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Abstract In this paper, we study the phenomenon of quantum interference in the presence of external gravitational
fields described by alternative theories of gravity. We analyze both non-relativistic and relativistic effects induced by
the underlying curved background on a superposed quantum
system. In the non-relativistic regime, it is possible to come
across a gravitational counterpart of the Bohm–Aharonov
effect, which results in a phase shift proportional to the
derivative of the modified Newtonian potential. On the other
hand, beyond the Newtonian approximation, the relativistic
nature of gravity plays a crucial rôle. Indeed, the existence
of a gravitational time dilation between the two arms of the
interferometer causes a loss of coherence that is in principle
observable in quantum interference patterns. We work in the
context of generalized quadratic theories of gravity to compare their physical predictions with the analogous outcomes
in general relativity. In so doing, we show that the decoherence rate strongly depends on the gravitational model under
investigation, which means that this approach turns out to be
a promising test bench to probe and discriminate among all
the extensions of Einstein’s theory in future experiments.

1 Introduction
Einstein’s general relativity (GR) has gone through many
challenges in the last century, but it has always been confirmed by high-precision experiments which have verified
many of its predictions [1]. The recent observation of gravitational waves from binary merger represents one of the most
astonishing of its achievements [2].
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Despite its great success, there are conceptual problems
which have not found a definite answer yet. For instance, by
focusing on galactic and cosmological scales, self-consistent
and complete descriptions for dark matter and dark energy
(which are both compatible with experimental data) are
still missing. Furthermore, in the short-distance (ultraviolet) regime, GR turns out to be classically incomplete due
to the presence of cosmological and black hole singularities, whereas from a quantum point of view it is a nonrenormalizable theory, which thus lacks predictability at high
energies. From an experimental point of view, what we can
say is that our knowledge about short-distance gravity is
extremely limited; indeed, Newton’s law has been tested only
up to micrometer scales [3] and the smallest masses for which
the gravitational coupling has been measured are of the order
of 100 milligrams [4].
In the past years, these fundamental open issues have channeled a huge amount of efforts towards the quest for a consistent ultraviolet completion of GR. One of the most straightforward approaches consists in generalizing the Einstein–
Hilbert action by including terms which are quadratic in the
curvature invariants, i.e. R2 , Rμν Rμν and Rμνρσ Rμνρσ .
The first remarkable achievements in the framework of
quadratic gravity date back to 1977 with the results obtained
by Stelle [5,6], who proved that a gravitational theory
described by the Einstein–Hilbert action with the addition
of the terms R2 and Rμν Rμν is power-counting renormalizable. At the same time, however, such a gravitational model
hides undesirable features, such as the emergence of a massive spin-2 ghost degree of freedom that violates unitarity
(when standard quantization prescriptions are implemented
[7]). Despite the presence of the ghost field, the above theory can be regarded as an effective field theory valid at the
energy scales below the cut-off represented by the mass of the
ghost. Another important accomplishment in the framework
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of quadratic gravity is given by the Starobinski model of inflation [8–10], which is in good agreement with the current data,
even though in this case the only quadratic part of the action
is R2 . In addition to that, it is worth observing that gravitational actions with quadratic curvature corrections were
recently considered also in other different scenarios [11–22].
The results mentioned so far were obtained for local
quadratic theories of gravity, whose corresponding Lagrangians depend polynomially on the derivative operator.
Recently, also nonlocal quadratic modifications have burst
into the spotlight, as the presence of nonlocal (i.e. nonpolynomial) form factors in the gravitational action can help
both to solve the problem of ghosts and to improve the ultraviolet behavior of the quantized theory. For this vast topic,
we remand the interested reader to Refs. [23–44].
In this paper, our aim is to investigate the differences
between GR and several extended theories of gravity by
resorting to the phenomenon of quantum interference.
Specifically, we will consider both non-relativistic and relativistic effects induced by a modified gravitational model
onto a quantum interference experiment to compare the
results with the case of Eistein’s theory. The interplay
between GR and quantum interference has already been
addressed, both from a theoretical and a phenomenological perspective. As a matter of fact, in the non-relativistic
regime (Newtonian approximation), the relevant effect is a
Bohm–Aharonov-like phase shift that is proportional to the
derivative of the gravitational potential, as discovered for the
first time in 1975 in a laboratory test devised by Colella, Overhauser and Werner, better known under the name of COW
experiment [45]. On the other hand, in the relativistic domain
the existence of time dilation entails more drastic effects on
a quantum superposition. Indeed, in Refs. [46–48] it was
shown that a (gravitational) time dilation between the two
arms of an interferometer can cause a loss of coherence in
the interference pattern, thereby giving rise to decoherence.
This quantum manifestation has not been directly observed
up to now, since a detectable loss of coherence would require
either a large travel-time or a large distance between the two
arms of the interferometer (see Sect. 4).
However, a decoherence mechanism originated by time
dilation was recently found out in a similar experiment [49],
where a Stern–Gerlach interferometer under the influence of
an external inhomogeneous magnetic field was employed to
simulate the effect of time dilation on the spin precession
of the examined system (atom chip). Apart from analogue
models, it is worth observing that recently the existence of
gravitationally-induced neutron bound states has been experimentally verified [50–56]. Such an achievement has been
made possible by means of ultra-cold neutrons (having a
speed v  10 m/s) propagating in a horizontal beam between
a reflecting mirror floor and an absorber ceiling. A similar
technology turns out to be useful in a plethora of laboratory
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tests, ranging from physics beyond the Standard Model to
quantum optics and (of course) decoherence; for a partial
overview of these topics, we remand the reader to Refs. [57–
60]. Remarkably, developments in the neutron bound states
experiments may allow for a considerable improvement in
the interferometric tests of extended theories of gravity, as
we will argue later in Sect. 5.
To comply with the aforementioned purposes, the paper
is organized as follows: in Sect. 2 we analyze the quantum mechanical setup, focusing in particular on the physics
behind a Mach–Zehnder interferometer and on the complementary concepts of interferometric visibility and which-way
information. In Sect. 3 we adapt the above setting to a configuration in which the interferometer is embedded in a (classical) weak and static gravitational field. Then, we derive the
Hamiltonian of a quantum system in curved backgrounds
and rely on a two-level system as a simple realization of a
quantum massive “clock”. Equipped with this knowledge, we
manage to discuss both COW and gravitational time dilation
effects associated with a generic, linearized and static spacetime metric. Section 4 is devoted to the introduction of several extended theories of gravity; for each of them, we exhibit
the corresponding modified Newtonian potential which has
to be exploited for the computation of detection probabilities and interferometric visibility. In Sect. 5, we compare the
new predictions related to alternative theories of gravity with
the current experimental data. In this respect, we point out
that the decoherence rate triggered by time dilation strongly
depends on the gravitational model under investigation. Furthermore, we comment on the fact that such an intriguing
aspect can provide a valuable test bench to probe and discriminate among several alternative theories in future experiments. Finally, Sect. 6 contains concluding remarks and outlook. In “Appendix 1”, we allocate the mathematical details
of the derivation of the Hamiltonian for a quantum system in
an external, linearized and static spacetime metric, whilst in
“Appendix 1” we briefly review the linearized (weak-field)
limit of generalized quadratic gravitational theories and their
modified Newtonian potentials.
Before ending this preliminary section, let us stress that
in this paper we only work with external and classical gravitational fields (namely, we study quantum systems on classical backgrounds). In other terms, we follow a semi-classical
approach and reasonably assume that the self-gravity of a
given quantum system is negligible in the analyzed physical setting. On the other hand, it must be said that several
articles recently appeared in literature have accounted for
self-gravity effects, both at the classical [61–63] and quantum level [64–67].
Throughout this work, we adopt the positive convention
for the metric signature, that is η = diag(−1, +1, +1, +1).
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On the other hand, the second observable quantifies the
which-path information and it is given by
σz := |+ +| − |− −| .

