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Abstract The confirmation of the discrepancy with the
Standard Model predictions in the anomalous magnetic
moment by the Muon g-2 experiment at Fermilab points to a
low scale of new physics. Flavour symmetries broken at low
energies can account for this discrepancy but these models
are much more restricted, as they would also generate offdiagonal entries in the dipole moment matrix. Therefore, if
we assume that the observed discrepancy in the muon g − 2
is explained by the contributions of a low-energy flavor symmetry, lepton flavour violating processes can constrain the
structure of the lepton mass matrices and therefore the flavour
symmetries themselves predicting these structures. We apply
these ideas to several discrete flavour symmetries popular in
the leptonic sector, such as (27), A4 , and A5  CP.

1 Introduction
The new results from the Muon g-2 experiment at Fermilab
[1] have confirmed the long-standing discrepancy between
the Standard Model (SM) prediction for the anomalous magnetic moment of the muon, aμ = (gμ −2)/2, and the previous
BNL measurements [2,3]. This outcome makes it unlikely
that the effect is due to a statistical fluctuation or overlooked
systematics, hence making a strong case for new physics
interacting with SM muons at scales not far above the electroweak (EW) scale.
The announcement of the very precise measure of the
muon anomalous magnetic moment at BNL in 2001 [2],
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already 2.6 σ from the SM prediction started the search of
new physics models to accommodate such a large discrepancy [4]. The final result of BNL, published in 2006 [5], and
the refinements of the SM prediction have led this discrepancy to 3.7 σ [3]:
aμ ≡ aμBNL − aμSM = (2.79 ± 0.76) × 10−9 .

(1)

In fact, this discrepancy points naturally to a very low scale
of new physics. This can be easily seen if we compare the
observed discrepancy with the EW contribution in the SM,
aμEW (1 loop) 

5 G F m 2μ
 1.95 × 10−9 .
√
3 8 2π 2

(2)

The size of this contribution, at one loop and with no special
suppression factor, is determined by the mass of the W boson,
i.e. 80 GeV.
Indeed, the central value of the measured discrepancy in
Eq. (1) is roughly a factor 1.5 larger. This implies that a
new physics contribution with no special enhancement factor, couplings of electroweak size, and proportional to the
muon mass would point to a mass scale of only 65 GeV!!
It is true that some extensions of the SM have additional
enhancement factors that allow a somewhat larger scale, for
a recent review cf. [6]. An example of this is supersymmetry,
where the contributions to the anomalous magnetic moment
are tan β enhanced which with some other O(1) factor may
allow a mass scale  1 TeV. As we show in Sect. 3, in the case
of low-scale flavor symmetry, this scale, the flavor scale, is
√
given by  f  515 κ GeV, with κ a numerical factor that
typically ranges from 1/8 to 20. Hence, the confirmation of
this discrepancy by Fermilab implies that new physics coupling to the muon is expected not far above the TeV scale,
unless large couplings give a chirally-enhanced contribution

123

929 Page 2 of 11

to the muon g − 2, which would require tuned cancellations
between the tree-level contribution and a new radiative contribution to the muon mass [7–9].
In this note, we show that, if confirmed, the Muon g-2
result would have profound implications, in the context of a
low-energy flavor symmetry, for the flavour structure of the
lepton sector of the Standard Model (SM), practically constraining the charged-lepton Yukawa matrix, or the scale of
flavour symmetry breaking. The key point can be expressed
as follows. Although so far we have no experimental indication of the mechanism responsible for the observed flavor
structures, the previous success of symmetries in the advance
of modern physics, makes us believe that the use of a flavor
symmetry may help in the solution of the flavor puzzle. So,
let us make the (to some extent strong) assumption that a
new flavour dynamics at the scale  f is at the origin of
the hierarchies and peculiar patterns of fermion masses and
mixing. As a specific example, we can have in mind a model
based on flavour symmetries of the Froggatt-Nielsen type
[10–12], where the SM Yukawa couplings arise after the symmetry is broken by the vev of scalar fields called flavons and
such breaking is transmitted to the SM fermions through the
interaction of certain mediator fields (cf. [13,14] for further
discussion about the UV completion of this kind of models). Below this scale, we integrate out flavour mediators and
flavons so that the only dimension four operator in the SM are
the Yukawa couplings, and higher dimension operators are
suppressed by the corresponding power of  f . Besides, the
¯ μν PR  F μν involve exactly the same
dipole operators ∼ σ
fermionic fields as the Yukawa couplings, and, necessarily,
the same flavour dynamics must dictate the flavour structure
of these couplings are responsible for the aμ anomaly. If we
call  the scale associated with the new physics in the loop
that generates the dipole operators, we have that provided
that  f  , the flavour structure of the dipole operators
will be exactly proportional to the Yukawa couplings (the
only flavourful dimension 4 operator), with negligible corrections of order m 2 /2f . However, if  f  , or even the
new physics responsible for the new contributions to dipole
moments is the very same flavour dynamics, the flavour structure of the dipole operator will be similar to the Yukawa structure, but, in general, not exactly proportional to the Yukawa
matrices. As a consequence, such a flavour dynamics (e.g. a
Froggatt-Nielsen-like model based on some flavour symmetries) will be severely constrained by the requirement that the
muon dipole is as large as needed to account for the anomaly,
simultaneously evading the stringent bounds on the flavourviolating counterparts of such operator, inducing the lepton
flavour violating (LFV) decays  →  γ (for a recent review
on LFV see [15]). In other words, the fact that the charged
leptons Yukawas and the coefficients of the dipole operators
need to be to large extent aligned to evade LFV constraints
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provides us with non-trivial information on any underlying
flavour dynamics broken at a low scale.
The new result of the Muon g-2 experiment is 3.3σ away
from the SM prediction [1] and thus is compatible with the
previous BNL measurement, Eq. (1). The combination of the
two experiments reads:
aμ ≡ aμNEW − aμSM = (2.51 ± 0.59) × 10−9 ,

