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Abstract Lecture notes prepared for the 2021 SAGEX PhD
School in Amplitudes hosted by the University of Copen-
hagen August 10th through 13th. Topics covered include: the
manifestation of asymptotic symmetries via soft theorems,
their organization into currents in a celestial CFT, aspects of
the holographic dictionary, a literature guide, and accompa-
nying exercises.
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1 Introduction

Celestial Holography proposes a duality between gravita-
tional scattering in asymptotically flat spacetimes and a con-
formal field theory (CFT) living in two dimensions lower on
the celestial sphere. The central objects in this program are
Celestial Amplitudes, which are S-matrix elements written
in a basis such that they transform as conformal correlators
on this sphere.

A major theme that one encounters is the surprising extent
to which infrared physics encodes infinite dimensional sym-
metry enhancements and points to a holographic description.
The aim of these lectures is to focus on the technology from
scattering amplitudes that is used to motivate this duality,
show how to translate this technology into the celestial basis,
and then demonstrate some of the new techniques we gain
by treating these amplitudes as correlators.

The organization of these lectures is as follows. After dis-
cussing some of the motivations for this program, we start
in Sect. 2 by setting up the scattering problem from both a
momentum space and a spacetime perspective. This entails
a review of the global symmetries, single particle states, and
conformal compactification of Minkowski space. In Sect. 3
we explore how these global symmetries get enhanced, intro-
ducing the notion of asymptotic symmetries and how they
manifest themselves as soft theorems in quantum field theory.
This leads us to define a holographic map from S-matrix ele-
ments to conformal correlators living on the celestial sphere
in Sect. 4. After defining the map for single particle states
we dive deeper into how various structures of amplitudes are
encoded in this basis. We close with a review of recent efforts
as well as a guide to the earlier literature in Sect. 5. Relevant
exercises accompany each section.

A new framework for scattering

The celestial holography program is an attempt to apply the
holographic principle to spacetimes with vanishing cosmo-
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logical constant. On the one hand this is motivated by the
success of AdS/CFT [1–3]. Indeed, the ability to similarly
apply such a duality to answer non-perturbative questions
about quantum gravity, as well as have a top-down stringy
construction of celestial CFTs are ultimate targets. However,
it can also be viewed as a CFT-inspired take on the amplitudes
and earlier S-matrix programs [4–6]: if we have an intrin-
sic description of consistent celestial CFTs, we can hope to
use CFT-bootstrap style machinery to compute and constrain
scattering.

The central object of study is the S-matrix. The advan-
tage we have is that we are building, from the bottom up, a
description in which the symmetries are not only front and
center, but also infinite dimensional. The impetus for this
sub-field was the keen observation by Strominger [7,8] that
soft theorems in quantum field theory [9] are manifestations
of Ward identities for asymptotic symmetries [10–12]. Even
more beautifully, the generators for these asymptotic sym-
metries looked like currents living two dimensions lower,
on the celestial sphere. The subleading soft graviton theo-
rem [13] corresponding to an asymptotic Virasoro symmetry
[14,15] even gave a candidate stress tensor [16]. However,
for the conformal Ward identity to take the standard form,
one needs to change from momentum to boost eigenstates
[17–19]. This story will be the focus of Sect. 3 and guide us
to our holographic map [20–23] in Sect. 4.

Now theS-matrix is already holographic via the manner in
which we can use an object that depends on-shell data to learn
about bulk physics. The dictionary between external single
particle states and (quasi)-primary operators in celestial CFT
is simply an integral transform on the external on-shell states
that implements our change of basis

boost〈out |S|in〉boost = 〈O±
�1,J1

(z1, z̄1)...O±
�1,J1

(zn, z̄n)〉CCFT

(1.1)

where the ± superscripts label operators corresponding to
incoming and outgoing states. This recasting has interesting
implications. In Sect. 4 we will focus on how it resolves soft
limits at different orders in ω → 0 to poles at special values
of the conformal dimension where celestial currents appear.
We will also see that collinear limits play a fundamental role
in this setup, giving the OPE data for CCFT which, in turn,
is highly constrained by the symmetries. Furthermore, celes-
tial amplitudes probe scattering at all energy scales – a fact
which inverts the standard Wilsonian paradigm and gives an
interesting route to try to constrain the UV.

We will use our closing section to survey some of the
active research lines within celestial holography and show
how the tools we are using and developing connect to adjacent
sub-fields. Before commencing our exploration of celestial
amplitudes, we should point out other helpful pedagogical
references on this topic. For recent reviews on how infrared

physics leads to celestial holography see [20,21,24]. The
reviews [5,25–28] offer more in-depth coverage of some of
the machinery on symmetries, general relativity, and ampli-
tudes that we employ herein.

2 Kinematics of scattering

Throughout these lectures we will be considering 4D
Minkowski space, for which we have a 2D celestial sphere.
We will start by examining the scattering problem from both
a spacetime and momentum space perspective, focusing on
the global spacetime symmetries and how they act on the
celestial sphere and the external scattering data. This requires
reviewing the causal structure of Minkowski space. We will
also use this section to set up various notation and coordinate
conventions.

2.1 Global symmetries

Lorentz transformations in R
1,d+1 act as conformal trans-

formations in R
d . The aim of this section is to review these

global symmetries in a manner that will prepare us to gener-
alize to asymptotic symmetries in the following section, and
set up notation we will be using hereafter. The review [25] is
a nice resource dedicated to this topic.

Isometries of Minkowski space

We begin by reviewing the isometries of 3+1 dimensional
Minkowski space, starting with the line element in Cartesian
coordinates

ds2 =ημνdx
μdxν =−(dX0)2 + (dX1)2 + (dX2)2+(dX3)2.

(2.1)

The infinitesimal coordinate transformations Xμ �→ Xμ +
ξμ that preserve this metric

Lξ ημν = ∂μξν + ∂νξμ = 0 (2.2)

are parameterized by a constant four vector bμ and antisym-
metric tensor ωμν

ξμ = ωμ
νX

ν + bμ, ωμν = −ωνμ, (2.3)

which correspond to infinitesimal translations and Lorentz
transformations. Upon taking Lie brackets of the correspond-
ing vector fields

Pμ = −i∂μ, Mμν = i(xμ∂ν − xν∂μ), (2.4)
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we see that these generators obey the Poincaré algebra

[Pμ, Pν] = 0, [Pρ, Mμν] = i(ημρPν − ηνρPμ),

[Mμν, Mρσ ] = i(ημρMνσ − ημσ Mνρ

− ηνρMμσ + ηνσ Mμρ).

(2.5)

Now the finite versions of these transformations are elements
of the Poincaré group O(1, 3) � R

1,3 which takes the form
of a semi-direct product of Lorentz transformations

O(1, 3) = {
 ∈ GL(4, R)|
�η
 = η} (2.6)

and translations. The Lorentz group is the subgroup of
Poincaré which stabilizes the spacetime origin. It has four
disconnected components related by parity and time reversal
to the proper orthochronous Lorentz group

SO+(1, 3) = {
 ∈ O(1, 3)| det(
) = +1,
0
0 ≥ 1} (2.7)

that one reaches by exponentiating the infinitesimal transfor-
mations above.

The following isomorphism will be central to what follows

SO+(1, 3) ∼= SL(2, C)/Z2. (2.8)

Writing a generic M ∈ SL(2, C) as

M =
(

a −c
−b d

)
, ad − bc = 1 (2.9)

for {a, b, c, d} ∈ C, we can demonstrate this isomorphism
as follows. Using the Pauli matrices we can define

(σμ)aḃ = (1, σ i )aḃ, (σ̄ μ)ȧb = (1,−σ i )ȧb (2.10)

which let us map 4-vectors to 2 × 2 matrices and back

vaḃ = vμ(σμ)aḃ vμ = −1

2
tr(vσ̄μ). (2.11)

The intertwining properties of the Infeld-van der Waerden
symbols imply that for M in (2.9) we have

M†XμσμM = (
μ
νX

ν)σμ (2.12)

where


μ
ν = 1

2

⎛
⎜⎜⎝

aā + bb̄ + cc̄ + dd̄ ab̄ + āb + c̄d + cd̄ i(ab̄ − āb + cd̄ − c̄d) bb̄ − aā − cc̄ + dd̄
ac̄ + āc + bd̄ + b̄d ad̄ + ād + bc̄ + b̄c i(ad̄ − ād − bc̄ + b̄c) bd̄ + b̄d − ac̄ − āc

i(āc − ac̄ − bd̄ + db̄) i(ād − ad̄ − bc̄ + b̄c) ad̄ + ād − bc̄ − b̄c i(ac̄ − āc − bd̄ + b̄d)

cc̄ + dd̄ − aā − bb̄ cd̄ + c̄d − ab̄ − āb i(āb − ab̄ + cd̄ − c̄d) aā − bb̄ − cc̄ + dd̄

⎞
⎟⎟⎠ . (2.13)

It is straightforward to verify that this satisfies det 
 = 1
and 
0

0 ≥ 1. Note also an invariance under the reflection
M �→ −M . This is the Z2 quotient in (2.8).

Conformal isometries of the Riemann sphere

Now SL(2, C)/Z2 is also the group of global conformal
transformations of the Riemann sphere. Recall that confor-
mal transformations preserve angles but not distances

g′
AB(x ′) = �2(x)gAB(x). (2.14)

Here we will start with the flat Euclidean metric

ds2 = δABdx
Adx B . (2.15)

We now want to demand

Lξ δAB = ∂AξB + ∂BξA = 2ω(x)δAB (2.16)

where � = 1 + ω, and upon taking a trace we see that
ω = ∂Aξ A.

