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Abstract We present a spinning black hole solution in d
dimensions with a maximal number of rotation parameters
in the context of the Einstein–Maxwell-Dilaton theory. An
interesting feature of such a solution is that it accommodates
Lifshitz black holes when the rotation parameters are set to
zero. We verify the rotating nature of the black hole solution
by performing the quasi-local analysis of conserved charges
and defining the corresponding angular momenta. In addition, we perform the thermodynamical analysis of the black
hole configuration, show that the first law of thermodynamics
is completely consistent, and obtain a Smarr-like formula. We
further study the thermodynamic stability of the constructed
solution from a local viewpoint, by computing the associated
specific heats, and from a global perspective, by using the socalled new thermodynamic geometry. We finally make some
comments related to a pathology found in the causal structure
of the obtained rotating black hole spacetime and compute
some of its curvature invariants.

1 Introduction
During last decades, the AdS/CFT correspondence [1] has
become a milestone in modern physics. The idea of connecting, through a holographic dictionary, gravitational aspects
of a theory in d dimensions with quantum aspects of a
field theory in d − 1 dimensions seems very appealing. The
overwhelming success of this approach to different problems in physics has motivated the quest to modify or even
extend the correspondence from his original and mathematical well-defined setup [1] to new frontiers. It is the case of
Condensed Matter Physics where systems are usually represented by non-relativistic field theories, which are anisotropic
and allow characteristic directions. The strongly interacting
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regime of such theories is usually difficult to solve and constitutes a rich ground for a Gauge/Gravity duality since the
gravitational dual falls into the weakly interacting limit and
it can be easily solved. To establish the correspondence it is
crucial to have objects sharing symmetries and physical properties to be connected through the duality. In this work we
will focus on anisotropic gravitational configurations, being
an important case the Lifshitz spacetime which can be understood as a gravitational dual to non-Lorentz invariant quantum field theories [2]
ds 2 = −

 r 2z


 r 2
dr 2
dt 2 +  2 +
d x2 .
r



(1)

The metric (1) is invariant under the anisotropic scale transformations
r
r → ,
Dz : t → λz t,
x → λ
x,
(2)
λ
with z known as the dynamical critical exponent that represents the degree of anisotropy of the spacetime (the isotropic
relativistic case z = 1 corresponds to AdS). It is also invariant
under space and time translations and spatial rotations:
H:

t −→ t  = t + a;


P i : x i −→ x i = x i + a i ;


L i j : x i −→ x i = L ij x j .

(3)

To include finite temperature effects in the holographic correspondence it is necessary to introduce black hole configurations, being the first asymptotically Lifshitz black hole the
one reported in [3]. Since then, many static asymptotically
Lifshitz Black Holes have been found in several gravitational
theories [4] and different dimensions [5], failing consistently
to have a rotating version. The only published advance in this
direction is given in the context of New Massive Gravity with
z = 3 through a boost [6], with a detailed thermodynamical
study in [7]. We will extend these works to arbitrary dimensions and construct a rotating configuration that accommo-
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dates Lifshitz black holes in certain limit. To achieve this
aim we will organize the paper as follows: In Sect. 2 we
will present the Einstein–Maxwell-Dilaton theory and our
black hole metric ansatz with the maximal number of independent rotation parameters in a d-dimensional spacetime.
Once the field equations are obtained and a rotating black
hole solution is found, the thermodynamical study has to be
performed. Then we shall need to compute global conserved
charges related to the Killing vector fields of our ansatz, different methodologies can be applied to achieve this goal.
However, we will use the off-shell quasi-local formalism [8–
11] since it is straightforward and well-defined for different
kinds of asymptotic behavior of the fields. Thus, Sect. 3 will
be devoted to briefly review the quasi-local formalism and to
compute the relevant thermodynamical quantities, unveiling
the rotating nature of the black hole configuration by calculating its angular momenta. We introduce a generalization of
the Hawking temperature definition that is compatible with
the third law of Thermodynamics, in the sense that avoids
having degenerate states with finite entropy and vanishing
temperature, and allows for a reasonable description of phenomenological condensed matter systems that attain a phase
transition at finite temperature [12,13]. In Sect. 4 we use
these thermodynamical quantities to construct a geometrization of the thermodynamic space on the basis of the Gibbs
free energy and analyze possible phase transitions based on
the specific heat and curvature invariants. We then engage
with the spacetime causal structure in Sect. 5. We will end
with some conclusions and remarks regarding the scope of
our work in Sect. 7.