(3)

which amounts to a 4.2σ deviation from the SM prediction.
It is unlikely that such a discrepancy can be fully explained
by underestimated uncertainties of the SM hadronic contribution [3]. It is also interesting to notice that, even if hadronic
vacuum polarization effects were large enough to account for
the anomaly, as suggested by recent lattice QCD results [16],
this would typically impact the EW fit causing tensions of
similar significance in other EW observables [17–20].
For what concerns the electron g − 2 the situation is at
present inconclusive. The SM calculation crucially depends
on αem , but the two most precise determinations of it from
atomic physics [21,22] are incompatible at the 5σ level.
Depending on which measurement is employed the prediction for ae gives:
exp

aeCs ≡ ae
aeRb

≡

exp
ae

− aeSM,Ca = −(8.8 ± 3.6) × 10−13 ,
− aeSM,Rb

= (4.8 ± 3.0) × 10

−13

.

(4)
(5)

In particular, the second one [22] is compatible with the
experimental measurement at the 1.6 σ level and thus we
will just employ it to bound possible new-physics contribution to ae .
As mentioned above, in an effective Lagrangian approach,
non-standard effects to the leptonic observables of interest
(a , μ → eγ , EDMs, etc.) are captured by the dipole operators:


ev
¯ μν PR  F μν + h.c. ,  = e, μ, τ,
C σ
L ⊃
2
8π
(6)
where v  246 GeV is the Higgs vev. Here we define the
Wilson coefficients C (that in our convention have mass
dimension GeV−2 ) as corresponding to new-physics contributions only. This effective Lagrangian constitutes a modelindependent description of the new-physics effects we are
interested in, so long as the new-physics scale is much larger
than the energy scale associated to our observables, i.e. the
lepton masses. In terms of the above Wilson coefficients the
new-physics contribution to the a reads:1
mv
a =
Re(C ).
(7)
2π 2
1

This is obtained employing the conventions found e.g. in [23]. Notice
the sign difference (stemming from the definition of the covariant derivative) with respect to the result reported in the review in Ref. [24].
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In order to fit the experimental result in Eq.(3), the relevant
dipole coefficient needs to attain the following 1σ range:

Similarly, bounds from τ → μγ and τ → eγ [32,33]
respectively give:

Re(Cμμ ) ≈ [1.5, 2.4] × 10−9 GeV−2 .

|Cτ μ |, |Cμτ |  5.0 × 10−10 GeV−2 ,

(15)

|Cτ e |, |Cμe |  4.3 × 10

(16)

(8)

For what concerns ae , the result in Eq. (5) translates into the
95% CL bound:
− 1.9×10−11 GeV−2  Re(Cee )  1.7 × 10−10 GeV−2 .
(9)
Finally the yet unmeasured tau g − 2 provide a loose bound
to the Cτ τ coefficient:
− 3.7 × 10−4 GeV−2  Re(Cτ τ )  1.7 × 10−4 GeV−2 ,
(10)
which follows from the constraint −0.007 < aτ < 0.005
that has been obtained employing data for tau lepton production at leptonic colliders [25] and the SM prediction
aτSM = 117721(5) × 10−8 [26].
On the other hand, the imaginary parts of the dipole coefficients give rise to lepton EDMs:
d =

ev
Im(C ) ,
4π 2

(11)

resulting in the following bounds
|Im(Cee )|9.0 × 10−17 GeV−2 , |Im(Cμμ )|1.2
×10

−6

GeV

−2

, |Im(Cτ τ )|3.7×10

−4

GeV

−2

,

(12)



BR( →  γ )
3α
2
2


=
|C
, (13)
|
+
|C
|
√


BR( →  ν ν̄  )
2π G 3F m 2
where the coefficients C are defined in the basis where
the lepton Yukawa matrix Y is diagonal, that we call below
the “mass basis”. The experimental bound BR(μ → eγ ) <
4.2×10−13 [31] then translates into the following constraint:

2

GeV

−2

.