Fig. 1 This figure illustrates a two-way interferometer known as
Mach–Zehnder setup. It is made up of two beam splitters BS1, BS2
and two detectors D± . The superposed system travels along the two
paths that are labeled by |± , and it can generally acquire a relative
(controllable) phase shift φ. The two detectors D± measure the degree
of interference which appears on the screen as an interference pattern

(2)

Such quantity has eigenstates |± and respective eigenvalues
±1, which means σz |± = ± |± .
Therefore, the observables σx and σz are two anticommuting operators that take into account the quantum
complementarity between interference and which-way information. To move forward, we still have to tackle an important aspect, that is reflected into the main differences between
quantum interferometry for pure and mixed states, as well as
interferometry for single and composite systems.
2.2 Pure states
If the interfering system is in a pure state, we can write

2 Quantum complementarity

|ψ = a |+ + eiφ b |− ,

In quantum mechanics, there are physical properties that
cannot be simultaneously accessed with arbitrary precision;
these quantity are addressed as complementary, and mathematically they correspond to non-commuting operators.
One particular example of complementarity is realized when
observing interference versus the availability of which-way
information: these notions are mutually exclusive in any
interference experiment, as the double-slit or the Mach–
Zehnder setup.
For later convenience, we need to briefly review the
main characteristics of a Mach–Zehnder interferometer; in
so doing, we closely follow Refs. [48,68].

2.1 Mach–Zehnder interferometer
Let us consider a two-dimensional Hilbert space H1 with
an orthonormal basis {|+ , |−} . Such states can be used to
describe a superposed quantum system traveling along the
two arms of an interferometer, as the Mach–Zehnder setup
shown in Fig. 1.
The two detectors D± in Fig. 1 quantify the degree of
interference by measuring the two physical observables σx
and σz (x and z Pauli matrix respectively). The former is
defined as
σx := |+ −| + |− +| ,

(1)

and we can say that it is measured when the detection of the
interfering system in D± is associated with an outcome ±1.
Indeed, one can easily prove that the available output states
|+ ± |− are eigenstates of σx with eigenvalues ±1, namely
σx (|+ ± |−) = ±(|+ ± |−).

(3)

where a, b ∈ R satisfy a 2 + b2 = 1, whilst φ ∈ [0, 2π ) is a
controllable phase shift between the two different paths. The
probabilities of obtaining the two values ± when measuring
σx are




|+ ± |− 2
1
= ± a b cos φ. (4)
Pσx =±1 (φ) = ψ|
√

2
2
For the observable σz , instead, one has
Pσz =+1 = |ψ| +|2 = a 2 ,

(5)

Pσz =−1 = |ψ| −| = b .

(6)

2

2

Now, we can introduce two fundamental quantities that turn
out to be convenient to properly describe quantum complementarity. The interferometric visibility (or simply visibility)
is defined as
maxφ Pσx =± − minφ Pσx =±1
.
(7)
V :=
maxφ Pσx =± + minφ Pσx =±1
Since maxφ cos φ = 1 and minφ cos φ = −1, for pure states
the interferometric visibility reads
V = 2ab.

(8)

Furthermore, the predictability of a measurement for the
observable σz is identified with


(9)
P :=  Pσz =+1 − Pσz =−1  = |a 2 − b2 |.
The pure state (3) is normalized; hence, it is straightforward
to observe that
V 2 + P 2 = 1.

(10)

The physical meaning of this last equation lies in the fact that
a non-zero predictability of the two paths necessarily implies
a non-maximal interferometric visibility of the interference
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pattern and vice-versa. In other words, a non-maximal predictability entails the appearance of a visible interference
pattern.
2.3 Mixed states
In the case of mixed states, Eq. (11) is generalized to
V2 + P2 ≤ 1 ,

(11)

consistently with the interpretation according to which mixed
states are characterized by an incomplete knowledge about
the physical state. In order to reach Eq. (11), we have to rely
on the density matrix formalism. Starting from
ρ = a 2 |+ +| + b2 |− −|
(12)
+c∗ e−iφ |+ −| + ceiφ |− +| ,


we compute ρ 2 and impose1 Tr ρ 2 ≤ 1, which yields
|c|2 ≤ ab.

(13)

The probabilities to measure |± for the observable σz do
not depend on the off-diagonal elements, thus leaving the
expression for the predictability (9) untouched. Differently
from the above picture, the probabilities Pσx =±1 to detect
an interference pattern for the mixed state outlined by the
density matrix ρ is given by
 


|+ ± |−
+| ± −|
ρ
Pσx =±1 =
√
√
2
2
1
(14)
= ± |c| cos(φ + α),
2
where we have used c = |c|eiα . From the last equation and
Eq. (7), we can deduce the interferometric visibility for a
mixed state:
V = 2|c|.

(15)

In general, the interferometric visibility coincides with twice
the amplitude of the off-diagonal component of the density
matrix. As a matter of fact, for a pure state |c| = ab, which
recovers Eq. (8).
Hence, by putting the relations (9) and (15) together, we
obtain the inequality V 2 + P 2 ≤ 1, as claimed in Eq. (11).
2.4 Composite systems
Quantum complementarity requires that precise measurements of σx and σz cannot be performed simultaneously on
the same system, as they correspond to two anti-commuting
operators. However, so far we have only studied a system
 


Recall that the trace operation is given by Tr ρ 2 = +|ρ 2 |+ +



−|ρ 2 |− and it defines the purity of a state. The inequality Tr ρ 2 ≤ 1
holds true for any mixed
 state, and it is saturated only for pure states
that indeed satisfy Tr ρ 2 = 1.

1
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Fig. 2 This figure illustrates the Mach-Zehnder interferometer in Fig. 1
with the addition of an extra degree of freedom that is able to encode
the which-way information. Apart from the two beam splitters BS1,
BS2 and the two detectors D± , we now have a which-way detector
indicated by WWD. The main difference with respect to the simpler
configuration of Fig. 1 lies in the possibility that the interfering system
and WWD can become entangled, thereby allowing to obtain the whichway information from WWD. At the same time, the interferometric
visibility V is reduced, which tells us that the complementarity principle
still holds even for a composite system

made up of a single degree of freedom. We now want to
demonstrate that quantum complementarity also applies to
systems made up of multiple degrees of freedom. To this
aim, we must add a second system in our interferometric
setup that is called which-way detector (WWD) (see Fig. 2
for this configuration). Practically speaking, WWD can be
taken as a two-level system.
The Hilbert space of the composite system is labeled as
H = H1 ⊗ H2 , where H1 is the Hilbert space of the interfering system and H2 is the Hilbert space of WWD. At the initial
reference time t = 0, the which-way detector is in some state
|τ0  uncorrelated with the interfering system, which implies
that the starting state is a product state. The crucial point is
that, for t > 0, WWD becomes excited and performs a transition to one of the two normalized states |τ±  depending on
the arm traveled by the system. Consequently, the total state
of the system becomes entangled and reads
|ψ = a |+ |τ+  + eiφ b |− |τ−  .

(16)

Since the (composite) state is now entangled, we can measure
the two observables σx and σz with absolute precision simultaneously. Indeed, we can summarize the measurements in
two steps:
• we access the which-way information by measuring the
observable 11 ⊗ σz on WWD;
• we detect the interfering system at D± to measure the
observable σx ⊗ 12 .
In the previous steps, 11 and 12 are the two identity operators acting on the states of the Hilbert spaces H1 and H2 ,
respectively.
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At this point, we need to determine the probabilities
Pσz =±1 and Pσx =±1 for the case of the composite system
described by the entangled state (16). Given the total density matrix ρψ = |ψ ψ| , one can obtain the density
matrix for one of the two subsystems bypartial tracing with
respect to the other, i.e. ρi = Tr j ρψ with i, j = 1, 2,
thereby remaining with a mixed state. It is worth stressing
that the states |τ+ , |τ−  are in general not orthogonal (i.e.
τ+ |τ−  = 0); thence, it comes in handy to consider an
orthogonal basis in H2 such that
|τ±  = A± |u + B± |v ,
u |v = δuv , |A± |2 + |B± |2 = 1.

