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Abstract We define a set of fully Lorentz-invariant wave
packets and show that it spans the corresponding one-particle
Hilbert subspace, and hence the whole Fock space as well,
with a manifestly Lorentz-invariant completeness relation
(resolution of identity). The position–momentum uncertainty
relation for this Lorentz-invariant wave packet deviates from
the ordinary Heisenberg uncertainty principle, and reduces
to it in the non-relativistic limit.
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1 Introduction

Wave packets are one of the most fundamental building
blocks of quantum field theory. We never observe a plane-
wave state of, say, zero and infinite uncertainties of momen-
tum and position, respectively. The plane-wave construction
necessarily yields a square of the energy–momentum delta
function in the probability, which hence is always divergent
and is more a mnemonic than a derivation (quoted from
Sect. 3.4 in textbook [1]).

However, so far, it has been widely believed that there
are no intrinsically new phenomena appearing from a wave-
packet construction, but recent developments imply that it
might play important roles in vast areas of science; see e.g.
the references in the Introduction in Ref. [2].

Up to now, the wave-packet S-matrix has been computed
using a complete basis of Gaussian wave-packets; see e.g.
Refs. [2–5]. The Gaussian basis is constructed from a Gaus-

sian wave packet that evolves in time t as e−i
√

m2+ p2t for
each plane-wave mode p, and is not manifestly Lorentz
covariant nor invariant. To fully exploit the Lorentz covari-
ance of S-matrix in quantum field theory, it is desirable to
have a complete basis of Lorentz-invariant wave packets.
This is what we propose in this paper.

Here we stress the viewpoint that the Gaussian basis is
equivalent to a complete set of coherent states in the position–
momentum phase space (see Refs. [6–10] and the references
therein for works on coherent states in the context of the rel-
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ativistic quantum mechanics1). Guided by this equivalence,
we develop the complete basis of Lorentz-invariant wave
packets which is directly applicable in quantum field theory.

Our proposal is also inspired by the “relativistic Gaus-
sian packet” [16,17] developed by Naumov and Naumov
(see also Refs. [18–20]), and can be viewed as its gener-
alization to form the complete set: From this viewpoint, our
work can be interpreted as a new introduction of a spacetime
center of wave packet as an independent variable, which is
integrated over a spacelike hyperplane in the completeness
relation along with a center of momentum.

It is worth mentioning that our Lorentz-invariant wave
packet, when written in momentum space, is essentially the
same as the one proposed in Refs. [6,7]. What is new in
this paper in this respect is that we have also defined the
wave function in position space and have computed it into an
explicit closed form. Thanks to this, we can consider various
limits to develop physical intuition. The momentum uncer-
tainty we obtained is in agreement with that in Refs. [6,7],
whereas the expectation value and uncertainty of the position
on a constant time slice are obtained for the first time in this
paper.

The organization of this paper is as follows: In Sect. 2,
we review the plane-wave basis and the Gaussian basis, as
well as the equivalence of the latter to the coherent basis,
in order to spell out our notation. In Sect. 3, we present the
Lorentz-invariant wave packet that we propose. In Sect. 4,
we show the uncertainty relation on this state. In particular,
we show that the position–momentum uncertainty deviates
from that of the Heisenberg uncertainty principle, while the
former reduces to the latter in the non-relativistic limit. In
Sect. 5, we prove that these Lorentz invariant wave packets
form a complete basis and that the completeness relation
can be written in manifestly Lorentz-invariant fashion. As
an example, we also show how a scalar field is expanded by
this basis of Lorentz-invariant wave packets. In Appendix A,
we show some of the known facts on the coherent states. In
Appendix B, we present detailed computations for integrals
that we encounter in the main text.

2 Gaussian basis and coherent states

Here in order to spell out our notation, we review basic known
facts about the plane-wave basis and the Gaussian one, as
well as the equivalence of the latter to the coherent one in the
position–momentum space.

1 It is well known that relativistic quantum mechanics is pathological
and that quantum field theory is needed to remedy it; see e.g. Refs.
[11–15] and the references therein for related discussions; we clarify
our standpoint in Sect. 2.