As mentioned above, all these constraints refer to coefficients in the lepton mass basis, namely the basis where the
charged lepton Yukawa matrix is diagonal, which is connected to any other basis by unitary rotations of the lepton
fields:
diag

Y

= V † Y W = diag(ye , yμ , yτ ) ,

(17)

where V and W are the left- and right-handed rotations, respectively. This follows from our convention for
the Yukawa interactions of the leptons with the Higgs:
(Y )i j L̄ i E j , where L i (E j ) are the SU (2) L doublet (singlet) lepton fields. In particular, we consider here the biunitary transformation as in Eq. (17) connecting the mass basis
and the flavour basis, i.e. the basis defined by the symmetry invariant interactions of the flavons (and their vacuum
expectation values) with the SM fermions and heavy media
tors at the origin of the Yukawa interactions. Denoting as C
the dipole coefficients in the flavour basis (whose structure
is dictated by the flavour symmetry) the same transformation
to the mass basis gives the matrix of Eq. (6):


W
,
,  = e, μ, τ .
(18)
C = V † C



which were obtained respectively from the experimental limits de < 1.1 × 10−29 e cm [27], dμ < 1.9 × 10−19 e cm [28],
dτ < 4.5×10−17 e cm [29]. As we can see, the very stringent
constraint on the electron EDM implies that, if Cee saturates
the bound in Eq. (9), its phase must be suppressed at the
10−6 − 10−5 level.2
The flavour-changing couplings instead contribute to LFV
processes, in particular to the radiative decays:

|Ceμ |, |Cμe |  3.9 × 10−14 GeV−2 .

−10

(14)

Note that Ref. [30], applying a similar strategy as the one adopted
here, assumed that a flavour symmetry dictates the flavour structure of
the dipole operators, in order to constrain their imaginary parts, i.e. the
EDMs.

It is the elements of this matrix that are constrained as shown
in Eqs. (8–10) and (14–16).

2 Charged lepton Yukawa structure
The only restriction we have on the charged lepton Yukawa
matrix comes from the observed eigenvalues and, in principle, from the neutrino mixing. Nevertheless, it is always possible to generate the neutrino mixing entirely from the Majorana neutrino effective mass matrix or the neutrino Yukawa
in case the neutrino masses are Dirac-like, and then, we can
not use these large mixing to constrain the entries in the
charged-lepton matrix. Still, the strategy typically used for
quark Yukawas in flavour symmetry models is to require that
the smallness of CKM mixing is not due to a precise cancellation between large mixing angles in the flavor basis both for
the up and down Yukawa matrices, but to the smallness of the
mixings in both matrices in this flavor basis. This strategy is
not useful here with the neutrino mixing angles, as neutrino
mixings are O(1) with the partial exception of θ13 . However,
we can still follow a similar strategy with the charged-lepton
eigenvalues: the hierarchy in the eigenvalues is due to a corresponding hierarchy in the Yukawa matrix elements in the
flavour basis. This means that we require m μ /m τ  0.059 or
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m e /m μ  0.005 to be due to different contributions O(0.05)
or O(0.005) from the elements of the Yukawa matrix and not
to a finely-tuned cancellation of several O(1) contributions,
a requirement that has been formally formulated in [34].
If we take the Cabibbo angle as our expansion parameter
λ = 0.2,3 suppressing O(1) coefficients and normalising all
the matrix with the (3, 3) element (≈ yτ ), we have,
⎞
⎛ a
λ
λb λc
(19)
Y /y33 = ⎝λd λe λ f ⎠ ,
λ g λh 1
where, we can always order rows and columns such that the
larger 2 × 2 sub-determinant is in the 2–3 sector. Then, from
m μ /m τ = 0.059, we can require that the determinant of
the 2–3 submatrix is λe − λ f +h = λ2 . Barring accidental
cancellations, this implies, e ≥ 2 and f + h ≥ 2, where at
least one of these inequalities must be turned into equality.
Notice that the condition of larger 2–3 subdeteminant implies
that we can also apply these conditions exchanging the first
two rows or columns, and then we have additionally, b ≥ 2,
d ≥ 2, h + c ≥ 2 and f + g ≥ 2.
Then, in either case, e = 2 or f + h = 2, the requirement
of determinant of the 3×3 matrix to be λ7 (from m e m μ /m 2τ 
λ7 ), implies that a ≥ 5. For the same reason b + d ≥ 7, with
both b ≥ 2 and d ≥ 2. Then, redefining the exponents, we
have,
⎞
⎛ 5+a
λ
λ2+b λc
(20)
Y /y33 = ⎝λ2+d λ2+e λ f ⎠ ,
λg
λh
1
with a, b, c, d, e, f, g, h ≥ 0.
Additional conditions from the 2 × 2 and 3 × 3 determinants, are f + h ≥ 2, f + g ≥ 2, h + c ≥ 2, b + d ≥ 3,
c + g + e ≥ 5, f + b + g ≥ 5 and h + d + c ≥ 5. In
principle, this would be all the information we have on the
charged-lepton Yukawa from the requirement of hierarchical
masses in the flavor basis. However, in most of the cases,
we expect that the (3,3) entry is the only O(1) element, i.e.
c, f, g, h > 0. In the case of non-Abelian symmetries, where
flavons belong to dimension 2 or dimension 3 representation, we can always choose the basis where the largest vev
sits in the (3,3) position of the Yukawa matrix. A possible
exception could be Abelian symmetries where the three generations of left-handed or right-handed fields have the same
charge, but in this case, the three rows or columns would be
of the same order in λ (notice that with different O(1) coefficients you could still have correct charged-lepton masses).
With the exception of this special case, we will consider in
the following hierarchical matrices with c, f, g, h ≥ 1.
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3 Flavour structure of the dipole matrix
As we discussed in the introduction, a new contribution to
the anomalous magnetic moment from a low-energy flavour
symmetry is possible and it will have a flavour dependence
similar to the SM Yukawa couplings but with different O(1)
coefficients in the corresponding operators, with or without
a photon, with the same flavon fields. Here, we explain the
intricate structure of Yukawa couplings through a FroggattNielsen (FN) symmetry. In this framework, it looks completely natural to use the same mechanism to explain the
structure of the dipole operators. From the point of view of
the flavour symmetry, Yukawas and dipole moments involve
exactly the same SM fields with the obvious exception of the
photon. Then, it is clear that the flavour “charges” to be compensated by flavon fields are exactly the same, and we can
expect the same flavon fields to enter in the two operators.
In fact, fermion masses and anomalous magnetic moments
are intimately connected. Any radiative correction to the
fermion masses gives a contribution to the anomalous magnetic moment if we attach a photon to one of the internal lines.
Although the FN contributions to the Yukawa matrices usually considered are tree-level diagrams, loop corrections to
the tree-level diagrams are always present, and under certain
conditions they can be sizeable with respect to the tree-level
processes. For instance, this is the case in flavour models
where some larger flavon VEVs appear in the loop diagrams
but not in the FN transitions [9], as we discuss in Sect. 4.4.
In general, we expect a contribution to the anomalous magnetic moment a = Cm 2 /M 2 [4], with C a loop factor of
order 1/(16π 2 ), if the fermion mass is mostly produced by
the tree-level diagram , or C ∼ O(1), if the tree-level diagram is absent or when the loop diagrams compete with it
[41]. In our flavour symmetry models, we could have radiative corrections to the mass similar to the tree-level contribution which implies that a large contribution to a , with
C ∼ O(1), can be expected.4 Still, it is evident that this
correspondence between masses and dipole moments is not
restricted to the diagonal Yukawa matrices in the mass basis,
but can be equally applied to the whole Yukawa matrix.
Our strategy, in the scenario of a flavor symmetry
described above, is then the following:
1. We assume that the 4.2 σ discrepancy in the muon anomalous magnetic moment is due to a low-energy flavour symmetry (or at least the flavour structure of the new physics
responsible for it is controlled by the flavour symmetry at
the origin of the Yukawa couplings).