(17)

For the setup analyzed in Fig. 2, it can be shown that3
D=

D2 + V 2 = 1 − (1 − D2 )P 2 ≤ 1.

• If P = 0, we can have access to the which-way information regardless of the outcome contained in the whichway detectors, namely even if D = 0 the visibility V has
to be limited;
• if P = 0, then D2 + V 2 = 1 for pure states (while for
mixed states one has ≤ 1), i.e. although the predictability is zero, the presence of WWD implies that the interferometric visibility V cannot be maximal because D is
non-vanishing.

−ab |τ+ |τ− | e−iφ−iα |+ −| + eiφ+iα |− +| ,
(18)

1
± ab |τ+ |τ− | cos(φ + α),
2

(19)

which translates into the formula
V = 2ab |τ+ |τ− | .

(20)

As for the probabilities Pσz =±1 and P, we essentially recover
the same result of Eq. (9). Clearly, if |τ±  are orthogonal,
then V = 0, which entails that, by measuring 11 ⊗ σz , one
could have a maximal access to the which-way information.
However, it is opportune to emphasize that the reduction of
visibility V does not depend on whether the measurements
at D± have been carried out or not, and thus whether the two
paths are distinguishable. On the other hand, if the states |τ± 
are not orthogonal, then not even in principle the two paths
can be perfectly distinguished.
We can better formalize the notion of distinguishable paths
by introducing the distinguishability as the trace norm distance2 between the final states of WWD, that is
D :=

1
Tr {|τ+  τ+ | − |τ−  τ− |} .
2

Let us conclude this section by summarizing what we have
learned about composite systems with multiple degrees of
freedom. The main message is that the complementarity principle holds also for composite systems. Even if one manages
to encode the information in the correlations between the
subsystems, these quantum correlations necessarily correspond to entanglement, which means that the state of each
subsystem is mixed and so V cannot be maximal. If the subsystems were pure states, there would not be any entanglement between them and no quantum correlation that could
in principle reveal which-way information (in this case we
would have had D = 0). Finally, let us remark again that the
reduction or loss of visibility does not depend on whether the
degrees of freedom encoded in WWD are measured or not.
Since we have reviewed the concept of quantum complementarity and the physical properties of the interferometric
setup under consideration, we are ready to study the phenomenon of quantum interference in an external gravitational
field.

3 Quantum interference of massive quantum clocks
(21)

The trace norm distance between two matrices (operators) σ and ρ
is defined as T (σ, ρ) := (σ − ρ)† (σ − ρ). In the case of density
matrices, σ and ρ are hermitian (but not necessarily positive) and hence
T (σ, ρ) = 21 (σ − ρ)2 = 21 i λi , with λi being the eigenvalues of
the difference matrix σ − ρ..

2

(23)

We can now understand the physical meaning of the two
inequalities (11) and (23).

ρ1 = a 2 |+ +| + b2 |− −|

Pσx =±1 =

(22)

In a nutshell, the distinguishability D of the two paths is
the probability to correctly guess which path was taken by
making a measurement on the subsystem WWD.
At this point, by combining Eqs. (20) and (22) and using
the inequalities D, P ≤ 1, we obtain

By using the above orthonormal basis, we can readily trace
over the Hilbert space H2 and show that the reduced density
matrix ρ1 for the interfering system is

where we have used τ+ |τ−  = |τ+ |τ− | eiα .
By resorting to the computations already made explicit in
the previous section, we arrive at the following expression
for the detection probabilities:

1 − |τ+ |τ− |2 .

In this section, we will analyze a physical setup in which a
Mach-Zehnder interferometer is embedded in a weak gravitational field, as for instance the one belonging to Earth (see
3

For a detailed derivation which includes the treatment of mixed states
(for which the equality is replaced by an inequality ≤ 1), see Ref. [68].
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Fig. 3). As we will see below, in such a setting the presence of
a non-vanishing gravitational potential induces a phase shift
in the final state detected at D± . Furthermore, GR effects are
responsible for a time dilation between the two arms of the
interferometer, as they are located at two different heights
with respect to Earth’s surface. Quantum clock interferometry has been intensively studied in the context of Einstein’s
GR [46,47,69–72].
Before continuing, let us point out that in this case the
trajectories through the interferometer are supported against
gravity. Although it is important to specify the mechanism
with which the levitation is achieved (e.g. with a harmonic
trap), here we just assume that a similar configuration exists
and leave the aspects related to the precise experimental
details of the apparatus for future works.
In this scenario, the rôle of WWD is played by time dilation effects associated with the internal degrees of freedom
 
of the interfering system. Therefore, we assume that τ1,2
are internal states that work as clocks, where 1 and 2 refer to
the upper and lower arm of the interferometer, respectively.
Thus, we consider a quantum version of the time dilation
phenomenon in which a single clock is superposed along
two paths having different proper times because of the gravitational potential of Earth. Remarkably, we are dealing with
a quantum version of the twin paradox with only a “quantum
child” whose “ages” (proper times) are superposed, so that
he/she is becoming older and younger than himself/herself
at the same time.
Let us now understand what happens in an interference
experiment with a similar clock system. The states |+, |−
related to the external degrees of freedom are now labeled
by |γ1 , |γ2 , where γ1 and γ2 denote the two paths traveled
by the system in the interferometric apparatus (see Fig. 3).
We suppose that γ1 lies farther from Earth’s surface than γ2 ,
so that the former feels a weaker gravitational potential with
respect to the latter.
Following the mathematical formalism introduced in the
previous section, we can write the quantum state of the
composite clock system inside the interferometer as follows
[46,48]
1
|ψ = √ e−iφ1 |γ1  |τ1  + e−iφ2 +iφ |γ2  |τ2  ,
2

(24)

where the phases φ1,2 are path-dependent and their values are
intimately connected with the dynamics of the internal clock,
whereas φ is some controllable phase shift. For the sake of
simplicity, we
√ work in the context of zero predictability, since
a = b = 1/ 2 ⇒ P = 0.
As already mentioned before, by reasonably accounting
for the gravitational interaction on the clock in superposition,
the internal degrees of freedom must evolve with different
rates (i.e. proper times) along each path because of relativistic
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Fig. 3 This figure illustrates the Mach-Zehnder interferometer in Fig. 1
placed in an external gravitational field, i.e. under the influence of a gravitational acceleration g. The information about the which-way detector
WWD is now encoded in an internal time-evolving degree of freedom
that works as a clock. Due to time dilation effects, an initial internal


state |τ0  can evolve into a linear combination of the two states τ1,2
characterized by two different proper times, τ = τ1 − τ2 = 0. The
phases φ1,2 depend on the path and on the dynamics of the internal
degree of freedom, whereas φ is a controllable phase shift

effects. This implies that such degrees of freedom enclose the
information about which path is taken, thus acting as WWD.
As we have chosen the predictability to be zero, we can
quantify the quantum complementarity by exploiting the concepts of interferometric visibility (20) and distinguishability (22), which in this case read
V = |τ1 |τ2 | ,

(25)

and
D=

1 − |τ1 |τ2 |2 ,

(26)

respectively. Furthermore, Pσz =±1 = 1/2; instead, by following the steps contained in Sect. 2.4, one can show that the
probabilities to detect an outcome ±1 at D± are given by
Pσx =±1 =

