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Abstract We show that the physical conditions which
induce the Thakurta metric, recently studied by Boehm et
al. in the context of time-dependent black hole masses, cor-
respond to a single accreting compact object in the entire
Universe filled with isotropic non-interacting dust. In such a
case, accretion physics is not local but tied to the properties
of the whole Universe. We show that radiation, primordial
black holes or particle dark matter cannot produce the spe-
cific energy flux required for supporting the mass growth of
the compact objects described by the Thakurta metric. In par-
ticular, this solution does not apply to black hole binaries. We
conclude that compact dark matter candidates and their mass
growth cannot be described by the Thakurta metric, and thus
existing constraints on the primordial black hole abundance
from the LIGO-Virgo and the CMB measurements remain
valid.

1 Introduction

If primordial black holes (PBHs) exist, their binary formation
starts before the matter-radiation equality. The merger rate
of these binaries and the resulting gravitational wave (GW)
signal strength both depend on the PHB mass distribution
and abundance [1-7]. In the standard picture, where PBHs
formed spatially with a Poisson distribution, and their accre-
tion rate is low, the PBH merger rate today would exceed the
one indicated by the LIGO-Virgo observations [8,9] if a large
fraction of dark matter (DM) was in ~ 1—100M PBHs.
The LIGO-Virgo observations, therefore, constrain the PBH
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abundance within such mass range [3-6,10,11]. In addition,
the scenario where majority of the observed black hole (BH)
mergers originated from PBHs is disfavoured while the pres-
ence of a PBH subpopulation within the observed BH merg-
ers remains a viable possibility [11-15].

If the PBH masses change significantly during their evolu-
tion, e.g. due to PBHs accretion or mergers, GW signals from
PBH binaries are also affected. This phenomenon by itself is
simple and robust. However, its realization depends on many
nontrivial details such as the nature and properties of DM,
initial perturbations and structure formation and the highly
non-linear accretion dynamics of BHs. The evolving mass
will also affect other early Universe constraints on the PBH
abundance, such as all the limits due to the PBH accretion
[16-22].

In this paper, we consider the recently suggested possi-
bility that cosmological BHs are described by the Thakurta
metric [23]}

()

where a is the scale factor, f(r) = 1 —2m/r, H = a/a
and m is a constant. The Thakurta ansatz was claimed to
imply significant modifications to the constraints on the PBH
abundance due to GWs from PBH mergers [24] and due to
energy injection into the CMB due to accretion [25].

The Thakurta spacetime is a generalized McVittie solu-
tion with accretion [26]> The Thakurta metric approximates
the FRW metric at » > am. At r < H™!, it resembles a
Schwarzschild BH, but with an evolving mass. However, the
Thakurta metric does not possess a BH-like horizon [27] and
thus referring to the object described by the Thakurta metric

2
ds? = F(r)de® — a(r)? <dL + r2d§22> , (1

! We use geometric units c = G = 1.

2 By accretion we mean M > 0, which, in general relativity, implies
influx of energy.
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as a BH would be a misnomer. We call it a Thakurta com-
pact object (TCO). Nevertheless, as long as the objects are
sufficiently compact, the absence of an event horizon will
not affect binary formation in the early universe and thus the
LIGO-Virgo merger rate constraints can be applied. More-
over, Ref. [24] argued that, after a virialized DM halo absorbs
the TCO, it should be described as a Schwarzschild BH. If this
scenario can be realized, the TCO binaries can be treated as
PBH mimickers in the context of LIGO-Virgo observations.

The Misner—Sharp mass of a TCO enclosed in a sphere of
areal radius R = ar is

4 3
Mwms(R) = ma + ?p(R)R‘, (2)

where p(R) = p/f(R) and p denote the energy density
of the ambient cosmic fluid at R and at spatial infinity. The
first term corresponds to a point-like mass, while the last term
can be interpreted as the mass of matter surrounding it. In the
Newtonian limit, the Misner—Sharp mass coincides with the
Newtonian mass at the leading order [28]. Thus, at distances
M < R < 1/H, the TCO is approximately described by a
Newtonian point particle with growing mass,

M = ma. 3)

The accretion rate of such objects is proportional to the Hub-
ble rate, i.e., M = HM, thus tying together cosmological
expansion and the local accretion physics.