Let us first look at the solutions one would get if we let
A = {1, . . . d} for generic d. We have

PA = −i∂A, JAB = i(xA∂B − xB∂A)

DA = −i x A∂A, KA = i(x2∂A − 2xAx
B∂B)

(2.17)

which obey the following algebra

[D, KA] = −i KA, [D, PA] = i PA,

[KA, PB] = 2i(δABD − JAB)

[KA, JBC ] = i(δABKC − δAC KB),

[PA, JBC ] = i(δAB PC − δAC PB)

[JAB, JCD] = i(δAC JBD − δAD JBC

−δBC JAD + δBD JAC ) (2.18)

with all other Lie brackets vanishing. We see that, in addi-
tion to translations and rotations, we have dilatations which
generate scale transformations and special conformal trans-
formations whose exponentiated version implements a trans-
lation on the inverted coordinate

x A

x2 �→ x A

x2 + bA. (2.19)
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This gives a total of 1
2 (d + 2)(d + 1) symmetries matching

the number of generators of SO(1, d + 1). Indeed, we can
identify the Lorentz generators in R

1,d+1 with the conformal
generators in R

d as follows

D = Md+1,0, PA = MAd+1 − MA0,

KA = MA,d+1 + MA0, JAB = MAB . (2.20)

In many contexts, it is natural to think of R
1,d+1 as an embed-

ding space. Lorentz transformations map the lightcone of the
origin in R

1,d+1 to itself. If we embed R
d into this lightcone

via the null vector

qμ(x) = (1 + x2, 2x A, 1 − x2) (2.21)

then the conformal transformation x �→ x ′ corresponds to a
boost

qμ(x ′) = (
q)μ

(
q)+
, (2.22)

up to rescaling the Lorentz transformed qμ back to the canon-
ical section q+ ≡ 1

2 (q0 + q3) = 1. The embedding space is
convenient from the practical point of view that the Lorentz
transformations act linearly on R

1,d+1, in contrast to the cor-
responding transformation of the x A. If we specify to d = 2,
it is natural to introduce the complex coordinates

w = x1 + i x2, w̄ = x1 − i x2. (2.23)

The reference direction embedding the complex w plane into
the lightcone of R

1,3 takes the form

qμ(w, w̄) = (1 + ww̄,w + w̄, i(w̄ − w), 1 − ww̄). (2.24)

The finite conformal transformations are the Möbius trans-
formations

w �→ w′ = aw + b

cw + d
, w̄ �→ w′ = āw̄ + b̄

c̄w̄ + d̄
(2.25)

parameterized by M ∈ SL(2, C)/Z2 as in (2.9) above, and
where the 
 appearing in the d = 2 analog of (2.22) is given
by (2.13). We see that the point w = −d/c gets mapped to
infinity. Adding this point takes us to the conformal com-
pactification Ĉ, the Riemann sphere, on which the Möbius
transformations act bijectively.

However in d = 2 there is actually a richer set of infinitesi-
mal transformations that locally preserve the conformal class
of metrics. In the coordinates (2.23) the metric (2.15) takes
the form

ds2 = dwdw̄ (2.26)

and Eq. (2.16) is particularly simple to solve. We find

ξw = Y (w), ξ w̄ = Ȳ (w̄) (2.27)

where we demand Ȳ (w̄) = Y (w)∗ for real diffeomorphisms
of the (x1, x2) plane. The corresponding Laurent modes

Ln = −wn+1∂w, L̄n = −w̄n+1∂w̄, (2.28)

for n ∈ Z, obey two copies of the Witt algebra

[Lm, Ln] = (m − n)Lm+n, [L̄m, L̄n]
= (m − n)L̄m+n, [Ln, L̄m] = 0 (2.29)

where the sl(2, C) subalgebra is spanned by n = {−1, 0, 1}.
In terms of the standard presentation of the Lorentz genera-
tors we have

L0 = 1

2
(J3 − i K3) , L−1 = 1

2
(−J1 + i J2+i K1+K2) ,

L1 = 1

2
(J1+i J2 − i K1+K2) ,

L̄0 = 1

2
(−J3 − i K3) , L̄−1 = 1

2
(J1 + i J2 + i K1 − K2) ,

L̄1 = 1

2
(−J1 + i J2 − i K1 − K2) ,

(2.30)

where we have introduced notation for the boosts and rotation
generators

Ki = Mi0, Ji = 1

2
εi jkM

jk (2.31)

which we will use in the following section. From the way
that we’ve embedded the Riemann sphere into the lightcone
of Minkowski space, one might not expect these extra gen-
erators to be considered symmetries of our 4D spacetime.
However in Sect. 3, we will see that once we include gravity
there is a larger class of spacetime symmetries to consider
called asymptotic symmetries. We will furthermore be able
to define currents that obey these infinite dimensional sym-
metry algebras using the low energy dynamics of scattering.

2.2 Scattering states in momentum space

In this section we review how the global symmetries are used
to classify the single particle external states appearing as
external states in the momentum space S-matrix. A good
reference for this section is [29]. The CCFT generalization
of these methods, which we will return to later, is covered
in [30]. We will also use this as an opportunity to set up our
spinor helicity conventions, which follow [5].
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Single particle states

Single particle states are irreducible representations of the
Poincaré group. The Poincaré isometries should be unitarily
realized on our 4D Hilbert space.1 If we start with a state
with four momentum pμ then we want

U (
)|p〉 = |
p〉. (2.33)

In the standard construction, the single particle states are built
as induced representations of the little group which stabilizes
a fixed reference on-shell momentum. Letting

pμ
re f = (m, 0, 0, 0), pμ

re f = (ω, 0, 0, ω) = ωqμ(0, 0)

(2.34)

for massive and massless fields, respectively, we can get to
any other on-shell momentum by an appropriate boost

pμ = Lμ
ν(p)p

ν
re f . (2.35)

Defining the state

|p〉 = U (L(p))|pre f 〉, (2.36)

we see that

U (
)|p〉 = U (
)U (L(p))|pre f 〉
= U (L(
p))U (L−1(
p)
L(p))|pre f 〉 (2.37)

where L−1(
p)
L(p) is in the little group stabilizing pμ
re f ,

while U (L(
p)) takes us from |pre f 〉 to |
p〉, reproducing
the right side of (2.33). We thus see how to build representa-
tions of the Lorentz group from representations of the little
group.

The quadratic Casimirs of the Poincaré group are the
squares of the four momentum Pμ and the Pauli-Lubanski
pseudo-vector

Wμ = 1

2
εμρσλM

ρσ Pλ. (2.38)

Since these operators commute with all of the Poincaré gen-
erators, their eigenvalues will label our irreducible represen-
tations. For massive fields the little group is just the rotations
generated by the Ji . The quadratic Casimirs evaluate to

P2 = −m2, W 2 = −m2s(s + 1) (2.39)

1 The fact that the Poincaré group is realized unitarily on the Hilbert
space implies the generators {Pμ, Ji , Ki } are Hermitian, which we note
implies

L†
i = −L̄i , L̄†

i = −Li . (2.32)

for the spin-s representation of SO(3). Meanwhile, the m =
0 little group is generated by

{J3, J1 + K2, J2 − K1} ⇔ {L0 − L̄0, L1, L̄1} (2.40)

whose algebra is isomorphic to the symmetries of the 2-plane
I SO(2). The quadratic Casimirs are now

P2 = 0, W 2 = ω2((J1 + K2)
2 + (J2 − K1)

2) = ω2L1 L̄1.

(2.41)

Excluding continuous spin representations amounts to
demanding that the states transform trivially under the trans-
lation generators of I SO(2). These have W 2 = 0 and are
labeled by the U (1) rotation eigenvalue that corresponds to
the helicity �.

In what follows we will label the single particle states via
coordinates suited to their on-shell momenta. For instance
for p2 = −m2 we use

|y, z, z̄〉 := |p〉,
pμ = m

2y
(1 + y2 + zz̄, z + z̄, i(z̄ − z), 1 − y2 − zz̄)

(2.42)

where y, z, z̄ are coordinates on the unit hyperboloid. For
p2 = 0 we will write

|ω,w, w̄〉 := |p〉, pμ = ωqμ(w, w̄) (2.43)

suppressing the spin/helicity and mass labels. We will mainly
focus on the massless case in what follows. In terms of this
notation, and restoring the helicity index, we have

L1|ω, 0, 0; �〉 = L̄1|ω, 0, 0; �〉 = 0,

(L0 − L̄0)|ω, 0, 0; �〉 = �|ω, 0, 0; �〉. (2.44)

Free field expansions

In the free theory one can build multi-particle states from ten-
sor products of these single particle states. The Fock space is
then constructed as a direct sum of these n-particle sectors.
If one assumes the interactions die off fast enough with sep-
aration, then the asymptotic initial and final states should be
described by those of the free theory.2 The overlap between
preparing a fixed multi-particle in-state and having it evolve
to a fixed multi-particle out-state is given by the S-matrix

〈out |S|in〉, |in〉 = a†
p1 · · · a†

pm |0〉,
|out〉 = a†

pm+1 · · · a†
pn |0〉 (2.45)

2 Long range interactions that spoil this are tied to the IR divergences
we will study in the following section.
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which will be our central object of study. In quantum field the-
ory,S-matrix elements are typically computed using the LSZ
formalism starting from Fourier transforms of time-ordered
correlators and taking residues as the momenta go on shell.
Its derivation starts by extracting the creation and annihila-
tion operators using an inner product of the free plane wave
solutions and the field operator on early and late time slices.

This starting point will be used to generalize to other
wavepackets for the external scattering states in what follows.
We will go through the ingredients needed for the massless
spin-1 and spin-2 cases here. The Maxwell and Einstein-
Hilbert actions are given by

SEM = − 1

4e2

∫
d4x

√−gFμνF
μν,

SEH = 2

κ2

∫
d4x

√−gR (2.46)

in terms of the field strength Fμν = ∂μAν − ∂ν Aμ and Ricci
scalar. Here κ = √

32πG. The linearized source-free equa-
tions of motion take the form

�Aμ − ∂μ∂ν Aν = 0,

∂σ ∂νh
σ
μ + ∂σ ∂μh

σ
ν − ∂μ∂νh − �hμν = 0 (2.47)

where we have expanded gμν = ημν +hμν . The correspond-
ing field operators then have the following free mode expan-
sions

Âμ(X) = e
∑
α∈±

∫
d3k

(2π)3
1

2k0

[
εα∗
μ aαe

ik·X + εα
μa

†
αe

−ik·X ]
,

ĥμν(X) = κ
∑
α∈±

∫
d3k

(2π)3
1

2k0

[
εα∗
μνaαe

ik·X + εα
μνa

†
αe

−ik·X ]
,

(2.48)

where for momentum kμ = ωqμ we use the polarization
vectors

ε
μ
+ = 1√

2
∂wq

μ, ε
μ
− = 1√

2
∂w̄q

μ (2.49)

and ε
μν
± = ε

μ
±εν±. Since spinor helicity variables often appear

in the celestial amplitudes literature, let us briefly comment
on our conventions. Using (2.11) to go from four-vectors to
bi-spinors, k = ±ωqμ maps to

kaȧ = −|k]a〈k|ȧ, |k]a = √
2ω

(
w̄

−1

)
a
,

〈k|ȧ = ±√
2ω

(
w

−1

)
ȧ

(2.50)

where indices are raised and lowered with the Levi-Civita
tensor. The polarization vectors (2.49) match the more gen-
eral

ε+ = −〈r |σ̄ μ|k]√
2〈rk〉 , ε− = −〈k|σ̄ μ|r ]√

2[rk] (2.51)

for the choice of reference spinor |r ]a = (1, 0). Our choice
of normalization is such that the mode operators obey the
following commutation relations

[aα( �p), a†
α′( �p′)] = 2ωp(2π)3δα,α′δ(3)( �p − �p′). (2.52)

These creation/annihilation operators can be extracted from
the mode expansions by taking an inner product with the
corresponding plane wave solution. For example

a±(p) = i( Â, (ε±eip·X )∗) (2.53)

and similarly for spin-2, where the inner product is given by

(A, A′) = −i
∫

d�μ[Aν(∇μA
′∗
ν − ∇ν A

′∗
μ) − (A ↔ A′∗)],

(h, h′)=−i
∫

d�ρ[hμν(∇ρh
′∗
μν − 2∇μh

′∗
ρν) − (h ↔ h′∗)],

(2.54)

restricting to trace-free spin-2 perturbations. We will be
applying the same procedure with modified wavepackets
when we set up our holographic dictionary in Sect. 4.