1 1
± |τ1 |τ2 | cos(φ + φ + α),
2 2

(27)

where φ := φ1 − φ2 and τ1 |τ2  = |τ1 |τ2 | eiα .
Let us recall one more time that the visibility is limited
as a consequence of the complementarity principle; indeed
(for total pure states) V 2 + D2 = 1. We now note that, if the
system is in a stationary internal state (namely, if the clock is
switched off), then the which-way information is zero and V
becomes maximal. In fact, such a complementarity induced
by time dilation can only be observed with a non-stationary
internal state that is allowed to evolve along the two paths (i.e.
with a switched-on clock). Another comment is in order here:
the distinguishability of the final states of the clock strictly
depends on whether the difference τ := τ1 − τ2 is larger or
smaller than the time interval required by the internal states to
evolve between two consecutive distinguishable states, that
is the so-called orthogonalization time t⊥ [46,48].
In the next sections, we will derive the Hamiltonian of
both the internal and the external degrees of freedom. Specif-
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ically, for the internal dynamics we will consider a two-level
clock system as a model and perform precise computations
of detection probabilities (27), interferometric visibility (25)
and distinguishability (26) in the presence of a generic external, static and weak gravitational field.
3.1 Hamiltonian of a quantum system in a gravitational
field
To comply with the above requests, in addition to the previous assumptions we also work under the condition that the
evolution of the composite quantum system can be described
in a low-energy regime, and that the relative distances among
the internal constituents are sufficiently small so as to neglect
the variations of the metric over the size of the system. This
hypothesis conveys the idea that we can assign a single position degree of freedom to the center-of-mass of the system.
Consequently, the quantum system can be described as a
point-like object with internal degrees of freedom, and we
can still define a world line along which the proper time is
measured.
By accounting for these considerations, the total Hilbert
space of the system is given by H = Hext ⊗Hint , where Hext
includes states related to external (center-of-mass) degrees
of freedom, whilst Hint incorporates the states describing
internal degrees of freedom, or in other words the states of
the clock. Concerning the gravitational sector, the spacetime
background can be described by a generic linearized static
metric expressed in isotropic coordinates




2
2
ds 2 = − 1 + 2 c2 dt 2 + 1 − 2 (dr 2 + r 2 d2 ),
c
c
(28)
where r =
+ +
c is the speed of light and (r )
and (r ) are two generic metric potentials; in the case of
GR, we have  =  = −G M/r, with G being the Newton’s
constant and M the mass of the source (in our case M = M⊕ ).
Moreover, for simplicity and for consistency with Refs.
[46,48], as a preliminary investigation we neglect any complexity stemming from the spinor nature of the examined
system; therefore, we study a real scalar field ϕ of rest mass
m r in curved spacetime, whose field equation is given by


m 2 c2
g − r 2
ϕ(x) = 0,
(29)
h̄
x2

y2

z2,

where g = g μν ∇μ ∇ν is the curved d’Alembertian, which
acts on scalar quantities as follows:
√

1
g ϕ(x) = √ ∂μ −gg μν ∂ν ϕ(x).
−g

(30)

In the linearized regime (i.e. up to linear order in G), by using
the form of the metric given in Eq. (28) we obtain

 + 2c−2 ∂02 + 2c−2 ∇ 2 + c−2 ∇( − ) ·
∇−

m r2 c2
ϕ(x) = 0,
h̄ 2

(31)

where  = −∂02 + ∇ 2 is the flat d’Alembertian, with ∂02
c−2 ∂t2 and ∇ 2 = δ i j ∂i ∂ j .
By thoroughly relying on the procedure introduced
Refs. [73,74], we perform a non-relativistic expansion
compute the Schrödinger equation of a quantum system
the external spacetime metric (28)
i h̄∂t ψ(t, x) = H ψ(t, x),

=
in
to
in

(32)

where ψ(t, x) represents the quantum wave function and H
is the Hamiltonian



p2
p4
1
2
+ p 2
−
+m r +
H = mr c +
2m r
8m r3 c2
m r c2 2
1
1
−
[ p 2 ] −
[ p ] · p,
(33)
2
4m r c
2m r c2
where [· · · ] indicates that the momentum operator acts only
on the object inside the brackets. In the case of GR, as 
and  are equal to the Newtonian potential, we recover the
result contemplated in Ref. [74]. The algebraic details on the
derivation of Eqs. (32) and (33) can be found in Appendix 1.
Let us emphasize that the Hamiltonian (33) acts on the
product space H, thereby governing the dynamics of both the
external and the internal degrees of freedom of the composite
quantum system. Another crucial aspect to pinpoint is that in
general the rest mass m r contains two distinct contributions
[46], which are
m r = m1int + c−2 H0 ,

(34)

where m is the static rest mass, c−2 H0 is the dynamical contribution due to the internal degrees of freedom and 1int is
the identity operator on Hint .
If we ignore higher-order terms in c−2 , we can write the
Hamiltonian (33) in the following compact form:


(x, p)
,
(35)
H = Hcm + H0 1 +
c2
with
Hcm := mc2 +

p2
+ m + Hcorr ,
2m

(36)

and
(x, p) := (x) −

p2
.
2m 2

(37)

The term Hcorr includes special and general relativistic corrections that will correspond to a mere phase shift in the
interference patter, which is not relevant for our purposes
and so we can exclude them henceforth. Instead, the term
(x, p) is extremely important and grants access to the time
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dilation effect. It is worth stressing that, up to the considered approximation, the gravitational potential  does not
contribute to the time dilation, but only to Hcorr ; hence, in
this regime its only implication results in an additional phase
shift, which we do not show explicitly.
Now, using the expression for the Hamiltonian (35), we
can evaluate the evolution of the state inside the interferometer. First of all, let us look at the following total pure state:
1
|ψ = √ |ψ1  + eiφ |ψ2  .
(38)
2


The states ψ1,2 are associated with the two paths γ1,2 and
can be determined by acting with the evolution operator on
the initial state |xin  |τ0  , thus yielding
|ψi  = e

− h̄i


dt Hcm +H0 1+


γi



dt (1 + /c2 )


c2





≡ |γi  |τi  ,

(40)

where we have used
− h̄i


γi

dt Hcm

|xin  ,

(41)

and
|τi  = e

− h̄i H0 τi

|τ0  .

(42)

From the above equation, it is straightforward to calculate
the interferometric visibility (25), that is
i

V = | τ1 |τ2  | = | τ0 | e h̄ H0 τ |τ0  |,

(43)

where we have denoted τ = τ1 − τ2 as the proper time
difference between the two paths γ1 and γ2 . The internal
contribution to the Hamiltonian (35) not only is responsible
for time dilation effects, but it also gives rise to entanglement
between internal and external degrees of freedom. In turn, the
interferometric visibility is not equal to one but it decreases,
thereby signaling a loss of coherence.
By virtue of the scheme depicted so far, we have extended
the results of Refs. [46,48] to the case in which the spacetime
metric is not described by GR, as in general we may have
 =  = −G M/r. However, we have seen that  only contributes to an irrelevant phase shift, whereas  is the source of
the dominant contribution to the phase shift and of time dilation. For each extended theory of gravity beyond Einstein’s
GR, there is a corresponding modified Newtonian potential
 which will cause different phase shifts and losses of coherence. In the next section, we consider a two-level quantum
system as a clock to find a simple expression for H0 , by
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3.2 Two-level system as a quantum clock
A two-level system is the most immediate setup we can think
of to construct a quantum clock and to better understand how
time dilation can induce a loss of coherence. Let us assume
that Hint is two-dimensional and is spanned by the basis of
two energy eigenstates {|1 , |2} of the operator H0 , with
eigenvalues E 1 and E 2 , respectively. Therefore, we can cast
the operator H0 as
H0 = E 1 |1 1| + E 2 |2 2| .

