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Abstract In this work, we discuss the configuration of
a gravastar (gravitational vacuum stars) in the context of
f(R, T) gravity by employing the Mazur-Mottola con-
jecture (Mazur and Mottola in Report No. LA-UR-01-
5067, 2001; Mazur and Mottola, Proc Natl Acad Sci USA
101:9545, 2004). The gravastar is conceptually a substitute
for a black hole theory as available in the literature and it has
three regions with different equation of states. By assuming
that the gravastar geometry admits a conformal Killing vec-
tor, the Einstein—-Maxwell field equations have been solved
in different regions of the gravastar by taking a specific
equation of state as proposed by Mazur and Mottola. We
match our interior spacetime to the exterior spherical region
which is completely vacuum and described by the Reissner—
Nordstrom geometry. For the particular choice of f(R, T)
of f(R, T) = R+ 2yT, here we analyze various physi-
cal properties of the thin shell and also present our results
graphically for these properties. The stability analysis of our
present model is also studied by introducing a new parameter
n and we explore the stability regions. Our proposed gravas-
tar model in the presence of charge might be treated as a
successful stable alternative of the charged black hole in the
context of this version of gravity.

1 Introduction

Over the past few years, we have witnessed a considerably
growing interest to study gravastars [1-8] (and the references
therein), the gravitational vacuum star as it was proposed as
an alternative theory of black holes. In 2001, Mazur and Mot-
tola (MM) [9] first proposed a new idea for gravastars (col-
lapsing stellar object) by extending the Bose—FEinstein con-
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densate (BEC) theory in the gravitating system. They further
developed the theory in 2004 [10]. This MM model gives us
a stable idea about the endpoint of gravitational collapse in
the form of cold, dark, compact objects having mass above
some critical values and provides a solution to the classical
black hole problems. After the pioneering innovation of the
discovery of the gravitational wave (GW) in 2015 [11], it is
assumed that the GWs arise due to the merging of two mas-
sive black holes. But there is no observational proof for this
theory. In this situation, the gravastar may play a crucial role
to describe the final stage of the stellar evolution. Instead of
there not being sufficient observational evidence in favor of
the gravastars directly for their existence, it is important to
study the concept of the gravastar that can be claimed as a
feasible alternative to understand the concept of the black
holes (BHs).

The proposed model [10] is a static spherically symmetric
perfect fluid model having three different regions designated
by: (I) interior region (0 < r; < r), (II) thin shell region
(r1 < r < rp), (Ill) exterior region (1, < r) and it is sep-
arated by a thin shell of stiff matter. In the interior region
of the gravastar the relation between pressure and density
is given by p = —p, inside the thin shell it is described by
p = p and finally in region Il p = p = 0. Here p represents
the isotropic pressure, p is the matter density of the perfect
fluid sphere and r; — r; = € is the thickness of the shell,
where € < 1, because in a gravastar the thickness is very
small compared to its size. For an uncharged model of the
gravastar in (3 4+ 1)-D, the exterior spacetime is described
by Schwarzschild geometry [12], whereas in the case of a
charged gravastar model, the exterior spacetime is described
by the Reissner—Nordstrom geometry [13,14].

The idea of the gravastars has been discussed several times
in the literature as an alternative to BH theory based on dif-
ferent mathematical as well as physical aspects. But most of
the investigations have been carried out by several workers
in the framework of Einstein’s general relativity (EGR) [15—
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27] (and the references therein). Though it is well known that
EGR is very well equipped to unveil many hidden mysteries
behind nature, this theory fails to explain the phenomenon
of the expanding universe along with the existence of dark
matter [28-33]. These two are the most important aspects
of modern cosmology that have been accepted on the back-
ground of observational data. It is examined that the Einstein
theory of gravitation breaks down at large scales, and a more
generalized form of the action is required to describe the
gravitational field at large scales. Therefore, the idea of cou-
pling between matter and curvature produces several alter-
native modified theories to overcome the situation, such as
f(R) gravity [34,35], f(T) gravity (T is the torsion) [36,37],
f(R, T)gravity [38], f(R, T, R,y, T"") theory [39,40] and
f(G, T) gravity [41], where R indicates the Ricci scalar, T
denotes the trace of the stress—energy tensor (SET) and G
indicates the Gauss—Bonnet invariant.

Among all these theories, f(R, T) theory has gained
much importance for describing various astrophysical stellar
objects corresponding to different formulations [42—48]. In
this theory, the gravitational Lagrangian is given by an arbi-
trary function of R and 7'. Note that such a dependence on
T may come due to exotic imperfect fluid or by considering
quantum effects (the case of a conformal anomaly). Harko
et al. [38] were the pioneers who first presented the formula-
tion of f(R, T) gravity. The rapid growth of attention on the
gravastar has motivated researchers and scientists to discuss
the outcomes of modified gravity theories on physical prop-
erties of the gravastar. Das et al. [43] investigated the specula-
tions as regards of the gravastar and studied its features graph-
ically with respect to different EoS in the f(R, T) gravity
framework. There are several applications in the literature of
f(R, T) gravity theory to different cosmological domains
[49-59]. Among several applications, it is worth to mention
Refs. [60-71]. Sharif and Yousaf [60] have studied the factors
which affect the stability of a locally isotropic spherical self-
gravitating systems within f (R, T) gravity. A perturbation
scheme has been employed on dynamical equations to find
the collapse equation by Noureen and Zubair [61] and the
condition on the adiabatic index I is constructed for Newto-
nian and post-Newtonian eras to address the instability prob-
lem. Again, in their later work [62], they presented a dynami-
cal analysis of a spherically symmetric collapsing star under
f(R, T) gravity for an anisotropic environment with zero
expansion. Zubair and Noureen [63] then analyzed the grav-
itating sources carrying axial symmetry in f(R, T) grav-
ity. Also, the implications of the shear-free condition on the
instability range of an anisotropic fluid has been investigated
in f(R, T) gravity by Noureen et al. [64]. Zubair et al. [65]
reported the investigations on the possible formation of com-
pact stars in f(R, T) gravity. Alhamzawi and Alhamzawi
[66] derived a new type of solution for f (R, T') gravity and
drew conclusions about the contribution to gravitational lens-