3

Clearly, the physics is completely independent of the choice of this
expansion parameter. We choose the Cabibbo angle aiming at a model
valid for both quarks and leptons, along the lines of several examples
already present in the literature [35–40].
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If we allow the tree level Yukawa and loop contribution of opposite
signs such that the observed mass is due to a certain cancellation between
both contributions, we could allow for a somewhat larger C [9].
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2. The breaking of the flavour symmetry generates the
observed charged-lepton Yukawa matrices in the flavour
basis, and, simultaneously the dipole matrix in this basis.
3. As we have explained, we can expect the flavons entering both matrices to be the same, given they are identical
from the symmetry point of view, but we expect in general
different O(1) coefficients in the operators with identical
flavon fields with or without a photon coupling, contributing respectvely to the dipole or Yukawa matrices.5
4. Rotations to the mass basis will digonalise the Yukawa
couplings, but the dipole matrix will not be diagonalised.
If these conditions are realised, the anomalous magnetic
moments provide a hint on the scale of flavour symmetry
breaking and off-diagonal LFV dipole operators will provide
a strict bound on the flavour structure of the charged-lepton
Yukawa matrix.
At this point, we must remind the reader that, even though
it is customary to choose the third generation to sit in the
(3, 3) element of the Yukawa matrix, we could have chosen
any other basis by using arbitrary combinations of fermion
fields through unitary rotation. As it is well-known, physical
observables are always independent of the choice of basis.
These unitary rotations between fermion fields affect in the
same way Yukawa and dipole matrices and, then, they cancel
exactly when diagonalizing the Yukawa matrix to calculate
dipole observables. For a complete discussion and a fully
basis independent formulation see, for instance, Ref. [42].
In fact, as we will see below, in most of the phenomenologically realistic cases (with a low-scale flavor symmetry
explaining the (g − 2)μ discrepancy) the Yukawa matrices are hierarchical and approximately diagonal. Then, in
most of these cases, the rotation to the mass basis will only
modify O(1) coefficients in the off-diagonal entries. There
are situations, however, where a specially small entry in
the dipole matrix receives larger contributions from other
elements through this rotation. Nevertheless, although it is
always necessary to rotate the matrix to the mass basis, it
is easy to see that, due to the different O(1) elements with
respect to the Yukawa matrices, the size of the entry in the
mass basis will be of the same order or larger than the entry
in the flavor basis (barring accidental cancellations).
Now, following the previous discussion, we can assume
that the entries of the dipole matrix are larger or of the order of
the corresponding entries of the Yukawa matrix in the flavor
basis,
⎞
⎛ 5+a
λ
λ2+b λc
yτ ⎝ 2+d
(21)
C  κ 2 λ
λ2+e λ f ⎠ ,
f
g
λ
λh
1
These O(1) coefficients are due to the different ways to couple the
the photon inside the loop or the different ways to close the loop, as
explicitly shown in [9].