(44)

In light of this, the initial internal state can be expressed as
|xin  |τ0  , i = 1, 2. (39)

= γi dτi , where τi is the proper
Note that γi
time along the path γi . By further assuming that H0 is timeindependent, we can write




i
− h̄i γ dt Hcm
i
|ψi  = e
|xin  e− h̄ H0 τi |τ0 

|γi  = e

means of which we can explicitly evaluate the interferometric visibility (43).

1
|τ0  = √ (|1 + |2) ,
2

(45)

so that the evolved internal state is given by
i
i
1
|τi  = √ e− h̄ E 1 τ1 |1 + e− h̄ E 2 τ2 |2 .
2

(46)

With this knowledge, we now have all the ingredients to
explicitly evaluate the interferometric visibility for an initial pure state in Eq. (43), which gives
 


Eτ 
(47)
V = cos
,
2h̄
where E := |E 2 − E 1 |. By introducing the orthogonalizaπ h̄
[46] we can rephrase the last equation in
tion time t⊥ = E
a different shape, that is
 


τ π 

.
(48)
V = cos
t⊥ 2 
As long as τ ≥ t⊥ , there will be an amount of accessible
which-way information encoded in the internal states of the
interfering system, which is traduced in a loss of coherence.
In order to compute τ , we recall that we have set the
interferometer so that the gravitational acceleration is only
present along the z-direction and that the velocity of the quantum system has only y-component. At this stage, we further
make the reasonable ansatz according to which the velocities
are the same for both paths, in such a way that the existence
of time dilation is solely due to the presence of the external gravitational field. Now, by expanding the gravitational
potential in the limit h  R, with h being the distance
between the two arms of the interferometer and R the Earth’s
radius as well as the height of the path γ2 (see Fig. 3), namely
(R + h)  (R) +  (R)h,
we can write
 T
dτ [(R + h) − (R)]
τ = c−2
0

(49)
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= c−2  (R)hT,
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(50)

where T is the coordinate travel time as seen from the
laboratory frame, which expresses the time exerted by the
quantum system to travel through the two arms of the interferometer at two constant heights R and R + h. Note that
we have used the shorthand notation f  ≡ d f /dr. Therefore,
the interferometric visibility can be reformulated as
  


 (R)hT E 

(51)
V = cos
.
2h̄c2
Furthermore, we can also compute the probabilities Pσx =±1 ,
which turn out to be equal to
  

 (R)hT E 
1 1 
Pσx =±1 = ± cos

2 2
2h̄c2


m (R)hT
× cos
+φ+β ,
(52)
h̄
with β being a phase which includes both special and general relativistic contributions and whose explicit form is not
relevant for our purposes (see Ref. [46] for its derivation in
the context of GR).
To grasp the meaning of the behavior of the detection probabilities and of the interferometric visibility, we can study the
following difference
  


 (R)hT E 

Pσx =+1 − Pσx =−1 = cos

2h̄c2



m (R)hT
× cos
+φ+β .
h̄
(53)
Since we are interested in theories beyond Einstein’s GR, we
can write the gravitational potential as
(r ) = GR (r ) + χ (r ),

(54)

where G R = −G M/r while χ takes into account corrections to Newton’s potential; the same separation can be done
also for β = βGR + δ. The corrections due to new physics
beyond GR affect both the interferometric visibility and the
phase shift. This feature opens a new window of opportunities to test, constrain and discriminate extended theories of
gravity in tabletop laboratory experiments based upon quantum interference.
3.3 Non-relativistic regime: COW effect
In the non-relativistic regime, the term  (R)hT E/
2h̄c2 ∼ O(c−2 ) is negligible (i.e. no time dilation effect
appears), thereby allowing the detection probability to take
the form


m (R)hT
nr
nr
+φ .
(55)
Pσx =+1 − Pσx =−1 = cos
h̄

Fig. 4 Quantum interference in GR. The blue dashed line corresponds
to the coherent oscillation due to the COW effect, whereas the red solid
line represents the interference pattern in the presence of time dilation.
One can explicitly notice that, because of time dilation, there is a loss of
coherence. For the sake of argument, we have set  hE/(2h̄c2 ) = 1
Hz, m h/h̄ = 15 Hz, φ = β = 0

The term ϕ := m (R)hT /h̄ ∼ O(c0 ) is the nonrelativistic phase shift due to the gravitational potential, and
it has been measured for the first time in the COW experiment
[45]. The phenomenon is also known under the name “COW
effect”, and it can be regarded as the gravitational analogue
of the Bohm-Aharonov effect [75]. This was the first-ever
gravitational effect measured on a quantum system. The blue
dashed curve in Fig. 4 portraits the qualitative behavior of the
detection probabilities in the case of the COW effect.
The first measurement of COW effect [45] was performed
with neutrons, but many experimental improvements have
been made in the last decades [76]. To test and constrain
gravitational theories beyond GR, we must compare the magnitude of the phase shift induced by the corrected Newtonian potential (54) with the experimental error. From Refs.
[77,78], one can see that the current experimental error err ϕ
on the determination of the gravitational phase shift is of the
order of
err ϕ = ±0.001 rad.

(56)

Thus, for consistency with the experimental data, any predicted correction χ ϕ to the phase shift induced by alternative theories beyond Einstein’s GR such that ϕ = GR ϕ +
χ ϕ must satisfy the following constraint:
|χ ϕ| < |err ϕ| = 0.001 rad.

(57)

3.4 General relativistic regime: time dilation
In the fully relativistic regime, the term  (R)hT E/
2h̄c2 ∼ O(c−2 ) is no longer negligible, thereby giving rise
to drastic differences with respect to the non-relativistic scenario. Because of this term, the absolute value of the cosine
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function (53) is fundamental, as it physically causes a loss of
coherence as depicted in Fig. 4.
This intriguing effect has not been observed yet in a purely
gravitational experiment. However, in Ref. [49] the very same
decoherence induced by time dilation for a two-level system
was experimentally simulated with a Bose–Einstein condensate. In this test, the authors consider a Stern–Gerlach type
matter-wave interferometer under the influence of an external inhomogeneous magnetic field which mimics the effect
of gravitational time dilation. In a similar framework, the
quantum clock is simply represented by the spin precession
of the system. The final statement of Ref. [49] asserts that the
claimed result may potentially lead to a deeper study of selfinteracting clocks in a laboratory on Earth. Moreover, there
are good chances that, in the near future, it will be possible
to achieve the high sensitivity required to perform a proper
gravitational experiment [46].

4 Extended theories of gravity beyond general relativity
In this section, we introduce a wide class of alternative theories of gravity whose action contains quadratic curvature
terms in addition to the Einstein–Hilbert part. We show the
expressions for the corresponding gravitational potentials in
the weak-field approximation, which will be employed to
evaluate the relevant physical quantities for our quantum
interference setup. In particular, we start from the following generic gravitational action [27,31,32]:


√
1
1
S = 2 d 4 x −g R + RF1 (g )R
2κ
2

(58)
+ Rμν F2 (g )Rμν ,
where κ ≡ 8π G/c4 , and the differential operators Fi (g )
can be either analytic or non-analytic functions of g
Fi (g ) =

N


f i,n ng ,

i = 1, 2.