b
δφ S = 0 ⇒ φ = − e−bφ Fμν F μν ,
4
where
1
Tμν = ∇μ φ∇ν φ − gμν ∇α φ∇ α φ
2


1
+e−bφ Fμα Fν α − gμν Fαβ F αβ .
4

ds = −
2

 r 2z



f (r )

dt −

n




(4)

μν

, φ, Aμ ]

√
R − 2λ 1
− ∇μ φ∇ μ φ
= d d x −g
2κ
2

1
− e−bφ Fμν F μν ,
4


(5)

with the following field equations
δg S = 0 ⇒ G μν + λgμν = κ Tμν ,
√

−ge−bφ F μν = 0,
δ A S = 0 ⇒ ∂μ

123

(8)

where n = [(d − 1)/2] is the maximal number of independent rotation planes in d dimensions, each one related
with a rotation parameter ai ,
d y2

=

1+

n
2 2
i=1 ai / ,

and

=
is the Euclidean metric on a (d − 2 − n)dimensional submanifold. We will prove later on that such
a configuration has indeed non-trivial angular momenta. In
addition we shall assume that matter fields share the same
spacetime symmetries, taking the following scalar field and
vector potential ansätze [14]
dy k dy k

A = − h(r )dt +

n


ai h(r )dφi .

(9)

i=1

was engineered in the context of the Einstein–MaxwellDilaton (EMD) theory defined by the following action
S[g

ai dφi

i=1

i< j

The first Lifshitz black hole solution [3]
 r 2
dr 2
+
f (r )dt 2 +  2
d x2 ,
r

f (r )


2

n
2
r2  
dr 2
ai dt − 2 dφi +  2
+ 4
r

i=1
f (r )

n
 r 2
r2 
2
− 2
ai dφ j − a j dφi +
d y2 ,



φ = φ(r ),
 r 2z

(7)

It would be interesting to find a rotating version of this family of Lifshitz black holes. In order to accomplish this aim,
inspired by the (A)dS rotating solutions found in [14], we
will make use of the following metric ansatz

2 The gravitational configuration

ds 2 = −

(6c)

(6a)
(6b)

By collecting all this information into the field equations (6)
we arrive to a first integral that solves the Maxwell equations
∂r

√


√

−g e−bφ F r φi ∝ ∂r
−g e−bφ F r t
 d−1−z

Q

,
= 0 ⇒ h (r ) = −bφ
e
r

(10)

where Q is an arbitrary integration constant.
In the 4-dimensional case we consider a general vector potential compatible with the spacetime symmetries,
A = At (r )dt + Aφ (r )dφ. Thus, from Maxwell equations
we are able to get two first integrals with their respective
integration constants. However, the evaluation of the complete set of equations (6) restricts these constants to be equal
and we arrive to the same result coming from the ansatz (9),
after a constant redefinition. We expect something similar
to happen in higher dimensions, being the reason to assume
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the vector potential proposed in (9). Note that along with the
electric charge there are multiple magnetic charges in our
configuration as it can be seen from the Maxwell equations
in (10). Since all of these charges obey the same differential
equation as a result of the assumed ansatz (9), we denote
them by the constant Q introduced in Eq. (10).
A combination of the Einstein equations that decouple the
gravitational potential is
1 
y
Err + E ykk = 2 r 2 f  + (3(z + d) − 7) r f 
2

+2(z + d − 2)(z + d − 3) f + 4λ2 = 0,
(11)
which corresponds to a second order inhomogeneous Euler
equation for f with the following general solution
f (r ) =

k1
r z+d−2

+

k2
r 2(z+d−3)

