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Abstract We propose a novel realization for the natu-
ral extrapolation of the continuous spontaneous localization
(CSL) model, in order to account for the origin of primor-
dial inhomogeneities during inflation. This particular model
is based on three main elements: (i) the semiclassical gravity
framework, (ii) a collapse-generating operator associated to
a relativistic invariant scalar of the energy-momentum tensor,
and (iii) an extension of the CSL parameter(s) as a function of
the spacetime curvature. Furthermore, employing standard
cosmological perturbation theory at linear order, and for a
reasonable range within the parameter space of the model,
we obtain a nearly scale invariant power spectrum consis-
tent with recent observational CMB data. This opens a vast
landscape of different options for the application of the CSL
model to the cosmological context, and possibly sheds light
on searches for a full covariant version of the CSL theory.

1 Introduction

One of the most interesting challenges when trying to com-
bine General Relativity with Quantum theory to explain the
very early epoch of the universe, has to do with giving a satis-
factory explanation of the quantum-to-classical transition of
perturbations originated during inflation. The proposal that,
at the very beginning, the universe went through an accel-
erated phase, called inflation, is extremely successful since
it allowed explaining not only some well-known problems
of the hot Big Bang model (e.g. the horizon and flatness
problems), but it has also offered a way to address the quan-
tum origin of large-scale structures that we see today in the
sky, from primordial cosmic seeds [1–10]. The inflationary
paradigm predictions for primordial power spectra are strik-
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ingly consistent with the most recent accurate observations
of cosmic microwave background (CMB) radiation [11–13].

Notice that, the aforementioned quantum to classical tran-
sition is closely related to the so-called measurement prob-
lem in Quantum physics [14–21].1 Let us mention why this
problem is notoriously enhanced in the cosmological case
[22–25].2 The central point here is that, according to stan-
dard Quantum theory, the evolution of any quantum state is
always unitary, dictated by the Schrödinger equation, which
does not break any initial symmetry of the system or destroy
quantum superpositions. If at the beginning of inflation the
spacetime is assumed to be spatially isotropic and homoge-
neous, and the perturbations of matter fields (i.e. the inflaton
field) were in a quantum vacuum state also invariant under
spatial rotations and translations (i.e. the so-called Bunch–
Davies vacuum); then one question arises: how do we arrive at
an anisotropic and inhomogeneous state (with cosmic seeds
of structures) from a quantum vacuum state that is perfectly
isotropic and homogeneous in space? The traditional early
universe paradigm seems to be incomplete in that sense.3

And any model that claims to provide a mechanism for the
emergence of the seeds of structure must be able to give a con-
vincing answer to the mentioned scenario, without appeal-
ing, of course, to the existence of observers or measuring
devices which cannot constitute fundamental elements in the
very early universe [28]. There are various proposals that try
to explain the quantum-to-classical transition from differ-

1 See [17], where the author states the measurement problem in a formal
and elegant way, and he also describes what are the possible alternatives
to address it.
2 Non-specialist readers interested in a introductory review on this sub-
ject can find it in [26].
3 The standard explanation for such an emergence is based on the study
of the role of quantum fluctuations of the scalar field driving the accel-
erated expansion during the inflationary epoch. However, that analysis
lacks a complete description for the problem at hand that is being dis-
cussed here [24,27].

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-021-09851-w&domain=pdf
mailto:gleon@fcaglp.unlp.edu.ar
mailto:gabriel@iafe.uba.ar


1055 Page 2 of 19 Eur. Phys. J. C (2021) 81 :1055

ent approaches. For instance, by invoking the decoherence
framework [29–32], it could provide a partial understanding
of the issue. However, it was shown that decoherence does
not fully addresses the problem [24,33–37]. Other authors,
within the framework of the de Broglie–Bohm theory [38],
have also explored applications to this cosmological puzzle,
e.g. [39–44].

Known as objective collapse theories, they constitute
another approach that seeks to address the aforementioned
issue, since they were specifically designed to solve the mea-
surement problem in Quantum Mechanics [45–50]. Reviews
on these sort of theories can be found, for instance, in [51,52].
The idea of invoking a self-induced collapse in cosmology in
order to generate the primordial perturbations and/or accom-
plish the quantum-to-classical transition has been explored in
great detail since 2006 [23], and it has led to numerous inves-
tigations in recent years with varied proposals and results,
e.g. [24,25,53–78]. In several of those works, a specific ver-
sion based on the continuous spontaneous localization (CSL)
model [45,47] adapted to the situation of interest, was chosen
to analyze this subject.

The CSL constitutes a particular proposal, based on a non-
linear stochastic modification of the standard Schrödinger
equation, where spontaneous and random collapses occur,
resulting in an objective dynamical reduction of the wave
function. For the first time, in Ref. [56] the CSL model was
applied to the inflationary universe and in Ref. [57] such
exploration was done within the semiclassical gravity frame-
work. The debate on the particular details involved in imple-
menting the CSL model in the cosmological context is still
open, and contains an extensive landscape of possibilities
constituting an active research area at the moment [79–84].
As was already pointed out in [85], objective collapse mod-
els have the appealing feature of connecting plausible res-
olutions of other open problems in a single unified picture;
not only the measurement problem in Quantum Mechanics
and the emergence of the primordial inhomogeneities during
inflation, but also the problem of time in canonical quantum
theories of gravitation, the black hole information paradox
[86–88] and other applications to cosmology, for instance
to account for the dark energy and the late-time accelerated
expansion of the universe [77,89,90].

Recently, in Ref. [81], a wide variety of open alternatives
were discussed when applying the CSL dynamical collapse
model to the inflationary era. That exploration included the
important aspects one must face in order to address such a
problem. These are: (i) the two different approaches to deal
with quantum field theory and gravitation, (ii) the identifica-
tion of the collapse-generating operator, and (iii) the general
nature and values of the CSL model parameters. In that same
work, it was also emphasized that all the choices connected
with those issues have the potential to dramatically alter the
conclusions one can draw.

In this article, we will explore a particular CSL model
in the inflationary context, within the vast theoretical land-
scape available for the extrapolation of the standard CSL (as
constructed to deal with non-relativistic many particle Quan-
tum Mechanics) into the realms of relativistic quantum field
theory in curved spacetimes. To accomplish this task, we
will follow some options raised in Ref. [81]. In this way, our
model possess three main elements which we mention below.

First, one must choose the setting within which one is
going to combine quantum field theory (QFT) with gravita-
tion. While in some previous works, we have explored the
use of the CSL using the standard framework of quantization
(in which metric and matter fields are quantized simulta-
neously). Here, as in other previous works, we will adopt
the semiclassical gravity framework where gravity is always
classical while the matter fields are treated quantum mechan-
ically. This approach has received some known criticisms
[91,92], but those arguments have been discussed and refuted
[93–100]; currently, the theory continues to be of great inter-
est. Moreover, it is not often emphasized that most of the
conclusions against are only valid in those contexts where
quantum mechanical evolution does not include any sort of
measurement-related or spontaneous collapse of the quantum
state. We will assume such a framework to be a valid approxi-
mation during the inflationary era, which is well after the full
quantum gravity regime has ended. This choice is due to the
fact that it appears favored from a theoretical and conceptual
point of view, in particular, when one wants to incorporate
collapse models [54,69,70,81,101]. In fact, it was shown
that, within semiclassical gravity, the CSL model predicts
generically a very small amplitude of the tensor power spec-
trum [72,74,75], which is very consistent with the current
non-detection of B-modes in the CMB data [12].

Second, as mentioned in Ref. [81], there are a large number
of operators that are relativistically invariant and do reduce,
in the simple non-relativistic regimes encountered in labora-
tory situations, to the required “mass density” or “energy den-
sity”. Some simple examples we might consider are scalars
constructed, for example, using the energy-momentum ten-
sor Tab. In the present work, for the first time in this line
of research, we will explore the consequences of assuming
a collapse generating operator composed of a contraction of
the energy-momentum tensor. Specifically, we will choose
the scalar (TabT ab)1/2 as the collapse operator in our pro-
posal to extrapolate the CSL model into the cosmological
context.

Third, we will make a particular choice regarding the
parameters of the CSL model. The main idea is the following.

One of the central features of the CSL model, sometimes
referred to as the amplification mechanism, is that the col-
lapses must be rare for microscopic systems, in order not to
alter their quantum behavior as described by the Schrödinger
equation. But, on the other hand, their effects must increase
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when several particles are hold together forming a macro-
scopic system. The amplification mechanism can be char-
acterized through the collapse rate parameter λ of the CSL
model.

As was discussed at length in [81], such a parameter used
in the non-relativistic versions of the CSL model, let us call
it λ0, might not be a fundamental constant after all. The orig-
inal motivation [45–47,51,102] for choosing the particular
value of λ0 ≈ 10−16 s−1 was based on some phenomena
occurring at laboratory scales, e.g. the number of atoms in a
pointer apparatus, the matter density of nuclear matter, etc.
Therefore, it is not obvious at all that there should be any
comparison between the value of λ0, informed by the exis-
tence of hadrons, nuclei and the atomic densities of solids,
with parameters at an era when there were no nucleons, no
atoms and certainly no solids.

On the other hand, the second parameter of the non-
relativistic CSL model, rc, is a length scale characterizing
the level of de-localization associated with the onset of the
spontaneous collapse. For instance, for a single particle, the
effect of the collapse aspect of the modified dynamics is neg-
ligible if the width of its wave function is smaller than rc.
But, if it is larger than rc, the collapse mechanism becomes
very relevant. The actual numerical value of rc comes from
experimental constraints using a non-relativistic version of
the CSL model. Additionally, for that particular CSL model,
the parameter rc serve to characterize physical processes at
laboratory scales. For example, rc takes into account notions
such as atomic dimensions, mean spreads around the equi-
librium positions of the lattice points of a crystal, etc. (see
Sec. 6.5 of Ref. [51]). Thus, there are ample grounds to doubt
any simple one-on-one connection between the value of λ0

and rc, relevant for one regime (involving laboratory scales),
with parameters characterizing the model in a completely
different one, such as the inflationary universe.