(59)

n=0

Positive (negative) powers of the d’Alembertian, that is, n >
0 (n < 0), correspond to ultraviolet (infrared) generalizations
of Einstein’s GR. When N < ∞ and n > 0, we have a
local (polynomial) theory of gravity, whose derivative order
is 2N + 4; when N = ∞ and/or n < 0 we have a nonlocal
(non-polynomial) theory of gravity, which means that the
two form factors Fi (g ) can be non-polynomial differential
operators of g .
In what follows, we list several theories of gravity and
the ensuing modified Newtonian potentials. Let us recall that
we deal with static and spherically symmetric backgrounds;
for this reason, the general form of the linearized spacetime metric we investigate is the one given by Eq. (28). In

123

“Appendix B”, we review quadratic theories of gravity and
their linearized regime more accurately, including a derivation of the modified Poisson equations for the metric potentials.
4.1 R2 -gravity
Let us first start from the simplest quadratic extension of the
Einstein-Hilbert action which involves a Ricci scalar squared
term with constant form factor
F1 = α,

F2 = 0.

(60)

This choice belongs to the wide class of f (R)-theories,
where the Lagrangian can be a generic function of the Ricci
scalar.
For such a model, the two metric potentials  and 
defined in Eq. (28) are


1
GM
1 + e−m 0 r ,
(r ) = −
r
3


1
GM
(61)
1 − e−m 0 r ,
(r ) = −
r
3
√
with m 0 = 1/ 3 α being the inverse of a length and the mass
of an extra massive spin-0 degree of freedom.
The potential  is the only term that appears in the regime
we are interested in (see Eq. (53)). From its expression, we
can compute the correction χ (r ) to the Newtonian potential
introduced in Eq. (54), which reads
χ (r ) = −

G M −m 0 r
.
e
3r

(62)

4.2 Stelle gravity
For Stelle four-derivative gravity [5,6], the differential operators of the action are chosen to be
F1 = α,

F2 = β.

(63)

Consequently, the two metric potentials are


1 −m 0 r 4 −m 2 r
GM
,
1+ e
− e
(r ) = −
r
3
3


1
GM
2
(64)
1 − e−m 0 r − e−m 2 r ,
(r ) = −
r
3
3
√
√
where m 0 = 2/ 12 α + β and m 2 = 2/(−β) are the
inverse of a length and the masses of an extra spin-0 and a
spin-2 massive degree of freedom, respectively. Note that we
must impose β < 0 in order to avoid tachyonic modes.
In this case, the correction χ (r ) is
χ (r ) = −

G M −m 0 r 4G M −m 2 r
e
e
+
.
3r
3r

(65)
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4.3 Analytic nonlocal gravity
As an analytic nonlocal theory of gravity, we select the following form factors [29]:
1
1 − e−
F1 = − F2 =
2
2 g

2

g

,

(66)

where  is the fundamental length scale of nonlocality at
which new gravitational physics should become manifest.
For this theory, the only propagating degree of freedom
around Minkowski background is the massless transverse
spin-2 graviton with ±2 helicities.
Due to the peculiar choice for F1 and F2 , the two metric
potentials coincide and are given by
GM
r
,
(67)
Erf
r
2
x
2
where Erf(x) = √2π 0 e−t dt is the so-called error function.
Now, the corresponding correction to the Newtonian gravitational field is
r
GM
Erfc
,
(68)
χ (r ) =
r
2
where Erfc(x) = 1 − Erf(x) is the complementary error
function.
(r ) = (r ) = −

Finally, we consider a non-analytic nonlocal model which is
realized with the following choice of form factors:
α
F1 = , F2 = 0.
(69)

The two metric potentials contain an infrared modification
of the standard Newtonian one, as it can be seen from their
expression, namely


G M 4α − 1
,
(r ) = −
r
3α − 1


G M 2α − 1
.
(70)
(r ) = −
r
3α − 1
In this case, the correction to the metric potential reads
α GM
.
3α − 1 r

h̄
,
(72)
mhT
where R⊕ is Earth’s radius, m is the mass of the interfering
quantum system, h is the distance between the two arms
of the interferometer and T is the travel time, or in other
words the duration of the quantum superposition.
In what follows, we consider neutrons as the superposed
quantum system for which the spin precession acts as a clock;
see Ref. [46] for more details on the experimental apparatus
and data. By using the neutron mass m  1.67 × 10−27 kg,
h̄  1.05 × 10−34 m2 kg/s and the achieved experimental
value hT  10−6 m s, we can rewrite the bound (72) as
m
|χ  (R⊕ )| < 6.5 × 10−5 2 .
(73)
s
By virtue of this bound, we can constrain the gravitational
theories introduced in the previous section using R⊕ 
6.37 × 106 m and G M⊕  4 × 1014 m3 /s2 .

|χ  (R⊕ )| < (0.001) ×

• In the case of R2 -gravity, the inequality reads

4.4 Non-analytic nonlocal gravity

χ (r ) = −

effect and the relativistic decoherence arising from time dilation to constrain and explore (classical) modified gravity via
its interplay with quantum mechanics.
Let us start from the COW effect and recall that the corrections χ (r ) to the Newtonian potential must satisfy the
experimental bound (57), which can be rephrased as

(71)

5 Discussion and experimental constraints
After the calculation of the quantity χ (r ) for different
quadratic models of gravity, we can now compute the detection probability (53) for each gravitational theory to understand how quantum interference is affected by the presence
of a corrected Newtonian potential with respect to standard
GR. To this aim, we work with both the non-relativistic COW

e−R⊕ m 0 (1 + R⊕ m 0 )  6.4 × 10−6 ,

(74)

from which we get the following constraint on the free
parameter
1
 4.3 × 105 .
m0

(75)

• For Stelle gravity, we have

 −R⊕ m 0
(1 + R⊕ m 0 )
e



−4e−R⊕ m 2 (1 + R⊕ m 2 )  6.4 × 10−6 ,

(76)

from which we obtain constraints on m 0 and m 2 of the
same order of the one in Eq. (75).
• In the context of analytic nonlocal gravity, the constraint
yields



 e−R⊕2 /42 R
R⊕ 
⊕

+ Erfc
√
  6.4 × 10−6 ,


2 
π

(77)

from which it follows
  8.7 × 105 .

(78)
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• Finally, in the framework of non-analytic nonlocal gravity we obtain


 α 
−6


 3α − 1   6.4 × 10 ,

(79)

and the constraint on the free parameter reads
|α|  6.4 × 10−6 .

(80)

Interestingly, these constraints are of the same order of the
ones coming from Gravity Probe B [79], which is the best
satellite experiment so far. On the other hand, we should
point out that the best laboratory constraint on deviations
from Newton’s law still comes from torsion-balance experiments performed on Earth. To give an idea on the precise
order of magnitude, we can rely on the results coming from
the Eöt-Wash experiment, which gives 1/m 0 ,   10 µm
[3].
It is common belief that, in the near future, a huge development will be made in this sector of quantum interference by bringing heavier systems in superposition and by
simultaneously increasing the travel time (i.e. the length
of the arms). For instance, there are promising indications
towards the feasibility of superposing heavy masses of the
order of 10−16 kg (see Ref. [64] for related discussions)
and at the same time achieving values hT  106 m · s
[46]. Together with a smaller experimental error err ϕ, this
technological enhancement would allow us to significantly
decrease the magnitude of the r.h.s. of the inequality constraints (75,78,80). A first enhancement of these bounds
would be reachable if we used gravitationally-induced neutron bound states [50–52]. With a travel time of T  0.01
s and a gap of h  0.1 m, by resorting to neutron quantum states generated by Earth’s gravitational field we would
obtain hT  10−3 m · s, thus improving Eqs. (75,78,80)
by three orders of magnitude. In so doing, we would attain
better constraints with respect to Gravity Probe B (and hence
any other satellite experiment).
So far, we have only discussed the non-relativistic regime,
but interesting outcomes emerge especially when relativistic
effects are accounted for. Although an experimental verification of any effect beyond GR would require a non-trivial
improvement of the current experimental status, we can still
make a qualitative prediction. Specifically, we can understand how the decoherence associated with time dilation is
dramatically influenced by the modification of the Newtonian potential. As a matter of fact, the phenomenon of decoherence significantly depends on the strength of gravity: the
weaker (stronger) the gravitational field interacts, the slower
(faster) the loss of coherence becomes. In Sect. 4, we have
introduced both these types of theories, namely theories in
which gravity turns out to be weaker at short distances with
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Fig. 5 Behavior of the detection probabilities (53) in Einstein’s GR
(dashed red line), R2 -gravity (orange solid line) and analytic nonlocal
gravity (blue solid line). Since we are only interested in the qualitative
behavior of the decoherence, in the plot we have magnified the differences between the three cases under examination; for this reason we
have rescaled T so as to render it dimensionless. Moreover, to ease
the comparison we have chosen the same phase for all the models. Thus,
we can clearly see that for R2 -gravity the decoherence process is faster
as compared to GR, while in analytic nonlocal gravity it is slower