This brings us to a comment on the SL(2, C) represen-
tations of these local operators. Because the Lorentz group
is non-compact, there are no faithful finite dimensional uni-
tary representations. This does not prevent us from the single
particle states forming a unitary representation since those
are infinite dimensional representations induced from finite
dimensional representations of the little group. However, the
vector indices on our field operators do transform under finite
dimensional, non-unitary representations. The reconciliation
of how both these representations can appear in our operator
mode expansion boils down to gauge invariance. The I SO(2)

translations shift the polarization vector parallel to kμ, while
the single particle states transformed trivially under these
generators. This amounts to

U (
) Âμ(x)U−1(
) = 
ν
μ Âν(
x) + ∂μ�̂(x,
). (2.55)

In the end, our S-matrix elements are gauge invariant, so
that everything is consistent. We will take advantage of this
when we construct convenient gauge representatives of the
conformal primaries in Sect. 4. Curiously the gauge transfor-
mations (2.55) are indeed ‘large’ in the asymptotic symmetry
sense [31] that we will study in the next section.
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2.3 Data at the conformal boundary

When setting up the scattering problem in position space,
we want to specify field configurations on early and late
time Cauchy surfaces. An important step is to understand
the causal structure of Minkowski space. We will see that
there are different notions of infinity. In particular, the con-
formal boundary includes null components where we will
specify the free data for massless excitations.

We can see this as follows. Starting from the retarded and
advanced time coordinates

u = t − r, v = t + r (2.56)

we can introduce rescaled coordinates

u = tanU, v = tan V (2.57)

so that the spacetime is spanned by U, V ∈ (−π
2 , π

2 ). The
metric in the new timelike and radial coordinates

T = U + V, R = V −U (2.58)

is conformally related to a patch of S3 × R

ds2 = �−2(−dT 2 + dR2 + 2 sin2 Rγzz̄dzdz̄),

�2 = 4 cos2 U cos2 V . (2.59)

The conformally rescaled metric �2ds2 captures the causal
structure of the original spacetime. The following points in
the (R, T ) plane play a special role

• Massive particles follow trajectories that begin at past
timelike infinity i− at (R, T ) = (0,−π), and end at future
timelike infinity i+ at (R, T ) = (0,+π).

• Massless trajectories begin at past null infinity I− param-
eterized by U = −π

2 , V ∈ (−π
2 , π

2 ), and end at future
null infinity I+ parameterized by V = +π

2 , U ∈
(−π

2 , π
2 ).

• Spacelike geodesics limit to spatial infinity i0 at (R, T ) =
(π, 0).

The Penrose diagram for Minkowski space is illustrated in
Fig. 1. Massless trajectories move on 45◦ diagonals. Typi-
cally one would draw only the right half of the figure and
there would then be an S2 over each point in the (r, t) plane
aside from the locus r = 0. Here we’ve shown both the
north and south poles of this transverse S2 since the antipo-
dal matching condition across spatial infinity will play an
important role in what follows.

The conformal compactification will inform our coordi-
nate choices in what follows. To capture outgoing radiative

Fig. 1 Penrose diagram for Minkowski space. Massive particles enter
and exit at past (i−) and future (i+) timelike infinity. Massless excita-
tions enter and exit at past (I−) and future (I+) null infinity. Meanwhile,
the boundary of a Cauchy slice will limit to spatial infinity (i0)

data near future null infinity, we use retarded radial coordi-
nates (u, r, z, z̄)

Xμ =
(
u + r, r

z + z̄

1 + zz̄
, ir

z̄ − z

1 + zz̄
, r

1 − zz̄

1 + zz̄

)
(2.60)

for which the flat metric (2.1) takes the form

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄, γzz̄ = 2

(1 + zz̄)2 ,

(2.61)

where γzz̄ is the round sphere metric in stereographic coor-
dinates for the Riemann sphere z = eiφ tan θ

2 . Meanwhile
near past null infinity we use the advanced time coordi-
nate v = t + r and an antipodally identified S2 coordinate
z �→ − 1

z̄ , for reasons we will motivate in the following sec-
tion.

This S2 cross section of null infinity is the celestial sphere.
In the previous section we saw that single particle states
for massless particles are specified by a direction and an
energy. We will now see how this maps to the conformal
boundary. Starting from the mode expansions (2.48), we can
approach future null infinity by holding u fixed as we take r to
infinity. The rapidly oscillating phase localizes the direction
in momentum to be parallel to the position space direction
towards which the particle scatters

lim
r→∞ sin θeiωq

0r(1−cos θ) = i

ωq0r
δ(θ) + O((ωq0r)−2),

(2.62)

123



1062 Page 8 of 24 Eur. Phys. J. C (2021) 81 :1062

so that the field operators in this limit take the form

lim
r→∞ Âz = − ie√

2(2π)2

∫ ∞

0
dω

[
a+(ω, z, z̄)e−iω(1+zz̄)u

−a†
−(ω, z, z̄)eiω(1+zz̄)u

]
, (2.63)

and

lim
r→∞

1

r
ĥzz = − iκ

(2π)2

1

(1 + zz̄)

∫ ∞

0
dω

×
[
a+(ω, z, z̄)e−iω(1+zz̄)u − a†

−(ω, z, z̄)eiω(1+zz̄)u
]

.

(2.64)

We thus see that we can create a state of definite energy by
Fourier transforming along the u direction

〈p;+1| = lim
r→∞

∫
dueiω(1+zz̄)u〈0| Âz,

〈p;+2| = lim
r→∞

1

r

∫
dueiω(1+zz̄)u〈0|ĥzz (2.65)

where pμ = ωqμ(z, z̄). For massive fields there is a similar
saddle point one can take [32]. If we resolve timelike infinity
with hyperboloids of constant X2, then massive particles with
momenta p2 = m2 will asymptote to trajectories that where
p̂ ∝ x̂ .

Exercise: This exercise will use the machinery we’ve
reviewed here to anticipate some of the tools that will appear
in later sections.

(a) Identify the generators of SL(2, C) that stabilizes the null
ray in momentum space

pμ = αqμ(0, 0), α > 0. (2.66)

Write down the commutation relations for this subgroup.
(b) Starting from the helicity basis states (2.43) let us con-

struct the superposition

|�, 0, 0; �〉 =
∫ ∞

0
dωω�−1|ω, 0, 0; �〉. (2.67)

How do the generators of the subgroup in part (a) act on
this state? Evaluate the inner product 〈�′, z′, z̄′; �′|�,

z, z̄; �〉 for �,�′ ∈ 1 + iR.
(c) Now consider the action of the remaining Poincaré gen-

erators on the state |�, 0, 0; �〉. We call a state quasi-
primary if it is an eigenstate of L0 and L̄0 that is annihi-
lated by L1 and L̄1. For what values of � are there other
states in this multiplet that are also quasi-primary?

(d) Write down the corresponding position space wavefunc-
tion φ�(X;w, w̄) for the � = 0 case. How does it behave
at large r and fixed u. Repeat for fixed v. Show that under

Xμ �→ 
μ
νX

ν, w �→ aw + b

cw + d
(2.68)

the wavefunction transforms as

φ�

(

μ

νX
ν; aw + b

cw + d
,
āw̄ + b̄

c̄w̄ + d̄

)

= |cw + d|2�φ�(Xμ;w, w̄). (2.69)

Can you write a wavefunction with the same transforma-
tion law that satisfies the massive Klein–Gordon equa-
tion?

3 Symmetry enhancements

We are now ready to see how the symmetry algebras we stud-
ied in the previous section get enhanced when we include
gravity. The book [20] is a comprehensive reference for the
IR investigations leading to celestial holography. Here we
will focus on the gravitational examples and follow the con-
ventions in [21].

3.1 Asymptotic symmetries

Let us start by writing the Poincaré generators in the Bondi
coordinates (u, r, z, z̄) introduced in (2.60). We have

ξ = (1 + u

2r
)Y z∂z − u

2r
Dz̄ DzY

z∂z̄

−1

2
(u + r)DzY

z∂r + u

2
DzY

z∂u + c.c.

+ f ∂u − 1

r
(Dz f ∂z + Dz̄ f ∂z̄) + DzDz f ∂r (3.1)

where

f0 = 1, f1 = z + z̄

1 + zz̄
,

f2 = i(z̄ − z)

1 + zz̄
, f3 = 1 − zz̄

1 + zz̄
(3.2)

are the global translations,

Y z
12 = i z, Y z

13 = − 1
2 (1 + z2), Y z

23 = − i
2 (1 − z2)

Y z
03 = z, Y z

02 = − i
2 (1 + z2), Y z

01 = − 1
2 (1 − z2)

(3.3)

are the global Lorentz transformations, and DA are covariant
derivatives on the unit S2. Now we recall from our discussion
of conformal isometries of the 2-plane, that in that context
there was a natural generalization from global SL(2, C) gen-
erators to local conformal killing vectors. To check that the
complex w plane we embedded in the lightcone via (2.24)
naturally maps to the celestial sphere, we note that the future
light cone of the origin in Bondi coordinates is given by
u = 0. The large-r limit can be thought of as a different
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choice of cross section.3 It is quick to check that the ξ(Y )

is tangent to this lightcone. Meanwhile we note that the r∂r
term is what gives us an isometry in 4D as opposed to only
a conformal isometry in 2D for the case of boosts, where
DAY A �= 0.

So what would happen if we tried to generalize Y z =
Y z
i j to Y z(z)? Starting from the flat metric and taking a Lie

derivative we find

LξY η = −ru(D3
z Y

zdz2 + D3
z̄ Y

z̄d z̄2) (3.4)

where we have dropped possible contact terms that appear in
the round sphere metric when Y has poles. We see that this
vanishes at u = 0, so up to the aforementioned punctures,
we have an isometry of the lightcone, but not an isometry of
R

1,3.
However, we will find that there is still a place for these

symmetries when we include dynamical gravity in 4D. The
previous section explored the equivalence between isome-
tries of R

1,d+1 and conformal isometries of R
d focusing on

the d = 2 case. By only demanding that we stayed in the
same conformal class of metrics, we found more symme-
tries in d-dimensions than we would have had if we had
looked at isometries of R

d instead. We will now see that in
the Lorentzian case there is a natural class of metrics corre-
sponding to asymptotically flat spacetimes. The requirement
that our diffeomorphism preserve this class relaxes (2.2) and
gives us a much larger class of ‘asymptotic symmetries.’

