e−e− collisions is because they contain
only VBF-type contributions. Single production processes
in e+e− collisions have more complicated mass mH5 depen-
dence due to the VBA type besides the VBF type.

Since neutral or singly-charged extra Higgs bosons are
predicted by many extended Higgs models, we now turn
to the doubly-charged H−−

5 particle distinctive to the GM
model. Figure 5 shows the calculated production cross sec-
tions of the doubly-charged H−−

5 particle in e+e− and
e−e− collisions. Here, in the computation for e+e− →
W+W+H−−

5 + c.c., we have omitted Feynman diagrams
containing the pair production e+e− → H++

5 H−−
5 with the

subsequent decay H++
5 → W+W+; the calculation included

only the remaining diagrams, all of which are classified as
the VBA-type diagrams. There are two targets to search for
H−−

5 particles in e+e− collisions: pair production and sin-
gle production. The cross section of the pair production is
useful because of its large value due to the fact that it is
determined only by the gauge couplings [13,15] and does
not depend on sH that is now rather constrained experi-
mentally. This is a distinctive feature of the pair production;
all the other production cross sections plotted in Figs. 3, 4
and 5 are suppressed by s2

H . However, the accessible mass
value in the pair production is limited to

√
s/2. On the other

hand, since the single production of H−−
5 in e+e− colli-

sions involves a W+W+ pair, the upper limit of the search
mass range is

√
s − 2mW ; there is no significant extension
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Fig. 5 The doubly-charged 5-plet Higgs boson production cross sec-
tions at e+e− and e−e− colliders. The dashed curve (e+e− →
W+W+H−−

5 + c.c.) is obtained by considering only the VBA-type
diagrams

in comparison with the pair production for a moderate value
of

√
s. By contrast, in e−e− collisions, there is a process

e−e− → νeνeH
−−
5 that has a wider search mass range.

Specifically, in this process, the search range is extended to
mH5 ∼ √

s in principle. In fact, we can see from Fig. 5 that
about 100 events are expected for L = 10 ab−1 of integrated
luminosity when mH5 ∼ 0.4 TeV with

√
s = 0.5 TeV. Note

that the cross section for e−e− → νeνeH
−−
5 in Fig. 5 is more

than 6 times larger than that for e+e− → νeν̄eH0
5 (VBF only)

in Fig. 3; the difference between them comes entirely from
that in the Higgs couplings to two W bosons, except in the
interference term in the former.

If the H−−
5 particle decays mainly into aW−W− pair, then

we expect to observe a resonance peak at MW−W− ∼ mH5

in the invariant mass MW−W− distribution of W− pairs in
the e−e− → νeνeW−W− process (see the resonant diagram
Fig. 2d). In Fig. 6, we plot the MW−W− distribution with
mH5 = 300 GeV for that decay branching ratio of 100%,4

along with the contribution from the SM. Admittedly, a sim-
ilar plot was obtained in Ref. [17], but here we update the
plot considering the current experimental constraints.

Note that, unlike hadron colliders such as the LHC and
LHeC [44], the invariant mass MW−W− can be cleanly recon-
structed using the 4-jets from W− → qq̄ ′ decays in the
e−e− collider. The total cross section of the W− pair with
missing energy in the SM is about 2.5 fb, whereas the total
cross section of the signal in the GM model is about 2.8 fb.
From this result, it is clear that if we simply consider only
the statistical error in the value of the total cross section

4 BR(H±±
5 → W±W±) ≈ 1 is usually assumed in analyses for the

LHC [43], which is true if �m ≡ mH5 − mH3 is smaller than mW .
For �m > mW , the decay branching ratio of H−−

5 → W−H−
3 is no

longer zero. The details of the signal in this case are currently under
analysis. In general, the result depends on mH3 and the mixing angle α

(if a subsequent H−
3 → hW− decay is considered), and is beyond the

scope of this paper, thus will be presented elsewhere.