−

22 λ
,
(z + d − 2)(z + d − 3)
(12)

where k1 and k2 are new independent integration constants.
By imposing the Lifshitz boundary condition,
limr →∞ f (r )=1, we get a negative definite cosmological
(z + d − 2)(z + d − 3)
.
constant λ = −
22
The dilaton field can be found from the following Einstein
equations
φ
Et i

1
= ai
2


−2κ Q 2 ebφ

 2(d−2)

1
+ 2 [r 2 f 
r




(z − 1)  r d+z−2
,
κ Q 
(z − 1)  r d+z−2
,
Aφi = ai
κ Q 
(z + d − 2)(z + d − 3)
,
λ=−
2l 2

κ(d − 2)
,
b=2
z−1
At = −

(15c)
(15d)
(15e)
(15f)

where the integration constants of At and Aφi were chosen
to vanish.
We would like to mention here that the limit z → 1 for
the scalar field is smooth. In fact, the apparent singularity of
(15b) is due to the way in which we present the solution.
On the other hand, the limit Q → 0 is not smooth. From
Eqs. (9) and (10) one realizes that such a limit turns off
the interaction between the scalar field and the Maxwell
potential. This case effectively reduces the action (5) to the
Einstein–Hilbert action with a cosmological constant plus
the kinetic term for the scalar field, however, by solving the
field equations one realizes there is no Lifshitz black hole
configuration supported by this action. Therefore, it is necessary to appropriately modify this scalar-tensor theory (with
curvature corrections – as in New Massive Gravity- or with
other matter fields) to support our rotating Lifshitz black hole
configurations.
Finally, the configuration (15) corresponds indeed to the
Taylor static black hole solution quoted in [3] when all the
rotation parameters ai are set to zero.



+(3z + d − 3)r f + 2(z − 1)(z + d − 2) f ]
3 Conserved charges and black hole thermodynamics

= 0,

(13)
3.1 Conserved charges

by taking the gravitational potential (12) as a source, obtaining

k2
1
(d − 2)(z + d − 4) 2(z+d−3)
ebφ =
2
2
κQ 
r
 
r 2(d−2)
+(z − 1)(z + d − 2)
.
(14)

The remaining Einstein equations are 
not identically fulfilled
κ(d − 2)
and k2 =
but establish the constraints b = 2
z−1
0. Gathering all this information and renaming the constant
k1 = −M, the solution will be given by the spacetime defined
in (8) with the following gravitational potential and matter
fields
f (r ) = 1 −
e

−bφ

M
r z+d−2

,

Q 2 2
=κ
(z − 1)(z + d − 2)

(15a)
 2(d−2)

,
r

(15b)

In order to find the energy and angular momenta associated
to our rotating black hole configuration we shall make use of
an off-shell formalism called generalized ADT quasi-local
method, foremost introduced in [15]. This method has been
implemented and proved to be well suited in the construction
of conserved charges in higher order gravity theories (see for
instance [16–18]), as well as in EMD theories ( [19,20]). In
this method, the conserved charge corresponding to a Killing
vector field ξ is given by


 1

K μν (ξ ) − 2ξ [μ
dsν] (ξ, s) ,
Q(ξ ) = d d−2 xμν
0

(16)
1
where d d−2 xμν = 21 (d−2)!
μνμ1 μ2 ...μd−2 d x μ1 ∧ . . . ∧ d x μd−2
with μνμ1 μ2 ...μd−2 is the totally antisymmetric Levi-Civita
symbol, whereas s stands for a parameter allowing to interpolate the black hole configuration between the solution of
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interest (s = 1) and the asymptotic one (s = 0). Furthermore,
μν
μν
K μν (ξ ) = K s=1 (ξ ) − K s=0 (ξ ) stands for the total difference of the Noether potentials between the two end points of
the path, s = 1 and s = 0. Finally, ν is the surface term
obtained after the variation of the corresponding action.
The Noether potential and the surface terms associated to
our model (5) are respectively given by