The set-up is as follows. We want to study the phase space
of solutions to Einstein’s equations with vanishing cosmolog-
ical constant and localized stress tensor sources

Rμν − 1

2
gμνR = 8πGT M

μν . (3.5)

To study gravitational radiation, we will want to push our
incoming and outgoing Cauchy surfaces to past and future
null infinity. Now to have a well defined initial value problem
we need to fix our gauge. The process of identifying the
asymptotic symmetry group is as follows:

• pick a gauge that will be convenient for analyzing the
behavior of the metric near the null boundaries I±;

• identify the physically relevant falloffs and the free data
that specifies a given solution and will coordinatize our
phase space;

• identify any residual diffeomorphisms that act non-
trivially on this data.

The asymptotic symmetry group is

3 Since null infinity is also the lightcone of spatial infinity, we can also
view the canonical celestial sphere as the intersection of this lightcone
of the origin and the lightcone of spatial infinity.

Asymptotic Symmetries = Allowed Symmetries

Trivial Symmetries
(3.6)

namely those allowed residual diffeomorphisms that act non-
trivially at the boundary data.

This procedure was carried out by Bondi, van der Burg,
Metzner, and Sachs [10–12]. After gauge fixing the metric
near future null infinity takes the form

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄

+2mB

r
du2 + rCzzdz

2 + rCz̄z̄d z̄
2

+
[(

DzCzz− 1

4r
Dz(CzzC

zz)+ 4

3r
Nz

)
dudz+c.c.

]

+ · · · (3.7)

while the physical matter falloffs are

T M
uu ∼ O(r−2), T M

ur ∼ O(r−4), T M
rr ∼ O(r−4)

T M
uA ∼ O(r−2), T M

r A ∼ O(r−3), T M
AB ∼ O(r−1).

(3.8)

We see that the leading behavior matches the flat metric in
retarded radial coordinates (2.61). Solutions are specified by

{mB, Nz,Czz} (3.9)

where mB is the Bondi mass, Nz is the angular momentum
aspect and Czz captures the radiative data with Nzz = ∂uCzz

referred to as the news tensor. We further note Cz̄z̄ = (Czz)
∗

and Nz̄ = (Nz)
∗. One can already see from the orders written

explicitly in (3.7) that the subleading orders of the metric are
solved for in terms of the leading data. This is done recur-
sively in the large-r expansion using (3.5) and gauge fixing
conditions. You will have a chance to go through this proce-
dure for the simpler electromagnetic case in the exercises. In
Bondi gauge, this radial coordinate parameterizes outgoing
null geodesics, as can be seen by setting du = dz = dz̄ = 0
in (3.7).

While each of the quantities in (3.9) vary as a function of
(u, z, z̄), only Czz can be freely specified as a function along
I+. The u evolution of mB and Nz are constrained. This is
as expected in a system with gauge invariance. Our metric
falloffs are such that the conformal boundary has the same
causal structure as in the Minkowski case considered in the
last section and illustrated in Fig. 1. While u is a timelike
coordinate for fixed finite r , as we limit to the conformal
boundary, we are taking a null Cauchy surface whose normal
vector in the flat limit is

nμ∂μ = ∂u − 1

2
∂r . (3.10)

Because of the falloffs (3.7) and (3.8), the constraint equa-
tions that specify nμGμν reduce to

∂umB = 1

4
[D2

z N
zz + D2

z̄ N
z̄z̄] − Tuu,
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∂u Nz = 1

4
Dz[D2

z C
zz − D2

z̄ C
z̄z̄] + DzmB − Tuz (3.11)

where we have grouped terms quadratic in the metric into the
Tμν with the matter contributions

Tuu ≡ 1

4
NzzN

zz + 4πG lim
r→∞ r2T M

uu

Tuz ≡ −1

4
Dz[CzzN

zz]

− 1

2
CzzDzN

zz + 8πG lim
r→∞ r2T M

uz .

(3.12)

We see that we have specified our solution once we give
Czz(u, z, z̄) and the initial values of mB and NA in the u →
−∞ limit. These initial values will appear in the canonical
charges for our asymptotic symmetries.

With our class of asymptotically flat metrics in hand, as
well as a better understanding of the corresponding phase
space, let us now return to the question of asymptotic sym-
metries. The Minkowski metric is quite special. For a generic
metric within the class of asymptotically flat spacetimes,
we would not expect any isometries. The desire to recover
some notion of Poincaré transformations acting on space-
times which ‘look flat’ at large distance scales, forces us
to generalize to some notion of asymptotic symmetries. The
perhaps surprising outcome is that one lands on a much larger
symmetry group.

The r−n falloffs of the metric (3.7) are preserved by resid-
ual diffeomorphisms whose leading behavior matches (3.1)
but where now we promote the fi and Y z

i j to free functions

{ f (z, z̄), Y z(z)}. (3.13)

One can verify this by taking a lie derivative of (3.7)
along (3.1) with these parameters. The former are called
supertranslations, the latter superrotations. The vector fields
(3.1) will get subleading corrections that depend on the gauge
fixing used. The inhomogeneous shifts (3.4) and similar ones
for supertranslations

δguz = −Dz(1 + DzDz) f, δgzz = −2r D2
z f (3.14)

are no longer a problem, since they respect the large-r
falloffs.4 The superrotations were excluded from earlier
asymptotic symmetry analyses since, beyond the global
Lorentz transformations (3.3), they will be singular at iso-
lated points on the celestial sphere. This is not a deterrent for
us since, after all, we want to connect this story to a 2D CFT
and in that context the local symmetry algebras are known to
play an important role.

4 Some care is needed to enlarge the standard phase space to allow
the early and late u behavior associated to superrotations as a gauge
symmetry [14,15,33,34].

The next step is to compute the canonical charges for
these asymptotic symmetries. A good pedagogical reference
on this subject is [28]. Although the Einstein–Hilbert action
is small-diffeomorphism invariant, there will be non-trivial
boundary terms for large diffeomorphisms. The correspond-
ing charges are codimension-2, defined in terms of the data
at the boundary of a given Cauchy surface. For the purpose
of these lectures it will suffice to quote the results for the
linearized charge that we will need in what follows

Q+[ f,Y ] = 1

8πG

∫
I+−

[
2mB( f + u

2
DAY

A) + Y ANA

]
.

(3.15)

The + superscript is to indicate this charge is defined at
future null infinity. Here we use I+− to denote the past limit
u �→ −∞ of future null infinity, which we regard as the
spatial boundary of our Cauchy surface that hugs future null
infinity.5

At this stage we have focused on future null infinity. To
have a well defined scattering problem we need to under-
stand how to match the action of these symmetries on future
null infinity to analogous ones at past null infinity. We will
come to this point in Sect. 3.3. To demonstrate that the S-
matrix indeed obeys a Ward identity for these symmetries we
will need to review another facet of long-distance/low-energy
scattering dynamics that was developed contemporaneously
to the asymptotic symmetry story of BMS: soft theorems.

3.2 Soft theorems

Around the same time BMS were studying asymptotic sym-
metries, Weinberg and others were examining the low energy
limit of scattering [9,35–38]. Here we will focus on the grav-
itational case, reviewing the derivation for the leading Wein-
berg soft theorem and giving its extension to subleading order
[13]. The leading photon case is covered in depth in the text-
book [29].

Let us start with gravity coupled to scalar matter [9]. Con-
sider the case illustrated in Fig. 2, where an outgoing gravi-
ton’s energy is taken soft. When this graviton attaches to the
i th external leg, we get an extra propagator that goes like

−i

(pi + ηi q)2 + m2
i − iε

= −i

2pi · q − iε
(3.16)

5 This charge generates the corresponding asymptotic symmetry trans-
formation for the data on our Cauchy surface. However, unlike more
familiar conserved charges, if we take a slice through our spacetime
that is not a Cauchy slice but instead asymptotes to a different u-cut,
the value of Qcut will change in a manner determined by the constraint
equations (3.11).
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Fig. 2 In the limit where the
energy of a graviton or gauge
boson goes ‘soft,’ the leading
contribution will come from
attaching to each of the ‘hard’
external legs

whereηi = ±1 depending on whether the particle is outgoing
or incoming. Here we have used the fact that pi is on-shell.
The difference between massless and massive scattering is
that for the latter the denominator can vanish in the collinear
limit, otherwise we can drop the iε. This quantity scales like
ω−1. Adding the vertex factors we get

κ

4

(2pμ
i + ηi qμ)(2pν

i + ηi qν)

2pi · q − iε
→ κ

2

ηi p
μ
i pν

i

pi · q (3.17)

as we send ω → 0. This factor multiplies the rest of the
Feynman diagram, which matches that of the scattering pro-
cess with this graviton removed. Other Feynman diagrams
that can contribute graviton emission will be subleading to
this O(ω−1) pole.

While the Feynman rules for external legs of different
spins will change the form of the propagator, vertex, and
external state contraction, the final form of the soft factoriza-
tion theorem takes a universal form. In [13] it was shown how
to extend this to subleading order in ω. Together we have

〈out |a±(q)S|in〉 = (S(0)± + S(1)±)〈out |S|in〉 + O(ω)

(3.18)

where

S(0)± = κ

2

∑
i

ηi
(pi · ε±)2

pi · q ,

S(1)± = −i
κ

2

∑
i

ηi
piμε±μνqλ Jiλν

pi · q . (3.19)

While the leading soft theorem is a multiplicative constant in
momentum space, the subleading soft theorem involves the
angular momentum operator which will act as a differential
operator in this basis. For instance spinor helicity variable
this takes the form

Jμνσ
μ
aȧσ

ν

bḃ
= −2Jabεȧḃ − 2εab J̄ȧḃ (3.20)

where

Jab = i

2

(
λa

∂

∂λb
+ λb

∂

∂λa

)
,

J̄ȧḃ = i

2

(
λ̄ȧ

∂

∂λ̄ḃ
+ λ̄ḃ

∂

∂λ̄ȧ

)
(3.21)

and similarly for the anti-chiral part. We will return to this
point in the following section when we map this soft operator
to a putative 2D stress tensor.