Fig. 6 The W−W− invariant mass distribution for e−e− →
νeνeW−W−. Each error bar indicates the statistical error of the Monte
Carlo integration for each bin

Fig. 7 The integrated luminosity required for a 5-σ discovery by
the W−W− invariant mass distribution for e−e− → νeνeW−W−. A
common invariant mass window cut mH5 − 20 GeV ≤ MW−W− ≤
mH5 + 20 GeV is used for every mH5 and BR(H−−

5 → W−W−) = 1
is assumed

and the number of events,5 an integral luminosity of about
1 ab−1 is required to obtain an event excess of 5 σ , while
about 100fb−1 is sufficient when the analysis is limited
to the region of Fig. 6. We also show a contour plot in
the mH5 -v� plane, in Fig. 7, for the integrated luminosity
required for a 5-σ discovery via a signal in the W−W−
invariant mass distribution of e−e− → νeνeW−W−. For
this plot, we have used a common invariant mass window
cut mH5 − 20 GeV ≤ MW−W− ≤ mH5 + 20 GeV for every
mH5 and assumed all H−−

5 decay into W−W− pairs.
Considering how to search for the 5-plet Higgs bosons

in the GM model using VBF processes at future linear col-
liders, especially via the WW fusion processes because of
their relatively large sizes of the cross sections, one imme-
diately sees the following fact: due to the electric charges,

5 For simplicity, we use Z = S/
√
B as an estimator to compute the

signal significance Z , where S and B are the numbers of signal and
background events, respectively.
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e+e− colliders can produce the H0
5 bosons in this channel,

while e−e− colliders produce the H−−
5 bosons. Therefore,

a search strategy can be developed as follows. With a future
linear collider running under an e+e− mode, we first tar-
get the H0

5 boson by using e+e− → H0
5 + invisible with a

subsequent H0
5 decay into a W+W− or Z Z pair, assuming

BR(H0
5 → VV ) ≈ 1. If found, then this will be certainly

an outstanding triumph, but countless models are predicting
such a new neutral scalar particle. Then, suppose the linear
collider has an e−e− mode as an option. We next run the col-
lider under the e−e− mode in order to target the H−−

5 boson
by using e−e− → H−−

5 + invisible with a subsequent H−−
5

decay into a W−W− pair. If nature adopts the GM model
and the discovered extra neutral Higgs boson is indeed H0

5 ,
then we will find a resonant peak by H−−

5 at the same mass,
strongly suggesting that the model may be correct. This will
hopefully be further confirmed by the search for H−

5 in e−e−
collisions.

5 Summary

We have discussed our extension of the Grace system to
perform calculations in the Georgi–Machacek (GM) model.
After a systematic check of the implemented set of model
files against the known results of the 1 → 2 and 2 → 2
processes, we have analyzed the fermiophobic custodial 5-
plet Higgs boson production processes in the GM model at
e+e− and e−e− colliders with the center-of-mass energy of√
s = 0.5 TeV. The mass ofmH5 and the triplet VEV v� have

been chosen as typical values that are not currently ruled out
by the experimental data.

The neutral 5-plet Higgs boson H0
5 can be produced in

several processes both at e+e− and e−e− colliders, provided
mH5 <

√
s. As shown in Fig. 3, the largest cross section

is obtained for e+e− → ZH0
5 . The other processes have

smaller cross sections, however, even the Z Z fusion pro-
cesses possibly lead to enough events to be detected with the
integrated luminosity expected at future colliders. We have
also pointed out that at e−e− colliders the sizes of the neutral,
singly- and doubly-charged 5-plet Higgs boson production
cross sections via vector boson fusions have a relatively sim-
ple dependence of coupling constants. The ratios of the cross
sections are fairly close to those estimated in the high energy
limit even at

√
s = 0.5 TeV.

Since the doubly-charged Higgs boson H±±
5 is one of the

characteristic particles in the GM model, we have performed
computations for its production, for which e−e− colliders are
rather suitable from the viewpoint of the quantum number of
the initial state. While the H++

5 H−−
5 pair production at e+e−

colliders can be used for searches with the mass of mH5 only
up to

√
s/2, the single H−−

5 production at e−e− colliders can
reach heavier mass regions. We have also investigated the

resonant MW−W− distribution in e−e− → νeνeW−W− with
an assumption that the decay branching ratio for H−−

5 →
W−W− is 100%.

In this paper, we have focused on the 5-plet Higgs boson
production, but one can also consider 3-plet and singlet Higgs
boson production at e−e− colliders. We leave it for future
work.
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Appendix A: Formulae

In the following formulae we use variables xA ≡ m2
A/M2

H ,
zA ≡ m2

A/s and the function λ(x, y) ≡ 1 + x2 + y2 − 2x −
2y − 2xy. Nc is the color factor of the final state fermions.