 [μ ν]
√
1 ∂L
∇ ξ
μν
σ
(17)
−
ξ Aσ ,
K (ξ ) = 2 −g
2κ
2 ∂(∂μ Aν )
√
μ (δg, δφ, δ A) = 2 −g

g α[μ ∇ β] δgαβ
1 ∂L
1 ∂L
×
+
δ Aν +
δφ .
2κ
2 ∂(∂μ Aν )
2 ∂(∂μ φ)
(18)
In order to derive the corresponding mass and angular
momenta related to our model (5) and black hole configuration (8) we shall consider a timelike and a set of rotational
Killing vector fields, respectively.
For the case of the mass, the Killing vector takes the form
ημ = −∂t . This vector field, together with (16), (17), and
(18) eventually gives rise to the following expression for the
mass

Vd−2 
z+d−2
2
(d
−
z)
+
(z
−
2)
rH
,
(19)
M=
2κz+[d/2]
where Vd−2 represents the volume of the transverse spatial
dimensions and the exponent [x] denotes the integer part of
x.
Furthermore, for the computation of the angular momenta
we consider a set of rotational Killing vector fields that take
μ
the form ζi = ∂φi , allowing us to find that the angular
momentum corresponding to the i-th rotation plane can be
expressed as
z+d−2
ai (d − z)Vd−2 r H
.
Ji =
2κz+[d/2]

(20)

On the basis of this fact we can assure that the black hole field
configuration rotates and the ai are indeed rotation parameters.
The electromagnetic charge can be computed through a
Gaussian integral over a spatial hypersurface  at asymptotic
infinity [21]


d D−2 x |γ |n μ u ν e−bφ Fμν = QVd−2 ,
(21)
Q em =


where γ is the induced metric on , with u and n its timelike
and spacelike normal unit vectors
 r z+1
√
f (r )

u =  
dt,
 r 2
r 2z
2
2
+
f (r ) 1 −



123

n= √

1
f (r )

 

dr.
r

(22)

The electromagnetic charge is a conserved quantity derived
from the formula (21) and accounts for both the electric and
the magnetic components of the field, which are coupled
in the case under study. In fact, one can drop the magnetic
part (as well as the rotating sector of the configuration) by
setting the rotation parameters to zero, but the electric part
is not allowed to vanish because it supports the whole field
configuration.
3.2 Gravitational thermodynamics
A formal relation between black holes and thermodynamics
was systematically presented by Bardeen, Carter and Hawking in [22], inspired by early works of Smarr [23] and Bekenstein. In [22] it is emphasized that the four laws of black
hole mechanics represent an analogy more than a physical
reality. The analogy was pushed even further by Bekenstein
himself [24] suggesting that the area of the event horizon
and the surface gravity were indeed related to the entropy
and the temperature of the black hole, respectively. Hawking
further justified part of this statement assuming particle creation near the event horizon [25] due to quantum mechanical
effects over a curved spacetime. Part of such particles tunnels through the event horizon and part of them escape to
null infinity producing a black body radiation with Hawking temperature. This temperature is defined in terms of the
surface gravity κ̃ by the relation [25]
κ̃
,
(23)
2π
where the surface gravity can be expressed in terms of the
null generator of the event horizon χ μ , according to
TH ≡

1
∇μ χν ∇ μ χ ν .
(24)
2
For our rotating black hole geometry this corresponds to the
Killing vector field
κ̃ 2 = −

χ μ = ∂t +

n


i ∂φi ,

(25)

i=1

with i the angular velocity linked to the i-th rotation plane
that can be obtained by considering the null character of the
Killing vector field (25) at the horizon. By doing this, one
can easily find that the i-th angular velocity related to the
i-th rotating axis is given by
ai
(26)
i = 2 ,

from which we can express in terms of  as follows
=√

1
1 − 2 2

,

(27)
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subject to the restriction 2 ≡ i i2 < 1/2 .
All relations in black hole Thermodynamics are about
geometrical quantities [22,25–28]. The holographic duality
between gravity and condensed matter systems establishes
a relation between the black hole Hawking temperature and
the temperature of a condensed matter system in a given thermodynamic phase. This motivation allows us to realize that
the Hawking temperature associated with the configuration
(8) reads
TH = T − Tc ≡