5
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where we omitted different O(1) coefficients that, in general,
appear in the different entries. Here κ is a global factor that
takes care of the relative size of the tree-level Yukawa (or the
observed mass) and the loop contribution to the mass. Using
Eq. (7), we have C  κ/(2π 2 ). Then, κ  1/8 if the dipole is
loop suppressed with respect to the mass, but κ  2π 2  20
if the mass has a radiative origin.
As shown in the introduction, experimental measurements
are directly constraining the above dipole matrix, and thus
also the flavour structure of the Yukawa matrix in Eq. (20),
in the flavor basis. In particular the Cμμ entry can be set
by requiring an effect sufficiently large to account for the
muon g − 2 anomaly, as in Eq. (8), while off-diagonal entries
are bounded by the LFV processes, as shown in Eqs. (14–
16). As will be clear from the following discussion, the latter bounds affect the off-diagonal entries of the two matrices to such an extent that, in this scenario, the dominant
contributions to muon and electron masses can only arise
from the diagonal entries of Y . Hence, in order to avoid
ye and yμ to be suppressed below the observed values, we
must take a = e = 0. This simplifies the discussion: first,
imposing a solution of the muon g − 2 anomaly at the 1σ
level gives Cμμ  κ yτ λ2 /2f ≈ 1.5 × 10−9 /GeV2 , where
√
λ = 0.2 and yτ = 2m τ /v. Hence the scale of the medi√
ators is set to  f ≈ 515 κ GeV, where it is very important to emphasize once more that the (g − 2)μ discrepancy
is reproduced with a larger flavour scale if the mass has a
radiative origin, κ  20. Then, besides unknown O(1) coefficients, this fixes the relative size of all the other entries
of our matrix in terms of few parameters (the powers of
λ) that we can now constrain. In particular, we can estimate the exponents b, d from the requirements in Eq. (14),
which translate to Ceμ /Cμμ  λb  2.6 × 10−5 and
Cμe /Cμμ  λd  2.6 × 10−5 , that is d, b  6.6. Similarly we can employ the limits on the other dipole operators
and obtain the following constraints on the flavour structure
of the lepton Yukawa matrix:
⎛

λ5
⎝
Y ≈ yτ  λ8.6
 λ2.8

 λ8.6
λ2
 λ2.7

⎞
 λ2.8
 λ2.7 ⎠ ,
1

(22)

where again we set λ = 0.2. The limits of Eq. (22) apply
directly on the exponents of Eq. (20) and, more generally,
on every product of the off-diagonal elements that could be
introduced by the mass-basis rotation. Therefore we have
(b, d)  6.6, (c, g)  2.8, ( f, h)  2.7 and (a, e) = 0, additional constraints are c+h  8.6 and f +g  8.6. As we can
see from this result, only flavour models inducing a Yukawa
matrix to large extent diagonal in the flavour basis (in particular in the 1-2 sector) can be compatible with the observed
g − 2 discrepancy. For instance, we can see from here that
the “original” Froggatt-Nielsen U (1) symmetry (that, for the
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sake of the observed neutrino mixing, requires O(1) rotations
in the left-handed sector of this matrix [43]) could never provide a texture fulfilling the above bounds.
Besides constraining the flavour structure of the Yukawa
matrix, once the muon g − 2 sets the entry Cμμ of Eq. (21),
we can also predict (still up to unknown O(1) coefficients)
the entries Cee and Cτ τ , that is, the electron and tau g − 2:
Cee ≈ Cμμ λ3 = 1.2×10−11 GeV−2 ⇒ ae ≈ 7.8×10−14

(23)
Cτ τ ≈ Cμμ /λ = 3.9×10
2

−8

−2

GeV

⇒ aτ ≈ 8.5 × 10

−7

.