Previous works [57,62,71,76], where a particular version
of the CSL model was applied to inflation, were able to
recover the correct shape and amplitude of the CMB spectrum
(in addition to being compatible with laboratory constraints).
Those results required making suitable assumptions regard-
ing the dependence of the model parameters on the Fourier
mode wavelengths, which in turn, might be viewed as tied to
a more fundamental dependence on curvature. However, in
the present work, we will make explicit this dependence on
the curvature in the CSL parameters, and make no assump-
tion involving a particular decomposition used in the field’s
modes (e.g. Fourier modes).

As a matter of fact, as suggested by Diosi and Penrose in
e.g. [48–50,103], it seems quite natural to think that, at a fun-
damental level, the spontaneous collapse dynamics might be
intimately tied with gravitation. Therefore, accepting such a
hypothesis, one reasonable option for exploring the relation
between the collapse of the wave function and gravitation, is

to replace the collapse parameter of the ordinary CSL model
by a function of some geometrical scalar associated with
curvature (see e.g. [85]). In particular, in a series of works
devoted to the examination of the famous black hole informa-
tion puzzle [86,87], it was found that, during the black hole
evaporation, information is lost as a result of the modified
evolution described by the CSL model with the additional
hypothesis that the collapse rate λ is enhanced by the curva-
ture of the spacetime, through the Ricci scalar R.

In this paper, we will adopt the same parameterization of
λ as the authors of Refs. [86,87], i.e. we will assume that
λ is a function of R (a more detailed discussion about this
point will be given in Sect. (3.3)). This idea was first sug-
gested in [102,104], and was also one of the options men-
tioned in [81]. We acknowledge that there are other possibili-
ties for including curvature scalars in the parameterization of
λ. For instance, one could consider the Kretschmann scalar
RαβμνRαβμν , or the scalar WαβμνWαβμν , where Wαβμν

denotes the Weyl tensor. In fact, as argued in [85], the latter
choice seems to have the characteristics that could lead to
an association of low entropy with the early state of the uni-
verse and a large entropy with its late-time state. That is, the
adoption of an objective collapse model with a curvature-
dependent collapse parameter involving the Weyl tensor,
might result in dynamical-based explanation of the Weyl cur-
vature hypothesis (see Ref. [105] and references within for
more details). The point is that including an explicit depen-
dence of some curvature scalar in λ, appears to be a valid
option if one accepts the premise that the objective collapse
is enhanced by the gravitational degrees of freedom.

The dependence on curvature could result, of course, in
an effective temporal dependency of the model parameters.
In fact, this kind of effective time dependence (i.e. a time
dependence that appears in a certain regime to be a constant,
but is in fact a coupling with some other dynamical variable)
is one we have already encountered in cosmology; e.g., the
masses in the standard model of particles depend on a vacuum
expectation value in the Higgs sector, and that field experi-
enced dramatic changes between the inflationary epoch and
the present day. So an effective time dependence of the CSL
parameters, in the cosmological context, might very well be
considered likely.

With respect to the second parameter of the non-relativistic
CSL model rc, which is related to the localization of the
wave function corresponding to a system of (non-relativistic
massive) particles. In this article, we will propose a novel
approach to generalize such element when analyzing the
inflationary universe. In particular, we will assume that, when
taking into account the collapse of the wave function corre-
sponding to the inflaton, the quantum two-point correlation
function of the field variables is a straightforward way to
extrapolate the notion of “localization” as given by the ordi-
nary CSL model (we will be more precise in Sect. (3.4)).
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Recall that, in the latter, the level of localization is encoded
in the quantum uncertainty of the position operator.

Finally, let us mention that we will base our treatment on
a model of spontaneous collapses that is strictly speaking not
covariant. We acknowledge that a truly satisfactory proposal,
to deal with the subject considered here, should be based on a
fully covariant theory. However in absence of such a theory,
we can move forward by making reasonable assumptions
that could help in finding a complete and workable theory.
Fortunately, recent proposals for special relativistic versions
of these type of theories indicate that we should be able to
address this shortcoming in near future [88,106–108].

Our goal in this paper can be summarized as follows: based
on the three main elements mentioned above, and employing
standard cosmological perturbation theory at linear order, we
will obtain the primordial scalar power spectrum. Also, we
will analyze the characteristics needed for the spectrum to
be consistent with both the laboratory constraints and those
from the CMB observations.

This manuscript is divided in 6 sections plus two Appen-
dices, where in the latter we have included most of the cal-
culations. We start in Sect. 2 with a brief review of the stan-
dard CSL model by discussing the mass proportional CSL
model. Next, in Sect. 3 we describe our proposed framework,
in Sect. 4 we find an equivalent scalar power spectrum, and
in Sect. 5 we analyze the features of the obtained spectrum.
Finally, in Sect. 6, we present our conclusions. Regarding
conventions and notation, we use a (−,+,+,+) signature
for the spacetime metric and units where c = 1 = h̄.

2 Brief review of the CSL model

In this section, we provide a very brief review of the non-
relativistic CSL model, so there is no original work here.
Specifically, we will focus on the mass proportional CSL
model. Those readers familiar with the subject can safely
skip to the next section. For a pedagogical review, including
the main technical aspects, we suggest Ref. [109], and for a
general overview of collapse models see [51,52].

The CSL model is a generalization of the spontaneous
collapse model originally proposed by Ghirardi, Rimini and
Weber [46] to a system of identical particles. In the CSL
model the collapse of the wave function occurs continuously
in time, while in the GRW one the collapse happens dis-
cretely. The mass proportional CSL model has been probed
in experiments, where relativistic effects can be ignored (see
e.g. Ref. [110]). It consists of two main equations. The first
one is a modified version of the Schrödinger equation, whose
general solution is

|ψ, t〉 = T̂ e
−i

∫ t
0 dt ′ Ĥ(t ′)− 1

4λ0

∫ t
0 dt ′

∫
dx′[w(x,t ′)−2λ0 Â(x)]2 × |ψ, 0〉 (1)

Here, T̂ is the time-ordering operator and w(x, t) character-
izes a stochastic process of white noise type. The probability
for the noise w(x, t) is given by the second main equation,
which represents the Probability Rule:

P(w)dw ≡ 〈ψ, t |ψ, t〉
t−dt∏

ti=0

dw(x, ti )√
2πλ0/dt

(2)

The state vector norm evolves dynamically, i.e. it is not equal
to 1. In particular, Eq. (2) implies that state vectors with
largest norm are the most probable. The total probability is
then

∫
P(w)dw = 1, provided that 〈ψ, 0|ψ, 0〉 = 1.

The parameter λ0 is the collapse rate for a reference parti-
cle in a spatially superposed state, and usually the reference
particle is chosen as a nucleon. On the other hand, the oper-
ator Â(x) is called the collapse generating operator, and for
the mass proportional CSL model it is defined as

Â(x) =
∑

i

mi

m0

1

(πr2
c )3/4

∫
d3y e−|x−y|2/2r2

c N̂i (y) (3)

where N̂i (y) = χ̂
†
i (y)χ̂i (y) is the particle number density

operator, constructed from (non-relativistic) creation an anni-
hilation operators for a particle of type i at y. In addition, mi

is the mass of the corresponding particle species and m0 is
the mass of the reference particle, e.g. a nucleon. The second
parameter of the model is the smearing length rc, a length
scale characterizing the level of de-localization associated
with the onset of the spontaneous collapse. In this way, Â(x)
is considered as a smeared mass density operator at x.

Equation (1) describes the complete evolution of an indi-
vidual system prepared in a given initial state. However, the
presence of the noise w(x, t) clearly makes the evolution
highly random. The only certainty is that, by construction,
the system will be driven towards one of the eigenstates of
Â(x). Therefore, it is useful to investigate what happens with
an ensemble of identically prepared systems. Because of the
CSL dynamics, the ensemble will be constituted of a set of
different evolved state vectors, each characterized by a dif-
ferent realization of w(x, t), and the density matrix is the
object that best serves to describe the ensemble’s evolution.

The density matrix is defined from Eqs. (1) and (2) as

ρ̂(t) ≡
∫ ∞

−∞
P(w)dw

|ψ, t〉〈ψ, t |
〈ψ, t |ψ, t〉 (4)

From Eq. (4), it can be shown that the corresponding density
matrix evolution satisfies

∂ρ̂(t)

∂t
= −i[Ĥ , ρ̂(t)] − λ0

2

∫
d3x [ Â(x), [ Â(x), ρ̂(t)]].

(5)

As a consequence, the ensemble expectation value of any
observable corresponding to an operator Ô can be obtained

as 〈Ô〉 = Tr {Ôρ̂(t)}.
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Note that, from Eq. (1) [or equivalently (5)], one can also
identify an effective collapse rate for each particle species
λi ≡ λ0(mi/m0)

2, i.e. the strength of the collapse scales with
the mass of the particle. This leads to one of the most impor-
tant features of collapse models: the amplification mecha-
nism. For microscopic systems (for instance, a single elec-
tron) the collapse is very weak, so superpositions can occur.
For macroscopic objects (for example, 1024 atoms) the col-
lapse is very strong, implying a rapid and efficient collapse
of the wave function.

If the model is correct, accurate values of λ0 and rc have
to be determined by empirical evidence. It should be noted
that as the way the model was constructed, relativistic effects
have not been taken into account; also, in ordinary matter, the
collapse is mostly caused by nucleons. Until experiments
can provide precise values of the parameters, one can adopt
some estimated values based on reasonable arguments. For
example, the choice rc 	 10−5 cm, originally suggested
by GRW, was based on the assumption that rc should be
large with respect to the atomic dimensions and to the mean
spreads around the equilibrium positions of the lattice points
of a crystal. Similar arguments, which involve human percep-
tion time and the number of nucleons marking the quantum-
classical threshold, lead to the choice λ0 	 10−16 s−1 [45–
47,51,102].

