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Abstract In the present work we discuss the behavior of
light in a linear dielectric medium with a time-varying elec-
tric permittivity that increases exponentially at a constant rate
and of a scalar field in a de Sitter spacetime, in both the classi-
cal and quantum contexts. Notably, we find that the behavior
of these two systems are identical and can be described by
similar Hamiltonians. By using the Lewis–Riesenfeld invari-
ant method together with Fock states we solve the time-
dependent Schrödinger equation for this problem and use
its solutions to construct coherent states for the scalar field.
Finally, we employ both the Fock and coherent states to eval-
uate some important properties of the quantized scalar field,
such as expectation values of the amplitude and momentum
of each mode their variances and the respective uncertainty
principle.

1 Introduction

In the past few years, the investigation of the propagation of
light in material media, in both the classical and quantum
contexts, has received a lot of attention of physicists. This
great interest is due to the fact that the solution of this problem
is very important for the development of our understanding
of nature. In particular, a variety of work on this propagation
in a time-dependent dielectric medium has been published in
the literature recently [1–12].

Another subject that has attracted the attention of theoret-
ical physicists in recent years is the classical and quantum
propagation of scalar fields in curved spacetimes. In particu-
lar, the investigation of scalar fields propagating in a de Sitter
spacetime has been recently reported in the physical litera-
ture [13–21]. On the other hand, it is needless to say that
the study of physical systems that present similar behavior
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and are described in the same mathematical framework is of
special interest in the context of theoretical physics, since
the elucidation of similarities of systems studied by differ-
ent areas of physics frequently allows the knowledge of each
branch to help the understanding of the other. Here it is worth
remarking that light propagating in a time-dependent dielec-
tric medium and the propagation of scalar fields in a de Sitter
spacetime belong to different areas of physics.

In the present work, stimulated by these trends in this
research field, we discuss the propagation of light in a
dielectric medium with a time-varying permittivity increas-
ing exponentially and scalar fields propagating in a de Sit-
ter spacetime. We demonstrate that the mathematical frame-
work to study this propagation is identical, both classically
and quantum mechanically, and can be described by sim-
ilar Hamiltonians. Further, by using the dynamical invari-
ant method and Fock states we solve the time-dependent
Schrödinger equation for the Hamiltonian associated with
the scalar field and write its solutions in terms of the non-
linear Milne–Pinney equation. We also use these solutions
to construct coherent states for the quantized scalar field.
Finally, we evaluate various physical properties for the quan-
tized scalar field, such as the expectation values of the ampli-
tude and momentum for each mode, their quantum variances
and the corresponding uncertainty principle.

Our plan for the present paper is as follows. In Sect. 2,
by making use of the Coulomb gauge we discuss the clas-
sical behavior of the propagation of light in the dielectric
medium with a time-dependent permittivity that increases
exponentially. In Sect. 3, we investigate the classical behav-
ior of scalar fields in a de Sitter spacetime. In Sect. 4, with the
aid of the invariant method and Fock states we solve the time-
dependent Schrödinger equation associated with the Hamil-
tonian that describes the scalar field and employ its solutions
to derive some physical properties of the quantized scalar
field. In Sect. 5, we construct coherent states for the quan-
tized scalar field in a de Sitter spacetime and calculate the
expectation values of the amplitude and momentum of each
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mode, their quantum variances and the corresponding uncer-
tainty principle. We conclude our work in Sect. 6 with a short
summary.