@ Springer

ing by modified gravity. Moraes et al. [67] studied the hydro-
static equilibrium configuration of neutron stars and strange
starsin f (R, T) gravity. The evolutionary behaviors of com-
pactobjectsin f (R, T) gravitational theory have been inves-
tigated by Yousaf et al. [68] using structural scalars whereas
in other work [69] they examined the irregularity factors for
a self-gravitating spherical star evolving in the presence of
imperfect fluid under same gravity. Maurya et al. [70] stud-
ied the hydrostatic equilibrium of stellar objects in modified
f(R, T) gravity that do not conserve energy—momentum
using the Buchdahl ansatz [71]. There is much other related
work on the modified f(R, T) gravity theory considering
different physical aspects.

The effect of charge on the model of compact star is always
important. The analysis of Raychaudhuri on charged dust dis-
tributions showed that the conditions for collapse and oscil-
lation depend on the ratio of matter density to charge density
[72]. The gravitational collapse of a fluid sphere to a point
singularity may be avoided in the presence of large amounts
of electric charge during an accretion process onto a com-
pact object proposed by De Felice et al. [73]. Varela inves-
tigated a charged object with neutral core and the electric
charge distributed on a d-shell [74]. Ivanov [75] proposed
that the presence of the charge function serves as a safety
valve, which absorbs much of the fine-tuning, necessary in
the uncharged case. Bonnor [76] estimated the contribution
of the electric field energy to the gravitational mass using cer-
tain special models. Debnath [77] showed that the charged
has non-negligible effect on different physical quantities in
Rastall rainbow gravity. Rahaman et al. [78] proposed the
model of charged gravastar in (2 4 1) dimensional gravity in
anti-de Sitter spacetime. Bhatti etal. [79] investigated the role
of different fluid parameters, particularly the electromagnetic
field and f(R) corrections, on the evolution of cylindrical
compact object. Motivated by all of this previous work, in
our present article we want to check the effect of charge on
the gravastar model in f (R, T) gravity.

Very recently, the authors have modeled a charged (3+1)-
dimensional gravastar under f(T) modified gravity admit-
ting conformal motion [80] within the formulation of the
MM model [10]. In this present work, we make an attempt
to study a charged gravastar in the background of conformal
symmetry of the spacetime in f (R, T) modified gravity. Par-
ticular emphasis was given to obtain different physical fea-
tures of the stellar object and its significance in describing
an expanding universe. In fact our earlier performed investi-
gations on the stellar object under modified gravity [81-86]
inspired us to consider this alternative formalism to the case
of the gravastar, the final stage of the stellar evolution. Here
we present the graphical variations of different physical fea-
tures of the gravastar for an f (R, T') model.

We adopt the following set up for the presentation of our
paper. The next section displays the fundamental formulation
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of this theory with conformal symmetry. Section 3 expresses
three geometries of the gravastar: interior spacetime, thin
shell and exterior spacetime. Several physical properties of
our model, viz. the EoS parameter, proper shell thickness,
entropy, and energy content, are discussed in Sect. 4. The
stability of the model is presented next. Some discussions
on our work, possibilities of observationally detection of a
gravastar and some conclusions are provided in Sect. 6.

2 Einstein—-Maxwell equation in f (R, T) gravity and
conformal symmetry

In (34 1) dimensions, the interior of a static spherically sym-
metry spacetime is described by the following line element:

ds? = "M ds? — O dr? — 12(d6? + sin? 0de?), €]

where v and A are two unknown functions of the radial co-
ordinate ‘7’ and independent on time, i.e., the metric coeffi-
cients are static. In our present discussion we use the gravita-
tional or geometricized unit, i.e., G = 1 = c. For asymptot-
ically flat spacetime both the metric potential v(r) and A(r)
tendtoOasr — oo. For our present paper we have taken the
signature of the spacetime as (+, —, —, —). In the presence
of charge, the action in f(R, T) theory of gravity is given
as [38],

S = f [ﬁf(R, T)+ Ly + Ee] V=gdty, @)

where g = det(g;;), f(R, T) represents the general func-
tion of the Ricci scalar R and trace T of the energy-—
momentum tensor T, £,, and L., respectively, denote the
matter Lagrangian and Lagrangian for the electromagnetic
field. Varying the action (2) with respect to the metric g,
the field equations in f(R, T) gravity can be obtained as
(87]

1 1 1

Gij = —|8nTij + = fgij — =Rfrgij — fr(Tij + ©ij)
Ir 2 2
—(gijD—ViVj)fR—i—SnE,-j], 3)

where f = f(R,T), fr(R,T) = LED (R, T) =
w. V., represents the covariant derivative associated
ap 3Tap

gl
0= \/#_73,' (v/—2g"/ ;) represents the D’ Alembert opera-
tor, T;; is the energy—momentum tensor given by

with the Levi-Civita connection of g;;, ®;; = g and

2 8=gLlm
Ty = ——— v &%m 4
J = 575 )

Assuming that the matter Lagrangian £,, rely solely on g;;
we obtain

Tij = gijLm — 22?—,’7 ©)
Now, the matter Lagrangian density £, could be a function
of pressure or density or both density and pressure. For our
present paper, we choose the matter Lagrangian as £,, = p
and the expression of ®;; = —2T;; + pg;;, where p is the
matter density in modified gravity. This particular choice
of Lagrangian matter density is based upon the pioneering
work of Harko et al. [38]. In their work, they presented the
field equations of several particular models, corresponding
to some explicit forms of the function f (R, T'). Faraoni [88]
revisited the issue of the correct Lagrangian description of
a perfect fluid £,, = p versus £,, = —p in relation with
modified gravity theories in which galactic luminous matter
couples nonminimally to the Ricci scalar and one concluded
that the Lagrangians are only equivalent when the fluid cou-
ples minimally to gravity and not otherwise. Bhar [84] pre-
sented a spherically symmetric isotropic strange star model
under the framework of f (R, T') theory of gravity by assum-
ing L£,, = p. For our present model the energy—momentum
tensor is given by

Tij = (o +p)xixj — P&ij» (6)

where x' is the fluid four velocity satisfying Xin =1,pis
the isotropic pressure in modified gravity.

