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Abstract We study spontaneous radiation emission from
matter, as predicted by the Continuous Spontaneous Local-
ization (CSL) collapse model. We show that, in an appro-
priate range of energies of the emitted radiation, the largest
contribution comes from the atomic nuclei. Specifically, we
show that in the energy range E ∼ 10 − 105 keV the con-
tribution to the radiation emission from the atomic nuclei
grows quadratically with the atomic number of the atom,
overtaking the contribution from the electrons, which grows
only linearly. This theoretical prediction is then compared
with the data from a dedicated experiment performed at the
extremely low background environment of the Gran Sasso
underground National Laboratory, where the radiation emit-
ted form a sample of Germanium was measured.As a result,
we obtain the strongest bounds on the CSL parameters for
rC ≤ 10−6 m, improving the previous ones by more than an
order of magnitude.

1 Introduction

The superposition principle is one of the cornerstones of
Quantum Mechanics. Microscopic systems like electrons,
atoms, etc. can be in a superposition of states correspond-
ing to different positions and this is at the root of many phe-
nomena which cannot be explained within classical physics.
The superposition principle follows from the linearity of the
Schrödinger equation. If one assumes this linearity to be uni-
versal, the theory leads to puzzling predictions, as the exis-
tence of macroscopic superpositions like the Schödinger’s
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dead and alive cat [1]. To avoid this problem it has been sug-
gested that the quantum linear evolution breaks down beyond
a certain scale [2–5].

The departure from the linear evolution for the state vector
has been studied in great detail in collapse models: these are
phenomenological models which assume that the collapse of
the wave function is accounted for by a non-linear interaction
with an external classical noise [6–10]. The interaction gives
extremely small deviations from the Schödinger’s dynamics
for microscopic systems; when, instead, a macroscopic sys-
tem is considered, the collapse takes over, with probabilities
in agreement with the Born rule.

In addition to collapsing the wave function in space,
the interaction with the classical noise induces a diffusion
in space, resulting in a Brownian-like motion. For a sys-
tem made of charged particles, this Brownian-like diffusion
forces the particles to emit radiation. Since this phenomenon
is not predicted by standard quantum mechanics, the noise-
induced radiation emission can be used to set bounds on
the collapse parameters. The first calculation of the radiation
emitted by a free particle in the CLS model was performed
by Fu [11]. In the same work the author compared his the-
oretical prediction with the measured radiation, detected in
an experiment based on Germanium detectors [12] with the
aim to extract constraints on the collapse strength. The anal-
ysis showed that the strength of the collapse for a viable CSL
should be mass proportional. More recently, this idea was
used in the context of gravity-related wave function collapse
[5,13,14], leading to strong bounds on these models [15].

The noise-induced radiation emission in collapse models
was extensively studied [11,16–22], since the phenomenon
is interesting both from the theoretical as well as phenomeno-
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logical points of view. Theoretically, nontrivial issues arise
when the emission rate is computed using perturbation theory
to the lowest perturbative order: a straightforward computa-
tion leads to a wrong result. This was analyzed in detail in
[18–21], where it was shown that in order to arrive at the cor-
rect result, higher order contributions of the electromagnetic
interaction must be properly taken into account. A summary
of this analysis can be found in [23]. From the phenomeno-
logical point of view, noise-induced radiation emission sets
the strongest bound on the gravity-related collapse model
[15] and on the collapse parameter λ of the CSL model in
the region rC ≤ 10−6 m [22,24–30] (more details on λ and
rC are given below, after Eq. (2)).

In [15] an accurate analysis of the radiation emission
induced by gravity-related collapse was performed, which
ruled out the parameter-free version of the model. The two
main strengths of that analysis are:

1. From the theoretical point of view, the emission from the
atomic nucleus scales quadratically with the atomic num-
ber;

2. From the experimental point of view, to have performed a
dedicated experiment with a good knowledge of the setup
and of the low background environment.

The analysis done in this paper shares the same strengths for
the CSL model.

In Sect. 2 we introduce the CSL model and discuss the
main theoretical result, given by Eq. (5), which is derived
in the Appendix. In Sect. 3 the data analysis is presented in
details and the novel bound on the CSL parameters reported
in Fig. 4. Finally, in the conclusion, we summarise the main
achievement of the paper and suggest possible improvements
for future activity in this field.

2 Theoretical analysis

We compute the radiation emission rate for an atomic system
according to the CSL model. In the previous literature, this
emission rate was obtained by applying the formula derived
for the emission rate from free electrons to the outer electrons
of the atoms. Precisely, for Germanium atoms, it was first
assumed that the relevant contribution comes from the 4 outer
electrons of the atom [11], while later the emission from the
30 outer electrons was considered [22].