2 Classical light in a time-dependent dielectric medium

In this section our objective is to discuss the classical behav-
ior of the propagation of light in a time-dependent linear
dielectric medium. As it is well-known, this propagation is
governed by Maxwell’s equations and in homogeneous lin-
ear media the fields satisfy the relations �D = ε(t) �E and
�B = μ0 �H . Here, ε(t) and μ0 are, respectively, the elec-
tric permittivity and magnetic permeability which represent
the properties of the dielectric medium. We consider ε to
be time-dependent because we want to explore the relation
of this time dependence with the de Sitter spacetime. Par-
ticularly, we consider a time-varying permittivity increasing
exponentially in the form [13]

ε(t) = ε0e
ηt , (1)

where η is a positive constant and ε(0) = ε0. Strictly speak-
ing, the electric permittivity and magnetic permeability are
complex but in this work we assume that they are real. The
time-dependent model for the permittivity given in Eq. (1)
is convenient because it allows (as we will see later) one
to establish a direct connection with the de Sitter space-
time. Furthermore, this model has been used in the liter-
ature to study many physical problems in curved space-
times [13,14,16–19]. In particular, it has been used to study
ion trap simulations in a de Sitter spacetime [22,23]. Also, it
is worth to mentioning that Maxwell’s equations in the pres-
ence of a gravitational field, the gravitational field plays the
role of a dielectric medium with electric permittivity ε and
magnetic permeability μ (see Ref. [24]).

Now, since the Maxwell equations are gauge invariant,
we are free to choose the most appropriate gauge for our
problem. For convenience and simplicity, we choose to work
in the Coulomb gauge [1,4,7]. In this gauge the divergence
of the vector potential �A is zero and the scalar potential is null
in the absence of sources. Besides, in the Coulomb gauge the
vector potential is purely transverse. Thus, using Maxwell’s
equations it is easy to verify that it satisfies the damped wave
equation [4,13,14]

∇2 �A − μ0ε̇
∂ �A
∂t

− μ0ε
∂2 �A
∂t2 = 0, (2)

where the dot indicates a time-derivative.
Next, we move our attention to the solution of Eq. (2). By

using the familiar procedure of separation of variables, we
write the vector potential �A in terms of the mode �ul(�r) and

amplitude ql(t) functions of each cavity mode as [1,4]

�A(�r , t) =
∑

l

�ul(�r)ql(t). (3)

If we substitute �A(�r , t) into the damped wave equation (2)
we obtain

∇2 �ul(�r) + ω2
l

c2
0

�ul(�r) = 0, (4)

∂2ql
∂t2 + ε̇

ε

∂ql
∂t

+ �2
l (t)ql = 0, (5)

where ωl is a separation constant that stands for the natural
frequency, c0 = 1/(μ0ε0)

1/2 is the velocity of light at t = 0
and �l(t) is the time-dependent modified frequency defined
as

�l(t) = c(t)ωl

c0
, (6)

with c(t) = 1/
√

μ0ε(t) being the velocity of light in the
time-dependent medium. Note that �l(0)=ωl . Now, it is easy
to verify that Eq. (5) can be obtained from the classical Hamil-
tonian

Hl(t) = p2
l

2ε(t)
+ 1

2
ε(t)�2

l (t)q
2
l , (7)

where ql and pl are conjugate dynamical variables. Now, by
making use of expressions (1) and (6), Eq. (5) is transformed
into

q̈l + ηq̇l + e−ηtw2
l ql = 0. (8)

The solution of this equation is [13,14]

ql(t) = e−ηt/2
[
AJ1

(
2wl

η
e−ηt/2

)
+ BY1

(
2wl

η
e−ηt/2

)]
,

(9)

where J1 and Y1 are Bessel functions of first and second kind,
respectively, and A and B are constants.

Let us now consider the solutions of Eq. (4). Consider-
ing that light is contained in a certain cubic volume V of
side L of nonrefracting media, the set of vector mode func-
tions �ul(�r) are required to satisfy the transversality condition
∇ · �ul(�r) = 0 and to form a complete orthonormal set. Fur-
thermore, assuming periodic boundary conditions on the sur-
face, the plane wave mode functions appropriate to a cubical
volume of side L may be written as [1,4,7]