In general relativity, the Thakurta metric (1) implies the
spherical accretion that the spherical accretion of matter> into
the TCO follows the stress-energy tensor [26,27]

T = (p+ Puu’ + Pg" +uq", @)

where u, u” =1, g,u"* =0, q, describes a radial heat flow
with g, q" = m?H?/(4rr?af)? and P is the pressure of
the cosmic fluid. This idealized radial energy flux is com-
pletely isotropic and supports the specific accretion of mass
given in Eq. (3). As the Thakurta spacetime is constructed by
first postulating the metric, the properties of the surrounding
matter are implied by the Einstein equations and not by any
microscopic model of matter. Most obviously, the metric (1)
does not capture the complexities of accretion physics nor
the effects that lead to anisotropies and structure formation.

The Thakurta metric includes ambient cosmic fluid that
is smooth at the scales comparable to the size of the object
and thus can not consist of compact objects of a similar size.
Therefore, all DM can not consist of TCOs, but an addi-
tional smooth DM component, e.g., particle or fuzzy DM,
is required. We can naively construct a universe filled with

3 In case the radial velocity of matter vanishes exactly, the influx of
energy is caused by pure heat flow. Even an infinitesimal flux of matter
reverses the direction of the heat flow and the mass growth is domi-
nated by the influx of matter [29]. Some infall of matter, e.g.baryons,
is expected in any realistic cosmology.

@ Springer

TCOs by gluing together several Thakurta spacetimes.* The
energy within a spherical volume V is given by the Misner—
Sharp mass (2). If the separation between TCOs is much
larger than their size, then f & 1 and thus the ambient energy
density is roughly constant, p &~ p. Within this approxima-
tion, we can consider non-spherical patches with the energy
within a patch of volume V; given by M; =~ m;a + pV;.
The average energy density of a universe containing multi-
ple Thakurta patches is then

ot é—ﬁé = (myantco+ . )
where ntco is the TCO number density, or equivalently the
number density of Thakurta patches, and (m)a is the average
TCO mass. Conservation of the TCO number, i.e., nTco &
a~3 implies that

pTCo A (m)antco o< a2 (6)

As this scaling is due to the energy transfer from a smooth
DM component to the TCOs, itis possible that their combined
energy density still scales as py; o @~ in which case the
DM interpretation would remain valid. In this case,’ it is
relevant to understand the physics behind this energy flow.

According to Eq. (3), the mass growth is quite extreme.
For example, between the matter-radiation equality and the
redshifts relevant for currently detectable BH mergers, the
mass of any TCO would have grown ~ 3400 times. However,
according to Ref. [24], the mass differences are milder as
mass growth should stop once virialized DM halo absorbs
the TCOs because the Thakurta metric does not apply in such
environments. The postulated effect can be softened further
if TCOs make up most of DM, since then the first virialized
structures can form already around matter-radiation equality
[5,30-32]. By a similar argument, Eq. (3) may fail already
for structures as small as TCO binaries or even for objects
that simply move with respect to the cosmic fluid since such
objects are also not described by the Thakurta metric.

In the following, we argue that the authors of Refs. [24,25]
postulated a particular mathematical construction, the metric
(1), to describe PBHs without checking whether this choice
is consistent with our knowledge of cosmology and accretion
physics. This allowed them to claim that the constraints on
the PBH abundance derived from the LIGO-Virgo observa-
tions of BH coalescence are eliminated, opening the possi-
bility that all DM can consist of 30—100 Mg mass PBHs.

4 Asthere is an energy flow into each patch, additional physical assump-
tions are needed, e.g., to connect different patches in a way that energy
is conserved.

5 If this mass growth were not due to accretion, i.e., the transfer of

energy between different DM components, then the scaling p o a2

would trivially rule out TCOs as a cold DM candidate which scales as
-3

a=>.
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This paper aims to point out some phenomenological con-
sequences of the claims made in Refs. [24,25] and to dis-
cuss the claimed accretion of PBHs and its effects on the
LIGO-Virgo bounds. By studying the consequences of the
accretion rate (3), we demonstrate internal inconsistencies
of those claims as well as inconsistencies with cosmology,
many-body dynamics of PBHs and accretion physics. We
stress that the modification of the merger rate of binaries
formed in the early universe is due to the accretion rate (3)
and does not depend on the specifics how the required energy
influx is realized. Thus, we will consider such a mass growth
in more general context than just the Thakurta metric.