Here we derive a formula for the emission rate that is
valid for generic systems, not just for free particles. This
derivation shows that there is a relevant regime where also
the emission from the nucleons plays an important role. We
show that when the energy of the emitted radiation is in the
range 10-105 keV, all protons in the nucleus emit coherently
as the whole nucleus was a single free particle with charge

Q = NAe, where NA is the atomic number of the atom
and e the electric charge. On the other hand, the emission
from the electrons is incoherent i.e. they emit independently.
Since the emission rate is proportional to the square of the
charge Q2, this means that the emission from a nucleus grows
quadratically with the atomic number NA, while that from
the electrons grows linearly with NA. In the case of Germa-
nium, NA = 32 which means that the emission is amplified
by a factor 322 +32 = 1056, to be compared with the largest
amplification factor of 30 considered in the previous litera-
ture [22].

We first introduce the basic formulae which are relevant
for the subsequent analysis. The evolution of the state vector
|φt 〉 in the CSL model is given by [8]:

d|φt 〉 =
[
− i

h̄
Ĥdt +

√
λ

m0

∫
dx

(
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)
dWt (x)
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]
|φt 〉, (1)

where

M̂ (x) :=
∑
j

m j ψ̂
†
j (x) ψ̂ j (x) (2)

and
〈
M̂(x)

〉
t
= 〈φt |M̂(x)|φt 〉. Here ψ̂

†
j (x) and ψ̂ j (x) are,

respectively, the creation and annihilation operators of a par-
ticle of type “ j” at the point x. We are considering the
mass proportional version of the CSL model, with m j the
mass of a particle of type “ j” and m0 a reference mass,
taken equal to the mass of the nucleon.1 The noise field
wt (x) := dWt (x)/dt , has zero average and correlation

E[w(x, t)w(x′, t ′)] = e
− (x−x′)2

4r2
C δ(t − t ′), (3)

with E[. . .] denoting the stochastic average.
The CSL model depends on two parameters: λ which sets

the strength of the noise and rC , which defines the spa-
tial resolution of the collapse. Two values were proposed
in the literature for λ: one, suggested by Ghirardi, Rimini
and Weber [6], sets λGRW = 10−16 s−1 while the other one,
proposed by Adler [24,25], sets λADLER = 10−8±1 s−1. The
value λGRW is somehow the smallest possible choice for λ:
for smaller values the effect of the noise would be too small,
making the collapse too weak to guarantee an efficient sup-
pression of macroscopic superpositions [31]. The valueλADLER

is based on the requirement that the process of latent image
formation in emulsions yields definite images by collapsing

1 Here we do not consider the spin degrees of freedom since they give
a negligible contribution to the emission rate.
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superpositions fast enough. Regarding the correlation length
rC , a reference value typically considered in the literature
is rC = 10−7 m, while previous bounds together with the
requirements of having an efficient suppression of macro-
scopic superpositions require rC ≥ 10−9 m [32] (see also
Fig. 4).

The stochastic terms in Eq. (1) imply an acceleration on
the particles, which induces the emission of radiation. The
computation of the radiation emission rate for a system of N
particles with massm j and charge q j is given in the appendix
and the final result is:

dΓ

dE
= A

h̄λ

4π2ε0m2
0r

2
Cc

3E
, (4)

where h̄ and c have the usual meaning, ε0 is the vacuum
permittivity and E the energy of the emitted radiation. The
amplification factor A takes different forms depending on
the kind of emission: in the case of coherent emission one

has A =
(∑N

j=1 q j

)2
, while for incoherent emission A =∑N

j=1 q
2
j (see Eqs. (45) and (49) of the appendix).

Whether the radiation emission is coherent or incoherent
depends on the relation between the typical distance L among
the particles which are emitting radiation, the wavelength λk
of the emitted radiation and the noise correlation length rC .
As shown and discussed in detail in the appendix, when the
distance between two particles is larger than λk the emission
is always incoherent. On the other hand, particles at a distance
smaller than λk and rC always emit coherently.

We now apply the result in Eq. (4) to compute the emission
rate from an atom. To maximize the emission rate, one needs
to find a region where the wavelength of the emitted radiation
λk is small enough to guarantee that the electrons and the
nucleus emit independently from each other, so that their
contribution does not add coherently to zero, since they have
opposite charges. Therefore one has to consider wavelengths
λk 	 0.1 nm, which is the typical distance between electrons
and the nucleus. On the other hand, it is convenient to take
the opposite limit when considering the emission from the
nucleus. In the nucleus, all protons have the same positive
charge, therefore the biggest effect is obtained in the regime
where they emit coherently. This requires λk, rC 
 10−6

nm, which is the typical size of nucleus.
Since values of rC smaller than 1 nm are already excluded

by previous bounds [32], these conditions are fulfilled by
taking radiation with wavelengths λk ∼ 10−6−10−1 nm,
which corresponds to energies in the range E ∼ 10−105

keV. In this case, the emission rate from multiple atoms is
computed according to the following formula:

Fig. 1 Measured X-rays spectrum (black histogram) and simulated
background distribution (magenta histogram) in the energy range ΔE
= (1000–3800) keV

dΓ

dE
= Natoms ×

(
N 2
A + NA

)
× λh̄e2

4π2ε0m2
0r

2
Cc

3E
(5)

with NA the atomic number. The factor N 2
A is due to the

coherent emission from the nuclei, while the linear contri-
bution NA comes from the electrons. Note that the linear
contribution due to the electrons can be taken into account
only when the energy of the emitted photons is in the range
E ∼ 10−100 keV. In fact, for larger energies, the electrons
are in the relativistic regime where our results do not apply.

3 Experimental results

A measurement was performed to constraint the parameters
of the CSL model, by comparing the X-ray spectrum acquired
with an ultra-pure Germanium detector with the expected
noise-induced radiation emitted by the materials of the exper-
imental apparatus. The setup, based on a High Purity Germa-
nium (HPGe) coaxial p-type detector surrounded by layers
of electrolytic copper and pure lead shielding, is extensively
described in Ref. [15]. Data was acquired in the extremely
low background environment of the Gran Sasso underground
National Laboratory of INFN (LNGS-INFN), which is char-
acterised by an average overburden of 3800 m water equiv-
alent, see Ref. [33]. The measured spectrum, corresponding
to an exposure of 124 kg · day, is shown in black in Fig. 1.

The aim of the data analysis for this measurement is
to obtain the probability distribution function (pdf ) of the
expected number of measured counts (derived in Sect. 3.3),
which is a function of the parameters λ and rC of the model,
from which an unambiguous limit can be extracted. To this
end the expected contribution of the spontaneous radiation
signal is evaluated by weighting the theoretical rate (Eq. (5))
with the detection efficiencies, as described in Sect. 3.2; the
contribution of the background, which is mainly due to the
emission of residual radionuclides present in the setup con-
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Fig. 2 The results of the fits of the efficiency spectra, for those compo-
nents of the setup which are found to give significant contribution: Ge
crystal (top left panel), inner Cu (top middle panel), Cu block + plate

(top right panel), Cu shield (bottom left panel), Pb shield (bottom right
panel). A detailed description of the setup is given in Fig. 2 of Ref. [15]

stituents, is also estimated (see Sect. 3.1). In order to achieve
a complete characterisation of the experimental setup, to cal-
culate the detection efficiencies and to simulate the back-
ground contribution, the whole detector was described by a
validated Monte Carlo (MC) code (Ref. [34]) based on the
GEANT4 software library (Ref. [35]).

3.1 Background simulation

The MC simulation of the background takes as input the mea-
sured activities of each radionuclide detected in each com-
ponent of the setup; the simulation accounts for the emission
probabilities and the decay schemes. The photon propagation
and interactions inside the materials of the detector, which
give rise to the continuum part of the background spectrum,
are realistically described. Finally, the detection efficiencies
are considered.

The measured and simulated spectra are in good agree-
ment in the range (ΔE = (1000−3800)keV) as shown in
Fig. 1, where the background is represented by the magenta
distribution. The simulation accounts for about 88% of the
measured spectrum. The total number of simulated back-
ground counts in ΔE is zb = 506, to be compared with a total
number of measured photons zc = 576. All the assumptions
of the calculation leading to the theoretical spontaneous emis-
sion rate in Eq. (5) are satisfied in ΔE , provided that only the
dominant contribution of protons is considered, since elec-
trons are relativistic in this range.

3.2 Calculation of the expected signal shape

In order to evaluate the expected spontaneous radiation signal
contribution (i.e. the number of spontaneously emitted pho-
tons, generated by each atom of each material of the detector,
which would be detected by the HPGe in the acquisition time
T ) the theoretical rate is weighted with the detection effi-
ciency function. Since, due to self-absorption, the efficiency
function strongly depends on the geometry of the apparatus,
the efficiency is obtained by means of a MC simulation. A
scan is performed in steps of 200 eV in the range ΔE , by
generating, with a uniform spatial distribution, 108 photons
for each energy and for each component of the apparatus
(we refer to Fig. 2 of Ref. [15] for a detailed description of
the setup). The efficiency spectra, for all the materials con-
tributing significantly, are shown in Fig. 2. The efficiency
function (for the i-th material of the apparatus) is then the
result of a polynomial fit to the distribution resulting from
the simulation:

εi (E) =
ci∑
j=0

ξi j E
j , (6)

ci is the degree of the polynomial expansion, ξi j is the matrix
of the coefficients. The results of the fits are also shown in
Fig. 2, and the corresponding parameters are summarised in
Table 1, with the corresponding statistical errors.
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Table 1 The table summarises the parameters obtained from the best fit to the efficiency spectra, for each component of the setup which gives a
significant contribution

i = Ge crystal Inner Cu Cu block + plate Cu shield Pb shield

ξi0 (4.82 ± 0.03) ×10−1 (3.77 ± 0.04) ×10−2 (2.6 ± 0.1) ×10−3 (− 1.01 ± 0.07) ×10−5 (− 5.76 ± 0.03) ×10−4

ξi1 (− 4.42 ± 0.03) ×10−4 (− 2.48 ± 0.03) ×10−5 (2.9 ± 1.4) ×10−7 (7.8 ± 0.1) ×10−8 (3.812 ± 0.003) ×10−6

ξi2 (2.10 ± 0.01) ×10−7 (1.03 ± 0.01) ×10−8 (− 3.1 ± 0.5) ×10−10 (− 2.07 ± 0.06) ×10−11 (− 2.728 ± 0.001) ×10−9

ξi3 (− 4.87 ± 0.03) ×10−11 (− 2.24 ± 0.04) ×10−12 (5.7 ± 1.6) ×10−14 (1.61 ± 0.09) ×10−15 (9.036 ± 0.004) ×10−13

ξi4 (4.32 ± 0.07) ×10−15 (1.93 ± 0.08) ×10−16 (− 3.1 ± 3.3) ×10−18 – (− 1.477 ± 0.001) ×10−16

ξi5 – – – – (9.60 ± 0.02) ×10−21

The expected signal contribution is then given by:

zs

(
λ

r2
C

)
=

∫
ΔE

∑
i

dΓ

dE

∣∣∣∣
i
εi (E) dE

=
∫

ΔE

∑
i

N 2
pi αi β

λ

r2
C E

ci∑
j=0

ξi j E
j dE

= 2.0986
λ

r2
C

= a
λ

r2
C

(7)

where the sum extends over all the components of the setup,
Npi is the number of protons in the atoms of the i-th material.
αi is defined as:

αi = mi ni T, (8)

with ni the number of atoms per mass unit of the i-th material.
According to Eq. (5) β is defined as:

β = h̄e2

4π2ε0c3m2
0

. (9)

In Eq. (7) the explicit dependence of the expected signal
contribution on the parameters of the model appears. The
expected signal shape as a function of the energy, namely the
integrand in Eq. (7), is shown in Fig. 3.

3.3 Novel limit on the CSL parameters

The stochastic variable zc is distributed according to a Pois-
sonian:

p(zc|Λc) = Λ
zc
c e−Λc

zc! ; (10)

Λc is the expected value for the total number of measured
photons in ΔE .

Since the total number of signal and background counts
are also Poissonian variables, Λc can be rewritten as the sum
of the background and of the signal contribution to sponta-
neously emitted photons:

Fig. 3 Energy distribution of the expected spontaneous radiation sig-
nal, resulting from the sum of the emission rates of all the components
of the setup, weighted with the efficiency functions. The area of the
distribution is normalised to unity (n.u.) in the energy range ΔE =
(1000–3800) keV

Λc

(
λ

r2
C

)
= Λb + Λs

(
λ

r2
C

)
, (11)

with Λs = zs + 1 and Λb = zb + 1. The pd f of Λc

(
λ

r2
C

)
is

then obtained from Eq. (10) by applying the Bayes theorem:

p̃

(
Λc

(
λ

r2
C

)∣∣∣∣∣ p(zc|Λc)

)
=

p(zc|Λc) · p̃0

(
Λc

(
λ

r2
C

))

∫
D
p(zc|Λc) · p̃0

(
Λc

(
λ

r2
C

))
dΛc.

(12)

If a uniform prior is assumed the posterior distribution func-
tion is:

p̃

(
Λc

(
λ

r2
C

)∣∣∣∣∣ p(zc|Λc)

)
=

[Λc

(
λ

r2
C

)
]zc e−Λc

Γ (zc + 1)
. (13)

We are now in the position to set an upper bound on the λ

parameter of the model. Given the linear relation among Λc

and λ, this can be easily derived by using the cumulative pd f
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of Λc. In particular, by setting rC = 10−7 m (as originally
proposed in Ref. [6]), and solving the integral equation:

P̃
(
Λ̄c

) =
∫ Λ̄c

0 [Λc

(
λ

r2
C

)
]zc e−ΛcdΛc

Γ (zc + 1)

= γ (zc + 1, Λ̄c)

Γ (zc + 1)
= 0.95. (14)

We obtain the upper limit on λ

λ < 5.2 · 10−13 s−1 (15)

with a probability of 0.95. This improves the previous best
result available in literature (Eq. (18) in Ref. [22]) by a factor
13.