Again, £, in Eq. (2), representing the Lagrangian of the
electromagnetic field, is defined as

1
Lo=———FyupF,sg%" g"
e 167 apl'ys8 " 8
where Fj; is the antisymmetric electromagnetic field strength
tensor defined by
0A;  0A;

i @

and it satisfies the Maxwell equations,

. 1 9 , .
Ve (J=gFY)=—-4nJ", 8
. Hax]( grY) nJ ®)

Fiji. + Fjai + Fiyj =0, 9

where A; = (¢(r), 0, 0, 0) is the four-potential and Jlis
the four-current vector, defined by
i Pe dx’
/800 dx°’

where p, denotes the proper charge density. The expression
for the electric field can be obtained from Eq. (8) as follows:

(10)

FOl = —ek#qg). (11)

r

@ Springer
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The electromagnetic energy—momentum tensor E;; has the

following form:
1 o | 1
Ejj =E F; Fja_ZF Fopgij | - (12)

Let, g (r) represents the net charge inside a sphere of radius
‘r’ and it can be obtained as

-
q(r) = 471/ pee%rzdr. (13)
0

Taking the covariant divergence of Eq. (3), we get [38,89,90]

j Sr(R,T) ;
V’T--:—[T ©;)ViIn fr(R, T
ij Sﬂ—fT(R,T) ( 1]+ l]) rlfT( )
. 1 ; 8w .
VIO — e VT — V’E,-j]. (14)

From Eq. (14), itis clear that \% Tij #0if fr (R, T) # Oand
hence the system will not be conserved like Einstein gravity.
The divergence of the matter energy—momentum tensor in
this theory is non-zero whereas in GR and f(R) it is zero.
For this reason this theory allows one to break both weak and
strong equivalence principles in f (R, T') gravity. Also, it is
possible to recover f(R) gravity under the constraint f(7)
= 0. According to the weak equivalence principle, “All test
particles in a given gravitational field will undergo the same
acceleration, independent of their properties, including their
rest mass”. The equation of motion in this modified theory is
based on those features of the particle that are thermodynamic
in character, such as pressure, energy, and density. Further-
more, the strong equivalence principle asserts that “The grav-
itational motion of a small test body depends only on its ini-
tial position and velocity, and not on its configuration” [91].
This principle is similarly violated in f (R, T') theory, result-
ing in non-geodesic motion of particles along world lines.
In the context of quantum theory, the non-zero divergence
of the effective energy—momentum tensor can be linked to
the violation of energy conservation in scattering phenom-
ena. According to this theory, energy non-conservation can
result in an energy flow between the four-dimensional space-
time and a compact extra-dimensional metric [92]. Also, the
non-conservation of the matter energy—momentum tensor is
related to irreversible matter creation processes, in which
there is an energy flow between the gravitational field and
matter due to the geometry—matter coupling, with particles
permanently added to the spacetime [93,94]. The creation of
matter is accompanied by an irreversible energy flow from
the gravitational field to the created matter constituents.
Now we are in a position to choose the f (R, T) function.
There are several theoretical models corresponding to differ-
ent matter contributions for f (R, T) gravity in order to dis-
cuss the coupling effects of matter and curvature components.
Harko et al. [38] choose three forms of f(R, T) functions
(@) f(R, T) = R+2f(T), (D) f(R, T) = fi(R)+ f>(T),

@ Springer

where fi(R) and f»(T) are arbitrary functions of R and
T, respectively and (iii)) f(R, T) = f1(R) + f2(R) f3(T),
where f;,i = 1, 2, 3, are arbitrary functions of the argument.
For our present work, we consider a second form proposed
by Harko et al. [38] with fj(R) = R and f>(T) =2yT. So
for our present case,

f(R, T)=R+2yT, (15)

where y is some small positive constant. Harko et al. [38]
proposed that, for y — 0, Eq. (15) produces the field
equations in general relativity. The term 2y T induces a time-
dependent coupling between curvature and matter.
Substituting this particular form of the f(R, T) function
in Eq. (3) the field equation for f (R, T') gravity theory reads

Gij = 8m(TS" + Eyj). (16)
where

ff 4 v
TS5 =T (1 + E) + 5, T =208

The generalized Tolman—Oppenheimer—Volkoff (TOV) equa-
tion for our present model in f(R, T) gravity can be
obtained:

y / I
3
2y+8n(p +3p)+

8 q dg
8w + 2y 4mrt dr

v/ dp
Lot )

The Einstein—-Maxwell field equations in f (R, T') gravity
are given by

2 l
; A 1
o+ L= Do S - e, (18)
r r r
2 ’
: 1
=L = e - e (19)
r r r
2
1 2
erff+ q_4 — _e—k |:2UH + U/2 — v+ —(l)/ _)‘/)i| ,
r 4 r
(20)

with k = 8m. The quantity ¢(r) actually determines the
electric field by

E(r) =5, 2

where p°!f, peff are, respectively, the density and pressures
in Einstein gravity. Here

Y

P = p+ —(p=3p), (22)
Y

P =p+ —(p+5p), (23)

by taking p, = p; = p in Ref. [84]. Here E(r) represents
the electric field of the charged fluid sphere.