respect to GR and theories in which gravity becomes increasingly stronger. Hence, it is now clear that the loss of coherence heavily depends on the specific theory with which to
describe the gravitational interaction.
To better illustrate this concept qualitatively, we consider
R2 -gravity with the gravitational potential (61) and the analytic nonlocal gravity with the related metric potential (67). It
is easy to understand that, for the former model, the gravitational interaction becomes stronger at smaller scales, whereas
for the latter it becomes weaker. Thus, we would expect that
in R2 -gravity the decoherence effect goes faster, whilst in
analytic nonlocal gravity it goes slower. In Fig. 5, we show
the magnified behavior of the detection probability (53) for
these two theories in comparison with the GR case. Since
we are interested in comparing the interferometric visibility
for several gravitational theories, we assume that some controllable phase shift is introduced, so that no difference in
the oscillatory phase appears between GR and the various
alternatives.
It is indeed evident that the presence of an extra attractive
contribution tends to render the decoherence effect faster,
while nonlocality tends to weaken gravity and slow down
the loss of coherence. This analysis might be further substantiated in the near future if the experimental status undergoes a non-trivial improvement. In fact, if the gravitational
decoherence process is verified in a laboratory test, then one
could experimentally discriminate among several extended
theories of gravity, and set the stage for a brand-new series
of experimental tests to probe new physics beyond GR.
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6 Concluding remarks and outlook
In this paper, we have studied the phenomenon of quantum
interference in an external gravitational field beyond Einstein’s GR. After the description of our theoretical framework and the experimental apparatus, we have determined
the relevant physical quantities which are measured in these
laboratory tests, among which we have seen the detection
probabilities and the interferometric visibility. Subsequently,
we have computed these quantities in the presence of several
weak gravitational fields related to distinct extended theories
of gravity.
We have discussed both non-relativistic (COW effect) and
relativistic (decoherence) implications, with an equal emphasis on both quantitative and qualitative features. We have
noticed that, by working in the setup of the COW laboratory
experiment, we can get constraints that are of the same order
of the ones coming from Gravity Probe B, which is the best
satellite experiment conceived so far.4 We have also pointed
out that there are promising signals towards significant experimental improvements in the near future, which could hopefully allow to exceed the performance of torsion-balance laboratory experiments and thus give stronger constraints on
departures from GR. In particular, we have observed that,
when relativistic effects are non-negligible, deviations from
GR could be probed by looking at the rate of the loss of coherence induced by time dilation effects. Indeed, each theory of
gravity predicts a different time scale over which the decoherence occurs, and this could be deemed as an unambiguous
signature to discriminate among several extended gravitational models in a laboratory, thereby providing a unique test
bench to challenge Einstein’s theory.
It is worth mentioning that the proper-time difference in
a Mach–Zender interferometer involving light pulses was
proven to vanish in the case of a linear gravitational potential, so that the loss of coherence is only visible at non-linear
order in the potential [81]. The same feature does not seem
to become manifest in the case of neutron interferometry,
but more detailed and quantitative future studied are surely
needed.
Before concluding, let us remark that our study may potentially unravel a new and unexplored path to test and constrain
new physics beyond Einstein’s GR by resorting to the physics
of quantum interference. In this respect, it is worth mentioning that recently Bell-type experiments were also regarded
as a novel and fertile ground where to examine gravitational
physics [80].
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Appendix A: Schrödinger equation in an external gravitational field
In this Appendix, we derive the Schrödinger equation for
a quantum system in an external gravitational field and the
ensuing Hamiltonian. In particular, we compute the important Eqs. (32) and (33) that were used in the main text. Let
us recall that, by working with the linearized spacetime metric (28), we can expand the curved d’Alembertian (30) and
write the Klein–Gordon equation (29) up to the linear order
in Newton’s constant, thus obtaining Eq. (31). We closely follow the procedure displayed in Refs. [73,74] and generalize
it to the case of two distinct metric potentials  and .
As a first step, we cast the scalar field in a WKB-like form
i

ϕ(x) = e h̄ ϕ̃(x) ,

(A1)

and consider a relativistic expansion
ϕ̃(x) = c2 ϕ̃0 (x) + ϕ̃1 (x) +

1
ϕ̃2 (x),
c2

(A2)

where ϕ̃0 (x) is taken as a real function. We can now solve
the Klein–Gordon equation perturbatively in powers of the
speed of light c.
At the order c4 , the only contribution to the Klein–Gordon
equation (31) is
∇ ϕ̃0

2

=0

⇒

ϕ̃0 ≡ ϕ̃0 (t).

(A3)

At the order c2 , we have
4

For the sake of completeness, we stress once again that, with
gravitationally-induced neutron bound states, we would go even beyond
the precision of satellite-based tests, as we would improve our constraints by three orders of magnitude.

(∂t ϕ̃0 )2 − m 2 = 0

⇒

ϕ̃0 (t) = ±mt + const.,

(A4)

and we select the “minus” sign which corresponds to particles
at rest with positive energy. As a consequence, up to the order
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c2 the scalar field reads
ϕ(x)  e−i

m c2
h̄ t

Appendix B: Linearized quadratic theories of gravity

.

(A5)

At the order c0 , we see that
∂t ϕ̃1 = −m +

i h̄ 2
1
∇ ϕ̃1 −
∇ ϕ̃1
2m
2m

2

.

(A6)

i

By defining ϕ1 = e h̄ ϕ̃1 we can rewrite the previous equation
as
i h̄∂t ϕ1 = −

h̄ 2
2m

∇ 2 ϕ1 + mϕ1 ,

(A7)

which is the non-relativistic Schrödinger equation for a quantum field ϕ1 in an external gravitational field .
At the next order, relativistic contributions to the
Schrödinger equation begin to appear. Indeed, at c−2 the
Klein–Gordon equation (31) gives
−2m∂t ϕ̃2 − i h̄∂t2 ϕ̃1

2

(A8)
i

ϕ̃

By recalling the definition of ϕ1 and denoting ψ = ϕ1 e h̄c2 2 ,
after some algebra we can cast the previous equation in terms
of the function ψ, that is


h̄ 2 2
h̄ 4
h̄ 2
∇ 4 + m +
∇2
∇ −
3
2
2m
8m c
4mc2



h̄ 2
h̄ 2 
2
+
+

∇
∇
·
∇
ψ(t, x)
−
mc2 2
2mc2
≡ H ψ(t, x),
(A9)

i h̄∂t ψ(t, x) =

−

where we have neglected orders higher than c−2 and we have
defined the Hamiltonian of a relativistic quantum system in
an external gravitational field
h̄ 4
h̄ 2
h̄ 2 2
4
∇ −
∇
+
m
+
∇2
2m
8m 3 c2
4mc2


h̄ 2 
h̄ 2
+  ∇2 +
− 2
∇ · ∇.
mc
2
2mc2

H =−

1
F2 (),
2

(A10)

which is precisely the one employed in the main text (33).