More in general an exclusion plot, in the λ − rC plane,
can be obtained from Eq. (14) by varying rC . Figure 4 shows
the λ − rC mapping, where the region which is excluded
by this analysis, with a probability of 0.95, is represented in
orange. We obtained the most stringent limits on the CSL
collapse parameters in a broad range of the parameters space
(see also Ref. [32] for comparison with other experimental
constraints).

4 Conclusions and perspectives

We set the strongest bounds on CSL parameters in the region
rC ≤ 10−6 m by refining, on one hand, the theoretical
calculations, considering the realistic emission of sponta-
neous radiation from atoms and in particular the coherent
emission from nuclei, which leads to a quadratic amplifi-
cation of the radiation emission rate with the atomic num-
ber of the emitting atoms. On the other hand, we performed
a dedicated experiment searching for this radiation with a
High Purity Germanium detector at the LNGS-INFN Gran
Sasso underground laboratory, which was complemented by
a refined work on the simulation of the background coming
from known sources and by a statistical analysis. All these
improvements allowed us to gain a factor 13 in the bounds set
on the CSL model parameters with respect to previous sim-
ilar searches. This result also establishes an absolute record
on λ-rc mapping of the CSL parameters below rC = 10−6 m,
proving the method of searching for the spontaneous radia-
tion predicted by CSL models as being, today, the best one.

Baring on the success of this combined theoretical and
experimental approach, for the future we plan, on one side,
to develop new methods for testing non-Markovian and dissi-
pative collapse models, and, on the other, to refine our exper-
imental techniques as well as analyses methods by imple-
menting Machine Learning algorithms. In such a way we
shall extend our search to a broader energy range where
we are able to appreciate features of realistic CSL models

Fig. 4 Mapping of the λ − rC CSL parameters: the proposed theoret-
ical values (GRW [6], Adler [24,25]) are shown as black points. The
region excluded by theoretical requirements is represented in gray, and
it is obtained by imposing that a graphene disk with the radius of 10 µm
(about the smallest possible size detectable by human eye) collapses in
less than 0.01 s (about the time resolution of human eye) [31]. Contrary
to the bounds set by experiments, the theoretical bound has a subjec-
tive component, since it depends on which systems are considered as
“macroscopic”. For example, it was previously suggested that the col-
lapse should be strong enough to guarantee that a carbon sphere with the
diameter of 4000 Å should collapse in less than 0.01 s, in which case the
theoretical bound is given by the dash-dotted black line [36]. A much
weaker theoretical bound was proposed by Feldmann and Tumulka, by
requiring the ink molecules corresponding to a digit in a printout to col-
lapse in less than 0.5 s (red line in the bottom left part of the exclusion
plot, the rest of the bound is not visible as it involves much smaller
values of λ than those plotted here) [37]. The right part of the parameter
space is excluded by the bounds coming from the study of gravitational
waves detectors: Auriga (red), Ligo (Blue) and Lisa-Pathfinder (Green)
[30]. On the left part of the parameter space there is the bound from the
study of the expansion of a Bose–Einstein condensate (red) [28] and
the most recent from the study of radiation emission from Germanium
(purple) [22]. This bound is improved by a factor 13 by this analysis
performed here, with a confidence level of 0.95, and it is shown in
orange

towards a deeper understanding of their dynamics and, more
in general, of quantum physics and its possible scientific and
technological applications limitations
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Appendix: Theoretical analysis

Even though our goal is to compute the radiation emission
rate from a Germanium crystal, we perform a more general
theoretical analysis considering a generic system made of
charged N particles and we ask for the probability of a photon
being emitted due to the interaction of the particles with the
noise. For such a system, the CSL master equation can be
obtained from Eq. (1) projecting to the N -particles Hilbert
spaces and it reads:

dρ̂t

dt
= − i

h̄

[
Ĥ , ρ̂t

]
(16)

− λ

2m2
0

∫
dx

∫
dx′e

− (x−x′)2
4r2
C

[
μ̂(x),

[
μ̂(x′), ρ̂t

]]

where ρ̂t = E[|φt 〉〈φt |], μ̂(x) = μ̂(x, x̂1, ..., x̂N ) =∑
j m jδ(x̂ j − x) with x̂ j the position operator of the j-th

particle.
We will exploit the same mathematical technique used

by Fu when he computed the radiation emission in the CSL
model [11]: instead of working with the complicated non-
linear dynamics of the CSL model or with the master equa-
tion (16), we will work using a unitary stochastic unravelling
of this master equation. Indeed, it is straightforward to prove
that the master equation (16) can be unravelled by the fol-

lowing stochastic Schrödinger equation:

i h̄
d|ψt 〉
dt

=
[
Ĥ + V (x̂1, ..., x̂N , t)

]
|ψt 〉, (17)

where

V (x̂1, ..., x̂N , t) = − h̄
√

λ

m0

∫
dxμ̂(x, x̂1, ..., x̂N )w(x, t).