3 The proposed framework

In this section, we present one of the possible extrapolations
of the non-relativistic CSL model, described in the previ-
ous section, to more general situations in which relativistic
effects cannot be ignored. In our view, the proposed model
is a natural extension of the original one, since it captures
the essence and main features of the mass proportional CSL
model. Also, it can be applied directly to the cosmological
case; and in particular, to the inflationary universe. To accom-
plish this, we will follow some options discussed in [81].

The background metric will be given by a spatially flat
FLRW spacetime. In conformal comoving coordinates the
metric components are gμν = a2(η)ημν , with ημν the
Minkowski metric with signature (−,+,+,+). We also
introduce the Hubble parameter H , and then the comoving
Hubble parameter is given as H = a′/a = aH , with primes
over functions denoting derivative with respect to conformal
time η. Inflation is characterized by a shrinking comoving
Hubble radius d/dη[H−1] < 0, with H 	 constant. Also,
if needed, we can fix the normalization of the scale factor
today, so a0 = 1.

We proceed now to characterize the metric perturbations.
In particular, we choose to work in the longitudinal gauge
where the line element associated to the metric is

ds2 = a2(η)
[
−(1 + 2Ψ )dη2 + (1 − 2E)δi j dx

i dx j
]

(6)

with E and Ψ being scalar fields corresponding to scalar per-
turbations at first order. In fact, by assuming that there is no
anisotropic stress, Einstein’s equations lead to Ψ = E . From
now on, we will use this result and refer to Ψ as the New-
tonian potential. Moreover, in this gauge, Ψ represents the
curvature perturbation (i.e. the intrinsic spatial curvature on
hypersurfaces on constant conformal time for a flat universe).

During inflation, the matter degrees of freedom are rep-
resented by a single scalar field φ(x, η), called the inflaton.
Furthermore, we separate φ in its homogeneous part φ0(η)

plus a small inhomogeneous perturbation |δφ(x, η)| 
 |φ0|.
The field φ0 will be treated in a classical way, while the
perturbation δφ can be described as a QFT in a flat FLRW
background metric. The condition for an inflationary phase
requires that the potential energy V of the scalar field dom-
inates over the kinetic term φ′2/2a2. Furthermore, we will
focus on slow roll inflation, where the slow roll parameter is
defined as ε ≡ 1−H′/H2. During slow roll inflation ε 
 1,
and the inflationary phase ends when ε 	 1.

3.1 Semiclassical gravity

Given the fact that we have not yet at our disposal a com-
plete and satisfactory theory of quantum gravity, we will
employ the semiclassical gravity (SCG) formulation. This
framework describes the way in which the gravitational and
matter degrees of freedom are related to each other. We con-
sider the SCG approach as an effective setting rather than
something akin to a fundamental theory. The SCG frame-
work is characterized by Einstein semiclassical equations

Rab − R

2
gab = 8πG〈T̂ab〉 (7)

where Rab and R are the Ricci tensor and scalar respectively;
also we are neglecting the contribution of a cosmological
constant. The expectation value of the energy-momentum
tensor 〈T̂ab〉, characterizing the matter fields, acts as a source
of the spacetime geometry. In this way the description of
gravity in terms of the metric is always taken as classical.

The inflationary epoch is presumed to develop at energy
scales smaller than the Planck mass, therefore, one expects
that the SCG approach can be considered as a suitable frame-
work. For our case of interest, the use of SCG possess two
main conceptual advantages. First, the spacetime, and thus
the metric, is always classical. There is no issue with the
“quantum-to-classical transition” in the characterization of
the spacetime. We will not need to justify the transition from
“metric operators” (e.g. Ψ̂ ) to classical metric variables (such
as Ψ ). The fact that the spacetime remains classical is of
great importance when including the CSL model. This is
because the “localization” (or collapse) of the wave function
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is regarded as a physical process occurring in time. Conse-
quently, it is preferred to have a setting that admits considera-
tion of full spacetime notions [54,69]. The second advantage
is that it allows to present a transparent picture of how the
primordial perturbations are born from the wave function
collapse: the initial state of the universe (i.e. the one result-
ing after a few e-folds since the beginning of inflation) is
described by the completely symmetric Bunch–Davies (BD)
vacuum and the equally symmetric FLRW spacetime; the
symmetry being spatial homogeneity and isotropy. Then,
after the CSL mechanism has ended, i.e. when the wave
function has been effectively localized/collpased, the state
emanating from the collapse needs not to share the symme-
tries of the initial state. After the collapse, the gravitational
degrees of freedom are assumed to be accurately described
by Eq. (7). Thus, in this post-collapsed state, in which the
symmetries of the original state have been lost, the expecta-
tion value 〈T̂ab〉 yields a geometry that generically will no
longer be homogeneous and isotropic.

3.2 Main equations of the extended CSL model

We now introduce the two main equations that character-
ize our version of the CSL model. The first is the evolution
equation adapted to the cosmological context:

|Φ, η〉 = T̂ exp

{ ∫ η

τ

dη

∫
d3x

√|g|
[

− iĤ(x, η)

− 1

4λ

(

W (x, η) − 2λĈ(x, η)

)2]}

|Φ, τ 〉 (8)

where T̂ is the time-ordering operator, dηd3x
√|g| is the 4-

volume associated to the background metric gμν , and τ →
−∞ is the conformal time at the beginning of inflation. The
operator Ĥ corresponds to the Hamiltonian density of the
system. In addition, the CSL parameter λ and the collapse
generating operator Ĉ appear here. We will be more specific
about these objects later on. The classical scalar fieldW (x, η)

is of white noise type, whose probability is given by the
second equation which constitutes the Probability Rule:

P(W )dW = 〈Φ, η|Φ, η〉
η−dη∏

η′=τ

|g|1/4dW (x, η′)√
2πλ/dη

. (9)

Note that we have chosen the time coordinate to be the
conformal time η, which implies |g|1/2 = a4. The justifica-
tion of such an election is based on the widely known result
indicating that, in these coordinates, the “free” Hamiltonian
of a scalar field in a flat FLRW spacetime is mathematically
equivalent to the one of a scalar field in Minkowski space-
time with time dependent mass. Furthermore, from Eqs. (8)
and (9), and assuming that the initial states are normalized
〈Φ, τ |Φ, τ 〉 = 1, one obtains

∫
P(W )dW = 1 as expected.

The density matrix operator, which is an useful expression
describing the ensemble’s evolution, is constructed from the
state vectors and their associated probabilities, here given by
Eqs. (8) and (9):

ρ̂(η) ≡
∫ ∞

−∞
P(W )dW

|Φ, η〉〈Φ, η|
〈Φ, η|Φ, η〉 . (10)

According to Eq. (10), the corresponding density matrix evo-
lution is

∂ρ̂(η)

∂η
= −i[Ĥ , ρ̂(η)] − λa4

2

∫
d3x [Ĉ(x, η), [Ĉ(x, η), ρ̂(η)]] (11)

where Ĥ is the total “free” Hamiltonian,4 i.e. Ĥ ≡∫
d3x

√|g|Ĥ. As a first step, let us ignore the CSL term
in the evolution equations and concentrate on finding the
“free” Hamiltonian of the theory during inflation. Given
that we are working within the semiclassical gravity frame-
work, only the matter degrees of freedom will be quantized.
Consequently, the field variable operator can be taken as
y(x, η) ≡ a(η)δφ(x, η). Expanding the action of the stan-
dard inflationary model (i.e. a single scalar field–the inflaton–
with canonical kinetic term and minimally coupled to grav-
ity) up to second order in the perturbations, one can find
the action associated to the matter perturbations. Thus, the
second order action is S(2) = ∫

d4xL(2)
y , where

L(2)
y = 1

2

[

y′2 − (∇ y)2 − y2a2V,φφ + a′′

a
y2

]

+a[4φ′
0Ψ

′y − 2a2V,φΨ y] (12)

and V,φ indicates partial derivative with respect to φ.
The previous Lagrangian can be used to obtain the Hamil-

tonian density involved in Eq. (8). We define the canoni-
cal momentum p(x, η) ≡ ∂L(2)

y /∂y = y′, in this way, the

Hamiltonian Hy ≡ py′ − L(2)
y is

H(2)
y = p2

2
+ (∇ y)2

2
+ y2

2

(

a2V,φφ − a′′

a

)

−a2HMP
√

ε(4Ψ ′ + 6aHΨ )y (13)

where we have used φ′
0 = aHMP

√
2ε and the slow roll

approximation −V,φ 	 3Hφ′
0/a.