2.1 Plane-wave basis

We work in D = d+1 dimensional flat spacetime with a met-
ric convention (−,+, . . . ,+) such that eip·x = e−i p0x0+i p·x
and p2 = − (

p0
)2 + p2, where p0 = −p0 and a bold letter

denotes a d-vector p = (
p1, . . . , pd

) = (p1, . . . , pd), etc.
Here and hereafter, x = (

x0, x
)

are coordinates in an arbi-
trary reference frame. When p is on-shell, p2 = −m2, p0 =
E p := √

p2 + m2, and eip·x = e−i E px0+i p·x . Throughout
this paper, we take the number of spatial dimensions d ≥ 2,
all the momenta to be on-shell, and all the particles to be
massive m > 0, unless otherwise stated. In particular, we
use both of p0 = E p (and of P0 = EP appearing below)
interchangeably.

In this paper, we focus on a free real scalar field that can
be expanded in the Schrödinger picture as

φ̂(x) =
∫

dd p

(2π)
d
2
√

2E p

(
â pe

i p·x + â†
pe

−i p·x) , (1)

where â†
p and â p are the creation and annihilation operators

that obey

[
â p , â†

p′
]

= δd
(
p − p′) 1̂, others = 0, (2)

where 1̂ is the identity operator on the whole Hilbert space,
namely the Fock space H = ⊕∞

n=0S
[
L2
(
R
d
)]⊗n

with S and
L2
(
R
d
)

being the symmetrization and the free one-particle
momentum space, respectively. On this space, the free Hamil-
tonian Ĥfree can be expressed as

Ĥfree =
∫

dd p E pâ
†
pâ p (3)

up to a constant term. Similarly, the generator of the transla-
tion in the free theory is

̂P free =
∫

dd p p â†
pâ p. (4)

In the interaction picture,2

φ̂(x) = ei Ĥfreex0
φ̂(x) e−i Ĥfreex0

=
∫

dd p

(2π)
d
2
√

2E p

(
â pe

ip·x + â†
pe

−i p·x) , (5)

where p0 = E p = √
p2 + m2 as always.

2 Throughout this paper, all the operators other than φ̂(x), ψ̂(x), and
Âμ(x) are time-independent ones in the Schrödinger picture, unless
otherwise stated.

123



Eur. Phys. J. C (2021) 81 :751 Page 3 of 26 751

We are focusing on the real scalar field in this paper
because it is straightforward to generalize it to spinor and
vector fields: We may expand these fields (in the interaction
picture) as

ψ̂(x) =
∑

s

∫
dd p

(2π)
d
2
√

2E p

×
(
â p,se

ip·xu( p, s) + âc†
p,se

−i p·xv( p, s)
)

, (6)

Âμ(x) =
∑

s

∫
dd p

(2π)
d
2
√

2E p

×
(
â p,se

ip·xεμ( p, s) + â†
p,se

−i p·xε∗
μ( p, s)

)
(7)

and may generalize the expressions below by the replacement
â p → â p,s , etc.3

Throughout this paper, we concentrate on the free one-
particle Hilbert subspace L2

(
R
d
)

that is spanned by the free
one-particle momentum basis4 unless otherwise stated:

| p〉 = â†
p |0〉 , (8)

where the vacuum |0〉 is defined by â p |0〉 = 0. In the sub-
space L2

(
R
d
)
, the completeness relation (the resolution of

identity) reads

∫
dd p | p〉 〈 p| = 1̂; (9)

here and hereafter, 1̂ is the identity operator on L2
(
R
d
)
.

(Mass dimensions are
[
φ̂
] = d−1

2 and
[
â p
] = [| p〉] = − d

2 .)
We may take an arbitrary spatial hyperplane � as the

Fourier transform of the momentum space R
d . More pre-

cisely, L2
(
R
d
)

is identified to L2(�) through the Fourier
transformation. Here, we take an arbitrary reference frame
x = (

x0, x
)
, choose � to be the (x0 = 0)-hyperplane �(0),

and define the one-particle position basis |x〉 on �(0) by

〈x | p〉 := ei p·x

(2π)
d
2

. (10)

3 If one would define the position basis as |x〉〉 = ψ̂†(x) |0〉, etc., the
“Lorentz-invariant wave function” should read the “Lorentz-covariant
wave function” accordingly. The position basis for the anti-particle
should read |x, c〉〉 = ψ̂(x) |0〉 in such a case.
4 Hereafter, a “basis” is used as an abbreviation of a “basis vector” or
“basis state” of a Hilbert space, and denotes a state that can be regarded
as an eigenstate of an operator that has proper time evolution in a given
picture: Namely, a basis evolves as |φ〉, ei Ĥfreex0 |φ〉, and ei Ĥ x0 |φ〉 in
the Schrödinger, interaction, and Heisenberg pictures, respectively, with
Ĥ = Ĥfree+ Ĥint. For example, | p〉 is a basis in the Schrödinger picture.
Later, we will call, say, |x〉〉 the basis, even though it is not an eigenvector
of a Hermitian operator but of a non-Hermitian one (43). See e.g. Refs.
[21,22] for treatment of non-Hermitian operator.