�ulν(�r) = L−3/2e±i �kl ·�r êlν, (10)
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where L = V 1/3 is the size of the cube, |�kl | = ωl/c0 is
the wave vector, and êlν are unit vectors in the directions of
polarization (ν = 1, 2), which must be perpendicular to the
wave vector because of the transversality condition. Hence,
by using Eq. (10) we can write the vector potential �A(�r , t)
(see Eq. (3)) as

�A(�r , t) = 1

L3/2

∑

l

∑

ν=1,2

êlνe
±i �kl ·�r ql(t), (11)

withql(t) given by Eq. (9). Therefore, the above result give us
a classical description of the propagation of light in a dielec-
tric linear medium with a time-varying permittivity increas-
ing exponentially since in the Coulomb gauge the electric and
magnetic fields are given by �E = −∂ �A/∂t and �B = ∇ × �A.
Moreover, from Eqs. (9) and (11) we see that the vector poten-
tial decay in proportion to exp(−ηt/2). This attenuation in
the potential vector is due to time dependence of the electric
permittivity (see Eq. (5)) [13]. At this point, it is worth men-
tioning that, for ε constant, the Hamiltonian (7) reduces to
that of the standard harmonic oscillator with the permittivity
ε playing the role of the mass of the mechanical oscillator.
Consequently, all of our previous results coincide with those
of the propagation of light in empty cavities.

3 Classical scalar field in a de Sitter spacetime

In this section we want to investigate the behavior of classical
scalar fields in a de Sitter spacetime. In order to do this, we
consider a massive scalar field in the de Sitter background.
The de Sitter spacetime has the line element given by [16,18–
20]

ds2 = −dt2 + e2H0tdx2 (12)

where H0 is the time-independent Hubble constant. The
Lagrangian density for the real massive scalar field �(�x, t)
is given by [16,18–20]

L = −1

2
gμν∂μ�∂ν� − 1

2
m2�2, (13)

where m is the mass of the field quanta. Then we can decom-
pose the scalar field on a complete basis of mode φk(t) and
amplitude vk(�x) functions as [16,18–21]

�(�x, t) =
∑

k

vk(�x)φk(t) (14)

where

vk(�x) = 1√
V
ei

�k·�x , v∗
k (�x) = 1√

V
e−i �k·�x , (15)

are normalized in a finite volume V . Separating the real and
imaginary parts of φk(t) as

φk(t) = 1√
2
(φ1

k + iφ2
k ), (16)

one obtains for each mode k and j the action

S = 1

2

∑

k

∑

j=1,2

∫
e3H0τ dτ(φ̇

j2
k − ω2

kφ
j2
k ), (17)

where ωk is a frequency given by [18–20]

ω2
k (t) = m2 + k2e−2H0t . (18)

Henceforth, for simplicity we will denote collectively k, j by
k since from Eq. (17) we see that the modes k and j are inde-
pendent and may be considered separately [18,19]. Then,
from Eq. (17) one obtains for each mode k the following
Hamiltonian:

Hk = π2
k

2a3(t)
+ 1

2
a3(t)ω2

k (t)φ
2
k , a(t) = eH0t , (19)

where

πk = a3(t)φ̇k, (20)

is the generalized conjugate momentum. By making use of
the Hamiltonian (19) one readily finds that the classical equa-
tion of the motion for the mode φk can be written as

φ̈k + 3H0φ̇k + ω2
kφk = 0. (21)

The solution of this equation is given by [18–20]

φk(t) =
(

π

4H0

)1/2

e−(3/2)H0t H (2)
ν (z), (22)

where H (2)
ν is the Hankel function of the second kind with

ν =
(

9

4
− m2

H2
0

)1/2

, z = k

H0
e−H0t . (23)

Then, as the mode and amplitude functions are completely
specified, we can write the scalar field �(�x, t) [see Eqs. (14),
(15)] as