(24)
In particular, the electron g −2 is less than an order of magnitude below the present sensitivity. Notice that, given the structure of the matrix C dictated by the flavour symmetries,
such predictions respect the “naive scaling” a /a ∼
(m  /m  )2 discussed in [44].6

4 Flavour symmetries
In this section, we will analyse several popular flavour symmetries in neutrino physics (for reviews cf. [45,46]) to see
if they can be responsible of the observed discrepancy in
the anomalous magnetic moment of the muon while, at the
same time satisfying the bounds on LFV processes that we
translated in the constraints shown in Eq. (22).
Naturally, the flavour symmetry contribution to the anomalous magnetic moment may not account for the whole discrepancy, as minimal flavour violating contributions, exactly
proportional to the charged-lepton Yukawas are always possible. In this case, we can make the flavour symmetry contribution to the anomalous magnetic moment, and consequently
to the LFV processes arbitrarily small, with a large enough
breaking scale.
4.1 (27) symmetry
Models based on a discrete (27) [36,37,47–51] have been
very popular as an explanation of the observed large mixing in the lepton sector, while at the same time providing a
simultaneous explanation of quark mixing and being compatible with grand unification. Their main feature is the natural
mechanism to obtain the appropriate flavon alignment of the

6

In the context of low-energy flavour models, this pattern can be however modified by the interplay between tree-level and radiative contributions to lepton masses. This can for instance enhance ae above the
naive scaling and even flip its sign, as shown in [9].

123

triplet fields [49],
φ3 T = v3 (0, 0, 1),

v23
φ23 T = √ (0, 1, 1),
2

v123
φ123 T = √ (1, 1, −1).
3

(25)

In this way, we obtain the charged-lepton mass matrices in
the flavor basis defined by these vevs, as
⎡ ⎛
⎞
⎛
⎞
0 0 0
1 3 1
Y = ⎣ y1e ⎝0 1 1⎠ + y2e eiη ⎝3 9 3⎠
0 1 1
1 3 1
⎛
⎞⎤
0 0 0

+y3e eiη ⎝0 0 0⎠ ⎦
(26)
0 0 1
with y3e  4 × 10−2 , y2e  1 × 10−5 and y1e  2 × 10−3
[49].
As we explained in the previous section, if a low-scale
flavour symmetry is responsible for the observed discrepancy with the SM predictions in the muon anomalous magnetic moment, the dipole matrix has the same structure in the
flavour basis with different O(1) coefficients. Therefore, in
this case of small rotations, we can see that the structure of
the dipole matrix remains unchanged in the mass basis and
we have,
⎛
⎞
β
3β
β
y3e
(27)
C = κ 2 ⎝3β α + 9β α + 3β ⎠ ,
f
β α + 3β
1
with α = y1e /y3e = 0.05 and β = y2e /y3e = 0.00025. In
this case, we have Ceμ /Cμμ = 0.015  2.6 × 10−5 , and
therefore the model does not satisfy the constraint from μ →
eγ .
Indeed, this could be expected, as the (27) symmetry
generates off-diagonal entries in the charged-lepton mass
matrix. Even taking into account that these off-diagonal
entries are relatively small, the very stringent constraints
from μ → eγ require, in practice, diagonal charged-lepton
mass matrix in flavour symmetries broken at low energies,
as we can see from Eq. (22).
4.2 A4 symmetry
The observation of neutrino mixing angles being close to
the so called tri-bimaximal mixing has made the use of discrete symmetries to explain them very popular. Among them,
A4 has been very successful [52–63]. In this model, the A4
symmetry is broken by different flavons for the neutrino and
charged-lepton matrices, such that, at leading order, these
sectors are separately invariant under two different residual
symmetries, G e and G ν and this fact can help to satisfy the
requirement of nearly diagonal charged-lepton matrices.

Eur. Phys. J. C (2021) 81:929

Page 7 of 11 929

The group A4 can be generated by two elements, T and S
[60]. Then, following this Ref. [60], charged-lepton masses
are diagonal, at leading order in the basis where the T generator is diagonal, while the neutrino masses present tribimaximal mixing if the flavons entering the neutrino matrices are invariant under the S generator of A4 . In this way,
the leptonic Yukawa coupling is diagonal and hierarchical at
leading order. The hierarchies among generations are given
by powers in vT / f =  ∼ λ2 , with vT the vev of the flavons
invariant under T . However, as we have seen in Eq. (22),
LFV constraints require it to be diagonal up to order ≈ λ6
and therefore sub-leading terms must be considered.
Off-diagonal elements in the Yukawa matrix in the flavor
basis are suppressed by v S / f =    λ2 , where v S is
the vev of the flavon invariant under S that generates the tribimaximal mixing for neutrinos. The charged-lepton Yukawa
matrix, again neglecting O(1) coefficients is then,
⎛

2
⎝
Y = y33  2  
2

 

 

⎞

⎠ ,
1

(28)

with   0.05 and    0.01–0.05 [60,64]. Therefore, in
Eqs. (20) and (21), we would obtain b  3 and d  5,
still too large if we take into account the constraints from
LFV. Notice here, that again the rotation to the mass basis
would not change the size of the offdiagonal elements and
no additional restrictions appear.
Unfortunately these constraints mean that this “sequestering” mechanism, which generates neutrino mixing close to
tri-bimaximal mixing, would not be enough in typical models
to suppress LFV below the observed limits in our scenarios.