At this point we promote y and p to quantum variables,
with equal time commutator

[ŷ(x, η), p̂(y, η)] = iδ(x − y) (14)

Also, recall that we are working within the SCG frame-
work, where the metric variables are always classical and
only the matter fields are quantized. In particular, in our
approach, because of the CSL mechanism together with
SCG, the metric would be changing from a homogeneous

4 Here, we have abused the notation, so keep in mind that Ĥ is not
related to the Hubble parameter.
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and isotropic spacetime to another one with actual inhomo-
geneities/anisotropies. The latter in fact would become man-
ifested in the metric perturbations such as Ψ . As a conse-
quence, the terms involving Ψ in Hamiltonian (13), could be
treated as reflecting the effect on φ of the metric response to
the “fluctuations” of the field itself δφ. In other words, the
Ψ -terms can be considered as a back-reaction on the evolu-
tion of the field. However, in [78] was shown that these terms
are of second order in the slow-roll parameters. Therefore,
the Ψ -terms in the Hamiltonian (13) can be ignored at the
leading order considered in this work. Thus, the total “free”
Hamiltonian during inflation, turns out to be [see the first
term in the r.h.s. of Eq. (11)]

Ĥ =
∫

d3x
√|g|Ĥ(x, η)

×
∫

d3x

[
p̂2

2
+ (∇ ŷ)2

2
+ ŷ2

2

(

a2V,φφ − a′′

a

)]

. (15)

3.3 The collapse rate parameter

Let us turn our attention to the CSL terms in the evolution
equation, Eq. (8) [or equivalently Eq. (11)]. As mentioned
above, the parameter λ is the collapse rate. Notice that, in the
original GRW collapse model (as well as in the mass pro-
portional CSL model), there is an effective collapse rate that
depends on the mass of the particle involved. This feature
leads to the amplification mechanism, which basically states
that as more massive particles are involved, their collapse
rates become strengthened. On the other hand, R. Penrose
and L. Diosi have, for a longtime, advocated that the collapse
of the wave function might be a dynamical process, in which
the underlying mechanism might be related to gravitational
interaction [48–50,103]. Driven by these ideas, and as exten-
sively discussed in Ref. [81], we think it is natural to con-
sider that the collapse rate should incorporate some aspects
tied to the spacetime curvature for systems where this factor
is important. A possible extrapolation of λ to more general
regimes is the one that assumes an explicit dependence of λ

upon the spacetime curvature. That is, in laboratory exper-
iments where one can safely presume a flat spacetime, the
value of the CSL parameter is approximately λ0. While in a
regime where the spacetime curvature is strong, such a value
would completely change.

As we have mentioned in the Introduction (as well as in
Ref. [81]), there are several ways to include a spacetime cur-
vature dependence in the collapse rate parameter. For exam-
ple, if one were restricted only to include the geometrical fea-
tures of the spacetime, a reasonable parameterization would
be λ(W 2), where W 2 ≡ WαβμνWαβμν with Wαβμν the Weyl
tensor. However, in the case of a FLRW spacetime W = 0,
hence one would need to include the first order perturba-
tions of the metric so W = 0. The corresponding analy-

sis, although valid, would require second-order perturbation
theory [see e.g. Eq. (11)] which is beyond the scope of the
present work. On the other hand, if it is assumed that the rele-
vant curvature scalar, present in the parameterization of λ, is
that due to the presence of a local matter distribution, then a
dependence of scalars constructed using the Riemann tensor
seems to be the reasonable option (because of Einstein’s field
equations). Once again, there are many choices for express-
ing λ as a function of a curvature scalar constructed using
Rα

βμν , e.g. R, RμνRμν , RαβμνRαβμν , etc.5

In Refs. [86,87], motivated by finding a resolution to the
black hole information loss paradox based on the CSL mech-
anism, the authors assumed that λ is determined by the Ricci
scalar R as

λ = λ0

[

1 +
(
R

μ

)α]

, (16)

with λ0 the value of the CSL parameter corresponding to the
non-relativistic CSL models, α > 0 is a free parameter and
μ corresponds to an appropriate physical scale with dimen-
sions of length−2. We point out that, in Refs. [86,87], the
parameter α was constrained to α ≥ 1. In flat spacetime (or
in laboratory experiments performed in regions of the space-
time where the curvature can be safely neglected) Eq. (16)
reduces to λ0, i.e. the standard (non-relativistic) CSL param-
eter. The advantage of Eq. (16), is that it shows explicitly
how the collapse rate is now sensitive to the local curva-
ture. In other words, the local curvature scalar R serves to
adjust the dominance of the non-linear, stochastic term over
the linear term in Eq. (8) (or Eq. (11) equivalently). Note
the former term is the one responsible for breaking the lin-
ear superposition of various basis vectors. Of course, at the
present moment, one cannot verify or falsify the hypothesis
that led to Eq. (16). However, in the future, it is quite possible
that direct observations of gravitational effects in the quan-
tum regime could be achieved at laboratory scales, which,
in turn, will provide strong empirical evidence in favor or
against of the proposal that resulted in Eq. (16).

Motivated by the aforementioned discussion, we will
assume that the collapse rate parameter λ, used in the CSL
model considered in the present paper, is also given by Eq.
(16) identically. In order to provide a reasonable value of μ,
we note first that the CSL model, shown in Eq. (8), evolves
the state of the quantum field with respect to the conformal
time η. Therefore, we are explicitly considering a particular
foliation of the spacetime, in which the states evolve from
one space-like surface of constant η to another one. Addi-

5 In Appendix A of Ref. [81] we introduced a toy model in which
the CSL parameter λ depends on the Kretschmann curvature scalar
Rαβμν Rαβμν (the case for λ(W 2) was also considered). This model,
however, did not involve a FLRW spacetime; instead, we analyzed the
spacetime corresponding to a static spherical object of certain radius
and a homogeneous mass-density distribution.
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tionally, in our proposal, the rate of collapse is enhanced by
the curvature of the spacetime, according to Eq. (16). Hence,
in principle, the collapse rate depends on the time parameter
defined by the foliation λ = λ(η).

Assuming that the matter content in the universe can be
described by the energy-momentum tensor of a perfect fluid
Tμν = (ρ + P)uμuν + Pgμν , where ρ, P correspond to
the energy density and pressure in the rest frame of the
fluid respectively, and uμ represents its 4-velocity (relative to
the observer). Then, from Einstein equations (in trace form)
R = −T/M2

P , together with equation of state P/ρ = ω 	
constant, one obtains

R = ρ

M2
P

(1 − 3ω). (17)

At this point, we can discuss the specific physical scale μ

employed in our case of interest. During slow roll inflation,
ωinf 	 −1 and ρinf = 3M2

P H
2
inf 	 constant, so R 	 12H2

inf.
Let us introduce a spatial physical length of size �phys =
a|τ |. This scale6 induces the particular choice μ = �−2

phys. In
this case, we can estimate |τ | 	 1/(aτ Hinf), and by taking
into account the number of e-folds N since the beginning
of inflation a = eNaτ , we conclude that R/μ 	 e2N � 1.
Therefore, the choice μ = �−2

phys ensures that, during the
full inflationary regime, the collapse rate λ in Eq. (16), is
enhanced by the term R/μ. In particular, one has

λ(η) 	 λ0e
2N (η)α (18)

and from now on we will use this expression for the collapse
rate when analyzing the CSL model during inflation.

It is also relevant to analyze the behavior of λ in the
subsequent cosmic stages after inflation. For pure radia-
tion ωrad = 1/3, one obtains that Rrad vanishes exactly.
For pressure-less matter (dust) ω 	 0, the Ricci scalar is
Rmatt 	 ρmatt/M2

P . After inflation ends, we can approximate
the matter content in the universe by a two-component mix-
ture of radiation and pressure-less matter. The Ricci scalar is
then R = ∑

i ρi (1 − 3ωi )/M2
P = Rmatt, where the index i

labels each component of the matter content, i = {rad, matt}.

6 We note that |τ | is, to a very good degree of approximation, the size of
the comoving particle horizon at any time η after the end of inflation. The
particle horizon at time η can be envisaged as the intersection of the past
light cone of an observer at point p with the spacelike surface at η = τ .
Causal influences must originate inside this region. Only comoving
particles whose worldlines intersect the past light cone of p can send a
signal to an observer at p. Therefore, the physical particle horizon a|τ |
is a good candidate for a physical length to be compared with R during
inflation. Conversely, other natural choices do not enhance the term
R/μ during inflation, e.g. assuming μ = �−2

P , where �P is Planck’s
length, implies R/μ 
 1 because inflation involves energy scales less
than Planck scale. So, the term R/μ does not affect the collapse rate, i.e.
λ 	 λ0. Evidently, a similar situation occurs if one chooses μ = H2

inf,
which is essentially R during inflation, hence R/μ 	 1, so λ 	 λ0.
That is, once again the curvature term does not dominate in Eq. (16).

Therefore, after the inflationary regime, the evolution7 of the
quantity R/μ is given as

R

μ
= 3ρeqa2

eq

2ρinfa2
τ

aeq

a
(19)

where we used the choice μ = �−2
phys.

The quantity aeq denotes the scale factor evaluated at
the matter-radiation equality epoch. In particular, one has
aeq = eNeqaτ , where Neq is the total number of e-folds from
the beginning of inflation up to aeq. Moreover, assuming an

inflationary energy scale of ρ
1/4
inf 	 1015 GeV and that the

energy scale at the radiation-matter equality epoch is 	 1 eV,
we have ρeq 	 10−96ρinf. Also, if we consider that inflation
lasts approximately 60 e-folds and that aeq 	 10−4a0, then
Neq 	 115. Taking into account all these estimates, Eq. (19)
yields

R

μ
	 a0

a
. (20)

The above equation implies that at the onset of the matter-
radiation equality era Req/μ 	 104, and then it decays8 as
a−1. Specifically, assuming a matter dominated regime, the
quantity R/μ evaluated today is approximately of order 100.
Consequently, in the matter dominated epoch, a > aeq, from
expression (16), we find that the CSL parameter λ will be
constrained between

104αλ0 ≥ λ(η) ≥ λ0. (21)

The experimental constraints on λ0 are between [110]

10−10s−1 ≥ λ0 ≥ 10−19s−1.

Thus, for α ≤ 2 the variation of λ within the interval (21)
due to the matter dominated cosmological epoch, can fit the
allowed experimental range. In particular, if we consider val-
ues close to the lowest empirical bounds, e.g. λ0 = 10−19s−1.

The previous analysis serves to illustrate that, as a result of
the choice μ = �−2

phys, the term R/μ becomes very dominant
in Eq. (16) during inflation. However, after the end of inflation
R/μ decays as a−1. In particular, in the matter dominated

7 The total energy density ρ ≡ ρmatt + ρrad evolves as

ρ = ρeq

2

[(aeq

a

)3 +
(aeq

a

)4
]

.