Before moving on towards the asymptotic symmetry Ward
identities we are after, we should point out various insights
this soft limit provides. First, using what we noted in Sect. 2.2
about gauge transformations and the polarization tensors
shifting along ε

μ
± �→ ε

μ
± + αqμ, we see that if we take

ε
μ
±εν± �→ ε

μ
±qν + qμεν± (3.22)

we have

S(0),± �→ κ

2

∑
i

ηi pi · ε±,

S(1),± �→ −i
κ

2

∑
i

ηiε
±νqλ Jiλν (3.23)

which vanish due to total momentum and angular momentum
conservation, respectively. This is also a manifestation of the
equivalence principle.

Furthermore, there is no reason to stop at single emissions.
Indeed soft radiation can be seen to be unavoidable. So long
as the external legs are charged under a given gauge field,
such as gravity, there will be virtual exchanges. These loop
contributions are IR divergent in 4D and exponentiate in a
manner that makes the exclusive amplitude vanish. The stan-
dard protocol is to introduce a detector cutoff so that inclusive
quantities which allow unmeasured virtual soft emissions are
finite. From the perspective of the soft physics program these
IR divergence issues can be seen as symptoms of asymptotic
charge non-conservation [39]. There is also a natural reason
to make measurements in the deep infrared in this context.
Such observables are called memory effects and they require
specially adapted non-calorimetric detector setups [40–43].
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3.3 Ward identities

We now have almost all the elements we need to demonstrate
that the perturbative gravitational S-matrix obeys a Ward
identity for the asymptotic symmetries we studied in Sect. 3.1
and, moreover, that these Ward identities are equivalent to the
soft theorems of Sect. 3.2. The final ingredient is an insight
by Strominger [7] that we can impose an antipodal matching
condition across spatial infinity.

If we repeat the computations in Sect. 3.1 at past null
infinity, we will have charges defined in terms of data at I−+
the v → +∞ limit of I−. On the Penrose diagram of Fig. 1
the past limit of future null infinity and the future limit of
past null infinity both look like they are at the same point i0.
However, these are actually separated by an infinite amount
of time. Motivated by CPT invariance, Strominger proposed
the matching

Czz |I+− = Czz|I−+ , mB |I+− = mB |I−+ ,

∂[z Nz̄]|I+− = ∂[z Nz̄]|I−+ (3.24)

in coordinates, as in Sect. 2.3, where the z coordinates near
I± incorporate this antipodal matching. This is consistent
with how the Poincaré generators act, as well as the soft
theorem-based derivation of the Ward identities we will give
below. You will get a chance to explore this in the simple
case of the electromagnetic field of a moving point charge in
the exercises. A systematic treatment for the case of Maxwell
theory can be found in [44].

Comparing (3.24) to (3.15), we see that with an appro-
priate identification of the f (z, z̄) and Y z(z) corresponding
to the diagonal subgroup of BMS+ × BMS−, the classi-
cal charge conservation between the incoming and out-going
states is Q+[ξ ] = Q−[ξ ]. Because these charges generate
transformations on the incoming and outgoing states sepa-
rately, the corresponding Ward identity we would like to hold
for the S-matrix is

〈out |Q+[ξ ]S − SQ−[ξ ]|in〉 = 0. (3.25)

We can show that this indeed is observed in perturbative
gravitational scattering using the soft theorem (3.18) and the
constraint equation (3.11). We will focus on the subleading
soft graviton case here. Using the simple observation that

∫
I+

du∂u (·) = (·)|I
++

I+−
(3.26)

combined with the fact that the u-derivatives of the Bondi
mass and angular momentum aspect are given by the con-
straint equations, we can write the charges defined near i0 in
terms of an integral along u and a contribution near i+. This
future timelike infinity contribution will capture the kinemat-
ics of the massive external states. The case of only massless

scattering simplifies things a bit and we are left with

Q+[Y ] = − 1

8πG

∫
I+

√
γ d2zdu

×
[

1

2
D3
z Y

zu∂uC
zz + Y zTuz + DzY

zuTuu

]

(3.27)

where we have complexified our transformation so that
Y z̄ = 0, which lets us isolate the relations coming from
each helicity soft theorem. The first term can be evaluated
using the saddle point approximation (2.64) and then the
subleading soft theorem, by noting that the u-integral picks
out O(ω0) part of the soft limit. Meanwhile on energy eigen-
states the stress tensor terms, which we will call the hard
charge Q+

H [Y ], act as

〈ωk, zk, z̄k |Q+
H [Y ]

= i

(
Y zk∂zk − 1

2
DzkY

zkωk∂ωk

)
〈ωk, zk, z̄k |. (3.28)

The soft theorem gets contributions from both incoming and
outgoing external legs, while the hard charges act on the
in and out states separately. Together with their incoming
analogs, we find (3.25) holds [15].

This splitting of the asymptotic symmetry generators per-
sists to the more general case

Q±[ξ ] = Q±
S [ξ ] + Q±

H [ξ ] (3.29)

where the soft charge is linear in the metric/gauge field and
generates the inhomogeneous shift as in 3.4. Namely, this
mode is symplectically paired to the Goldstone mode of the
corresponding asymptotic symmetry. This soft operator is
thus a harbinger of the spontaneous symmetry breaking of
the asymptotic symmetry generators that are not part of the
subgroup isomorphic to Poincaré that leaves invariant a given
vacuum. In S-matrix elements this is realized as an extra soft
gauge boson insertion. Diagonalizing this operator requires
going to coherent dressed states. Its classical value corre-
sponds to so-called memory effect observables. In celestial
CFT, this operator will give rise to currents.

Let’s see how this last feature presages our efforts in the
next section. We see from (3.28) that to diagonalize the action
of the hard charge on the matter particles, we will need to
go to Rindler energy eigenstates. We then have a candidate
stress tensor [16]

Tzz = −i
3!

8πG

∫
d2w

1

(z − w)4

∫
duu∂uC

w
w̄, (3.30)
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constructed from this soft mode when Yw = 2i
z−w

. The soft
theorem becomes

〈TzzO1 · · ·On〉 =
∑
k

[
hk

(z − zk)2 + ∂zk

z − zk

]
〈O1 · · ·On〉

(3.31)

and similarly for T̄z̄z̄ where

hk = 1

2

(
�k − ωk∂ωk

)
, h̄k = 1

2

(−�k − ωk∂ωk

)
(3.32)

and we have suggestively used the map (1.1). We see that
in the boost basis the Ward identity for superrotations in 4D
looks like the Ward identity for a stress tensor in 2D.

While we have focused on the gravitational case in this
section, the gauge theory analog of the leading soft theorem
gives a celestial Kac–Moody symmetry [45]. This points to
a 2D description being the most natural way to arrange our
infinite dimensional symmetry enhancements. Before pro-
ceeding to follow this route and introduce celestial ampli-
tudes, let us close this section with a couple comments on
what we have already gained from this soft physics story.
We mentioned in the previous subsection that the asymp-
totic symmetry perspective gives us another way to interpret
IR divergences appearing in amplitudes. We would also like
to be able to take advantage of the infinite number of extra
symmetries we have at hand. For example, these symmetries
should constrain black hole evaporation, where the horizon
analog amounts to a source of soft hair [46–49]. While our
proof of the Ward identity has used perturbation theory, the
real power comes from asserting that these symmetries will
exist in the full quantum theory of gravity. The main aim
of going to the celestial basis is to put ourselves in the best
position to take advantage of these symmetries.

Exercise: The leading soft photon theorem is isomorphic to
a Ward identity for U(1) gauge transformations that are order
O(r0) at null infinity.

(a) Starting from the radial expansion of the vector potential
Aμ

Aμ =
∑
n

r−n A(n)
μ + r−n log r A(n),log

μ (3.33)

write out the radial expansion for Maxwell’s equations
and the harmonic gauge condition. What is the free data?

(b) Consider the solution sourced by a constantly moving
particle with charge Q and four velocity Uμ = γ (1, �β)

jμ = Q
∫

dτUμδ(4)(xν −U ντ ) (3.34)

where γ 2 = (1 − β2)−1. Write down the corresponding
Liénard–Wiechert potential Aμ. How does it behave at
large r fixed u, respectively fixed v? How does it behave
if you then take u → −∞, respectively v → +∞?

(c) Write down the canonical charge for this gauge trans-
formation as an integral over spatial infinity. Then use
Stokes’ theorem and the constraint equation to write this
as an integral of the gauge field and matter current over
null infinity.

(d) Show that the leading soft photon theorem is equivalent
to the semi-classical Ward identity for these large gauge
transformations

〈out |Q+[λ]S − SQ−[λ]|in〉 = 0. (3.35)

Discuss the role of the antipodal matching condition.

4 The holographic map

We’ve see that infinite dimensional symmetry enhancements
are encoded in the infrared behavior of amplitudes and seem
to have a natural description in terms of currents in a 2D
celestial CFT. We’ve also seen from the stress tensor example
a hint of what scattering basis we want to go to. We will now
start by constructing the dictionary for single particle external
states, and then explore how this holographic map rearranges
features of scattering familiar from momentum space into a
CFT language.

4.1 The start of a dictionary

While the IR dynamics hinted at the presence of 2D currents,
the aim of [17–19] was to take us beyond the soft limit of
scattering. The way to do this is to change our scattering
basis. This amounts to changing the wavepackets we prepare
for the in and out states. Let us start with the definition of a
conformal primary wavefunction [18].

Definition: A conformal primary wavefunction is a function
on R

1,3 × C which transforms under SL(2, C) as a 2D con-
formal primary of conformal dimension � and spin J , and a
4D (spinor-) tensor field of spin-s:

�s
�,J

(

μ

νX
ν; aw + b

cw + d
,
āw̄ + b̄

c̄w̄ + d̄

)

= (cw + d)�+J (c̄w̄ + d̄)�−J Ds(
)�s
�,J (X

μ;w, w̄) ,

(4.1)

where Ds(
) is the 3+1D spin-s representation of the Lorentz
algebra.

In what follows we will also demand that our wavefunc-
tions are solutions to the corresponding spin-s linearized bulk

123



1062 Page 14 of 24 Eur. Phys. J. C (2021) 81 :1062

equations of motion. For massless fields, radiative solutions
will have |J | = s. These restrictions can be relaxed in which
case we refer to them as generalized primaries [50]. Such
generalizations naturally appear in the conformal multiplets
of radiative primaries for special values of the conformal
dimension [51,52]. Given such a wavefunction, we can con-
struct a celestial primary operator as follows [53]

Os,±
�,J (w, w̄) ≡ i(Ôs(Xμ),�s

�∗,−J (X
μ
∓;w, w̄))� . (4.2)

The ± superscript on the operator indicates whether the oper-
ator is incoming or outgoing. It is selected by an appropriate
analytic continuation of Xμ in the wavefunction,6 as indi-
cated by the subscript Xμ

± = Xμ ± i{−1, 0, 0, 0}. Much like
in the momentum case, we need a local operator in the bulk
and an inner product on a Cauchy slice. To prepare the in and
out states we can push these Cauchy slices to I± so that we
can define these operators in terms of boundary data.