�(�x, t) = 1√
V

∑

k

ei
�kl ·�xφk(t), (24)

with φk given by Eq. (22). From Eqs. (22) and (24) we see that
the scalar field also decay with time but now this attenuation
is in proportion to exp(−3H0t/2).
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At this point, we observe that, from the above results,
the mathematical formalism to describe the classical light
propagating through a linear dielectric medium with a time-
varying electric permittivity increasing exponentially and the
classical propagation of a scalar field propagating in a de Sit-
ter spacetime is identical. In both cases the vector potential
�A(�r , t) and the scalar field �(�x, t) are written in terms of

mode and amplitude functions [see Eqs. (3) and (14)], the
equations of motion for the amplitude functions [see Eqs. (8)
and (21)] are governed by similar Hamiltonians [see Eqs.
(7) and (19)] and the mode functions are written in terms of
plane waves [see Eqs. (10) and (24)]. This analogy can be
realized by making the following correspondence: �r ↔ �x ,
ε(t) ↔ a(t), ql ↔ φk and �l ↔ ωk . We also note that the
correspondence ε(t) ↔ a(t) and the attenuation of �(�x, t)
[see Eqs. (22) and (24)], show that the de Sitter background
plays the role of the time-dependent dielectric medium in the
propagation of the scalar field (see comment at the end of the
first paragraph of Sect. 2). However, the equivalence of the
behavior of these two systems is not complete. The dispersion
relations [see Eqs. (6) and (18)], which are inherent to each
physical system, differ and as a consequence the behavior of
each amplitude mode is different. Therefore, this difference
in the dispersion relation leads to a different dynamic evolu-
tion for these two systems. We also observe that even in the
massless limit for the scalar field, that is, m = 0, the disper-
sion relations are different. In fact, the modified frequency
is proportional to 1/eH0t in the de Sitter spacetime whereas
it is proportional to 1/

√
eηt in the dielectric problem and

consequently the behavior of each mode is also different.

4 Quantum scalar fields in a de Sitter spacetime

In this section our objective is to analyze the quantum propa-
gation of a scalar field in a de Sitter spacetime. To this end, it
is necessary to solve the time-dependent Schrödinger equa-
tion associated with the Hamiltonian (19). For this problem,
this equation can written as

Hk |�, t〉 = i h̄
∂

∂t
|�, t〉, (25)

where the amplitude mode φk(t) and the generalized momen-
tum πk are now canonically conjugate operators satisfying
the relation [φk′, πk] = i h̄δk′k with πk = −i h̄∂/∂φk . The
solutions of this equation can be readily derived with the aid
of the dynamical invariant method introduced by Lewis and
Riesenfeld [25]. Following the steps of Ref. [25] we must
look for a nontrivial Hermitian operator Ik(t) which fulfills
the equation

dIk
dt

= 1

i h̄
[Ik, Hk] + ∂ Ik

∂t
= 0. (26)

Then the solutions of the Schrödinger equation (25) can be
written in terms of orthonormalized eigenstates |φnk , t〉 of
Ik(t)

Ik(t)|φnk , t)〉 = λnk |φnk , t〉, (27)

and the phase functions βnk (t) as

|ψnk , t〉 = eiβnk (t)|φnk , t〉. (28)

The λnk are time-independent eigenvalues and the phase
functions βnk (t) are obtained from the equation

h̄
dβnk (t)

dt
=

〈
φnk , t

∣∣∣∣i h̄
∂

∂t
− Hk(t)

∣∣∣∣φnk , t

〉
, (29)

with the orthonormality condition 〈φn′
k
, t |φnk , t〉 = δn′

knk
.

Now, it is well known that a quadratic invariant for the
Hamiltonian (19) is given by [4,12]

Ik(t) = 1

2

[(
φk

ρk

)2

+
[
ρkπk − a3ρ̇kφk

]2
]

, (30)

where ρk(t) is a time-dependent real function satisfying the
Milne–Pinney equation [26,27]

ρ̈k(t) + 3H0ρ̇k(t) + w2
kρk = e−6H0t

ρ3
k

. (31)

The solutions of this equation can be written as [18,19]

ρk(t) = a−3/2
[
A0 J

2
ν (z) + B0N

2
ν (z)

+2

(
A0B0 − π2

4H2
0

)1/2

Jν(z)Nν(z)

⎤

⎦
1/2

, (32)

where Jν and Nν are Bessel functions and A0 and B0 are real
constants.