κ̃
,
2π

(28)

where Tc ≥ 0 is certain constant critical value of the temperature, since there is no restriction to map TH → T − Tc
as far as this quantity remains positive for a given thermodynamic phase. This difference allows us to consider processes
approaching the critical temperature from above where the
critical point is reached at the extremal case 2 2 = 1, evidencing the emergence of a possible phase transition of the
condensed matter system at finite temperature (see Eqs. (27)
and (30)). Moreover, this definition allows us to give a consistent physical interpretation of the low temperature limit of
the Reissner–Nordström-AdS black hole geometry, avoiding
the issue of having a state with finite entropy and zero temperature that contradicts the third law of Thermodynamics
[12,13].
Alternatively, in order to take into account thermodynamic
processes approaching the critical temperature from below
and reaching a phase transition we can use the following
definition
TH = Tc − T ≡

κ̃
,
2π

(29)

where now Tc − T is a positive definite quantity.
Thus, this definition allows us to compute the Hawking
temperature (28) associated with the rotating black hole field
configuration (8):
TH = T − Tc =

z
1 (z + d − 2)r H
,
4π
z+1

(30)

whereas the entropy, giving in terms of the event horizon area
A, adopts the form
S≡

Vd−2
A
=
r d−2 ,
4G d
4G d [d/2]−1 H

(31)

where G d = κ/8π is the d-dimensional gravitational constant.
Finally, by making use of the expressions (19), (20), (26),
(30) and (31), it is easy to check that the first law of thermodynamics is reasonably satisfied
dM = (T − Tc ) dS +

n

i=1

i dJi + em d Q em ,

(32)

with the electromagnetic potential
em = −

(z − 1) rhz+d−2
,
κ Qz+[d/2]

(33)

obtained as an appropriate linear combination of At and Aφi
at the event horizon. The variations in the first law of black
hole Thermodynamics (32) are taken with respect to two sets
of independent variables, for instance the temperature T and
the angular velocities i . In fact, the electromagnetic charge
contributes to the variations only with respect to the angular
velocities.
The Smarr-like formula adopts the following form

d − 2 + 2 c (z − 1)
M=
(T − Tc ) S
z+d −2
n

i Ji + c em Q em ,
+


(34)

i=1

where c is an arbitrary constant. These remarkable relations
provide striking evidence that the Thermodynamics of our
rotating black hole configuration is physically consistent.

4 A look for the thermodynamic stability
Here we explore the thermodynamic stability of the constructed solution from a local and a global perspective. We
study local stability by computing the associated specific
heats, while the global one is explored using the so-called
new thermodynamic geometry (NTG) formalism as appears
in [29]. It is worth mentioning that the NTG formalism corresponds to one of the most recent attempts for describing
the thermodynamics of black holes using Riemannian geometry. Although there are several earlier developments [30–
34], this formalism has proved to be the most suitable one
since, besides being Legendre invariant, it also solves some
of the inconsistencies presented in the aforementioned developments.
Before we proceed, we remark that it is convenient to work
in the Gibbs free energy representation since this potential
allows us to construct a positive definite metric [7]. In this
sense, the Gibbs free energy can be obtained from a Legendre
transformation of the energy (34), resulting in

G (T, 1 , . . . , n ) = M − (T − Tc ) S −

n


i Ji ,

i=1

zVd−2
=−
2κz+[d/2]



4π (T − Tc ) z+1
z+d −2

 z+d−2
z

,

(35)

123
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in differential form this relation reads

d G (T, 1 , . . . , n ) = −S dT −
= −S dT −

when

Ji di
i=1
n 


+ em d Q em ,

Ji − em

i=1

∂ Q em
∂i


di ,

(36)
where in the last equality we have taken into account the dependence of the electromagnetic charge on the angular velocities
(21).