(18)

Equation (17) does not describe any collapse of the wave
function, being a standard linear Schrödinger equation. Yet,
as long as we are interested in computing averaged quantities,
it is equally good—and mathematically easier to handle—
than directly using the master equation (for an example of
a calculation of spontaneous photon emission process in the
CSL model performed directly from the master equation, see
[20]).

We are now in position to derive Eq. (4) of the main text,
which gives the power emission formula from a generic rigid
body. Several studies of the radiation emitted by charged par-
ticles according to the CSL model were carried on in the
past [11,16,18,20] and in [17,19] for the Quantum Mechan-
ics with Universal Position Localization (QMUPL) model
[38,39] but they mainly focused on the emission from free
electrons. Here we focus on the emission from all particles
in the atom, including the contribution of protons, which will
turn out to be dominant. We use a semi-classical approach,
where the power emitted is directly linked to the acceleration
of the particles of the system. This approach was proved to be
valid in previous articles, where the semiclassical calculation
of the emission rate from a free particle was performed and
the result was perfectly equivalent to that obtained using a
fully quantum mechanical calculation [24,25] (see Appendix
A of the paper).

The starting point is the classical formula for the total
power emitted by a system of charged particles [40]:

P(t) = R2
sp

∫
dΩ S(Rsp n̂, t), (19)

where S(Rsp n̂, t) is the magnitude of the Poynting vector
at time t , at point Rsp n̂ on a spherical surface of radius Rsp

(upon which the integration is performed) along the direction
given by the unit vector n̂. The magnitude of Poynting vector
is proportional to the square of the electric field:

S(r, t) = ε0cE2(r, t). (20)

The total electric field generated by N charged particles is:

E(r, t) =
N∑
i=1

Ei (r, t) (21)
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where, in the non-relativistic limit, the radiative part of the
electric field of each particle is [40]

Ei (r, t) = qi
4πε0

{
R̂i (t ′i )
Ri (t ′i )

× 1

c2

[
R̂i (t

′
i ) × r̈ i (t ′i )

]}

= qi
4πε0c2Ri (t ′i )

{
R̂i (t

′
i )[r̈ i (t ′i ) · R̂i (t

′
i )] − r̈ i (t ′i )

}
(22)

where t ′i := t − |r−r i (t ′i )|
c is the retarded time of the i-th

particle and Ri (t ′i ) := r − r i (t ′i ) with r i (t ′i ) the position of
the i-th particle at its retarded time t ′i .

Consistently with taking only the radiative part of the elec-
tric field generated by each particle, we assume that the points
where the field is evaluated are very far from the system, i.e.
the integration in Eq. (19) is performed over a sphere with
radius Rsp 
 |r i (t ′i )|. Then we can approximate each par-
ticle position as if they are all at the origin i.e. Ri � r ,
R̂i (t ′i ) � n̂ and accordingly Eq. (22) can be approximated as

Ei (r, t) � qi
4πε0c2r

[
n̂[r̈ i (t ′i ) · n̂] − r̈ i (t ′i )

]
. (23)

We wish to remark that, despite the approximations from
Eqs. (22) to (23), there is still an implicit account for the
different particles positions in the retarded times t ′i , which
will play a fundamental role in the following analysis.

Since we will eventually compute the emission rate at
a given frequency ω, it is useful to introduce the Fourier
transform of the electric fields

Ei (r, ω)= qi
4πε0c2r

∫ +∞

−∞
dt e−iωt [n̂[r̈ i (t ′i ) · n̂] − r̈ i (t ′i )

]
(24)

and make the change of variable from t to the retarded time

= t − |r−r i (t ′i )|
c � t − |r−r̄ i |

c . In the last step we assumed that
the positions of the particles of the system do not change too
much with respect to their relative distances, and so they can
be replaced by averaged positions r̄ i (note that this assump-
tion is equivalent to assuming that the system is a rigid body).
Then Eq. (24) becomes

Ei (r, ω)� qi
4πε0c2r

∫ +∞

−∞
dte

−iω
(
t+ |r−r̄i |

c

) [
n̂[r̈ i (t) · n̂] − r̈ i (t)

]
= qi

4πε0c2r
e−iω

|r−r̄i |
c

[
n̂[r̈ i (ω) · n̂] − r̈ i (ω)

]
(25)

We can further approximate the exponent using the fact that
r 
 r̄i , which implies |r − r̄ i | � r − r̄ i · n̂, in order to get:

Ei (r, ω) � qi
4πε0c2r

e−iω
r−r̄i ·n̂

c
[
n̂[r̈ i (ω) · n̂] − r̈ i (ω)

]
.