Our next step is to find the eigenstates of the invariant
Ik(t). To do this, let us introduce annihilation- and creation-
type operators bk(t) and b†

k (t) defined by [4,25,28]

bk(t) =
(

1

2h̄

)1/2 [
φk

ρk
+ i(ρkπk − a3ρ̇kφk)

]
, (33)

b†
k (t) =

(
1

2h̄

)1/2 [
φk

ρk
− i(ρkπk − a3ρ̇kφk)

]
, (34)

with

[bk(t), b†
k (t)] = 1. (35)

In terms of these operators, the invariant (21) can be factored
as

Ik(t) = h̄

[
b†
k (t)bk(t) + 1

2

]
. (36)
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By making use of (35) and (36) the eigenvalue equation for
Ik(t) (see Eq. (27)) can also be solved exactly, just as for
harmonic oscillator in the time-independent case by using
the Fock states |nk, t〉. Then, defining the Hermitian number
operator by Nk = b†

kbk so that Nk |nk, t〉 = nk |nk, t〉, we get

Ik(t) = h̄

(
Nk + 1

2

)
. (37)

Ik(t)|nk, t〉 = h̄

(
nk + 1

2

)
|nk, t〉, (38)

bk(t)|nk, t〉 = n1/2
k |nk − 1, t〉, (39)

b†
k |nk, t〉 = (nk + 1)1/2|nk + 1, t〉. (40)

After making the change |φnk , t〉→ |nk, t〉 the phase function
is calculated from (29) which yields [4,12,25]

βnk (t) = −
(
nk + 1

2

) ∫ t

0

1

a3(τ )ρ2
k (τ )

dτ. (41)

Therefore, the solutions of the Schrödinger equation (25) can
be written as

|ψnk , t〉 = eiβnk (t)|nk, t〉, (42)

with βnk (t) given by (41). The general solution to the
Schrödinger equation (25) can be written as |�, t〉 =∑

nk cnk |ψnk , t〉, where the coefficients cnk are constants.
Now, from (33) and (34) we obtain

φk(t) =
(
h̄

2

)1/2

ρk[bk(t) + b†
k (t)]. (43)

Thus, using Eqs. (14), (15) and (43) we can write the scalar
field �(�x, t) in the form [1,7,19]

�(�x, t) = 1√
V

∑

k

ρk(t)
[
ei

�kk ·�xbk(t) + e−i �kk ·�xb†
k (t)

]
,

(44)

where ρk(t) is given by Eq. (32). Therefore, the above expres-
sion represents the scalar field in a de Sitter spacetime.

In the following, we calculate the expectation values of
φk(t), πk(t), their variances and the respective uncertainty
principle in the state |nk, t〉. By using Eqs. (39) and (40) we
find that

〈Ik〉 = h̄

(
nk + 1

2

)
, (45)

〈φk〉 = 〈πk〉 = 0, (46)

〈φ2
k 〉 = h̄ρ2

k

(
nk + 1

2

)
, (47)

〈π2
k 〉 = h̄

[
1

ρ2
k

+ (a3ρ̇k)
2

] (
nk + 1

2

)
. (48)

The quantum variances are expressed as

(�φk)
2 = 〈φ2

k 〉 − 〈φk〉2 = h̄ρ2
k

(
nk + 1

2

)
, (49)

(�πk)
2 = 〈π2

k 〉 − 〈πk〉2 = h̄

[
1

ρ2
k

+ (a3ρ̇k)
2

] (
nk + 1

2

)
,

(50)

so that the uncertainty principle can be written as

(�φk)(�πk) = h̄
[
1 + (a3ρk ρ̇k)

2
]1/2

(
nk + 1

2

)
. (51)

Finally, it is worth remarking that the quantum behavior of
the propagation of light in a dielectric medium with a time-
varying electric permittivity that increases exponentially can
be carried out following the same procedure developed in
this section, since as we have demonstrated in Sects. 2 and
3, the mathematical framework to describe both systems is
identical.