A familiar way to relate the geometry with matter is to
use conformal symmetry under conformal Killing vectors
(CKVs) described by

Legik = &i-k + ki = V&iks (24)
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where £ and 1, respectively, denote the Lie derivative oper-
ator and the conformal factor. The vector & generates the
conformal symmetry such that the metric g is conformally
mapped onto itself along &. Neither & nor i need to be static
even though one considers a static metric [95,96]. The under-
lying spacetime is asymptotically flat for ¥+ = 0 and in
this case the Weyl tensor will also vanish. ¥ = constant
and ¥ = ¥ (x, t), respectively, give homothetic vector and
conformal vectors. Models of compact stars, wormholes and
gravastars have been obtained earlier by several researchers
in the realm of conformal symmetry. Mafa Takisa et al. [97]
investigated the effect of electric charge in anisotropic com-
pact stars with conformal symmetry. Mak and Harko [98]
modeled quark stars with conformal motions in general rela-
tivity. Bohmer et al. [99] have studied the traversable worm-
holes under the assumption of spherical symmetry and the
existence of a non-static conformal symmetry. Bhar et al.
[100] studied the possibility of sustaining static and spher-
ically symmetric traversable wormhole geometries admit-
ting conformal motion in Einstein gravity. Mustafa et al.
[101] explored the wormhole solutions in f(G, T') gravity by
assuming two sorts of matter density profiles, which satisfy
the Gaussian and Lorentzian noncommutative distributions.
More research work on conformal motion can be found in
Refs. [102-108].

For the line element (1), the conformal Killing equations
are written

vr
2
Here ‘prime’ and ‘comma’ stand for the derivative and partial

derivative with respect to ‘r’ and C; is a constant.
The above equations yield

W=y gt=cL e = g2l =y (25

e’ = C3r?, (26)
b= 2)2 27
‘ <vf ’ &7
£ = C18, + <%> 8h. (28)

Here C, and Cj3 are constants of integrations.
Using Egs. (26)—(28), the Einstein—-Maxwell field equa-
tions (18)—(20) become

2 1 2 2 1
Kp+y(p—3p)+‘r’—4=—2[1 v }—ﬂ 29)

r C% rC;3 '
> 1 |,v?
KP+V(,0+5P)—r—4=r—2 33—1 , (30)
3
2 2 /
q 14 2yy
Kp+)/(p+5p)+r—4=r2C2+ ol (31)
3 3

We want to solve the field equations (29)—(31) in three
different regions of the charged gravastar in the next section.

3 The model of a gravastar

Our present work explores the geometrical model of the
gravastar in the context of f(R, T) gravity in the presence
of charge. The gravastar is a bubble like structure enclosed
by a thin shell, while the outer region is entirely a vacuum
and the R-N [13,14] spacetime. Three different regions of
the gravastar with the following specified EoS, i.e., (i) the
inner region is governed by p + p = 0 for 0 < r < ry; (ii)
for the intermediate thin shell, the relation between pressure
and density is given by p = p for r; < r < rp, and (iii) the
exterior spacetime is described by p = p = 0 forr, < r.
The interior and the exterior radii of the gravastar are r; and
ra, respectively, and it is also assumed that the width of the
shell is r, — r| = €, which is extremely small.

3.1 The interior geometry

To describe the interior geometry we have to solve Eqs. (29)—
(31) by using the EoS proposed in [9,10]. To do that we add
Eqgs. (29) and (30), which gives

297 2y

2,2 2
r=Cs rC;

(p+p)k+2y) = (32)
Now to solve Eq. (32) in the interior of the gravastar, we
consider the equation of state (EoS)

p=-p, (33)

proposed by Mazur and Mottola [9, 10], which manifests the
dark energy EoS, and acts along the radially outward direc-
tion to oppose the collapse. The above equation is a special
case of the equation p = wp with w = —1. p = wp is
known as dark energy EoS. It is well known that dark energy
quintessence is a possible candidate responsible for the late-
time cosmic accelerated expansion and, motivated by this
concept, Chapline [109] and Lobo [110] proposed a general-
ization of the gravastar model. Lobo [110] proposed that the
notion of dark energy is that of a spatially homogeneous cos-
mic fluid, which can be extended to inhomogeneous spher-
ically symmetric spacetimes by considering the pressure in
the dark energy equation of state to be a negative radial pres-
sure. Using the relationship between the matter density p and
isotropic pressure p given in Eq. (33), from Eq. (32) we get
the following ordinary differential equation which is linear
in the conformal factor v:

2V W —9'r=0 (34)
(W —v'r) =0,

r2C?

which gives two solutions for ¥, either ¥ = 0 or ¥ =

Ajr. where Aj is the constant of integration. Since ¥ =
0 implies the asymptotically flat spacetime, we take ¥ =
Ajr to calculate the matter density, pressure and the other
physical quantities. Invoking the expression of the conformal

@ Springer
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factor v = Ajr, the expressions for the metric coefficients,
p, p, E 2 and pe are obtained:

et = A%?, eV = C3r?, (35)
_1—6A%7 36)
P= 2y o0 =P
, 1

A
—, P(r) = ——. 37
330 P = o (37)

Here we have used the notation A = ’é—i, which is another
constant. The metric coefficient ¢* is inversely proportional
to r2 but e" is directly proportional to 2. Since in the interior
region of the gravastar, the energy density is positive, from
Eq. (36) we get A% < 6% and it gives the upper bound for
A?. From Eq. (37), we get A > 0. One can note that both the
pressure and density are inversely proportional to 7> and all
pressure, density, electric field and charge density suffer from
central singularities, i.e., for r — 0, they blow up without
bound at the center of charged gravastar and it is a natural
behavior of the CKV model. The electric field E? is inversely
proportional to 72 and it does not depend on A. The charged
density p, depends on A and is inversely proportional to r.
The active gravitational mass M (r) can be obtained from the
following formula:

r E2
M) =zhrjﬁ nz[p(n)+- ;n)]dn

_r 1+
T4

The mass function M (r) does not suffer from the central
singularity since, as ¥ — 0, M (r) — 0. One can note that
the active gravitational mass function depends on both A
and the coupling constant y. Using the bound for A%, we get
the lower bound for the active gravitational mass, M (r) >

r 12]/-'1‘5/(
12 4y+k )°

3.2 The intermediate thin shell

v a1- 2A2r2)] ) (38)