8 In the radiation dominated epoch, a < aeq, the quantity R/μ

also decays as a. However, taking e.g. the primordial nucleosynthesis
epoch as the beginning of the radiation dominated epoch, one obtains
R/μ 	 109, so from Eq. (16) we find that the CSL parameter is con-
strained between λ0109α ≥ λ(η) ≥ λ0104α . Assuming the allowed
experimental range 10−13 s−1 ≥ λ0 ≥ 10−19 s−1 and α ≤ 2, we find
that the parameter λ(η) is consistent with the bound λRD ≤ 105 s−1,
which was obtained in the radiation dominated epoch. That value was
found in Ref. [111] using the mass proportional non-relativistic CSL
model and spectral distortions in the CMB.
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epoch, the CSL rate parameter is essentially the same as the
non-relativistic version of the CSL model. This is a desirable
feature to be included in our model because all results and
observational bounds, regarding the CSL model, obtained
from contemplating this cosmic stage, remain intact [89,90,
111].

3.4 The collapse generating operator

The next important element for the CSL cosmological model
is the collapse generating operator. As we have argued in the
Introduction, we are interested in a collapse operator that
is obtained from covariant objects that reduce, in the simple
non-relativistic regimes encountered in laboratory situations,
to the “mass density” or the “energy density”. Specifically,
we would like to recover something that can be interpreted as
the mass density operator used in the mass proportional CSL
model [see Eq. (3)]. One possible covariant object, as men-
tioned in [81], is the scalar Γ ≡ (TμνTμν)1/2. Moreover,
given that our main focus is to implement the CSL model
during inflation, and obtain the primordial spectrum, we will
be working within the framework of cosmological perturba-
tion theory at linear order. As a consequence, our choice for
the collapse operator C will be motivated by the first order
perturbations associated to the scalar Γ . In particular, the
collapse operator will be derived from:

C(x, η) ≡ 1

MP

∫
d3y

√|h|s(x, y; η)δΓ (y, η) (22)

where, d3y
√|h| is the 3-volume associated to the spatial

metric hi j , the integration is over one of the hypersurfaces of
constant time η, and

δΓ = 1

2(T̄μν T̄μν)1/2
(T̄μνδTμν + T̄μνδT

μν) (23)

with T̄μν denoting the background part. The function s(x, y; η)

is a smearing function defined over the spatial hypersurfaces
of constant η with dimensions of length−3/2 (as it occurs in
the non-relativistic CSL model). The factor M−1

P in Eq. (22),
fixes the correct dimensions of C and can also be considered
to play a similar role as the reference mass usually intro-
duced in non-relativistic CSL models (in which the mass of
a nucleon is commonly used).

With the same spirit as the original CSL model, where
the smearing function helps to localize a macroscopic body
in position space, here we adopt the view that s(x, y; η),
induces a “localization” of the fields associated to δΓ . In
other words, at first sight s(x, y; η) should depend on the
“quantum uncertainties” of the field variables rather than the
uncertainties of the position operator as in the non-relativistic
CSL model.

In the inflationary case, one can find the explicit depen-
dence on the field variables for the operator δΓ̂ . Using Eq.

(23), and taking into account the canonical quantum vari-
ables ŷ, p̂, while neglecting the terms proportional to Ψ [see
discussion after Eq. (14)], one has

δΓ̂ = HMP
√

2ε

(
p̂

a2 + 5H
ŷ

a

)

(24)

In the non-relativistic CSL model, the smearing function
introduces the second parameter of the model, namely the
smearing length rc. The parameter rc is a length scale char-
acterizing the localization of the wave function through the
collapse mechanism. For a single particle, if the width of its
wave function is much less than rc, the effect of the collapse
becomes negligible. On the contrary, if the width is larger
than rc the collapse effects become significant. Therefore,
as we have argued, the quantum uncertainties of the position
operator, associated to the width of the wave function in posi-
tion space, play an important role in defining the smearing
function and in characterizing the parameter rc.

In our view, it is not at all obvious that there is a sim-
ple one-on-one connection between the values of rc, char-
acterizing laboratory experiments effectively described by
non-relativistic Quantum Mechanics, and the parameters of a
CSL-like model describing a complete different regime such
as the inflationary universe [80,81]. As a matter of fact, in
this regime certain notions are lost, like the position operator
of a particle; but, more fundamental ones emerge, e.g. the
quantum fields.

In order to move forward, we will adopt as fundamental
the relation between “quantum uncertainties” and the smear-
ing function. Intuitively, we will think the smearing function
s as strongly dependent on the “quantum uncertainties” of the
system under consideration. For example, if the system can be
effectively described by non-relativistic Quantum Mechan-
ics, then “quantum uncertainties” in the position operator
should serve to define the size of the smearing region, and
thus set the value of rc. On the other hand, if the system
we want to analyze is, e.g. the radiation emitted by Black
Holes, then s should depend on the “quantum uncertainties”
of the matter fields and, quite possibly, on the background
spacetime curvature. However, it is a well-known fact that,
strictly speaking, the uncertainty of a quantum field is not
well-defined generically because vacuum expectation values
like 〈ϕ̂2(x)〉vac. diverge. In order to take the next step, we can
focus on the two-point correlation function(s). In fact, until
a full covariant CSL theory is formulated, we can only make
progress by considering particular smearing functions with
the desired characteristics.

Returning to our case of interest, the operator δΓ̂ in Eq.
(24) depends linearly on the field variables p̂/a2 and ŷ/a.
Without loss of generality, we will analyze the 2-point func-
tion of ŷ/a, and the corresponding analysis of p̂/a2 will pro-
ceed in an equivalent manner. Let us recall that ŷ/a = ˆδφ,
and concentrate on very small proper wavelengths (high-
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frequencies) λphys 
 H−1. In the vacuum state, charac-
terized by the standard Bunch–Davies vacuum [112], the 2-
point function of ŷ/a is

〈 ˆδφ(x1, η) ˆδφ(x2, η)〉BD ∝ 1

a2r2 (25)

where r ≡ |x1 − x2|. On the opposite regime, λphys � H−1,
the 2-point function in the BD vacuum becomes

〈 ˆδφ(x1, η) ˆδφ(x2, η)〉BD ∝ H2 (26)

Therefore, as inflation takes place, the 2-point function
decreases because the physical distance (ar ) increases. But,
as ar becomes larger than H−1, the 2-point function remains
basically a constant of order H2. Thus, we can make use of
H as characterizing the size of the smearing region for the
field variable ŷ/a whose “uncertainty” the CSL model will
attempt to decrease. In view of the previous discussion and
the analysis of the 2-point function, we propose the following
smearing function:

s(x, y; η) ≡ H3/2

(2π)3/2 e
− 1

2 H
2a(η)2|x−y|2 (27)

Here, H acts akin to the rc parameter of the non-relativistic
CSL model. To further illustrate this point, we can write the
explicit form of the collapse operator obtained from Eq. (22)
by gathering all its elements. Using the smearing function in
Eq. (27), the collapse operator is then

Ĉ(x, η) = a3H3/2

(2π)3/2MP

∫
d3y e− 1

2 a
2H2r2

δΓ̂ (y, η) (28)

Switching to Fourier space, and using Eq. (24), the collapse
operator can be expressed as:

Ĉk(η) =
(

2ε

H

)1/2

e
− k2

2a2H2

(
p̂k
a2 + 5H

ŷk
a

)

(29)

We observe that, for modes such that k � aH , the operator
Ĉk(η) becomes exponentially suppressed. That is, the effect
of the CSL term on the evolution of the quantum state is neg-
ligible. On the contrary, for modes such that k 
 aH , the
effect of the collapse (induced by the CSL evolution), grows
stronger. This is the reason why in our proposed model H acts
in a similar manner as the rc parameter. Furthermore, this is
consistent with the fact that super-Hubble modes (k 
 aH )
contribute the most to the observed spectrum. Namely, we
expect the collapse affects the most to the state characterizing
the modes which have the strongest presence in the primor-
dial inhomogeneities, and which later become imprinted in
the CMB. For a more precise analysis regarding this subject,
we invite the reader to check Appendix B.

After presenting our version of the CSL model, and how
it is adapted to inflation, in the next section, we will focus
on obtaining one of the main predictions of the inflation-
ary paradigm: the primordial power spectrum. However,

before ending this section, let us discuss how the modi-
fied Schrödinger equation, corresponding to the mass pro-
portional CSL model employed in ordinary laboratory cir-
cumstances, can be recovered from our proposal.

The generalized collapse operator, C(x, η), as given by
Eq. (22), involves three distinctive elements: (i) the pertur-
bation associated to the quantity Γ , (ii) the smearing func-
tion s and (iii) the reference mass MP . Regarding (i), given
the definition Γ ≡ (TμνTμν)1/2, it is clear that in the non-
relativistic limit, Γ → ρ where ρ denotes the mass density
function.9 In particular, for several non-relativistic massive
particles ρ(x) = ∑

i mi Ni (x), where Ni (x) is the particle
number density for a particle of type i at x and mi is the
mass of the corresponding particle species. With respect to
element (ii), from the arguments presented in this section
[recall discussion after Eq. (24)], in the regime where non-
relativistic Quantum Mechanics can be used, the smearing
function takes the form s → (πr2

c )−3/4 e−|x−y|2/2r2
c . And

as regards to (iii), the reference mass suitable at laboratory
scales corresponds to the mass of a nucleon m0 instead of
the reduced Planck mass MP . Furthermore, since ordinary
experiments are performed in regions of the spacetime where
the local curvature can be ignored, from Eq. (16), we have
that λ(R) → λ0. In view of the previous arguments, in the
non-relativistic quantum regime, the CSL term proposed in
Eq. (8), which modifies the Schrödinger equation, reduces to

∫ η

τ

dη

∫
d3x

√|g| 1

4λ(R)

(

W (x, η) − 2λ(R)Ĉ(x, η)

)2

→
∫ t

ti
dt

∫
d3x

1

4λ0

(

w(x, t) − 2λ0 Â(x, t)
)2

, (30)

where Â(x, t) is given in Eq. (3). Note that we have delib-
erately made a distinction between w and W due to the fact
that there is very little knowledge about the physical origin
of this term, so, in principle we cannot assure that the noise
term is the same for all physical systems and for all scales
(however its statistical features are the same).