2 Phenomenology

It is not mathematically forbidden to have a configuration
of matter around a compact object that supports the metric
(1).° Whether such a configuration of matter is physically
meaningful, what are the needed properties of such a matter,
and which are the conditions for accreting it at the rate (3)
have not been questioned and answered in Ref. [24]. In the
following, we attempt to address some of those questions. We
will consider general cosmological scenarios with Thakurta-
like accretion. Such scenarios contain the TCOs, but are not
restricted to it and can correspond to, e.g., perturbations of
the exact solution. We conclude that imposing accretion by
PBHs or other compact objects, determined by Eq. (3), is
unphysical.

We start by considering the case where all DM consists
of PBHs, including also the possibility of PBH mimickers
such as TCOs in the scenario of Ref. [24], that is, fpgy = 1,
where fppy is the fraction of DM in PBHs. The central claim
and the main result of Ref. [24] is that, due to the accretion
rate (3), fppu = 1 is possible for the LIGO BHs in the mass
range 30— 100 M. As there is no particle DM, the PBHs are
initially surrounded by the radiation of the Standard Model
particles. Around the time of matter-radiation equality, the
radiation redshifts and, after the recombination around z ~
1100, the Universe is filled with PBHs and a strong wind of
baryons moving with the velocity v ~ 30 km/h created by
the baryon acoustic oscillations [33].

The immediate question arises: in this case, what do the
PBHs accrete to grow in mass by several orders of mag-
nitude by the present time? The abundance of baryons is
insufficient for that, and, in the early Universe, the baryons
move with the velocities of the order v ~ 30 km/h which
makes them uncapturable by the PBHs. The only possible
answer is that the PBHs accrete themselves. We note that
this possibility must already deviate from the exact Thakurta

6 In GR, the ambient matter should be quite exotic as it violates the null
energy condition [27].

metric as PBH DM is certainly not smooth at scales compa-
rable to the BH horizon, and PBH influx is not described as
a heat flow. Regardless, a sufficiently large PHB merger rate
needed to support the mass growth of Eq. (3) is impossible
for initially Poisson distributed PBHs. This process must,
therefore, be described by hierarchical PBH binary merg-
ers whose rate depends on the initial properties of the PBH
population, e.g., their mass function or their spatial distri-
bution. Although the PBH merger rate can be significantly
enhanced for initially clustered PBHs, [3,32,34-37] which,
by itself, is constrained by the CMB observations [38], it
will ultimately be determined by the local parameters shap-
ing the small scale structure of PBHs instead of the specifics
of cosmological expansion, which governs Eq. (3).

In general, PBH mergers cannot grow the average PBH
mass by several orders of magnitude. However, even if
this were the case, an enormous stochastic GW background
would be generated, as each generation of mergers, corre-
sponding to an O(2) increase of the average PBH mass, con-
verts O(5%) of the PBH DM into GWs. In either case, the
mass growth asserted by Eq. (3) contradicts studies of PBH
structure formation or the GW observations.

Next, consider the case fpgg < 1. The neighbourhood of
BHs and other compact objects can be modelled using New-
tonian physics at distances much larger than their size but
smaller than the Hubble scale. Numerical simulations show
that early DM haloes form during the radiation dominated
epoch when wider and wider shells of DM surrounding the
PBHs decouple from expansion [39]. This results in a density
profile that scales as p(r) « r~2/4, Such haloes are stable,
but can be disrupted by later close encounters with compact
objects, which, when fppg < 1, are mostly stars. Again, the
relative stability of such DM haloes is in contradiction with
the mass growth ma (t). This stability can be understood intu-
itively by noting that the DM particles will generally not fall
into the PBH but form a halo due to tidal torque generated
by surrounding inhomogeneities. Such orbiting particles are
unlikely to fall into the PBH unless there are mechanisms
that carry away their energy and angular momentum. The
accretion rate (3) is therefore not realized.

Taking the accretion rate seriously, one finds that the
microscopic theory of the cosmological fluid must have unre-
alistic properties also for other backgrounds. For example, in
a vacuum energy dominated universe, the growth of a TCO
must somehow be due to a heat flow carried by vacuum
energy. The energy density of the source for the Thakurta
metric p(R) = p/f (R) grows towards the TCO and diverges
at m = r. Thus, in a radiation dominated universe in which
T pl/ 4, the exact Thakurta solution would require an
inflow of heat against a temperature gradient in contradic-
tion with the second law of thermodynamics.