In the shell of the gravastar, following the concept of Mazur
& Mottola [9,10], the relation between the pressure p and
the energy density p is taken as

p=p. (39)

This EoS is a special case of barotropic EoS p = «ap with
a = 1. In general, where the pressure is only a function
of the density, i.e., P = P(p), and vice versa, we have
barotropic fluids. They are considered as unrealistic but their
simplicity has a pedagogical value in illustrating the several
approaches used to solve different systems and “physically”
interesting scenarios [111]. In this connection, we want to
mention that Zel’dovich [112] first conceived the idea of this
kind of fluid in connection with a cold baryonic universe and

@ Springer
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Fig. 1 The metric coefficient e inside the thin shell

it was described as a stiff fluid. Staelens et al. [113] studied
the spherical collapse of an over-density of a barotropic fluid
with linear equation of state in a cosmological background.
Bergh and Slobodeanu [114] studied shear-free perfect flu-
ids with a barotropic equation of state in general relativity.
Rahaman with his collaborators [115] used the barotropic
EoS to obtain a new class of exact solutions for the interior
in (2 + 1)-dimensional spacetime by assuming an isotropic
pressure both with and without cosmological constant A.
Wesson [116] obtained a spherically symmetric and non-
static solution with an inhomogeneous density profile p and
a pressure p given by the stiff equation of state p = pc?, ¢
being a constant. The stiff fluid model has been used earlier
by several researchers in the field of astrophysics as well as
in cosmology [117-120].

From Egs. (18) and (19) with the help of Eq. (39) we get
the following ordinary differential equation (ODE):

vo_ vtk 40)
C2 8y +2

2y’ <2y —K> v
c3 4y +k

The above ODE is a linear equation in 2, which on inte-
grating gives

2 —K
Vo _2rAe g (41)
C% 2k — 4y

where D is a positive constant of integration.
Now the metric coefficients for the thin shell can be
obtained:

2 2y—«
o= Y p 42)
2k — 4y
e’ = C3r2, 43)

The profiles of the metric coefficients inside the thin shell
are shown in Figs. 1 and 2.
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Fig. 2 ¢ inside the thin shell

The expressions for matter density and isotropic pressure
inside the thin shell are obtained:

6
1 [ r 3Dr4V1K] . (44)
P=723 Kk—=2y 4y +« - P
The electric field inside the thin shell takes the form
2y 3Dy +«)
2
= , 45
(2)/ _ /c)r2 6y +3k ( )

24y + k)r e

and the electric charged density p, can be obtained,
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Instead of one junction surface that a compact star has,
the gravastar configuration has two junction surfaces, since
it is like a hollow sphere. One is between interior region
and intermediate thin shell (i.e., at r = r;) and the other is
between the shell and exterior spacetime (i.e., atr = r). Now
for our present model of the gravastar, the metric potentials
grr and g;; must be continuous at the interface between the
core and the shell at r = ry (interior radius) and it gives the
following relationship:

2 K
3Dy — )y +«)(10y + K)rﬁ + 8y 4y + k) r T

Pe (r) = 43y +k) (D(r)s (46)
82y — )4y +K)2wr Iy (r)
where ®(r) and x (r) are functions of ‘r’ and they depend
on the coupling constant y. Their expressions are given as, 20 2y +k Dr i;;ﬁ (50)
1= —Pn
2k — 4y

2 2y —k
O(r) = Kty Drdﬁ, (47)
20k — 2y)
8 6D2y + k)
X(r)=\/2 ! 7t Y ST (48)
@y =1 4y 4 gyt

The profiles of pressure and density inside the thin shell
are depicted in Fig. 3.

3.3 Exterior spacetime and junction condition

For this region we consider p = p = 0, which ensures
that the exterior spacetime is described by the Reissner—
Nordstrom line element given by

ds? = Fdi> — F7'dr? — 1262 + sin® 0d¢?), (49)

where F = (1 — M ?—;), M being the mass and Q

"
being the charge of the gravastar.

Now using the matching condition between the shell and the
exterior region atr = r; (exterior radius) yields the following
relationships:

oM QP
Ciri=1-""+=, 51)
r r2
2 2y—«k 2 2
V——H{—Dr;”'( zl_ﬂ_kg_. (52)
2k — 4y r r22

Solving Egs. (50)-(52), we obtain the expressions for C>, D
and A,

1 2M Q2
C=—1-=C4 =, (53)
r r ry
22 2 -6
D=r2K+4V ﬂ_%_u , (54)
%) ry 2k —4y
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Fig. 3 Variation of pressure and density inside the thin shell

12 -
A=_\/[V—+"_D ‘W] (55)
r

2k — 4y

To determine the values of these constants, we consider the
mass of the gravastar M = 1.75M, the inner radius r; = 10
km and the outer radius r, = 10.009 km, Q@ = 0.001, which
provides the numeric values of C,, D and A for different
values of the coupling constant y presented in Table 1.