(26)

Going back to Eq. (19) for the emitted power, one gets:

P(t) = R2
spε0c

(2π)2

∫ +∞

−∞
dω

∫ +∞

−∞
dν ei(ω+ν)t

×
∫

dΩ
∑
i, j

Ei (Rsp n̂, ω)E j (Rsp n̂, ν)

= 1

64π4ε0c3

∫ +∞

−∞
dω

∫ +∞

−∞
dν ei(ω+ν)(t−Rsp/c)

×
∑
i, j

qi q j Ji j (ω, ν) (27)

where

Ji j (ω, ν) :=
∫

dΩei(ω r̄ i+ν r̄ j)· n̂c

× [
r̈ i (ω) · r̈ j (ν) − (

r̈ i (ω) · n̂) (
r̈ j (ν) · n̂)]

.

(28)

The conditions for having coherent or incoherent emission,
depending on the ratio between the system’s dimension and
the wavelength of the emitted radiation will appear clearly in
the evaluation of Ji j (ω, ν). A rather long but straightforward
calculation gives:

Ji j (ω, ν) = 4π r̈ i (ω) · r̈ j (ν)

(
b2 − 1

)
sin(b) + b cos(b)

b3

− 4π r̈ zi (ω)r̈ zj (ν)

(
b2 − 3

)
sin(b) + 3b cos(b)

b3

(29)

with b = 1
c |ω r̄ i + ν r̄ j |.

According to the CSL model, each particle’s acceleration
is given by

r̈ j (t) = −∇ j V (r1(t), ..., rN (t), t)

m j
(30)

withV (r1, ..., rN , t) introduced in Eq. (18). The correspond-
ing Fourier transform is

r̈ ij (ω) =
∫

dt e−iωt r̈ ij (t)

= h̄
√

λ

m0m j

∫
d r

∫
dt e−iωt ∂

∂r ij (t)

× [μ j (r j (t) − r)]w(r, t) (31)

where the lower index j labels the different particles while
the higher index i labels the three spatial directions x, y, z.

Using again the rigid body assumption r j (t) � r̄ j
and then introducing s = r̄ j − r and w̃(r, ω) :=

123
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∫
dt e−iωtw(r, t) one gets:

r̈ kj (ω) = − h̄
√

λ

m0m j

∫
ds

(
∂

∂sk
μ j (s)

)
w̃(r̄ j − s, ω). (32)

Using the fact that the noise correlation in Eq. (3), in the
frequency domain, implies

E[w̃(r, ω)w̃(r ′, ν)] = 2πδ(ω + ν)e
− (r−r′)2

4r2
C , (33)

one can compute:

E[r̈ i (ω) · r̈ j (ν)] = 2π h̄2λ

m2
0mim j

δ(ω + ν) fi j (μ), (34)

where we introduced

fi j (μ) :=
∑

k=x,y,z

f ki j (μ) (35)

and

f ki j (μ) :=
∫

ds
∫

ds′e
− (r̄i−r̄ j+s′−s)2

4r2
C

(
∂μi (s)
∂sk

) (
∂μ j (s′)

∂s′k

)
.

(36)

Clearly, exactly the same conclusions are true for the cor-
relation E[r̈ zi (ω)r̈ zj (ν)], with the only difference of having
f zi j (μ) instead of fi j (μ) in Eq. (34).

We can finally go back to Eq. (29) for Ji j (ω, ν), whose
average gives:

E[Ji j (ω, ν)] = 8π2h̄2λ

m2
0mim j

[
fi j (μ)

(
b2 − 1

)
sin(b) + b cos(b)

b3

− f zi j (μ)

(
b2 − 3

)
sin(b) + 3b cos(b)

b3

]
δ(ω + ν),

(37)

which simplifies significantly under the assumption f zi j (μ) =
fi j (μ)/3 (always fulfilled for spherical symmetric mass dis-
tributions which we will consider here):

E[Ji j (ω, ν)] = 8π2h̄2λ

m2
0mim j

δ(ω + ν) fi j (μ)

[
2

3

sin(b)

b

]
(38)

where we remind that b = bi j (ω, ν) = 1
c |ω r̄ i + ν r̄ j |. Then,

the (noise averaged) power emission formula is

E [P(t)] = 1

64π4ε0c3

∫ +∞

−∞
dω

∫ +∞

−∞
dν ei(ω+ν)(t−Rsp/c)