Finally, ignoring the problems with physics behind the
mass growth (3), we find (see the Appendix) that the radius of

@ Springer
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TCO binaries with an evolving mass (3) shrinks as r o a3,

This is a significant modification to binary evolution that can
enhance the merger rate. Thus the LIGO-Virgo constraints
on PBHs, especially from the stochastic GW background,
are not obviously avoided. We must stress again, however,
that the Thakurta metric does not describe a binary in the
first place and, moreover, accretion into BH binaries can be
significantly more involved than accretion into a single BH
(see e.g. [40-42]).

3 Accretion physics

The radical departure of the BH mass growth M = H M from
the conventional wisdom M - 0 is due to the accretion of the
surrounding energy into the TCO, as described by the metric
(1). Two main approaches have been followed in the stud-
ies of the highly nontrivial problem of realistically embed-
ding BHs into the cosmological background, mathematically
exact solutions 4 la McVittie and physical approximations 4
la Zel’dovic.

The McVittie metric [43] is an exact solution reducing
to the Schwarzschild BH at small radii and to the FLRW
at large. It does not, however, allow for accretion [26], and
indeed, as most recently shown in Appendix B of Ref. [32],
the use of the exact McVittie Ansatz leads to the conclu-
sion that the evolution of the BH mass M can be neglected
for practical purposes. This supports the generally accepted
view that BHs as local systems are decoupled from the global
cosmological expansion, but it does not address the issue of
accretion. The generalised McVittie metric of the form (1)
seems to describe an accreting BH, but at the price of intro-
ducing an imperfect matter source [44,45]. Namely, a radial
energy flow in the surrounding fluid is required to incorpo-
rate the effect of accretion. It was initially thought that with
this amendment, one could alleviate the unphysical proper-
ties of the original McVittie solutions, which exhibit space-
like singularities at the horizon and divergent pressures in
the matter sector. However, that has been corrected by later
calculations, which clarify that the Thakurta geometry does
not avoid the unphysical singularities [27,29]. The Thakurta
metric with H # 0 does not describe a BH, but an inhomoge-
neous expanding universe [27,29]. In this light, it is difficult
to justify the proposal of Refs. [24,25] that (1) would more
realistically describe cosmological BHs.

When considering perfect fluid sources, PBH accretion
can be studied approximately. Bondi had considered accre-
tion in a spherically symmetrical star in a steady-state Uni-
verse and found it to be proportional to the square of the
mass of the star [46]. Zel’dovic and Novikov adapted the
result to an expanding Universe by arguing that the system
is decoupled from the cosmological expansion [47]. The BH
eats matter from within the accretion radius that, in the case

@ Springer

of radiation, is thrice the Schwarzschild radius. The model
was refined by Carr and Hawking [48], and further gener-
alised by, e.g., Babichev et al. [49,50], who arrived at the
equation (see Section II of Ref. [51] for more references and
discussion)

3y—2
. 3y —2)2v-D
YRR as) el Ve e
4y — 2

where y is the barotropic index of the perfect fluid and p is its
cosmological energy density. For dust y — 1, the accretion
radius would be infinite, and for de Sitter y — 0, so there
is no accretion. Thus the qualitative behaviour of Eq. (7) is
reasonable in those limits. The most relevant case is radiation
y = 4/3, for which we can easily integrate the equation to
obtain

Mo [, oV3Mo (i - "
My | 20 ( - 5) ’ ®
where M is the mass of the BH at its formation time #y. If the
BH is much smaller than the horizon, My < fg, this implies
negligible accretion. However, the accretion becomes quite
significant for BHs of size comparable to the horizon. In
fact, the (special and fine-tuned) self-similar solution yields
M ~ a’m. These special solutions may not be physical, as
was argued by Carr and Hawking by taking into account the
cosmic expansion (which seems reasonable once My ~ ty).
Further, hydrodynamical simulations suggest that a horizon-
sized PBH in a perturbed positive-pressure fluid shrinks in
relation to the horizon. In conclusion, theoretical justifica-
tions to ignore the mass growth of PBHs due to accretion
appears fairly robust, also in the Bondi—Zel’dovic—Novikov-
based approach.

Nevertheless, in Sect. 2 and Appendix A we considered
the implications of the assumption that M = am, concluding
that such an assumption would not be phenomenologically
viable.