The angular momenta and entropy written in terms of
the Gibbs free energy natural variables (T, 1 , . . . , n ), are
given respectively by
Ji =

αz(d − z) 2
 i
z+d −2

S = αz

z+d−2
z

3z+d−2
z

(T − Tc )

(T − Tc )

z+d−2
z

d−2
z

,
(37)

Vd−2
where for simplicity we have defined α = (z+d−2)
z
2κz+[d/2]
 z+1  z+d−2
z
4π 
. Additionally, in these expressions we have
z+d−2
made use of Eq. (27).
As it was previously stated, we shall make use of the specific heats in order to study the local thermodynamic stability
and phase transitions of the system. In the (T, 1 . . . , n )
space of the Gibbs free energy, we define the specific heats
of the black hole following [35] as follows


∂S
C1 ,...,n = (T − Tc )
∂ T 1 ,...,n
{S, 1 , . . . , n }T,1 ,...,n
= (T − Tc )
{T, 1 , . . . , n }T,1 ,...,n
d+z−2
z

= α(d − 2)

(T − Tc )

d−2
z

,
(38)

and

gab = −

1
∂a ∂b G(T, i ),
(T − Tc )

From these relations we observe that both specific heats are
regular everywhere except when 2 = 1/2 , where is singular, evidencing the emergence of a possible phase transition in the thermodynamic system. This extremal point corresponds to one in which the metric is not well-defined. Moreover, we also identify a change of sign occurring in CJ1 ,...,Jn

(42)

with the indices (a, b) taking the values a, b = T, 1 , . . . , n .
The explicit form of the metric components read
gT T = α(d − 2)

d+z−2
z

(T − Tc )
d+3z−2
z

d−2z−2
z

,

(43a)
d−z−2
z

 j , (43b)
gT  j = α(z + d − 2)2
(T − Tc )


gi  j = α2 (3z + d − 2)2 i  j 3 + zδi j
×

d+3z−2
z

(T − Tc )

d−2
z

.

(43c)

In addition we can write the metric in a differential form as
follows


dsG2 = gT T dT 2 +
gi  j di d j + 2
gT i dT di ,
ij




∂S
CJ1 ,...,Jn = (T − Tc )
∂ T J1 ,...,Jn
{S, J1 , . . . , Jn }T,1 ,...,n
= (T − Tc )
{T, J1 , . . . , Jn }T,1 ,...,n


αz z2 2 − (d − 2)
d+z−2
d−2
z
=− 2 2
(T − Tc ) z .
  (d + 2z − 2) + z
(39)

123

d −2
,
(40)
z
pointing to the existence of a thermodynamic instability.
It is well-known that in order to have local thermodynamic
stability in a system, one must require both specific heats to
be positive definite. This fact is fulfilled by imposing the
condition
d −2
.
(41)
2 2 <
z
On the other hand, we can also consider a weaker stability
condition such that 2 2 < 1, implying the black hole being
locally stable concerning C1 ,...,n , but allowing the system
to suffer a phase transition with respect to CJ1 ,...,Jn from a
stable into an unstable one due to a change of sign.
An alternative way for exploring the stability but now from
a global perspective is through the NTG formalism, as we
remarked earlier. In this formalism, the thermodynamic metric in the Gibbs free energy representation is defined according to the relation
2 2 =

n


i

(44)
from which we find that the curvature scalar is given by
z+d−2
2z

(n − 1)
2
d−2
αz 2 z2 2 − (d − 2) (T − Tc ) z



× (n − 2)z 3 2 2 − 1 2 2

RG = −



1 − 2 2

(45)