(B3)

1
F2 ().
(B4)
2
By varying the action in Eq. (B2), we get the field equations


f () h μν − ∂σ ∂ν h σμ − ∂σ ∂μ h σν


+ g() ημν ∂ρ ∂σ h ρσ + ∂μ ∂ν h − ημν h
f () − g()
∂μ ∂ν ∂ρ ∂σ h ρσ = −2κ 2 Tμν ,
(B5)
+

with Tμν being the stress-energy tensor for the matter action
Sm
g() = 1 − 2F1 () −

2 δSm
δSm
Tμν = − √
 2 μν .
μν
−g δg
δh

(B6)

For our purposes, it suffices to consider a configuration in
which the source can be well-approximated by a static and
pressure-less point-like object. The stress-energy tensor associated with such a source is
Tμν = Mc2 δμ0 δν0 δ (3) (r ).

By using the momentum representation p = −i h̄ ∇, we can
check that the Hamiltonian becomes



p2
p4
1
+

p2
−
+
m

+
H = m r c2 +
r
2m r
8m r3 c2
m r c2 2
1
1
−
[ p 2 ] −
[ p ] · p,
(A11)
2
4m r c
2m r c2

123

(B1)

where we have introduced the small metric perturbation h μν .
In so doing, we obtain [29]


1
1
S=
h μν f ()h μν − h σμ f ()∂σ ∂ν h μν
d4x
4
2
1
− h g()h + h g()∂μ ∂ν h μν
2

f () − g()
1
(B2)
∂λ ∂σ ∂μ ∂ν h μν ,
+ h λσ
2


f () = 1 +

−2∇ ϕ̃2 · ∇ ϕ̃1 + 2[i h̄∇ 2 ϕ̃1 − (∇ ϕ̃1 )2 ]
+i h̄ ∇( − ) · ∇ ϕ̃1 = 0.

gμν = ημν + κh μν ,

where h ≡ ημν h μν and

+ (∂t ϕ̃1 ) + 4m∂t ϕ̃1 + i h̄∇ ϕ̃2
2

In what follows, we briefly review several properties of
quadratic theories of gravity in the linearized regime and
provide a generic integral expression for the modified Newtonian potentials.
Since we are interested in the weak-field approximation,
we can expand the action (58) around Minkowski

(B7)

In light of this choice, by resorting to the generic shape for the
line element given in Eq. (28), we have κh 00 = 2/c2 and
κh i j = 2δi j /c2 , and hence the modified Poisson equations
for the two metric potentials read
f (∇ 2 )[ f (∇ 2 ) − 3g(∇ 2 )] 2
∇ (r ) = 8π G Mδ (3) (r ), (B8)
f (∇ 2 ) − 2g(∇ 2 )
f (∇ 2 )[ f (∇ 2 ) − 3g(∇ 2 )] 2
∇ (r ) = −8π G Mδ (3) (r ),
g(∇ 2 )
(B9)
where we assume   ∇ 2 due to the staticity requirement.
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The differential equations (B8) and (B9) can be solved by
using the Fourier transform method. Indeed, by using spherical coordinates we can exhibit the solutions for the metric
potentials in the following integral form:

f − 2g sin(kr )
4G M ∞
,
dk
(r ) = −
πr 0
f ( f − 3g) k
 ∞
4G M
sin(kr )
g
(r ) =
,
(B10)
dk
πr 0
f ( f − 3g) k
where f = f (−k 2 ) and g = g(−k 2 ) are functions of the
Fourier momentum squared k 2 . These last two formulas were
exploited in Sect. 4 to compute the modified gravitational
potentials in each extended theory of gravity. As a consistency check, note that, as f = g = 1 (F1 = F2 = 0), we
recover the Newtonian potential  =  = −G M/r.
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44. J. Boos, I. Kolář, (2021). arXiv:2103.10555 [gr-qc]
45. R. Colella, A.W. Overhauser, S.A. Werner, Phys. Rev. Lett. 34,
1472 (1975)
46. M. Zych, F. Costa, I. Pikovski, C. Brukner, Nat. Commun. 2, 505
(2011)
47. I. Pikovski, M. Zych, F. Costa, C. Brukner, Nat. Phys. 11, 668
(2015)
48. M. Zych, Quantum Systems Under Gravitational Time Dilation.
Springer, thesis (2017)
49. Y. Margalit, Z. Zhou, S. Machluf, D. Rohrlich, Y. Japha, R. Folman,
Science 349, 1205 (2015)
50. V.V. Nesvizhevsky, H. Borner, A.M. Gagarsky, G.A. Petrov, A.K.
Petukhov, H. Abele, S. Baessler, T. Stoferle, S.M. Solovev, Nucl.
Instrum. Methods A 440, 754 (2000)
51. V.V. Nesvizhevsky, H.G. Borner, A.K. Petukhov, H. Abele, S.
Baessler, F.J. Ruess, T. Stoferle, A. Westphal, A.M. Gagarski, G.A.
Petrov et al., Nature 415, 297 (2002)
52. V.V. Nesvizhevsky, H.G. Borner, A.M. Gagarski, A.K. Petoukhov,
G.A. Petrov, H. Abele, S. Baessler, G. Divkovic, F.J. Ruess, T.
Stoferle et al., Phys. Rev. D 67, 102002 (2003)
53. V.V. Nesvizhevsky, A.K. Petukhov, H.G. Boerner, T.A. Baranova,
A.M. Gagarski, G.A. Petrov, K.V. Protasov, A.Y. Voronin, S.
Baessler, H. Abele et al., Eur. Phys. J. C 40, 479 (2005)
54. H. Abele, S. Baessler, H.G. Borner, A.M. Gagarsky, V.V.
Nesvizhevsky, A.K. Petukhov, K.V. Protasov, A.Y. Voronin, A.
Westphal, AIP Conf. Proc. 842, 793 (2006)
55. A.Y. Voronin, H. Abele, S. Baessler, V.V. Nesvizhevsky, A.K.
Petukhov, K.V. Protasov, A. Westphal, Phys. Rev. D 73, 044029
(2006)
56. S. Baessler, J. Phys. G 36, 104005 (2009)
57. R.W. Robinett, Phys. Rep. 392, 1 (2004)
58. O. Bertolami, J.G. Rosa, C.M.L. de Aragao, P. Castorina, D. Zappala, Phys. Rev. D 72, 025010 (2005)

123

928 Page 16 of 16
59. I. Antoniadis, S. Baessler, M. Buchner, V.V. Fedorov, S. Hoedl,
A. Lambrecht, V.V. Nesvizhevsky, G. Pignol, K.V. Protasov, S.
Reynaud et al., Comptes Rendus Phys. 12, 755 (2011)
60. P. Pedram, K. Nozari, S.H. Taheri, JHEP 03, 093 (2011)
61. M. Bahrami, A. Großardt, S. Donadi, A. Bassi, New J. Phys. 16(11),
115007 (2014)
62. L. Buoninfante, G. Lambiase, A. Mazumdar, Nucl. Phys. B 931,
250 (2018)
63. L. Buoninfante, G. Lambiase, A. Mazumdar, Eur. Phys. J. C 78(1),
73 (2018)
64. S. Bose, A. Mazumdar, G.W. Morley, H. Ulbricht, M. Toroš, M.
Paternostro, A. Geraci, P. Barker, M.S. Kim, G. Milburn, Phys.
Rev. Lett. 119(24), 240401 (2017)
65. C. Marletto, V. Vedral, Phys. Rev. Lett. 119(24), 240402 (2017)
66. A. Belenchia, R.M. Wald, F. Giacomini, E. Castro-Ruiz, Č Brukner,
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