4.3 A5  CP symmetry
A variation of the models in sect. 4.2 introduces a generalised CP symmetry as part of the flavour group [65,66]; for
instance, let us consider A5  CP like in Ref. [67] (see also
[68–70]).
In this case, the breaking of the total symmetry follows
similar lines to the previous A4 model, where charged leptons and neutrinos remain invariant under the transformations
of two different residual groups G e and G ν . Those remnant
subgroups of A5 and CP fully determine the mixing matrix in
each sector, up to permutations of rows and columns. In particular, the formulations analysed in [67] consider the solution with G e = Z 5 and G ν = Z 2 × CP, corresponding to the
CP-violating scenario that better fits the experimental PMNS
matrix in [69]. This choice implies a diagonal Yukawa matrix
for charged leptons at leading order in the flavor basis defined

by our A5  CP symmetry,
⎛ 5
⎞
λ
0 0
Y = yτ ⎝ 0 λ2 0⎠ ,
0
0 1

(29)

while the mixing pattern of neutrinos departs from the pure
Golden Ratio mixing, characteristic of A5 , by a rotation in the
1-3 sector related to the CP group. Adjusting the size of this
rotation, the reactor angle can be successfully reproduced.
Two separate set of flavons for charged leptons, φei , and
neutrinos, φνi , are needed to realise this type of models. The
structure of their vevs is determined by the residual symmetries [67]. At leading order, each set couples exclusively to
the corresponding lepton fields (charged or neutral). Nextto-leading order operators, however, generally include interactions between the wrong flavons and the other sector. Corrections coming from those operators can spoil the desired
mixing.
A possible way to keep them under control has been discussed in [71] and consist of introducing an additional Z N
symmetry. By choosing a suitable combination of charges
for the fields, the NLO contribution to the charged-lepton
masses is schematically given by
⎛
⎞
1 1 1
(30)
δY = yτ ενn ⎝1 1 1⎠ ,
1 1 1
where εν = φν / f and the 1−entry matrix symbolises a
matrix whose elements are O(1) but not necessarily equal.
The size of εν depends on the specific mechanism generating the light neutrino masses, but must always be within the
usual perturbative range εν  0.3 [71]. Instead, the n exponent can be made as large as needed (by an adequate charge
assignment under Z N ) so that the off-diagonal entries in the
dipole matrix of Eq. (21), (b, c, d, f, g, h), can be conveniently arranged to avoid the LFV constraints displayed in
Eq. (22) at the required level. Once more, the rotation to
the mass basis has no effect on the size of the offdiagonal
elements for realistic values of n.
For instance, if εν  0.1, a suppression factor n = 7
is enough to have safe predictions for the FV transitions
 →  γ . That can be achieved by considering an extra
 Z8
i
symmetry
 under which the flavon charges are Q φe = 7
and Q φνi = 1. The largest possible correction contributing non-trivially to the off-diagonal elements of the Yukawa
matrix in Eq. (29) comes from the replacement φei → 7 φνi
√
in the leading diagram. Then, setting  f = 515 κ GeV in
Eq. (21), in order to account for the discrepancy as discussed
in Sect. 3, the following branching fractions are obtained:
BR (μ → eγ )  8 × 10−15 ,

(31)

not far below the foreseen sensitivity of the running MEG-II
experiment [72] (remember that our calculations are affected

123

929 Page 8 of 11

by O(1) uncertainties). Moreover, this translates into branching ratios for μ → 3e and μ → e conversion in nuclei at the
∼ 10−16 level, within the reach of future LFV searches [15].
Obviously, this does not imply that this kind of A5 CP models will be necessarily tested by upcoming LFV searches, as
it can not be excluded that a different choice of the ‘shaping’
symmetry Z N would suppress the off-diagonal entries even
further.7
4.4 U (1) toy model for electron and muon (g − 2)
A model based on a U (1) flavour symmetry that accommodates the discrepancies in Eqs. (3) and (4) without inducing
large LFV effects has been presented in Ref. [9].
The model is an explicit realization of the general idea discussed here, although restricted to two generations. In this
model, the charged-lepton masses are produced through the
interplay of two processes: the tree-level FN diagram and a
radiative correction arising from closing two of the flavon
lines in the FN transition. Here, the radiative corrections,
which are usually subleading in other models, are comparable to the tree-level diagram. This is due to a hierarchy among
the vevs of the flavons entering the FN diagram and some new
inert flavons which do not couple directly to the leptons but
only to other fields in the scalar potential. If we define εFN =
vFN / f and εRAD = vRAD / f as the vevs of the different
2
2 2
/m FN
flavons, and given that m RAD