By construction, the transformation law (4.1) gives us an
object which transforms like a local 2D quasi-primary. We
can see this as follows. In Sect. 2.1 we introduced SL(2, C)

generators acting as isometries in 4D (2.4) and conformal
isometries in 2D (2.17), explicitly realizing this isomorphism
by embedding the celestial sphere into the R

1,3 lightcone
via (2.24). If we distinguish the action on Xμ versus on
(w, w̄) with appropriate subscripts, the infinitesimal version
of (4.2) amounts to [51]

(Mμν

R1,3 + Mμν

C
)�s

�,J (X
σ ;w, w̄) = 0. (4.3)

Both the left and right hand sides of (4.2) are operators
defined on the 4D Hilbert space H. Acting with the cor-
responding generators of Sect. 2.2 which, for the sake of
comparing to the notation here, we denote Mμν

H , the Lorentz
invariance of the inner product and (4.3) implies

[Mμν

H , Ôs(X)] = −LMμν

R1,3
Ôs(X)

⇒ [Mμν

H ,Os,±
�,J (w, w̄)] = −LMμν

C

Os,±
�,J (w, w̄) (4.4)

up to the same caveat about gauge transformation equiva-
lence classes discussed at the end of Sect. 2.2. Explicitly, we
thus have

L0Oh,h̄ = 2(w∂w + h)Oh,h̄, L−1Oh,h̄ = ∂wOh,h̄,

L+1Oh,h̄ = (w2∂w + 2wh)Oh,h̄

L̄0Oh,h̄ = 2(w̄∂w̄ + h̄)Oh,h̄, L̄−1Oh,h̄ = ∂w̄Oh,h̄,

L̄+1Oh,h̄ = (w̄2∂w̄ + 2w̄h̄)Oh,h̄

(4.5)

6 We will see in what follows that this regulator is needed for the con-
vergence of the Mellin transform that defines these wavefunctions, and
will also regulate singularities they would otherwise have. We will sup-
press this ± when reasonable, as well as the s superscript on operators
and wavefunctions whenever our modes are radiative and its value is
apparent from the context.

where

h = 1

2
(� + J ), h̄ = 1

2
(� − J ). (4.6)

While we have gotten a long way by specifying the covari-
ance properties of the external wavefunctions, let us actually
construct them. The building blocks for such conformal pri-
maries are objects which transform with definite SL(2, C)

weight under

Xμ �→ 
μ
νX

ν , w �→ aw + b

cw + d
, w̄ �→ āw̄ + b̄

c̄w̄ + d̄
. (4.7)

Starting from the reference vectorqμ and polarization vectors
ε
μ
± of (2.24) and (2.49), we can construct the following null

tetrad [50]

lμ = qμ

−q · X , nμ = Xμ + X2

2
lμ ,

mμ = ε
μ
+ + (ε+ · X)lμ , m̄μ = ε

μ
− + (ε− · X)lμ , (4.8)

which further decomposes into the spin frame

laḃ = oaōḃ , naḃ = ιa ῑḃ , mαḃ = oa ῑḃ , m̄aḃ = ιaōḃ (4.9)

where

oa = i(−q · X)−
1
2 |q]a, ιa = 1√

2
Xaḃō

ḃ. (4.10)

The SL(2, C) weights of these objects are summarized in
Table 1. Wavefunctions with � ∈ C and J ∈ 1

2 Z can be
constructed by taking products of these tetrad and spin frame
elements with a scalar primary of the form

ϕ
gen
� ≡ f (X2)ϕ�, ϕ� = 1

(−q · X)�
, (4.11)

for an arbitrary function f .
Now to use such wavefunctions in (4.2), we want them to

also satisfy the appropriate linearized equations of motion.
We will focus on the integer spin massless case here.
Demanding (2.47) we find two sets of solutions

A�,J=+1 = mϕ� , A�,J=−1 = m̄ϕ� ,

h�,J=+2 = mmϕ� , h�,J=−2 = m̄m̄ϕ� ,
(4.12)

and

Ã�,J=−1 = −(−X2)�−1m̄ϕ� , Ã�,J=+1 = −(−X2)�−1mϕ� ,

h̃�,J=−2 = (−X2)�−1m̄m̄ϕ� , h̃�,J=+2 = (−X2)�−1mmϕ� .

(4.13)
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Table 1 SL(2, C) quantum numbers for elements of our tetrad and spin frame

lμ nμ mμ m̄μ oa ōȧ ιa ῑȧ

� 0 0 0 0 0 0 0 0

J 0 0 +1 −1 + 1
2 − 1

2 − 1
2 + 1

2

The conformal primary condition with |J | = s naturally
gauge fixes us to solutions that match an uplift of the bulk-
to-boundary propagator in AdS [18]. The solutions (4.12)
and (4.13) are related by the conformal shadow transform

Õ2−�,−J (w, w̄) = k�,J

2π

∫
d2w′ O�,J (w

′, w̄′)
(w − w′)2−�−J (w̄ − w̄′)2−�+J

.

(4.14)

and are thus not linearly independent. Here the constant
k�,J = � − 1 + |J | is chosen so that this transform squares
to (−1)2J . The shadow transform maps quasi-primaries to
quasi-primaries with Weyl reflected weights (h, h̄) �→ (1 −
h, 1 − h̄). In standard CFT contexts it is used to construct
projectors onto particular operator contributions to confor-
mal blocks [54,55]. Here it appears as an ambiguity in our
choice of basis [18], and can thus play an important role
in our celestial dictionary. Indeed, we have already actually
seen this transform covertly appearing in our definition of
the stress tensor (3.30).

A nice feature of (4.12) is that these solutions are gauge
equivalent to the Mellin transforms of the corresponding
plane wave solutions, up to an overall normalization. This
integral transform is defined as

M[ f ](�) =
∫ ∞

0
dωω�−1 f (ω) ≡ φ(�) , (4.15)

and can be inverted via

M−1[φ](ω) = 1

2π i

∫ c+i∞

c−i∞
d�ω−�φ(�) = f (ω) .

(4.16)

For our purposes we can use the contour c = 1. For the scalar
we see that

1

(−q · X±)�
= (±i)�

�(�)
φ�,±,

φ�,± =
∫ ∞

0
dωω�−1e±iωq·X−ωε. (4.17)

Meanwhile spin-1 and spin-2 wavefunctions similarly differ
by an overall factor and gauge transformation. Explicitly,

A±
μ;�,J (X

μ;w, w̄)

= � − 1

�

√
2(±i)�

�(�)
εμ;Jφ�,± + ∇μλ±

�,J ,

h±
μν;�,J (X

μ;w, w̄)

= � − 1

� + 1

(±i)�

�(�)
εμν;Jφ�,± + ∇μξ±

ν;�,J + ∇νξ
±
μ;�,J ,

(4.18)

for gauge parameters λ�,J , and ξ
μ
�,J whose explicit form

can be found in [53].
By being able to write our wavefunctions as integrals over

the on-shell momenta, we can apply these integral transforms
directly toS-matrix elements to get ourCelestial Amplitudes.
For the massless case, the map (1.1) becomes

〈O±
�1

(z1, z̄1) · · ·O±
�n

(zn, z̄n)〉

=
n∏

i=1

∫ ∞

0
dωiω

�i−1
i 〈out |S|in〉. (4.19)

This will be the central object of study in what follows.
Radiative data is captured by � ∈ 1 + iR on the princi-
pal series [18], from which we can analytically continue to
� ∈ C [53]. Similar integral transforms exist for the mas-
sive case which are built using tools from the CFT embed-
ding space formalism applied to the p2 = m2 hyperboloid
[17]. These will involve a three dimensional integral over
the (y, z, z̄) of (2.42) for each external state, whose ker-
nel strongly weights configurations that are highly boosted
towards a chosen reference direction (w, w̄).

4.2 Soft limits as currents

Now that we have a map that takes us fromS-matrix elements
in the usual energy eigenstates to boost eigenstates designed
to transform as 2D conformal correlators, it is worth revisit-
ing how energetically soft limits are now encoded. A priori
it is not obvious that a factorization that occurs in the limit
ω → 0 would turn into a similar factorization once we inte-
grate over all energies.

Let us tackle this problem in a manner that takes the
most advantage of the formalism we have reviewed thus far:
namely, starting with asymptotic symmetries and our con-
formal primary wavefunctions. The operators constructed
in (4.2) generate the following shift on the bulk operator
Ôs(X)

[Os,±
�,J (w, w̄), Ôs(X)] = i�s

�,J (X;w, w̄). (4.20)
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We thus see that if we can identify conformal primary wave-
functions that correspond our asymptotic symmetries, we
know the corresponding celestial basis soft operator/current.
It turns out that there are only a discrete set of conformal
dimensions � for which the conformal primaries are pure
gauge. These are listed for s ≤ 2 in Table 2 below. Their
asymptotic symmetry interpretation can be verified by per-
forming a large-r expansion of the corresponding Goldstone
modes.

Let us now see how this bears out in the transformed ampli-
tude (4.19). As observed in [23], poles in ω will translate to
poles in �. In particular, if our momentum space amplitude
behaves as

A := 〈out |S|in〉 ∼ ω−1A(1) + A(0) + · · · (4.21)

as we take the energy of one of the scattering states soft, we
see that the IR contribution to the Mellin integral

∫ 


0
dωω�−1ωa = 
�+a

a + �
(4.22)

will give poles at � = 1, 0, . . . on and to the left of the prin-
cipal series. We will return to the UV behavior in Sect. 4.4.
So long as it falls off fast enough we can use

lim
ε→0

ε

2
ωε−1 = δ(ω) (4.23)

to extract the residue in the limit [56]

lim
�→−n

(� + n)

∫ ∞

0
dωω�−1

∑
k

ωk A(k) = A(n). (4.24)

We see that we have a conformal basis analog of our result
from Sect. 3.3. Namely, amplitudes in the conformal basis
obey a conformally soft factorization which appear as poles
in the celestial amplitude at special values of�. Moreover, we
have the nice feature that subleading soft theorems that occur
at different orders in the same ω → 0 limit get separated
out to different values of � in the conformal basis. At the
same time, this is telling us that we need to take seriously
the behavior of amplitudes continued off the spectrum that
captures standard radiative states.