5 Coherent states for the quantum scalar field

We now use the results of the previous section to construct
coherent states for the system described by the Hamilto-
nian (25). In Ref. [29] Hartley and Ray constructed coherent
states for a time-dependent mechanical harmonic oscillator.
Thus, following the same steps as these authors we find that
the coherent states for the quantum system described by the
Hamiltonian (19) are given by

|αk, t〉 = exp

(
−|αk |2

2

) ∑

nk

(αk)
nk

(nk !)1/2 exp
[
iβnk (t)

] |nk, t〉

(52)

where αk is an arbitrary complex number. Next, we examine
some properties of these states. They are eigenstates of the
annihilation operator bk(t)

bk |αk, t〉 = αk(t)|αk, t〉, (53)

with the eigenvalue αk(t) being given by

αk(t) = αke
2iβ0t , (54)

where

β0(t) = −1

2

∫ t

0

1

a3(τ )ρ2
k (τ )

dτ. (55)
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On the other hand, the calculation of the quantum vari-
ances of φk and πk in the coherent state |αk, t〉 yields

〈�φk〉2 = 〈φ2
k 〉 − 〈φk〉2 = h̄

2
ρ2
k , (56)

〈�πk〉2 = 〈π2
k 〉 − 〈πk〉2 = h̄

2

[
1

ρ2
k

+
(
a3ρ̇k

)2
]

, (57)

so that the uncertainty principle is

(�φk)(�πk) = h̄

2

[
1 + (a3ρk ρ̇k)

2
]1/2

. (58)

By comparing Eqs. (51) and (58) we see that the uncertainty
principle in the coherent states is exactly the same as the min-
imum value of that in the Fock states |nk, t〉. It may be help-
ful in this point to observe that the coherent states |αk, t〉 are
not states of minimum uncertainty. This occurs because the
states |αk, t〉 indeed correspond to the squeezed states [30–
34]. Finally, it is worth noticing that following the same steps
as in this section one can construct coherent states for the
quantized light propagating in a dielectric medium with a
time-varying permittivity increasing exponentially.

6 Summary

In the present work, we have analyzed the behavior of light
propagating in a dielectric medium with a time-varying elec-
tric permittivity increasing exponentially and the propagation
of a scalar field in a de Sitter spacetime. We have shown that
the mathematical framework to study the behavior of these
two different physical systems is identical, both classically
and quantum mechanically, and can be described by sim-
ilar Hamiltonians. Moreover, we have noted that de Sitter
background plays the role of the time-dependent dielectric
medium in the propagation of the scalar field. On the other
hand, we have seen that the dispersion relations of these sys-
tems, which are inherent to each physical system, are dif-
ferent and consequently lead to a different dynamic evolu-
tion for both systems. Further, using the invariant method,
quadratic invariants, appropriate annihilation- and creation-
type operators and Fock states we have easily solved the time-
dependent Schrödinger for the Hamiltonian that describe the
scalar field in a de Sitter spacetime and have written its solu-
tions in terms of solutions of the non-linear Milne–Pinney
equation. We have used these solutions to construct coherent
states for the quantized scalar field and have calculated the
quantum variances of the amplitude mode φk(t) and gener-
alized momentum πk(t) as well as the uncertainty principle
for each mode of the quantized scalar field in both states,
namely, Fock and coherent states. We also have seen that the
uncertainty product in the coherent states is equal to the min-
imum value of that of the Fock states. Finally, we expect that

the present work can stimulate other theoretical physicists
to investigate other different physical systems which can be
described by the same mathematical formalism.
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