 ∼ 1/(16π ) εRAD /εFN ,
the radiative contribution can be comparable to the tree-level
2
2 . Then, the same diagram producing
 16π 2 εFN
FN if εRAD
the radiative correction to the mass generates a contribution
to a when a photon is radiated by one electrically charged
exp
∼ 2m  /2f . In this way, the
virtual particle: a /m RAD

lepton masses and a , which share a common origin, can
provide a non-trivial relation between the dipole contributions to the electron and the muon.
The model presented in [9] has U (1) × Z 2 flavour group.
The electron and muon masses arise from the interplay
described above, which can have either sign, whilst a is
proportional to the radiative mass diagram. In this way, we
were able to obtain different contributions to ae and aμ ,
even with opposite signs. Furthermore, the U (1) charges
are assigned so that LFV transitions between electrons and
muons would be possible through diagrams with 2n and
2n+1 flavon insertions. However, the addition of the Z 2 symmetry completely eliminates any effective vertex between
electrons and muons that would contribute to μ → eγ .
However, in this toy model, neither the tau lepton, nor the
neutrino sector are explicitly defined. A completion of the
model, that would require the inclusion of the third gener7

Whether there is a limit on the amount of suppression that can be
possibly achieved in this way is an interesting question that we postpone
to future work.
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ation of leptons together with a neutrino spectrum that correctly generates the PMNS mixing matrix, seems possible, in
principle. In this completion a similar mechanism could also
be used to forbid τ → eγ , but would not forbid τ → μγ ,
which, on the other hand, is not so constraining.
Moreover, the radiative origin of leptonic masses makes
possible to reproduce the discrepancy in the muon anomalous
magnetic moment with a larger mass for most of the flavons
and fermionic mediators, that in this toy model have masses
 f  3 TeV. The possibility of searching these particles at
LHC or future colliders was discussed in [9].

5 Conclusions
Following the recent confirmation in the Muon g-2 experiment at Fermilab of the muon anomalous magnetic moment
discrepancy, in this paper we have analysed the consequences
of this result in models with low-scale breaking of a flavour
symmetry.
We assume here that the observed discrepancy is fully due
to a low-scale flavour symmetry. In these models, we have
a deep relation between the charged-lepton Yukawa and the
dipole matrices, as both matrices have exactly identical transformation properties from the point of view of the flavour
symmetry. Extracting global common factors, the different
elements in both matrices are, one-to-one, of the same order.
However, we expect different O(1) elements in each entry.
This is specially dangerous in off-diagonal entries which will
contribute to lepton flavour violation processes. In this scenario, after diagonalising the charged-lepton Yukawa matrix,
off-diagonal entries in the dipole matrix are not eliminated.
Then, we expect the same mass scale to be responsible for
the anomalous magnetic moment and LFV processes, such
that the strong experimental limits on LFV would directly
constrain the flavour structure of the matrices. In practice,
these constraints would require an almost diagonal chargedlepton mass matrix, as shown in Eq. (22). We have applied
these constraints to several popular flavour symmetries in the
leptonic sector.
Discrete symmetries like (27), that can explain both
the quark and lepton sectors, tend to produce non-diagonal
charged-lepton matrices, and therefore we have shown they
can not be fully responsible of the (g − 2)μ discrepancy
as they would generate too large contributions to the μ →
eγ decay. Even symmetries like A4 , that predict diagonal
charged-lepton matrices at leading order, are unable to satisfy the very stringent constraints from LFV when subleading contributions are taken into account. A viable symmetry
could be A5 CP which can reproduce the observed θ13 mixing without appealing to subleading entries in the chargedlepton matrices. Then, it is possible to protect the diagonal
charged-lepton matrices to a sufficient degree.
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In summary, if low-energy flavour symmetries are responsible for the observed discrepancy in the muon anomalous
magnetic moment, we have strong constraints in the structure of the charged lepton Yukawa matrices. Indeed most of
the flavour symmetries are unable to satisfy these stringent
bounds and only some symmetries that can protect the diagonal charged-lepton matrices to a high degree, like A5 CP are
able to explain simultaneously (g − 2)μ and LFV processes.
Naturally, all these flavour symmetries can still explain the
structure of the fermion mass matrices if they are not the only
dynamics responsible of the (g − 2)μ discrepancy, and the
scale of symmetry breaking is pushed to a sufficiently high
scale. However, as we said, if the flavour dynamics is responsible for the discrepancy (or some unspecified new physics
whose flavour structure is still dictated by our flavour symmetries), we have shown that only very special symmetries
can be viable. It would be interesting to test this possibility
further. As we have seen in sect. 3, the typical scale suppressing the dipole operator should be quite below 1 TeV in order
to address the (g − 2)μ anomaly. In particular, charged mediator field are expected to have mass around that scale. Hence,
there are good prospects for the future runs of the LHC to test
this framework. Furthermore, some of these fields will necessarily couple to muons, providing an excellent physics case
for a future muon collider. For model-independent strategies
to test the (g − 2)μ anomaly at a muon collider see e.g.
[73–75]. In order to assess the testability of this framework,
one should however specify the UV completion (see Refs.
[13,14] for a general discussion) within some specific models, which would allow to study the spectrum and the collider
signatures following production and decays of such particles.
We defer this interesting discussion to future studies.
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