n(d − 2)
2 2
2
2 2 2
.
(z  − 2z − d + 2) − 4z  
+
4
From this expression, it is evident that it vanishes when d =
4 → n = 1 and, for d > 4, we observe that the scalar is
negative definite. Besides, we identify the appearance of two
singularities: one takes place when the temperature adopts
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some critical value T = Tc and another one when the angular
velocities are restricted by 2 2 = (d − 2)/z < 1. It is
interesting to remark that the singularity at T = Tc does not
appear in the Gibbs potential or the specific heats, but it is
present in the second derivative of the Gibbs potential and the
first derivative of the specific heats, provided (d − 2)/z < 1.
Therefore, we can say that a second-order phase transition
takes place due to thermal fluctuations.
On the other hand, the singularity at 2 2 = (d−2)/z < 1
does not appear in either the Gibbs potential or the specific heats, but it does coincide with the change of sign in
CJ1 ,...,Jn . As we have remarked earlier, a transition from a
stable into an unstable black hole occurs at this singularity.
It is interesting to note that the metric singularity at the
extremal point 2 2 = 1 is not present in the scalar curvature, which vanishes at this point, clarifying that it is in
fact a coordinate singularity. On the other hand, the specific
heats diverge at this point as mentioned earlier. A similar
situation takes place in the thermodynamic system studied
in [7], where by analyzing the specific heats in the entropic
representation one sees that this divergence does not appear,
confirming the coordinate nature of the aforementioned singularity in these physical quantities.
Finally, we remark that these results are in perfect accordance with the prescription of thermodynamic geometry, in
the sense that singularities of the curvature scalar for the
thermodynamic metric coincide with the phase transitions
observed in the specific heats [36].

5 Causal structure
The anisotropic nature of the metric (8) makes the spacetime
structure more involved with respect to the (A)dS rotating
spacetimes [14]. For example, in this black hole field configuration the ergosphere is defined as the region where the
norm of the timelike Killing field η = ∂t becomes positive
η2 = ημ gμν ην ≡ gtt ,
  
 r 2 
 r 2
r 2z
2
= −
f (r ) +
−



n  
 r 2z
 r 2 
ai 2
=−
f (r ) +
> 0.




(46)

i=1

Below the radius of the event horizon f (r ) < 0 and the
inequality (46) is satisfied. However, a change of sign takes
place at some point outside the event horizon as it will be
exemplified in Fig. 1 for some parameters election. Hence,
there is a region between r H and the largest root of η2 = 0
where an observer cannot remain stationary. The spacetime
drags the observer even when he is outside the black hole’s
event horizon.

Fig. 1 The metric components gtt and gφi φi with parameters  = 1,
M = 0.5, ai = 1, z = 2 and d = 5. The vertical axis signals the event
horizon radius r H . From the event horizon to the intersection of the red
curve with the r-axis we have the ergosphere. From the intersection of
the blue curve with the r-axis to infinity we have closed timelike curves

Another issue that arises within this metric is related to the
rotation Killing fields m i . There are n independent rotation
planes and over each plane there is a rotation Killing vector
μ
field m i = ∂φi ≡ m i ∂μ , i = 1 . . . n, which is cyclic –
φi ∈ [0, 2π ]. Their norm reads
μ

m i2 = m i gμν m iν ≡ gφi φi ,
  
 r 2 
r 2z
ai2 + r 2 ,
= −
f (r ) +



(47)

that could be null, spacelike or timelike depending on the
function f (r ). Let us explore where the vector is timelike,
m i2 < 0. From (47), by taking into account that ai = 0, we
obtain
 2(z−1) 2
ai + 2

.
f (r ) >
r
ai2

(48)

It will be timelike if f (r ) is greater than certain positive
number and the limit r → ∞ implies f (r ) > 0. In the case
of our solution (15a), the function f (r ) is positive outside the
event horizon and we will end up with closed timelike curves
accessible from null infinity. This constitutes a pathology of
the spacetime.
We have already proved the spinning black hole configuration given by (8) and (15a) as a proper solution to the
Einstein–Maxwell-Dilaton Theory (5) with a well-defined
Thermodynamics provided in Sect. 3. This solution does not
seem to capture this pathological behavior. It would be interesting to explore whether this pathology has any consequence
in the dual field theory since so far we are not aware of any
restriction of this kind on it.
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6 Curvature invariants
Here we compute the curvature invariants of our rotating
black hole spacetime in order to study its behavior. Thus, we
proceed to display the curvature Ricci scalar
 

1
1 2
2
2
z
(d
+
(d
−
2)z
+
−
3d
+
2)
2
2

(d − 2)(z − 1)M
,
+
r z+d−2

R=−

(49)

the square contraction of the Ricci tensor R = Rμν R μν



1
1 2
2
2
R = 4 2(z + d − 2) z + (d − 2)z + (d − 3d + 2)