In momentum space, we know there are more soft theo-
rems than the ones with an obvious large gauge symmetry
interpretation tabulated in Table 2. We note that being con-
formal primary is effectively a choice of gauge, so while this
does not conflict with efforts to attach an asymptotic symme-
try to such soft theorems using different gauge choices [57–
59], for the purpose of celestial CFT it would be nicer to have
a construction that captures these currents in an SL(2, C)

covariant manner. We indeed find such a structure by look-

Fig. 3 Celestial Diamond illustrating the nested submodule structure
of SL(2, C) primary descendants that exist for special values of the
conformal weights

ing at the SL(2, C) descendants [60–62]. Using the alge-
bra (2.29) we have

[L1, (L−1)
k] = k(L−1)

k−1(2L0 + k − 1) , (4.25)

so that

L1(L−1)
k |h, h̄〉 = k(2h + k − 1)(L−1)

k−1|h, h̄〉 . (4.26)

We see that a state with weight h = 1
2 (1−k) for k ∈ Z> will

have a primary descendant at level k. An analogous computa-
tion holds for the barred modes. When both the left and right
handed weights take on these special half integer values, we
get a nested structure of primary descendants as illustrated
in Fig. 3.

In the context of celestial CFT these descendancy rela-
tions, referred to as celestial diamonds [51,52], connect
soft charges to conformal dressings, capture shadow/helicity
redundancies, and account for infinite towers of soft theo-
rems that have appeared in the recent literature [63,64]. For
the purpose of these lectures we will focus on the manner in
which they capture the more subleading soft theorems and
give generalized currents in CCFT. Noting that the standard
current conservation laws

∂w̄ jw = 0, ∂w̄Tww = 0 (4.27)

as (vanishing) primary descendants that give null state rela-
tions in ordinary 2D CFTs, we now have generalized conser-
vation laws that involve higher derivative descendants. We
will see in the next section how to use the symmetries associ-
ated to these subleading soft theorems and their descendancy
relations to derive recursion relations for celestial OPE coef-
ficients.

Let us now return to the soft theorems we examined in
Sect. 3 and show how we can use the operators we’ve defined
in this section to reproduce the BMS algebra. Starting with
the conformal primary operators identified with asymptotic
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Table 2 Conformal Goldstone modes of spontaneously broken asymptotic symmetries for particles with spin 1 ≤ s ≤ 2

A�
μ χ�

μ h�
μν

� 1 1
2 1 0

Symmetry Large U (1) Large SUSY Supertranslation Shadow superrotation ∈ Diff(S2)

symmetries in Table 2 we define7

P(z) = lim
�→1

(� − 1)∂z̄O�,+2(z, z̄),

T (z) = 3!
2π

∫
d2w

1

(z − w)4 lim
�→0

�O�,−2(w, w̄) (4.28)

and the mode operators

Pa,−1 =
∮

dzza+1P(z), Ln =
∮

dzzn+1T (z). (4.29)

Defining the commutator of of two holomorphic operators
via

[A, B](z) = 1

2π i

∮
z
dwA(w)B(z) (4.30)

we find that these mode operators obey the BMS algebra [65]

[Lm, Ln] = (m − n)Lm+n,

[L̄m, L̄n] = (m − n)L̄m+n, (4.31)

[Ln, Pa,b] =
(
n − 1

2
− a

)
Pa+n,b,

[L̄n, Pa,b] =
(
n − 1

2
− b

)
Pa,b+n . (4.32)

Starting with the modes Pa,−1 and P−1,a , coming from the
descendant of the � = 1 graviton P(z) and its complex con-
jugate, the remaining Pn,m can be generated by the action of
the Ln and L̄n on. These statements rely on radial quantiza-
tion techniques as well as the collinear behavior of ampli-
tudes. In particular, we see the state operator correspon-
dence |h, h̄〉 = Oh,h̄(0, 0)|0〉 appearing implicitly in (4.26)
and symmetry generators defined on contours in (4.31). Our
understanding of how to apply these tool to celestial CFT is
still evolving and we will use Sect. 5 to present the current
state of affairs.

A good reference for seeing the details of how to apply
these symmetries to explicit amplitudes is [66]. Our deriva-
tion in the next section will use similar tools, as will the
exercise at the end of this section. Let us take a minute to
look at how even just by considering the translation genera-
tors we get non-trivial constraints on our celestial amplitudes

7 Note that the operator P(z) is a descendant of a primary rather than
a primary itself. While it is thus not a holomorphic current [65], our
notation reflects the fact that ∂z̄ P(z) is a primary descendant that reduces
to contact terms in correlators.

[67,68]. Here we will use A to denote the celestial ampli-
tude arrived at by Mellin transforming the momentum space
amplitude A. The constraints coming from Poincaré invari-
ance can be written as differential constraints in the (wk, w̄k)

of the celestial correlators

LiA = LiA = PμA = 0 (4.33)

where

Li =
∑
k

Li,k, Li =
∑
k

Li,k, Pμ =
∑
k

Pμ,k (4.34)

are the symmetry transformations acting on each of the oper-
ators in the celestial correlator. We have already derived
the Li,k in Sect. 4.1. Namely we are using this shorthand
to denote the right hand side of (4.5) for the kth operator
with weights (hk, h̄k) at (wk, w̄k). We can similarly derive
the action of the translation generator Pμ. Starting from the
momentum basis we have

Pμ,k A = ηkωkqμ,k A ⇒ Pμ,kA = ηkqμ,ke
∂�kA (4.35)

using pk = ηkωkqk and then noting that the factor of ωk

shifts the argument of the Mellin transform. While the action
of theLi is built into the conformal covariance of the celestial
amplitude, we get a non-trivial constraint from the Pμ. In
particular, looking at the q+ = 1

2 (q0 + q3) component we
have

∑
k

A(�1, . . . ,�k + 1, . . . ,�n) = 0. (4.36)

For low point Mellin amplitudes translation invariance
implies they will have singular support. We will explore this
in more detail in Sect. 4.4. Let us now turn to a study of
collinear limits and how they are captured by celestial OPEs.
Our ability to use symmetries to constrain them will prove
to be a key feature of our celestial story.

4.3 Collinear limits as OPEs

We have seen that by tuning the conformal dimensions of
our operators we land on celestial currents which obey con-
formally soft factorization theorems. We can also consider
what happens when we move operators around on the celes-
tial sphere. From the amplitudes side, having two operators
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approach each other should correspond to a collinear limit.
In CFT this limit would be governed by an operator product
expansion.

We will now show that our holographic dictionary indeed
lands us on a celestial OPE that captures the collinear limits
of scattering. Perhaps surprisingly there are two routes one
can follow. The first is to start from the collinear limit of the
amplitude and then perform the Mellin transform [65,69].
The second route is to use the symmetries we studied in the
previous section to establish consistency conditions on the
leading OPE coefficients which turn out to have a unique
solution [70]. We will consider both routes in turn.

In keeping with our primary focus on gravitational exam-
ples throughout these lectures, we will now look at the
collinear limit of two outgoing gravitons. Aside from the
new connection to celestial diamonds, the computation of
collinear limits shown here is based off of [70]. See also
[24,65]. To do so we will need to take a holomorphic collinear
limit sending zi j → 0 while holding z̄i j fixed. From the
momentum space amplitude we have

lim
zi j→0

A�1···�n (p1, . . . , pn)

−→
∑
s∈±2

Splitssi s j (pi , p j )A�1···�n (p1, . . . , P, . . . , pn)

(4.37)

where

Pμ = pμ
i + pμ

j , ωP = ωi + ω j (4.38)

and the collinear splitting factors have the following non-zero
components

Split2
22(pi , p j ) = −κ

2

z̄i j
zi j

ω2
P

ωiω j
, Split−2

2−2(pi , p j ) = −κ

2

z̄i j
zi j

ω3
j

ωiω
2
P

.

(4.39)

Upon performing the change of variables

ωi = tωP , ω j = (1 − t)ωP , (4.40)

the Mellin transform hitting the splitting function takes the
form

∫ ∞

0
dωiω

�i−1
i

∫ ∞

0
dω jω

� j−1
j Split2

22 (·)

= −κ

2

z̄i j
zi j

[∫ 1

0
dtt�i−1(1 − t)� j−2

] ∫ ∞

0
dωPω

�i+� j−1
P (·)

(4.41)

and similarly for Split−2
2−2(pi , p j ). The term in brackets is

the only t dependence and this integral gives the Euler beta

function. We thus have

O�1,+2(z1, z̄1)O�2,+2(z2, z̄2)

∼ −κ

2

z̄12

z12
B(�1 − 1,�2 − 1)O�1+�2,+2(z2, z̄2),

O�1,+2(z1, z̄1)O�2,−2(z2, z̄2)

∼ −κ

2

z̄12

z12
B(�1 − 1,�2 + 3)O�1+�2,−2(z2, z̄2).

(4.42)

Let us now see how we can actually derive these leading
OPE coefficients using celestial symmetries and what we’ve
covered thus far.

First, let us look at how our discussion of the Poincaré
invariance (4.33) generalizes. Looking back at the Ward iden-
tity for the subleading soft graviton (3.31), we have an equal-
ity between a soft mode insertion which shifts the vacuum and
a sum over infinitesimal transformations of the other oper-
ators. Now the soft and hard operators play distinct roles.
From the point of view of celestial diamonds, the soft theo-
rems come from operators at either the left (right) corner. The
right (left) corner is its shadow, and these both descend to the
soft charge at the bottom corner. Looking at the form of the
constraint equations (3.11), we see that while the soft charge
is a primary descendant it is being equated to a hard charge
which should thus also be a primary but is not a descendant.

We can thus think of a Ward identity as living at the bottom
corners of the celestial diamond. If we smear this relation
with a function in the kernel of the descendancy relation
that takes us from the soft theorem to this soft charge, the
contribution from the soft charge will vanish and we are left
with a global symmetry of the form

∑
k

〈O1 · · · δOk · · ·On〉 = 0,
∑
k

〈O1 · · · δ̄Ok · · ·On〉 = 0

(4.43)

where we are taking into account that, for all but the leading
soft theorems in gauge theory and gravity, there are indepen-
dent identities coming from each helicity.

The sub-subleading soft graviton appears at � = −1, J =
±2 and has a level-4 primary descendant. For the purpose
of these lectures, let us start with the corresponding global
symmetry transformation identified in [70]

δO�k ,Jk (zk, z̄k) = −κ

4
[2hk(2hk − 1)

+ 8hkzk∂zk + 3z2
k∂

2
zk ]O�k−1,Jk (zk, z̄k),

δ̄O�k ,Jk (zk, z̄k) = −κ

4
[2h̄k(2h̄k − 1)

+ 8h̄k z̄k∂z̄k + 3z̄2
k∂

2
z̄k ]O�k−1,Jk (zk, z̄k).