• Decay widths for H → VV ′, H → H ′V and H → f f̄ ′

�(H → VV ′) = g2
HVV ′

8πMH
λ

1
2 (xV , xV ′)

×
[

1 + (1 − xV − xV ′)2

8xV xV ′

]
, (A.1)

�(H → H ′V ) = g2
HH ′V
16π

MHλ
1
2 (xH ′ , xV )

×
[

(1 − xH ′ + xV )2

xV
− 4

]
, (A.2)

�(H → f f̄ ′) = Nc

16π
MHλ

1
2
(
x f , x f ′

)

×
[(∣∣∣gLH f f ′

∣∣∣2 +
∣∣∣gR

H f f ′
∣∣∣2

) (
1 − x f − x f ′

)

−4�
(
gLH f f ′gR∗

H f f ′
) √

x f x f ′
]
. (A.3)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2022) 82 :148 Page 9 of 12 148

• Differential cross sections for f f̄ ′ → HH ′

– ( f, f̄ ′) = (e−
L ,R, e+) and (H, H ′) = (H++

5 , H−−
5 ),

(H+
5 , H−

5 ), (H+
3 , H−

3 )

dσL ,R

d cos θ
= λ

3
2 (zH , zH ′)

64πs

×
(
gHH ′γ g f f ′γ + gHH ′Z g

L ,R
f f ′Z

1 − zZ

)2

sin2 θ. (A.4)

– ( f, f̄ ′) = (νeL , e+) and (H, H ′) = (H++
5 , H−

5 ),

(H+
5 , H0

5 ), (H+
3 , H0

3 )

dσL

d cos θ
= λ

3
2 (zH , zH ′)

32πs

×
(
gHH ′WgLf f ′W

1 − zW

)2

sin2 θ. (A.5)

• Differential cross sections for f f̄ ′ → Vh0

– ( f, f̄ ′) = (e−
L ,R, e+) and V = Z

dσL ,R

d cos θ
= λ

1
2 (zV , zh)

64πs2

(
ghVV g

L ,R
f f ′V

1 − zV

)2

[
2 + λ(zV , zh)

4zV
sin2 θ

]
.

(A.6)

– Equation (A.6) can be applied also for ( f, f̄ ′) =
(νeL , e+) and V = W+, but then an extra factor 2
must be multiplied.

• Coupling constants

gH±±
5 W∓W∓ = g2

√
2
sHv, (A.7)

gH±
5 W∓Z = ∓ggZ

2
sHv, (A.8)

gH0
5 W

+W− = − g2

2
√

3
sHv, (A.9)

gH0
5 Z Z

= g2
Z√
3
sHv, (A.10)

gH0
1 W

+W− = −g2

6

(
3sαcH − 2

√
6cαsH

)
v, (A.11)

gH0
1 Z Z

= −g2
Z

6

(
3sαcH − 2

√
6cαsH

)
v, (A.12)

gh0W+W− = g2

6

(
3cαcH + 2

√
6sαsH

)
v, (A.13)

gh0Z Z = g2
Z

6

(
3cαcH + 2

√
6sαsH

)
v, (A.14)

gH++
5 H−−

5 γ = 2e, (A.15)

gH+
5 H−

5 γ = −e, (A.16)

gH+
3 H−

3 γ = −e, (A.17)

gH++
5 H−−

5 Z = gZ
(

1 − 2s2
W

)
, (A.18)

gH+
5 H−

5 Z = −gZ
2

(
1 − 2s2

W

)
, (A.19)

gH+
3 H−

3 Z = −gZ
2

(
1 − 2s2

W

)
, (A.20)

gH±
5 H∓

3 Z = ±gZ
2
cH , (A.21)

gH0
5 H

0
3 Z

= i
gZ√

3
cH , (A.22)

gH0
3 H

0
1 Z

= −i
gZ
6

(
3sαsH + 2

√
6cαcH

)
, (A.23)

gH±±
5 H∓

5 W∓ = − g√
2
, (A.24)

gH±
5 H0

5 W
∓ =

√
3

2
g, (A.25)

gH±±
5 H∓

3 W∓ = − g√
2
cH , (A.26)

gH±
5 H0

3 W
∓ = ∓i

g

2
cH , (A.27)

gH±
3 H0

5 W
∓ = − g

2
√

3
cH , (A.28)

gH±
3 H0

3 W
∓ = ∓i

g

2
, (A.29)

gH±
3 H0

1 W
∓ = g

6

(
3sαsH + 2

√
6cαcH

)
, (A.30)

gH±
3 h0W∓ = −g

6

(
3cαsH − 2

√
6sαcH

)
, (A.31)

gH0
3 h

0Z = i
gZ
6

(
3cαsH − 2

√
6sαcH

)
, (A.32)

gL
H+,−

3 ud
= −√

2Vud
mu,d

v
tH , (A.33)

gR
H+,−

3 ud
= √

2Vud
md,u

v
tH , (A.34)

gR
H+

3 eν
= √

2
me

v
tH , (A.35)