2
2(d − 2)(z − 1)(z 2 + d − 2)
r z+d−2

2
(z − 1) (d − 2)2 M 2
+
,
r 2(z+d−2 )

hole solution or the transverse coordinates of the line-element
since the latter are cyclic due to the flat topology they represent (this is in contrast to the spherical or hyperbolic symmetries where these coordinates are not cyclic anymore).
At least for the case of multi-dimensional (d ≥ 4) rotating
black hole spacetimes, either in AdS or Lifshitz backgrounds,
which are very similar since both possess negative curvature,
one would expect more complex metrics to exist in the sense
that the blackening factor entering the line-element can have
a functional dependence on the angular momenta of the metric, rendering curvature invariants that explicitly depend on
the rotating parameters. This is an interesting issue which is
currently under research within our group.

7 Conclusions

+

(50)

as well as the Kretschmann invariant – defined as the square
contraction of the Riemann tensor K = R μναβ Rμναβ

d −2
[d 3 − 2(z + 2)d 2
K=
4
+ (z 2 + 8z + 2)d − 6(2z − 1)]
2

 M 

M
2
×
− 4(z − 1) zd − (z + 1)
r z+d−2
r z+d−2

2
2
2
2d d + 2z − 3 + 4(z − 1)
.
(51)
+
d −2
All of these invariants are singular at r = 0 and regular at
the black hole horizon, f (r H ) = 0, for all z ≥ 1 and d > 2.
Moreover, these scalars tend to a constant at spatial infinity.
Here some comments are in order regarding the structure
of these curvature invariants. Their structure is the same for
both static and rotating black holes due to the metric ansatz
(8) and the flat topology of the event horizon that have been
employed to construct our stationary black hole configuration. In fact we have a rotating planar brane, therefore rotation is compatible with its planar symmetry. Precisely the
same situation takes place for the famous AdS3 BTZ black
hole [37] as well as for the Lemos black hole [38] and its
multi-dimensional version given by the Awad metric [14] (all
these black holes are rotating and possess non-trivial angular
momenta according to the computation of the corresponding
conserved global charges). When computing these curvature
invariants, a peculiar mathematical fact arises indicating that
they coincide for both static and rotating black holes as it
can be straightforwardly appreciated from their expressions:
they do not depend on the rotation parameters of the black
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We have presented a rotating black hole exact solution,
given by Eqs. (8) and (15a), within the context of Einstein–
Maxwell-Dilaton theory. We were able to prove that the configuration rotates with angular momenta given by Eq. (20),
where the ai -constants can be identified as rotation parameters. Once the rotation parameters are set to zero, an asymptotically Lifshitz black hole is recovered. In addition, we
implemented the off-shell quasi-local analysis for computing the mass of the black hole configuration (19) and compute the entropy (31) to verify that the first law of black hole
mechanics (32) is plausible satisfied. In order to achieve this
goal we introduced a generalization of the Hawking temperature notion (28), where the critical temperature can attain
any positive definite or vanishing value, allowing us to easily identify the emergence of phase transitions at finite temperature and entropy, in accordance with the third law of
Thermodynamics and the phenomenology of many quantum matter systems showing superconductivity or superfluidity, for instance. Moreover, a Smarr-like formula for quasihomogeneous functions has been constructed to give the relation (34). By making use of the thermodynamic quantities of
our spinning black hole configuration we constructed a consistent geometrization on the basis of the Gibbs free energy.
We revealed the existence of critical points where phase transitions arise in the specific heats, while singularities emerge
in the curvature invariants of the thermodynamic metric. We
find a remarkable correspondence between them, in complete concordance with the prescriptions of thermodynamic
geometry. We also explored a pathological behavior of the
spacetimes defined by (8) and (15a), that is not captured by
the Thermodynamics of the constructed metric. It would be
interesting to explore whether there is any sensible consequence of this pathology in the dual field theory within the
framework of the holographic correspondence. We finally
computed and analyzed the structure of the curvature invariants of our rotating black hole configuration.
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