The extremely cold radiation fluid in the shell is confined
toregion Il by the surface tensions at the timelike interfaces ry
and r; [9,10]. When we are matching our interior spacetime
to the exterior R-N spacetime we should keep in mind that
the hollow sphere with inner radius | and outer radius r, =
r1 + € here considered has € < ry, and according to Mazur
and Mottola [9,10], € does not exceed the Planck length. At
the boundary we match our interior region to the exterior line
element. Obviously the metric coefficients are continuous
at r = a, but it does not ensure that their derivatives are
also continuous at the junction surface. In other words the
affine connections may be discontinuous there. The surface
stress energy tensor is given by the Lanczos equations in the
following form [121]:

. 1 . .
Sy =gk = 85K1)s (56)

where the Latin indices run as i, j = t, 6, ¢. The factor
ki j represents the discontinuity in the extrinsic curvature K;;

withk;; = [K,-j]+ — [K,-j]_, the expression for Kij; is given
by
Kit = —nf (0¢) +Tipeiel), (57)

where ef = a gl , £ represents the coordinate on the shell,

nvi are the unit normal vectors on the surface withn’n, = 1,

F”ﬁ is for the Christoffel symbols and “+4” and “—” signs
correspond to exterior i.e., Reissner—Nordstrom spacetime
and interior spacetime, respectively.
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Using the spherical symmetry nature of the spacetime,
using the Lanczos equation, the surface stress energy tensor
can be written as §;; = diag(o, —P, —P, —P). Here o
and P are the surface energy density and surface pressure,
respectively. The mathematical expressions for the surface
energy density o and the surface pressure P at the junction

surface r = a are obtained [43],
2 2
M + Q_ - Aa )
V a

dma dra
(58)
1 / +
P
2 16w [J/F]
1 M
=500 - 4a - —2Aa |. (59)

The profiles of surface energy density and surface pressure
are plotted in Figs. 4 and 5, respectively.

The mass of the thin shell (mgpe)) of width € can be
obtained from the following formula:

Mshell = 4ma’o,

2
=Aa2—a1/l—%+f—2. (60)

Rearranging the above equation, the mass of the charged
gravastar is calculated to be

a Q? mghell
M=‘[‘+a—z‘a—z

5 — A% + 2Amshe11:| , (61)

a4+ Q> a (mshell )2
- = —Aa) .
2a 2 a
We see that the total mass M of the gravastar cannot exceed
2 2 . . .
%. Moreover if the mass of the thin shell, the radius of
the gravastar and the total charge Q are known, the total mass

of the gravastar can be obtained from Eq. (62).

(62)
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Table 1 The numerical values

A D
of the constants C», A and D Y =
have been presentefi for different _02 0.0695229 0.0695855 0.00134
values of the coupling constant
y for the compact star with —0.1 0.0695229 0.0695850 0.08351
M =175 Mg, r; =10 km, 0.0 0.0695229 0.0695845 0.15800
r2 = 10.009 km, @ = 0.001 0.1 0.0695229 0.0695840 0.22573
0.2 0.0695229 0.0695835 0.28753
0.3 0.0695229 0.0695831 0.34411
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Fig. 5 Variation of surface pressure inside the thin shell

4 Some physical properties of our present model

In this section we want to explore some physical features of
the developed structure, i.e., the equation of state, the proper
length, the entropy and the energy contents within the shell’s
region. Since the constructed geometry of the gravastar is the
matching of two different spacetimes, the stiff perfect fluid
moves along these spacetimes through the shell region. The
impact of electromagnetic field on different physical features

of the charged gravastar in the context of f(R, T) gravity
will also be discussed.

4.1 The EoS parameter

The equation of state parameter w for our present model is
written
P(a)

o(a)’

w(a) = (63)
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Fig. 6 Top two profiles show the variation of the equation of state parameter in the interior region, bottom two panels show the variation of equation

of state parameter inside the thin shell

Now using Egs. (58) and (59), we obtain the expression
for w(a),

1-M
- a 2Aa
- g
(@) =7 - - (64)
Aa—\1-2M 4 &
To keep w(a) real, we need the restriction M9 1,
a a2

which is already satisfied from Eq. (49). Now w(a) may be
positive or negative depending on the signature of numera-
tor or denominator of Eq. (64). The profiles of w(a) against
‘a’ are shown in Fig. 6. The location of the thin shell (junc-
tion surface) plays an important role: if ‘a’ is sufficiently
large, then w(a) — —1 and it incorporates the dark energy
effects of the cosmological constant A. For very small value
of ‘a’ w(a) tends to zero, yielding a dust shell. According
to Fig. 6, it can be observed that w(a) is negative within
the thin shell, implying that P(a) and o (a) are the opposite
sign. The surface pressure is negative, which means we have
a tension. In the junction shell, the energy density is positive.
The thin shell, i.e. region II in our configuration, contains
an ultra-relativistic fluid obeying the relationship p = p and

@ Springer

the second fundamental form of the discontinuity provides
additional surface stress energy and surface tension for the
connecting interface. These two non-interacting components
are characteristic features of our non-vacuum region II.

4.2 Proper length of the shell

We assume the lower and upper boundaries of the shell are
r = a and r = a + €, respectively, and hence the proper
thickness of the shell is €, which is a very small positive real
number (0 < € < 1). The proper length £ of such a region
that connects inner and outer boundary, can be obtained:

a-+e 1 a-+e 1
o [ e o
A i
a Ve a 22’()/_‘21; — Dr i;_,_,(
k—=2y [2k+4y 4D ate
= [r - ;(r)] : (65)
kK+2y\ k=2y L 5E P
where
10y +« 6 2D(k — 2y)
) =a2Fy | 1,2 4 |,

s T ’ k=2
4y — 2k 2y 4« (c + zy)rﬁ



Eur. Phys. J. C (2021) 81:763

Page 11 of 17 763

and , Fj is the hypergeometric function defined as

e (@) x*
2F1(a,b,c,x)—/§)wﬁ

and the series expansion of R.H.S. of the above equation is

1+a~bx a(a + Dbb + 1) x2

c 1! clc+1) 2!
where |[x| < 1; a, b, ¢ are real numbers and ¢ #
0,—1,—-2,... Here (a), (n is a positive integer) is the

Pochhammer symbol defined by (a), = a(@a+1)---(a +
n — 1), with (a)op = 1. With the help of simple algebra, (a),
takes the form (a), = r;“(;r)” ). The graphical behavior of the
proper length with respect to the thickness of the thin-shell

gravastar is displayed in Fig. 7.