4 Conclusions

We conclude that the Thakurta metric does not describe real-
istic cosmological compact DM candidates (including BHs).
Mostimportantly, the case fpgy = 1 when all the dark matter
consists of PBHs, which was the main aim of Ref. [24] to pos-
tulate the Thakurta metric, is intrinsically and phenomeno-
logically inconsistent. Therefore, the existing bounds on the
PBH abundance arising from the LIGO-Virgo GW observa-
tions and from the BH accretion physics, including the CMB
measurements, remain valid.

Note added: After the initial version of this paper, a critical
comment appeared in Ref. [52]. We replied to their criticism
in Ref. [53]. Around the same time, another paper appeared
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showing that the Thakurta metric does not describe black
holes and thus should not be considered as candidates for
PBHs [54].
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Appendix A: Binary dynamics with growing mass

To address the GW constraints on PBHs, we must consider
the dynamics of PBH binaries, which will be modified by
the growing mass. For sufficiently large separations, we can
apply the Newtonian approximation and study the corre-
sponding two-body problem. Although the Thakurta metric
does not describe BHs that move with respect to the cosmic
fluid, we will adopt the approach of Ref. [24] and assume
that the mass growth (3) also applies to binaries. Neglecting
the dynamics of surrounding matter, the Newtonian action
for a PBH binary with mass growth following Eq. (3) is,’

| .
S = /dta,u[—i‘z + ir2 +

2 2a

can be derived along the lines of [2,5] but by using the evolv-
ing mass (3) instead of a constant one. Above, r = |r| is the
physical distance, mj» = m| + m> and u = mymy/(m| +
m>), and T describes the tidal forces due to inhomogeneities
in the surrounding matter that set the initial angular momen-
tum of the binary.

Consider the time evolution of a binary that has already
formed. In this case, we can neglect the tidal forces and

7" As the masses of both TCOs in the binary grow, neither of the TCOs
is a valid test particle. Therefore the geodesic equation does not apply
to the dynamics of the binary.
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Fig. 1 The evolution of circular binary with M o a (red) and M =
const. (blue) from matter-radiation equality to the present day. r, =
0.057au at matter radiation equality and the present mass of the binary
is 10Mg. The dashed line is proportional to a3

the Hubble flow, that is, the second and the fourth term in
(A1). Conservation of angular momentum is then implied by
spherical symmetry. The energy of the binary E =T 4+ V
can be split into the kinetic and potential energy, which
depend on the scale factor as T o a and V o a’. In
Lagrangian mechanics, time dependence of the energy is
by the explicit time-dependence of the Lagrangian, i.e.,
E = —0,L = H(—T + 2V). If the orbital period is much
shorter than the Hubble time, as expected for a decoupled
binary, then the energy is approximately conserved within a
single oscillation. Thus, by the virial theorem, T = —V /2.
This gives E =5HE.As E = —a’*myma/rq, with r, the
semimajor axis, we obtain that the binary shrinks as

rg a3, (A2)

This behaviour can be generalized to the evolution of the
size of any virialized system comprising of PBHs obeying
M o a. The argument follows along the same lines as above:
the relations 7 o< @ and V o a? and (T) = —(V)/2 imply
E = 5HE. Since the gravitational potential is inversely pro-
portional to the size of the system, V o R™!, we obtain
R o a3. Thus, bound systems of PBHs, which can form
already at the onset of matter-radiation equality, would shrink
approximately as R oc a > if the constituent PBHs accrete
according to M « a.

The coalescence time of constant mass binaries scales as
T X r;‘. Therefore, Eq. (A2) translates into a rapid decrease of
the coalescence time T o a~'2, and in the scenario proposed
in Ref. [24], binaries will shrink due to mass growth until GW
emission takes over, after which the binary merges rapidly.
For illustration, Fig. 1 shows the evolution of the semimajor
axis of a circular® binary with constant mass and with M o a.
The latter evolves as 7y, = —3Hr, — (16/5)M(t)3ra_3, where
the last term comes from GW emission [55]. Therefore, the
mass growth postulated in Eq. (3) can enhance the GW emis-

8 Eccentric binaries will merge faster than circular ones.
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sion from PBH binaries instead of suppressing it. Moreover,
this enhancement can be sufficiently strong to force most
binaries to merge by the present time, thus reducing the PBH
merger rate at low redshifts. In this case, constraints on the
PBH abundance arise from the non-observation of a stochas-
tic GW background.
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