(4.44)
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Acting with these symmetries on an ansatz OPE of the form

O�1,+2(z1, z̄1)O�2,±2(z2, z̄2)

∼ −κ

2

z̄12

z12
E±(�1,�2)O�1+�2,±2(z2, z̄2), (4.45)

motivated by dimensional analysis, gives a recursion relation
for the E±(�1,�2)

(�1 + 1)(�1 − 2)E±(�1 − 1,�2)

+ (�2 ∓ 2 − 1)(�2 ∓ 2)E±(�1,�2 − 1)

= (�1 + �2 ∓ 2)(�1 + �2 ∓ 2 − 1)E±(�1,�2).

(4.46)

Combined with another recursion relation from translation
invariance that you will derive in the exercises, and the fact
that � → 1 should match the normalization of the leading
soft graviton theorem, we land on on (4.42).

We see that symmetries in celestial CFT are quite pow-
erful. While we have shown how to use the sub-subleading
soft graviton to constrain the leading OPE data, the confor-
mal covariance associated to the subleading soft graviton lets
us extend this OPE to include descendants. Following a sim-
ilar spirit to (4.29) one can investigate the symmetry algebras
associated to these OPEs. A common theme in the recent lit-
erature is to allow ourselves to complexify the zi j and look
at the holomorphic and antiholomorphic algebras separately.
We will highlight some of the recent interesting results that
have expanded on this technology in Sect. 5.

4.4 More fun with celestial amplitudes

In principle, with an understanding of the spectrum and OPE
coefficients we have the data of our celestial CFT. The last
three subsections have been focused on these aspects of
CCFT. The aim is then to be able to use CFT techniques
to learn about scattering. So far we have tried to make gen-
eral statements about features of celestial amplitudes. In this
section, we will take a closer look at the specific form of the
transformed amplitudes, focusing on massless 2 → 2 scat-
tering. This will give us a chance to comment on some of the
exotic features of celestial CFT and how the can either be
tamed or used as a new tool. We will be following [19,71].
Our convention for spinor helicity variables (2.50) matches
[5] as in [19].

Recall that the momentum space amplitude contains a dis-
tributional factor enforcing momentum conservation

A = M(pi )δ
(4)

(
n∑

i=1

pi

)
. (4.47)

This δ-function also undergoes the Mellin transformation. If
we make a change of variables

ωi = Sσi , S =
∑
i

ωi , (4.48)

we have
n∏

i=1

∫ ∞

0
dωiω

�i−1
i (·)

=
∫ ∞

0
dSS

∑
i �−1

n∏
i=1

∫ 1

0
σ

�i−1
i δ

(∑
i

σi − 1

)
(·) .

(4.49)

Because the momentum conserving delta function is homo-
geneous under simultaneous scale transformations of all the
ωi we end up with five constraints

δ(4)

(∑
i

ηiσi qi

)
δ

(∑
i

σi − 1

)
= C(zi , z̄i )

n≤5∏
i=1

δ(σi−σi∗)

(4.50)

for some C(zi , z̄i ) which will impose 5 − n constraints on
the zi j . On the one hand the n ≤ 5 point functions are easy
to compute since we have

[i j] = 2
√

ωiω j z̄i j , 〈i j〉 = 2ηiη j
√

ωiω j zi j , (4.51)

we can just substitute the ωi → S σi∗. The σi integrals give
indicator functions 1[0,1](σi∗) enforcing σi∗ ∈ [0, 1]. For
tree level amplitudes the remaining S integral just gives a
distribution and we are set.

At the same time, however, this also implies the Mellin
2-,3-, and 4-point functions will have singular support.8 The
two point function is proportional to the inner product for
the single particle states, hence a contact term. To study the
3-point function we need to analytically continue to R

2,2,
where the amplitude will have δ-function support in either
the z̄i j or the zi j for MHV and anti-MHV, respectively [19].
These can be tamed with appropriate shadow transforms in
R

1,3 [72] and light transforms in R
2,2 [73,74].

Here we will focus on the 4-point function. From global
conformal invariance we expect the correlator of four pri-
maries to take the form

〈Oh1,h̄1
(z1, z̄1)Oh2,h̄2

(z2, z̄2)Oh3,h̄3
(z3, z̄3)Oh4,h̄4

(z4, z̄4)〉
=

∏
i< j

z
h
3 −hi−h j

i j z̄
h̄
3 −h̄i−h̄ j

i j f (z, z̄) (4.52)

8 Scattering massive particles avoids these kinematical singularities
[17].
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where h = ∑
hi , h̄ = ∑

h̄i and z, z̄ are the cross ratios

z = z12z34

z13z24
, z̄ = z̄12 z̄34

z̄13 z̄24
. (4.53)

Meanwhile the generic massless four point amplitude in
momentum space takes the form

A = H(zi , z̄i )M(s, t)δ(4)

(
4∑

i=1

pi

)
,

H(zi , z̄i ) =
∏
i< j

(
ηiη j

〈i j〉
[i j]

) 1
2 ( 1

3 s−si−s j )

. (4.54)

Following the procedure outlined above, the corresponding
celestial amplitude reduces to

A = X (zi , z̄i )
∫ ∞

0
dωωβ−1M(ω2,−z−1ω2), (4.55)

where β = ∑
(�i − 1) and the kinematical factor X (zi , z̄i )

is given by

X (zi , z̄i ) =
∏
i< j

z
h
3 −hi−h j

i j z̄
h̄
3 −h̄i−h̄ j

i j

×θ(z − 1)2−2− 1
2 β z2− 1

6 (β+4)

×(1 − z−1)
1
6 (β+4)δ(i(z − z̄)). (4.56)

Momentum conservation forces the cross ratio to be real and
restricts the range of support for each 4D crossing channel.
We have focused on the 12 → 34 channel here.

Celestial amplitudes probe scattering at all energy scales.
By writing A in the form (4.55) we see how to convert data
from an EFT expansion into statements about the analytic
structure in the � ∈ C plane [71]. This analyticity is very
sensitive to the UV behavior. As alluded to above, theS inte-
gral for tree amplitudes gives a distribution in β. Moreover,
it is formally divergent for 4-graviton scattering when the
weights are restricted to the principal series spectrum. How-
ever, as pointed out in [75] adding string form factors saves
this. While we have spent most of these lectures focusing on
how CCFT lets us take advantage of the symmetries of scat-
tering, this anti-Wilsonian approach hints at yet another way
the celestial CFT paradigm might help us identify non-trivial
consistency conditions for quantum gravity.

Exercise: Celestial Amplitudes are highly constrained by
symmetries. This exercise will provide some practice using
the tools introduced in this section.

(a) Starting from the shadow primaries (4.13), identify the
values of � at which they become pure gauge. What asymp-
totic symmetries do they correspond to? States with these
values of �, J will have primary descendants. Show that the

corresponding descendant wavefunctions indeed transform
as in (4.1).
(b) Starting from the ward identity forPμ (4.33) and the OPE
ansatz (4.45), derive the recursion relation for E(�1,�2) that
arises from translation invariance. Show that

E±(�1,�2) = B(�1 − 1,�2 ∓ 2 + 1) (4.57)

satisfies both this recursion relation and the one in (4.46).
(c) Consider 2 → 2 massless scattering. Show that the
momentum conserving delta function fixes all four energies
to functions of the {zi j , z̄i j }, by solving for the σi∗ in (4.50).
For what values of the cross ratio does the celestial amplitude
have support for each channel i j � kl?
(d) Consider the low energy expansion for the scattering of
photons and gravitons

M(ω2,−z−1ω2) =
∑

r≤m;n
an,m,r (z)ω

2n(Gω2)m logr
(

ω


UV

)
.

(4.58)

Using manipulations analogous to our study of soft lim-
its (4.21)–(4.24), identify how these an,m,r (z) are encoded
in the complex β plane of the corresponding celestial ampli-
tude. What limit of scattering does fixed conformal cross
ratio probe?

5 Literature guide

The papers [7,8] by Strominger kicked off a series of insights
into connections between infrared limits of scattering and
asymptotic symmetries of asymptotically flat spacetimes,
with [76,77] demonstrating an equivalence between soft the-
orems studied by Weinberg [9] and the asymptotic analysis
of Bondi, van der Burg, Metzner, and Sachs [10–12]. The
fact that there were also corresponding physical observables
added the third vertex to what became known as the IR tri-
angle [40,42,78]. Memory effects [79–82] were the position
space incarnation of the soft operators that generated asymp-
totic symmetry transformations and could serve as experi-
mental probes of the assumptions built into our asymptotic
analyses [42,43,83]. This pattern of relations helped point
to missing vertices and natural generalizations [84–93]. As
compared to the leading supertranslation iteration which con-
nected disparate research lines from the 60’s, each corner of
the superrotation iteration of the triangle was new [21]. On
the asymptotic symmetry side, there had been various propos-
als to extend the Lorentz subgroup to include superrotations
[14,94]. With the viewpoint that soft theorems are equiv-
alent to Ward identities, [13] found a new subleading soft
theorem for gravity, which was then shown to give a ward
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identity for superrotations [15]. These infinite dimensional
symmetry enhancements further led to new insights into old
questions about IR divergences and dressings [39,95–97].
Moreover the corresponding symmetries gave black holes a
source of soft hair [46–49], an idea that has spurred many
followup investigations [98–106].

A central theme of soft physics story [20] was the manner
in which 4D soft operators looked like 2D currents. However
superrotations were only diagonalized for Rindler energy
eigenstates [15]. The fact that this symmetry provided a can-
didate stress tensor [16] motivated a change of basis [17–19].
While, relevant work on the corresponding representations
for these scattering states dates back to [107], the Mellin
transform that implemented this change of basis was inspired
by the work of [22] which considered a holographic reduc-
tion of Minkowski space onto hyperbolic slices. A similar
route was followed by [23] which nicely demonstrated fea-
tures of the IR symmetry currents from this slicing point of
view.

Since then, there has been a concerted effort to under-
stand how features of amplitudes get translated into the celes-
tial basis, as well as how to take advantage of the CFT
structure to learn about scattering. These efforts include:
understanding conformally soft modes [108,109] and their
relation [53] to the principal series basis; identifying con-
formally soft theorems [23,56,69,110–112] and celestial
OPEs [65,66,69,70,113,114]; extending the construction of
conformal primaries to other spins [50,115–117]; identify-
ing constraints on celestial amplitudes coming from global
symmetries [67,68,118], the conformal multiplet structure
[51,52,61,62], and differential constraints on celestial corre-
lators from soft theorems [66,119]; understanding the celes-
tial analog of double copy relations [50,120], UV behavior
[71,75], loop effects [71,121], and supersymmetry [122–
125]; identifying conformal dressings [52,71], sources of
central extensions [126,127], enhanced symmetry algebras
[63,64] as well as how they connect to [51,52] effective
degrees of freedom for the spontaneously broken symmetries
[23,128] and the corresponding vertex operators [126,127];
defining a state operator correspondence [129] and inves-
tigating conformal block decompositions [130–132]; and
more!
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