4 The Newtonian potential and an equivalent power
spectrum

In this section we present the derivation of an important equa-
tion, relating the primordial curvature perturbation and the
proposed CSL model of the previous section. Also, we pro-
vide an expression for the primordial power spectrum, which
is equivalent but not exactly equal to the standard one.

9 This case is analogous to that encountered in General Relativity when
one is interested in recovering the Poisson equation for the Newtonian
potential from the Einstein field equations, ∇2Φ = 4πGρ . The matter
density source ρ comes from the energy-momentum tensor
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The perturbed Einstein equations (EE) at linear order in
the longitudinal gauge can be combined into [113,114]:

∇2u = z

(
v

z

)′
, v = θ

(u

θ

)′
(31)

with the following definitions:

v ≡ a

(

δφ + φ′
0

H Ψ

)

, u ≡ 2M2
PaΨ

φ′
0

(32a)

z ≡ aφ′
0

H , θ ≡ 1

z
. (32b)

By using the definition of the slow roll parameter ε and
z = aMP

√
2ε, we can combine equations (31) to obtain

Ψ + H−1Ψ ′ =
√

ε

2

〈ŷ〉
aMP

(33)

where we have made use of the SCG approach. Also, Eq.
(33) is exact, i.e no approximations were made. This equation
relates the quantum expectation value of the matter degrees of
freedom, obtained from the CSL collapse mechanism, and the
primordial curvature perturbation represented by the Newto-
nian potential, which is always classical. In particular, in the
vacuum state 〈ŷ〉vac = 0, meaning that no curvature perturba-
tions are present. It is only after the collapse has taken place
that 〈ŷ〉 = 0, and the primordial perturbation is “born.”

We introduce a well-known quantity, defined generically
as

R ≡ Ψ +
(

2ρ

3

) (H−1Ψ ′ + Ψ

ρ + P

)

(34)

where ρ and P are associated to the type of matter driving the
expansion of the universe. A main feature of the quantity R
is that, for adiabatic perturbations, it is conserved for super-
Hubble scales, irrespective of the cosmological epoch one is
considering [113].

From the components of the energy-momentum tensor of a
single scalar field, we have ρ+P = φ′2

0 /a2 = M2
PH22ε/a2,

and because of Friedmann’s equation H2 = a2ρ/3M2
P , one

obtains

R = Ψ

(

1 + 1

ε

)

+ H−1

ε
Ψ ′ (35)

The above equation is exact, but during slow roll inflation
ε 
 1; consequently, at the lowest order in ε, we can approx-
imate the latter expression as

R 	 1

ε

(
Ψ + H−1Ψ ′) = 〈ŷ〉

aMP
√

2ε
(36)

where in the last equality we have used our main equation
(33).

Another important aspect of the quantity R is that, in the
comoving gauge, it represents the curvature perturbation. In

fact, the primordial power spectrum usually shown in the lit-
erature is associated to R. The scalar power spectrum (asso-
ciated to the curvature perturbation in the comoving gauge
and in Fourier space) is defined as

RkR∗
q ≡ 2π2

k3 Ps(k)δ(k − q) (37)

where Ps(k) is the dimensionless power spectrum. The bar
appearing in (37) denotes an ensemble average over possible
realizations of the stochastic fieldRk. In the CSL inflationary
model, each realization will be associated to a particular real-
ization of the stochastic process characterizing the collapse
mechanism, which in turn is related to a specific realization
of the noise W .

On the other hand, our main equation (33), was obtained
in the longitudinal gauge. Fortunately, Eq. (34) relates Ψ , Ψ ′
and R exactly. That is, we can compute the curvature pertur-
bation in the longitudinal gauge (where the SCG framework
together with the CSL collapse mechanism generate the pri-
mordial inhomogeneities as given in Eq. (33)), and then, we
can switch to the comoving gauge in order to compare the
primordial spectrum obtained in our model with the standard
one. In particular, we can use approximation (36) to compute
the scalar power spectrum, associated toRk, that results from
our main equation (33). This is,

RkR∗
q = 1

2M2
Pa

2ε
〈ŷk〉〈ŷq〉∗ (38)

Finally, from definition (37) and Eq. (38), we can identify
an equivalent scalar power spectrum as:

Ps(k)δ(k − q) = k3

4π2M2
Pa

2ε
〈ŷk〉〈ŷq〉∗ (39)

5 Analysis of the scalar power spectrum

The next step is to use the CSL model described in Sect. 3, to
compute the expectation values in Eq. (39). Furthermore,
one needs to evaluate Ps(k) in the super-Hubble regime
−kη → 0 to be able to compare the corresponding theo-
retical prediction with the observational data. The calcula-
tions are long but straightforward; all the technical details
employed are presented in Appendix A.

At the lowest order in the slow roll parameter ε, the pri-
mordial power spectrum obtained is

Ps(k) = H2

8π2M2
Pε

{

1 − 2σk

9

[

21 + 29γε − 58N

+58 ln(−kτ)

]

− F(σk,−kη)|−kη→0

}

(40)

where N is the total number of e-folds since the beginning of
inflation, and γε is the Euler–Mascheroni constant. We also
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introduce the coefficient

σk ≡ k3|τ |3 λ0ε

H
(41)

and the function F(σk,−kη)|−kη→0 is defined in (A.53) [see
also Eq. (A.52)].

One of the main assumptions used to obtain the primordial
spectrum (40) was to fix the free parameter α = 3/2, see Eq.
(18). This is consistent with the previous analysis, in which
for α ≤ 2 and the matter dominated cosmological epoch, the
parameter λ can fit the experimental bounds coming from the
non-relativistic CSL model. We have analyzed other values of
the free parameter, for example α = 1, 2 , and we found that
these values do not yield the correct shape of the spectrum,
i.e. the one favored by observational data.

We proceed to examine the shape and amplitude of the
predicted power spectrum (40). As shown in Appendix A,
in the super-Hubble regime, the function F appearing in the
expression for the power spectrum behaves as

F(σk,−kη)|−kη→0 	 (−kη)6 → 0 (42)

which means that F(σk,−kη)|−kη→0 
 1. The latter result
implies that, in Eq. (40), the last term of Ps(k) can be
neglected.

Additionally, we note that it is possible to express
F(σk,−kη) as

F(σk,−kη) = 〈ŷ2
k〉 − 〈ŷk〉2

〈ŷ2
k〉BD

. (43)

Hence, the fact that F(σk,−kη) 
 1, when −kη → 0,
means that the width of the wave functional associated to yk,
which in the BD vacuum state is a Gaussian centered at zero,
is decreasing during inflation due to the CSL mechanism.
In other words, the CSL process is effectively localizing (or
“collapsing”) the initial wave function.

On the contrary, if we turn off the collapse mechanism
(i.e. λ = 0), then σk = 0 and F(0,−kη) = 1 [see also
Eq. (A.52)]. Thus, in the absence of the CSL collapse term,
Ps(k) = 0. This is an expected result because if there is no
collapse, then the quantum state of the field remains homo-
geneous/isotropic, and, as a consequence, there are no inho-
mogeneities/anisotropies in the spacetime either.

The expression for Ps(k) was obtained working at the
lowest order in the slow roll parameter ε. Henceforth, at this
order, the predicted spectrum must be nearly scale invariant
for it to be consistent with the observational data. At the
next leading order in ε, one could find the standard scale
dependence reflected in the so called scalar spectral index. It
is thus clear that any significant departure from a perfect scale
invariant spectrum in Eq. (40) would mean a fatal failure for
the CSL model proposed in this work. We have argued that
the last term in Eq. (40) can be neglected if λ = 0. Therefore,
the other term that might induce a strong departure from scale

invariance is the one with the coefficient σk . Let us focus on
this term.

The observed amplitude of the temperature aniso-tropies
in the CMB constrains the value of H during inflation, and
this value is approximately H 	 10−5MPε1/2. Moreover, we
can choose a particular value of λ0 consistent with laboratory
experiments, for instance λ0 	 10−17 s−1, or in Planck units
λ0 	 10−61MP . From the definition of σk , Eq. (41), it then
follows the estimate

σk 	 (k|τ |)3ε1/210−56 (44)

Considering a typical energy scale for inflation V 1/4 	
10−3MP , implies ε 	 10−3. Assuming also a total duration
for inflation of N = 65, yields |τ | 	 105 Mpc. In addition,
by taking into account k in the range of observational interest
[12], one has k ∈ [10−4, 10−1] Mpc−1. Putting together all
these values, we find that the coefficient is within the follow-
ing estimated range:

σk ∈ [10−55, 10−46] (45)

Consequently, σk 
 1 for the range of k that contributes the
most to the observed spectrum. We point out that other values
of λ0, within the window allowed by laboratory experiments,
also lead to a strong suppression of the coefficient σk .

The former analysis indicates that the primordial power
spectrum (40) is scale invariant to a very good degree of
approximation. Thus, we have found that, at the lowest order
in the slow roll parameter, the predicted spectrum is essen-
tially the same as the traditional one, including its amplitude,
i.e.