gL
H−

3 eν
= √

2
me

v
tH , (A.36)

gL
H0

3 uu
= i

mu

v
tH , (A.37)

gR
H0

3 uu
= −i

mu

v
tH , (A.38)

gL
H0

3 dd
= −i

md

v
tH , (A.39)

gR
H0

3 dd
= i

md

v
tH , (A.40)

gL
H0

3 ee
= −i

me

v
tH , (A.41)

gR
H0

3 ee
= i

me

v
tH , (A.42)

gL ,R
H0

1 uu
= mu

v

sα
cH

, (A.43)

gL ,R
H0

1 dd
= md

v

sα
cH

, (A.44)
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gL ,R
H0

1 ee
= me

v

sα
cH

, (A.45)

gL ,R
h0uu

= −mu

v

cα

cH
, (A.46)

gL ,R
h0dd

= −md

v

cα

cH
, (A.47)

gL ,R
h0ee

= −me

v

cα

cH
. (A.48)

Here, we have used additional shorthand notations gZ =
g/ cos θW and sW = sin θW .

Appendix B: Ratios of VBF total cross sections

The typical Feynman diagram contribution for VBF pro-
cesses can be written as, in the Feynman gauge,

MA = igV1V2H

[
ū(p3)γ

μ(gR1PR + gL1PL)u(p1)
][
ū(p4)γμ(gR2PR + gL2PL)u(p2)

]
[
(p1 − p3)2 − m2

V1

][
(p2 − p4)2 − m2

V2

] . (B.1)

Here, an incoming fermion with the momentum p1 splits
into a fermion with the momentum p3 and the gauge boson
of massmV1 via the interaction specified by gR1 and gL1 . The
same for the other side; namely, the other incoming fermion
with the momentum p2 splits into a fermion with the momen-
tum p4 and the gauge boson of mass mV2 via the interaction
specified by gR2 and gL2 . The Higgs boson of mass mH is
produced by the fusion of the two gauge bosons with the
coupling gV1V2H . All fermion masses are ignored.

For e−e− collisions, one should also consider a crossed
diagram, obtained by the exchange of the incoming electrons,
MB = −(MA with p1 ↔ p2). One can argue that the
interference term between MA and MB is negligible [45].6

If one is interested only in the total cross section, |MB |2 gives
the same contribution as |MA|2, thus a factor 2 is multiplied.

As a crude approximation in the high energy limit (
√
s �

mH ,mV1 ,mV2 ), one can drive a Weizsäcker–Williams-type
expression for the total cross section [47–50].7 The result
for e−e− collisions is

σ � Sg2
V1V2H

C

2(4π)3m2
V1
m2

V2

[
(1 + zH ) ln

(
1

zH

)
− 2 + 2zH

]
,

(B.2)

6 In fact, this was numerically observed in Ref. [46] for e−e− →
e−e−Z Z → e−e−h in the SM. See also the almost negligible devi-
ation between the two curves for the Z Z fusion at e+e− and e−e−
colliders in Fig. 3 and its explanation in the text.
7 The leading logarithmic term was obtained in Ref. [51], which is
indeed sufficient to obtain the ratios in Eqs. (B.4) and (B.5). The approx-
imation can be in principle improved by eliminating kinematical over-
simplifications, see, e.g., Ref. [52].

where S represents the statistical factor for the outgoing
fermions, zH = m2

H/s and

C = (g2
R1

+ g2
L1

)(g2
R2

+ g2
L2

). (B.3)

Although this formula overestimates the total cross section
by a factor � 2 for

√
s = 0.5 TeV, one may expect that such

deviations cancel for the most part when ratios are taken.
With this formula, the ratios of the VBF cross sections at
e−e− colliders presented in Sect. 4 are estimated as
σ(e−e− → νeνeH

−−
5 )

σ (e−e− → e−νeH
−
5 )

� 2

(
cos2 θW

1 − 4 sin2 θW + 8 sin4 θW

)
≈ 3,

(B.4)

σ(e−e− → e−νeH
−
5 )

σ (e−e− → e−e−H0
5 )

� 3

(
cos2 θW

1 − 4 sin2 θW + 8 sin4 θW

)
≈ 9

2
.

(B.5)

Note that the couplings between H5 and two vector bosons
arise from the kinetic term of the isospin triplet, picking up
the triplet VEV. Thus, all of them are proportional to sHv,
resulting in the above ratios consisting of group theoretical
factors and the weak mixing angle. In general, if one consid-
ers other ratios, e.g., of production cross sections of H5 and
H1, then the other mixing angle α appears as well as θH .
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