4.3 Entropy

Entropy is used as a measure of the disorderness or dis-
turbance in a mechanical system. According to the theory
of Mazur and Mottola [9,10], charged gravastar has zero
entropy density for the interior region. Using the concept
of Mazur and Méttola [9, 10], the entropy within the shell of
the charged gravastar is calculated as,

a+e
S = / grzh(r)@dr. (66)

By the standard thermodynamic relation, 7's = p + p for a
relativistic fluid with zero chemical potential and at the local
temperature 7 (r), the entropy density s(r) can be expressed
as

p(r)

K

s(r) =

202K:T
20°KET (), (Ks
Kh? A

where « is a dimensionless constant, Kp representing the
Boltzmann constant, i = %, where / is the Planck constant.
Using the expression for p and &>, from Eq. (66), we calculate
the expression for entropy as follows:

S f”+€ Ko Kp
= — | — | r
. 2Jayrc \n
2 K
3DQy — )T 4 4y + K)r

% —dr. (67)
2DQ2y —k)r¥+ 4+ Qy + k)rirtc
Equation (67) can be written as
oo ke (Kp),
24y + \ I
where
a+te
I:f G(r)dr, (68)
a

and G (r) is a function of ‘7’ defined as

2 K
3DQy — K)rTF + (dy + k)r T

G@r) = 5 —.
2Dy — k)r¥t 4+ 2y + k)riric

Now due to the complexity of the expression of G(r), it
is very difficult to perform the integral given in Eq. (68).
Let H(r) be a function such that dl;r(r) = G(r). Then, from
Eq. (68), by using the fundamental theorem of integral cal-

culus, we obtain

I=[H@))’* = H(a+e¢€) — H(a). (69)

Now by considering the Taylor series expansion of H (a +¢€)
about ‘a’ and retaining up to the linear order of €, we obtain

2 K
3DQ2y — )a®* + (dy + K)aT

7 =uae 5 P (70)
2Dy —k)a¥+ 4+ 2y +k)a*+
and consequently, from Eq. (67), we get
S Ko Kp
=——=—|—)ac
24y +k \ R
2 K
3DQy — K)a® 5w + (4y + K)a¥ | o

2 K
2DQy — K)a¥F + 2y +K)a

Hence we have successfully obtained the expression of the
entropy for our proposed model. From Eq. (71) one can note
that, if the thickness of the thin shell € < a, then § ~ O(¢).
In Ref. [24], Usmani et al. showed that the entropy depends
on the thickness of the shell. Our result is consistent with the
result of Ref. [24]. The variation of entropy with respect to
the thin shell radius is shown in Fig. 8.

4.4 Energy within the thin shell

Let us now calculate the energy £ within the shell from the
following formula:

a+e E2
5:/ E1’2(,0—|——>dr
a 2 K

_ |:(4y—/c)r +2r4fiki|a+e’
42y — k) 4 a
€ (4y —«k D by by
%5[4)/—/( 6Dy :| 72)
412y —k 4y 4+«
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Fig. 9 Variation of energy inside the shell versus thickness of the shell of charged gravastar

This shows a direct relation of the energy with the thick- 5 Stability of the gravastar
ness of the shell. From Eq. (72) we see that the energy is
directly proportional to the thickness of the shell, so the unit  In this section, we are interested in checking the stability of
of energy is also ‘km’. The graphical analysis of the energy—  gravastars. For this purpose we define a new parameter 1, as
thickness relation corresponding to different values of y is  the ratio of the derivatives of o and P as follows:
given in Fig. 9 which displays the non-repulsive nature of the P'(a)

energy inside the shell. n(a) = m. (73)
a
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Fig. 10 Stability regions of the charged gravastar. Here ‘S’ stands for stability

Ovgiin et al. [122] used the above parameter which plays a
fundamental role in determining the stability regions of the
respective solutions of charged thin-shell gravastar model
within the context of noncommutative geometry. Yousaf et
al. [123] also discussed the stability of the gravastar model
in f(R, T) gravity in the presence of charge. Debnath [77]
obtained the stable regions of the charged gravastar in Rastall
rainbow gravity. Very recently Sharif and Javed [124] stud-
ied the stability of thin-shell gravastars and concluded that
stable regions of the gravastar shell decrease and the dynam-
ical configuration increases with cosmological constant. The
parameter 7 is interpreted as the squared speed of sound and
it should satisfy 0 < n < 1, since the speed of sound should
not exceed the speed of light. But according to Poisson and
Visser [125] and Lobo [126] the range of n may be lying out-
side the range mentioned earlier on the surface layer. For our
present study, we have plotted the profile of 1 in Fig. 10 for
different values of Q (keeping y fixed) and different values of
coupling constant y (keeping Q fixed) mentioned in the fig-
ures and the stability region have been identified. The detailed
calculations regarding stability analysis for the gravastar can
be found in [122,124] and similar types of stability regions
were obtained [ 122—-124]. It confirms the physical validity of
our present model.