Ps(k) 	 H2

8π2M2
Pε

. (46)

6 Conclusions

The adequate implementation of the CSL model during infla-
tion has been critically analyzed in recent works [79–84]. In
particular, in Ref. [81] the most important elements to be
considered were discussed, according to our point of view.
These are: (i) a suitable framework for treating the quantum
degrees of freedom and gravity, which we think is provided
by the semiclassical gravity approximation, (ii) a collapse-
generating operator that can be constructed from covariant
objects and, at the same time, can be interpreted as the “mass
density” operator usually encountered in the laboratory appli-
cations of the CSL model, and (iii) a generalization of the
CSL parameters that includes a dependence on the spacetime
curvature. In this work, we have provided a concrete realiza-
tion based on these three hypotheses. We have shown that the
proposed model yields a primordial scalar power spectrum
with the characteristics required to be consistent with obser-
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vational CMB data, i.e. we have found a nearly scale invari-
ant power spectrum. Moreover, there is no conflict between
our proposal and empirical constraints, found in laboratory
experiments, on the parameters of the non-relativistic version
of the CSL model.

On the other hand, given that our model is not fully covari-
ant, some potential problems might arise. However, we have
taken a first step in exploring the theoretical landscape cor-
responding to the extrapolation of the CSL model suitable to
more complex systems, in which gravity and quantum fields
play an important role. Evidently, open issues remain to be
analyzed, and we hope to contribute in addressing some of
them in the future ahead.
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Appendix A: Computation of the primordial spectrum

The standard primordial power spectrum is expressed in
Fourier space. So, we start by defining the Fourier transform
of any scalar field as:

f (x, η) = 1

(2π)3/2

∫

R3
d3k fk(η)eik·x (A.1)

In Fourier space, Eq. (15) takes the form

∫

R3+
d3k a4Ĥk

=
∫

R3+
d3k

[

p̂∗
k p̂k + ŷ∗

k ŷk

(

k2 − a′′

a
+ a2V,φφ

)]

. (A.2)

The quantization procedure will be carried out in the
Schrödinger picture, so it is more convenient to work with
real variables, which later can be associated to Hermitian
operators. In this way, we separate the canonical variables in
their real and imaginary parts. In Fourier space, this is given
as

ŷk ≡ 1√
2
(ŷR

k + i ŷI
k), p̂k ≡ 1√

2
( p̂R

k + i p̂I
k). (A.3)

The quantum commutator in Eq. (14) implies

[ŷsk, p̂s
′
q ] = iδ(k − q)δss′ (A.4)

where s = R,I and δss′ is Kronecker’s delta.
The quantum “free” Hamiltonian term corresponding to

(A.2) is then
∫

R3+
d3k a4Ĥk =

∫

R3+
d3k(ĤR

k + Ĥ I
k) (A.5)

with the following definitions

Ĥ R,I
k ≡ ( p̂R,I

k )2

2
+ (ŷ R,I

k )2

2

(

k2 − a′′

a
+ a2V,φφ

)

. (A.6)

In the Schrödinger approach, the quantum state of the sys-
tem is described by a wave functional, Φ[y(x, η)]. In Fourier
space (and since the theory is still free in the sense that it
does not contain terms with power higher than two in the
Lagrangian), the wave functional can also be factorized into
mode components as

Φ[y(x, η)] =
∏

k

Φk(y
R
k , yI

k) =
∏

k

ΦR
k (yR

k )ΦI
k(y

I
k). (A.7)

In the field representation, the operators would take the form:

ŷR,I
k Φ

R,I
k = yR,I

k Φ
R,I
k , p̂R,I

k Φ
R,I
k = −i

∂Φ
R,I
k

∂yR,I
k

. (A.8)

The decomposition shown in Eq. (A.7) and the linear evo-
lution equation (8) imply that the quantum state of each mode
evolves independently (see also [84]). Thus, in Fourier space,
the CSL evolution equation of the quantum state, correspond-
ing to the wave functional(s) of each mode Φ

R,I
k (yR,I

k ), is

|ΦR,I
k , η〉 = T̂ exp

{∫ η

τ

dη

[

− i ĤR,I
k

− a4

4λ

(

Wk(η)R,I − 2λĈR,I
k (η)

)2]}

× |ΦR,I
k , τ 〉 (A.9)

where the collapse generating operator (in Fourier space) is
given as

ĈR,I
k = e

− k2

2a2H2

(
2ε

H

)1/2
(
p̂R,I
k

a2 + 5H
ŷR,I
k

a

)

(A.10)
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and the Probability Rule is

P(WR,I
k )dWR,I

k = 〈ΦR,I
k , η|ΦR,I

k , η〉
η−dη∏

η′=τ

a2dWk(η
′)R,I

√
2πλ/dη

(A.11)

We will adopt the standard assumption regarding the vac-
uum state. That is, at an early conformal time τ , the modes are
in their adiabatic ground state, which is a Gaussian centered
at zero with certain spread. This ground state is commonly
referred to as the Bunch–Davies (BD) vacuum. Taking into
account that the initial quantum state is Gaussian, and the
CSL evolution equation (A.9) is quadratic in the canonical
variables ŷR,I

k , p̂R,I
k , the form of the state vector in the field

basis at any time is

ΦR,I (η, yR,I
k ) = exp[−Ak(η)(yR,I

k )2 + Bk(η)yR,I
k + Ck(η)].

(A.12)

Therefore, the wave functional evolves according to the
CSL equation (A.9), with initial conditions given by

Ak(τ ) = k

2
, Bk(τ ) = Ck(τ ) = 0. (A.13)

Those initial conditions correspond to the BD vacuum,
which is perfectly homogeneous and isotropic in the sense
of a vacuum state in quantum theory.

Considering that our main goal is to obtain the primor-
dial power spectrum, see Eq. (39), we focus our efforts in
computing the quantity 〈ŷk〉〈ŷq〉∗. The expectation values,
of course, will be evaluated at the evolved state provided by
(A.9). In terms of the real and imaginary parts we have

〈ŷk〉〈ŷq〉∗ =
(
〈ŷR

k 〉2 + 〈ŷI
k〉2

)
δ(k − q). (A.14)

Also, from (A.14), it is clear that we are interested in comput-

ing the quantities 〈ŷR,I
k 〉2. In fact, the calculation of the real

and imaginary part are exactly the same, so we will only focus
on one of them. Additionally, we will simplify the notation
by omitting the indexes R,I from now on.

Using the Gaussian wave function (A.12), and the two
main CSL equations for the mode’s quantum state [Eqs. (A.9)
and (A.11)], we obtain

〈ŷk〉2 = 〈ŷ2
k〉 − 1

4Re[Ak(η)] . (A.15)

A.1 First term of (A.15)

We now turn our attention to the first term on the right hand

side of (A.15), i.e 〈ŷ2
k〉. The two main CSL equations for

the quantum state of each mode, Eqs. (A.9) and (A.11), can
be used to obtain the equation of evolution for the density

matrix. This yields one equation per Fourier mode, which
can be written as

∂ρ̂k(η)

∂η
= −i[Ĥk, ρ̂k(η)] − λa4

2
[Ĉk(η), [Ĉk(η), ρ̂k(η)]] (A.16)

The latter equation can also be obtained form the equation of
evolution of the density matrix (11) in Fourier space. Thus,
it serves as a consistency check.

The importance of Eq. (A.16) is that one can use it to
derive the equation of evolution for the stochastic mean of
the quantum expectation value of any operator Ôk. This is,

∂

∂η
〈Ôk〉 = −i〈[Ôk, Ĥk]〉 − a4λ

2
〈[Ĉk, [Ĉk, Ôk]]〉 (A.17)

We take into account that λ during inflation is given by
Eq. (18). This is,

λ(η) = λ0

(
a(η)

aτ

)2α

(A.18)

Moreover, by choosing α = 3/2 and estimating aτ 	
1/(H |τ |), we obtain

λ(η) = λ0H
3|τ |3a(η)3 (A.19)

We define the quantities Q ≡ 〈ŷ2
k〉, R ≡ 〈 p̂2

k〉 and T ≡
〈 p̂k ŷk + ŷk p̂k〉, notationwarning: do not confuse this R with
the Ricci scalar. The evolution equations of Q, R and T
obtained from (A.17) are:

Q′ = T + a3λ1e
− k2

a2H2 (A.20a)

R′ = −wk(η)T + a5λ125H2e
− k2

a2H2 (A.20b)

T ′ = 2R − 2Qwk(η) (A.20c)

where

wk(η) ≡ k2 − a′′

a
+ a2V,φφ (A.21)

and

λ1 ≡ λ02εH2|τ |3 (A.22)

We combine Eqs. (A.20) to obtain a single differential
equation for Q,

Q′′′ + 4wk(η) + 2Qw′
k(η) = S(η) (A.23)

where the source function S is

S ≡ 2λ1e
− k2

a2H2

[

a3
(

5k2 + wk

)

+ 31a5H2 + 2ak4

H2

]

(A.24)

In Ref. [79] it is shown that Eq. (A.23) can be solved by
introducing the Green function of the free theory,

G(η, η̃) = 1

W

[
y∗
k (η̃)yk(η) − yk(η̃)y∗

k (η)
]
Θ(η − η̃)

(A.25)
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where yk(η) is a solution of

y′′
k (η) +

[
k2 − wk(η)

]
yk(η) = 0 (A.26)

and W = y′
k y

∗
k − y∗′

k yk is the Wronskian, which for Eq.
(A.26) is a constant. The solution to Eq. (A.23) is then

Qk(η) = |yk(η)|2 + 1

2

∫ η

τ

dη̃ S(η̃)G(η, η̃)2 (A.27)

where τ → −∞ is the conformal time at the beginning of
inflation.