×
∑
i, j

qi q jE
[
Ji j (ω, ν)

]

= h̄2λ

12π2ε0c3m2
0

∫ +∞

−∞
dω

×
∑
i, j

qi q j

mim j
fi j (μ)

sin[bi j (ω,−ω)]
bi j (ω,−ω)

, (39)

where bi j (ω,−ω) = ω
c |r̄ i − r̄ j |. Using the relation

P(t) =
∫ ∞

0
dω h̄ω

dΓt

dω
(40)

between the power emitted and the emission rate we obtain:

dΓt

dω
= h̄λ

6π2ε0c3m2
0ω

∑
i, j

qi q j

mim j
fi j (μ)

sin[bi j (ω,−ω)]
bi j (ω,−ω)

(41)

Note that the factor “6” in the denominator Eq. (41) in place of
the factor “12” in Eq. (39) is due to the fact that the extremes
of integration in the variable ω in Eqs. (40) and (39) are not
the same.

There are two relevant cases to be considered.
A) The average distance |r̄ i − r̄ j | between the particles is
much larger than the emitted wavelength λk = 2πc/ω. Then,
for i �= j , one has bi j (ω,−ω) 
 1 which implies:

sin
[
bi j (ω,−ω)

]
bi j (ω,−ω)

∼ 0, (42)

i.e. the contribution from all these terms is negligible. Instead
for i = j one has:

sin
[
bi j (ω,−ω)

]
bi j (ω,−ω)

= 1. (43)

Therefore, only the terms with i = j in the sum in Eq. (41)
survive, the particles emit incoherently and the emission rate
is:

dΓt

dω
= h̄λ

6π2ε0c3m2
0ω

∑
i

q2
i

m2
i

fi i (μ). (44)

Using fii (μ) = 3m2
i /2r2

C (valid for point-like particles, see
Eqs. (47) and (48) below), dividing both sides of the equation
by h̄ and using E = h̄ω we get

dΓt

dE
= h̄λ

4π2ε0c3m2
0r

2
C E

∑
i

q2
i . (45)

In particular, when all the charges and masses are the same,
this emission rate grows linearly with the number N of par-
ticles of the system.
B) The average distance |r̄ i − r̄ j | between the particles is
much smaller than the emitted wavelength λ. Then for all
i, j , one has bi j (ω,−ω) 	 1 which implies Eq. (43) is
valid, with good approximation, for all terms. Accordingly,
we have:

dΓt

dω
= h̄λ

6π2ε0c3m2
0ω

∑
i, j

qi q j

mim j
fi j (μ), (46)

here we must consider two sub-cases:

123
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B1) rC 
 |r̄ i − r̄ j |. In this case we have

f ki j (μ) �
∫

ds
∫

ds′e
− (s′−s)2

4r2
C

(
∂μi (s)
∂sk

) (
∂μ j (s′)

∂s′k

)

=
∫

ds
∫

ds′μi (s)μ j (s′)
(

∂2

∂sk∂s′k e
− (s′−s)2

4r2
C

)

=
∫

ds
∫

ds′μi (s)μ j (s′)
e
− (s′−s)2

4r2
C

2r2
C

(
1 − (s′k − sk)2

2r2
C

)
.

(47)

Clearly this equality is exact when i = j . Assuming point-
like mass densities i.e. μi (r) = miδ(r) one gets f ki j (μ) =
mim j

2r2
C

, which implies

fi j (μ) = 3mim j

2r2
C

. (48)

The same conclusion is true also for particles with finite
radius as long as this is much smaller than rC , as it is for
protons in the atomic nuclei. Replacing these results in Eq.
(46) and again dividing both sides by h̄ and using E = h̄ω

we get

dΓt

dE
= h̄λ

4π2ε0c3m2
0r

2
C E

(∑
i

qi

)2

, (49)

which describes coherent emission. In particular, when all
the charges are the same, the emission rate of the system
grows quadratically with the number N of particles.
B2) rC 	 |r̄ i − r̄ j |. In this second case:

f ki j (μ) � e
− (r̄i−r̄ j )

2

4r2
C

∫
ds

∫
ds′

(
∂μi (s)
∂sk

) (
∂μ j (s′)

∂s′k

)
= 0. (50)

where in the last step we used the fact that the mass den-
sity goes to zero at infinity. Therefore, in this regime the
contribution of the mixed terms due to different particles
is negligible i.e. the emission is incoherent and is given
by Eq. (45).

To summarize, in order to have coherent emission as
described in Eq. (49), one needs to fulfill two conditions: (i)
The average distance between the particles must be smaller
than the wavelength of the emitted photons and (i i) it must be
smaller than rC . If one of these two conditions is not fulfilled,
incoherent emission occurs as described in Eq. (45).
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