6 Discussions and final remarks

In the present article we have studied the effects of mod-
ified gravity on the charged gravastar corresponding to the
exterior Reissner—Nordstrom line element. In this section we
shall summarize some key physical features of the model
as follows. Several physical parameters, e.g. metric poten-
tials, proper length of the shell, entropy, equation of state
(EoS), energy within shell, and surface redshift, have been
discussed both analytically and graphically. We have drawn
all the physical parameters in Figs. 1, 2, 3,4, 5,6, 7, 8, 9
and 10. The figures indicate the physical acceptability of our
present model of the charged gravastar. The metric coeffi-
cient e is plotted against r inside the thin shell as shown in
Fig. 1. ¢¥ does not depend on y; rather it relies on Q. To draw
the profiles we have varied Q and note that ¢ takes a higher
value with increasing value of Q. The other metric coeffi-
cient e " is depicted in Fig. 2. The value of e~ at the inner
boundary of the thin shell decreases as y increases when Q is
fixed but at the outer boundary of the thin shell all the profiles
of e for different values of y coincide (keeping Q fixed).
On the other hand, when y is fixed, e~* takes higher values
with increasing values of Q inside the thin shell. The nature
of the pressure (=density) inside the thin shell is depicted in
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Fig. 3. The figure indicates that the pressure almost main-
tain the linear behavior with the thickness of the thin shell.
Moreover, within the thin shell the profile of p takes a lower
value for increasing value of y when Q is fixed. The reverse
nature of p is seen for increasing value of Q when y is
fixed. The surface energy density has been calculated by fol-
lowing the condition of Darmois and Israel [127,128]. The
surface energy density has been plotted against the radial
parameter in Fig. 4. The surface energy density remained
positive throughout the shell and it gradually increases as we
move from the inner boundary of the thin shell to the outer
boundary. The value of the surface energy density at the inner
boundary decreases with the increasing value of the coupling
constant y when Q is fixed. Again for a fixed value of y, the
value of o at the interior boundary decreases as Q increases
but its nature changes at the outer boundary. Figure 5 shows
the behavior of the surface pressure inside the thin shell and
it can be seen that the surface pressure is negative in the inte-
rior of the shell. The value of P decreases with the increasing
values of Q when y is fixed. On the other hand, the value of
P increases with the increasing values of y when Q is fixed.
The equation of parameter, which is the ratio of the surface
pressure and surface energy density, is depicted in Fig. 6.
From the figure it is clear that w(a) takes both positive and
negative values inside the interior of the gravastar. Inside the
thin shell region w(a) takes negative values. It can be noted
that inside the thin shell w(a) decreases with the increasing
values of y when Q is fixed. The same behavior of w(a)
is noticed with Q varying with a fixed y. From the profile
given in Fig. 7 of the proper length of the thin shell, it is seen
that the coupling constant y has a negligible effect on £ for
a fixed values of Q, since all the profiles of £ coincide for
different values of y. On the contrary, £ takes lower values
when Q increases for fixed values of . In both cases L takes
positive values inside the shell. The profile of the entropy
with respect to the thickness of the thin shell is depicted in
Fig. 8. The entropy is an increasing function of ¢, it takes the
maximum values at the outer boundary of the thin shell. For
fixed values of Q, the entropy decreases with the increasing
values of y, and a reverse behavior is noticed when Q varies.
We have also plotted the energy within the thin shell with
respect to the thickness of the thin shell in Fig. 9. The profile
of energy within the thin shell takes lower values with the
increasing values of y when Q is fixed. The same nature of
energy within the thin shell can be noticed for different val-
ues of Q when y is fixed. The stability analysis of the present
model is discussed and stable regions are marked in Fig. 10.

Now we want to discuss the possible observational signa-
tures for this kind of the gravastar. Till now there is no direct
way of finding evidence to detect a gravastar but a few indi-
rect ways are available in the literature which give clues of
their possible existence and future detection. We can adopt
a spherical thin-shell gravastar model that links the interior

@ Springer

de Sitter geometry with the exterior Schwarzschild geometry
[15]. Sakai et al. [129] first proposed the concept for possi-
ble detection mechanism of the gravastar through the study
of the gravastar shadows. Gravitational lensing effects [130]
can be used as another method to identify a gravastar where
they proposed that in a gravastar microlensing effects with
a higher maximal luminosity than black holes of the same
mass might occur. To detect a gravastar, they presented the
following two models:

I. According to Model 1, they calculate the image of a com-
panion rotating around the gravastar and discover that
certain characteristic images arise depending on whether
the gravastar has photon orbits that are unstable or not
(assuming the surface of thin-shell gravastar to be opti-
cally transparent)

II. According to Model 2, they compute the microlensing
effects, the overall luminosity change, and the peak lumi-
nosity may be far greater than a black hole of the same
mass.

It should be mentioned that interferometric LIGO detec-
tors have just detected the ringdown signal of GW 150914
[11]. Observational constraints on gravastar models with the
thermal process were studied by Broderick and Narayan
[131]. Uchikata et al. [132] proposed that to constrain
gravastars, measurement of the tidal deformability from the
gravitational-wave detection of acompact-binary inspiral can
be used. To rule out exotic alternatives to BHs and to test
quantum effects at the horizon scale, only late-time ringdown
detections might be used [133,134]. They anticipated that
objects with no event horizon, such as gravastars, would be
the source of such gravitational waves with a high probability.
According to Chirenti and Rezzolla [135], we cannot assert
that gravastars merging is the source of gravitational waves
because we know so little about the perturbative reaction
of rotating gravastars. Recently, after analyzing the image
acquired in the First M87 Event Horizon Telescope (EHT)
[136] finding, it was discovered that the generated shadow
might be attributable to a gravastar. A shadow may be cast
by any compact object with a spacetime defined by unsta-
ble circular photon orbits, as demonstrated by Mizuno et al.
[137].

The gravastar theory may also be examined in the frame-
work of Friedmann’s flat universe cosmology [138]. This
study is motivated by the action principle itself, and the
conclusion is quite fascinating; the gravastar population pro-
duces a dynamic kind of dark energy. If comparable effects
to those stated above are observed in the future, it will pro-
vide an excellent foundation for comparing GR with modified
gravity.

From all the presented results for our present study, we
can conclude that the f(R, T) gravity leads to very dis-
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tinct gravastar model in the presence of charge even when
the spacetime admits a conformal Killing vector. Our results
agree with the results obtained by Usmani et al. [24] in the
case y — 0. In the f(R, T) theory of gravity, we derive
solutions that adequately explain gravastars. After careful
consideration, we conclude that our gravastar model is stable
under f (R, T) theory of gravity, which differs conceptually
from Einstein’s GR. As a final comment, we can state that
there is no direct observable evidence that can distinguish
a black hole from a gravastar at this time. The new find-
ings of GW190521 once again demonstrate that the black
hole hypothesis is incompatible with observable results. As
a result, it is possible that the hypothetical black hole is a
gravastar.
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