Considering the approximated form of the scale factor
during inflation a(η) 	 −1/Hη, with H 	 constant; one
has wk(η) 	 k2 − 2/η2. The solution of (A.26) is then

yk(η) = 1√
2k

(

1 + i

kη

)

eikη (A.28)

Consequently, the Green function (A.25) is

G(η, η̃) = 1

k3ηη̃

(

(1 + k2ηη̃) sin[k(η − η̃)]

−k(η − η̃) cos[(η − η̃)]
)

Θ(η − η̃) (A.29)

Moreover, in the super-Hubble limit, we have

G(η, η̃)|(−kη,−kη̃)→(0,0) 	 η3 − η̃3

3ηη̃
Θ(η − η̃) (A.30)

On the other hand, the amplitude of the source function
S(η̃) is exponentially suppressed in the regime kτ → −∞,
while it reaches its maximum in the opposite regime −kη̃ →
0. Therefore, when computing the integral in (A.27), we can
consider the approximated expression (A.30); i.e. we use the
form of G(η, η̃) in the super-Hubble limit.

Furthermore, we are interested in computing the power
spectrum that is used to compare the theoretical predictions
with the observational data. Specifically, we have to evaluate
Q in the regime of observational interest, i.e. in the super-
Hubble limit. After taking this limit, at the leading order we
finally obtain

Qk(η)|−kη→0 = 1

2k3η2

{

1 − 2σk

9

[

21 + 29γε − 58N

+58 ln(k|τ |)
]}

(A.31)

where N is the total number of e-foldings from the begin-
ning of inflation, γε is the Euler–Mascheroni constant and
the coefficient σk is defined in (41).

A.2 Second term of (A.15)

Continuing with the second half of the calculations, we focus
now on the second term on the right hand side of (A.15); i.e.

the term [4Re(Ak)]−1. We take the time derivative of (A.9),
obtaining

∂

∂η
|ΦR,I

k , η〉 = −i ĤR,I
k + ĤR,I

k CSL|ΦR,I
k , η〉 (A.32)

with

ĤR,I
k CSL ≡ −a4(WR,I(k, η))2

4λ
+ a4WR,I(k, η)ĈR,I

k

−a4(ĈR,I
k )2λ (A.33)

We apply the CSL evolution operator, as characterized by
Eq. (A.32), to the wave function (A.12) and regroup terms of
order y2, y1 and y0; the evolution equations corresponding
to these terms are thus decoupled. Fortunately, the evolution
equation corresponding to y2 only contains Ak(η), which is
the function we are interested in. The evolution equation is
then

A′
k = iwk

2
− 2i A2

k + e
− k2

a2H2 λ1

(

− 4A2
ka

3

+25H2a5 + i20H Aka
4
)

(A.34)

wherewk andλ1 are defined in Eqs. (A.21) and (A.22) respec-
tively.

Performing the following change of variable

Ak = 1

N

(
f ′
k

fk
− g

)

(A.35)

with

N ≡ 2(i + 2λ1a
3e

− k2

a2H2 ) (A.36)

and

g ≡ −1

2

(
N ′

N
+ i20Hλ1a

4e
− k2

a2H2

)

(A.37)

equation (A.34) can be recast in a more useful way:

f ′′
k + P(η) fk = 0 (A.38)

where

P(η) ≡ − iwk N

2
−

(

g′ − g
N ′

N

)

+ g2

−25H2λ1a
5Ne

− k2

a2H2

+i20Hλ1a
4e

− k2

a2H2 g. (A.39)

We note that if λ1 = 0 (i.e. no collapse) fk satisfies the usual
equation f ′′

k = −wk fk . The exact solution of Eq. (A.38) is
difficult to find, but it can be done perturbatively in λ1. There-
fore, at leading order in λ1, the function P(η) is explicitly
given as

P(η) = wk + Σ(η)λ1 + O(λ2
1) (A.40)
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where

Σ(η) ≡ −2ia

H2 e
− k2

a2H2

(

11a4H4

−5a2H2k2 + 2k4 + a2H2wk

)

. (A.41)

The perturbed solution to Eq. (A.38) can be written as:

fk = f (0)
k + λ1 f

(1)
k + O(λ2

1) (A.42)

The function f (0)
k is the solution of the mode equation for

λ1 = 0. Specifically, we can choose the normalized mode
function in the Bunch–Davies vacuum, which at leading
order in slow roll is given by

f (0)
k = 1√

2k

(

1 + i

kη

)

eikη (A.43)

Inserting expansions (A.40), (A.42) in (A.38), one finds that
the function f (1)

k satisfies

f (1)′′
k + wk f

(1)
k = −Σ(η) f (0)

k (A.44)

In order to solve Eq. (A.44), we will work at the leading
order in slow roll, this is, a(η) 	 −1/Hη, which implies
wk = k2 − 2/η2. Therefore, the function Σ(η) is explicitly

Σ(η) = 2ie−k2η2

η5H3

(
9 − 4k2η2 + 2η4k4

)
(A.45)

The solution to Eq. (A.44) is

f (1)
k (η) = −

∫ η

τ

dη̃ Σ(η̃) f (0)
k (η)G(η, η̃) (A.46)

where G(η, η̃) is the Green function introduced previously,
Eq. (A.29). As before, the amplitude of the source term
is exponentially suppressed in the regime kτ → −∞,
so the mayor contribution to the integral in Eq. (A.46)
comes from the super-Hubble limit. This means that we can
use the approximated expressions for f (0)

k (η) and G(η, η̃),
Eq. (A.30) in such a limit. The result is

f (1)(x) = k5/2

H36
√

2

e−x2

x4

[

6 − 33x2 − 11x4

+11ex
2
x3

(

4
√

π(1 − Erf[x]) − x3Ei[−x2]
)]

, (A.47)

where we have used the definition x ≡ −kη. The function
Ei(z) is the exponential integral function defined as

Ei(z) ≡ −
∫ ∞

−z
dt

e−t

t
(A.48)

and Erf(z) is the Gaussian error function

Erf(z) ≡ 2√
π

∫ z

0
dt e−t2 (A.49)

Returning to the original variable Ak , Eq. (A.35), with the
perturbed solution in terms of Eqs. (A.43) and (A.47), we
obtain

Ak = 1

2
k

(

1 − 1

x(x + i)

)

+ λ1k4e−x(i+x)

12H3x4(x + i)2

×
{

− 18 − 6eix (1 + x)(−5i − 5x + 2x3)

+x
[
18i + x(15 − 21i x + 11x3(3i + x))

]
+ 11ex

2
x5

×
(
−4

√
πErf[x] + x(−3 + x(3i + x))Ei[−x2]

)}

+O(λ2
1) (A.50)

From the observational point of view, we are interested in
taking the limit x → 0. Retaining the dominant terms in the
perturbed solutions, we find that the real part of Ak can be
approximated by

Re(Ak)|x→0 	 kx2

2

(

1 + 8
λ1k3

H3x6

)

(A.51)

In fact, we rewrite the previous expression using the coeffi-
cient σk defined in Eq. (41), which yields

Re(Ak)|x→0 	 kx2

2

(
1 + 16

σk

x6

)
(A.52)

We also introduce the function

F(σk, x)|x→0 ≡ 2kx2

4Re(Ak)|x→0
. (A.53)

As we can see from Eq. (A.52), in the limit x → 0, the
function F(σk, x)|x→0 goes to zero as x6, i.e.

|F(σk, x)|x→0 
 1

On the other hand, if there is no collapse, this is, if λ = 0,
then σk = 0 and F(0, x)|x→0 = 1

It is now straightforward to write the explicit expression
for the equivalent power spectrum. Substituting Eqs. (A.31)
and (A.53) in (A.15), and making use of Eq. (39), we obtain
the primordial power spectrum as shown in Eq. (40).

Appendix B: Dynamical evolution of subhorizon (and
superhorizon) modes

In this Appendix, we provide an analysis regarding the evo-
lution of the subhorizon modes as dictated by the CSL evo-
lution equation. For ease of the calculations, we will rely
on the evolution equation for the density matrix Eq. (A.16),
the analysis of course would be equivalent if the CSL master
equation (A.9) was used instead. Therefore, from Eq. (A.16),
we observe that the term affecting the dynamical evolution
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of any mode, due to the CSL process, is

D̂CSL
k ≡ λ(a)a4

2
[Ĉk(a), [Ĉk(a), ρ̂k]]. (B.54)

Additionally, the collapse rate parameter λ as given in Eq.
(18) can be recast as

λ(a) = λ0

(
a

aτ

)3

, (B.55)

where in the above equation we have used α = 3/2 (we have
chosen this value due to the results of Appendix A) and the
definition of N , i.e. the number of e-folds since the beginning
of inflation.

Substituting Eq. (B.55) and the expression for the collapse
operator Ĉk, as given in Eq. (29), we can rewrite D̂CSL

k as

D̂CSL
k = λ0

ε

H

(
a

aτ

)3

e−k2/a2H2
{

[ p̂k, [ p̂k, ρ̂k]]

+5Ha

(

[ŷk, [ p̂k, ρ̂k]] + [ p̂k, [ŷk, ρ̂k]]
)

+25H2a2[ŷk, [ŷk, ρ̂k]]
}

. (B.56)

We proceed to analyze the last term in the previous equa-
tion, i.e. the one with the highest power of a. The analy-
sis corresponding to the other terms is equivalent. Thus, the
dynamical evolution for the last term is dictated by the func-
tion

Δk(a) ≡ a5e−k2/a2H2
. (B.57)

We note that Δk(a) < 1 if and only if κ2 > 5 ln a, where
κ ≡ k/aH . Assuming that inflation lasts approximately 65
e-folds, then a ∼ e65. As a consequence, Δk(a) < 1 if and
only if κ > O(10). In particular, for a subhorizon mode
κ � 1, one has that Δk(a) 
 1. This demonstrates that, for
subhorizon modes, the additional dynamical evolution intro-
duced by the CSL mechanism is exponentially suppressed.

On the other hand, an analogous analysis for superhorizon
modes κ 
 1, indicates that Δk(a) � 1, i.e. the superhori-
zon modes are the most affected by the CSL evolution term.
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