We stress that the Schrödinger-picture basis |x〉 already spec-
ifies the particular frame x such that the Minkowski space is
foliated by the constant-x0 spacelike hyperplanes and that the
free one-particle Hilbert subspace is spanned on a Cauchy
surface of a constant-x0 hyperplane, which we have cho-
sen to be �(0). We also define, on each constant-x0 hyper-
plane �(x0) under this foliation, a “one-particle interaction
basis” |x〉 by

〈x | p〉 := eip·x

(2π)
d
2

= e−i E px0+i p·x

(2π)
d
2

. (11)

Strictly speaking, |x〉 should be regarded as spanning the
spaceK(x0) of positive-energy solutions to the Klein–Gordon
equation at x0, given the initial data L2

(
�(0)

)
on the Cauchy

surface �(0), whereas one would expect that this is equivalent
to L2

(
�(x0)

)
due to the time-translational invariance of the

theory. Hereafter, we write L2
(
�(x0)

)
but the cautious reader

may recast it into K(x0).
We can define the formal momentum operator p̂ on

L2
(
R
d
)

by

p̂ | p〉 := p | p〉 , (12)

and the formal position operator x̂ as the generator of momen-
tum translation on L2

(
R
d
)

by5

〈 p| x̂ := i∇ p 〈 p| , (13)

where
(∇ p

)
i = ∂

∂pi
. They satisfy the canonical commutator

[
x̂i , p̂ j

] = iδi j 1̂, where 1̂ is the identity operator on the
one-particle subspace L2

(
R
d
)

as said above. Since we have
chosen �(0) to be the Fourier transform of the momentum
space R

d , we also obtain

x̂ |x〉 = x |x〉 (14)

on L2
(
�(0)

)
, which is consistent with Eqs. (10) and (13).

We note that x̂ and |x〉 are the time-independent ones in the
Schrödinger picture by construction; recall footnote 2.

Here we stress that the position and momentum bases |x〉
and | p〉 have infinite norms 〈x | x〉 = ∞ and 〈 p | p〉 = ∞,
respectively, so that they do not belong to L2

(
R
d
)

nor to
L2
(
�(0)

)
. We never realize |x〉 nor | p〉 in any physical exper-

iment. The formal position and momentum operators x̂ and p̂

5 As always, this is written as an operator relation that denotes, for
any normalizable physical state |ψ〉, 〈 p| x̂ |ψ〉 = i∇ p 〈 p | ψ〉. Strictly
speaking, the eigenstates of x̂ and p̂ are not an element of L2

(
�(0)

)
and

L2
(
R
d
)
, respectively, hence the wording “formal”; see below for more

discussion.
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and their eigenbases |x〉 and | p〉, respectively, are mere math-
ematical tools to write down their expectation values basis-
independently for any shape of normalizable wave packet
|ψ〉 in L2

(
�(0)

)
or L2

(
R
d
)

as

〈
x̂i
〉
|ψ〉 = 〈ψ | x̂i |ψ〉

〈ψ | ψ〉 = 1

〈ψ | ψ〉
∫

d3x |ψ(x)|2 xi

= 1

〈ψ | ψ〉
∫

d3 pψ†( p)
(
i

∂

∂pi

)
ψ( p) , (15)

〈
p̂i
〉
|ψ〉 = 〈ψ | p̂i |ψ〉

〈ψ | ψ〉 = 1

〈ψ | ψ〉
∫

d3 p |ψ( p)|2 pi

= 1

〈ψ | ψ〉
∫

d3x ψ†(x)

(
−i

∂

∂xi

)
ψ(x) , (16)

where ψ(x) = 〈x | ψ〉, ψ( p) = 〈 p | ψ〉, and 〈ψ | ψ〉 =∫
d3x |ψ(x)|2 = ∫

d3 p |ψ( p)|2 < ∞. This fact of the non-
normalizability of basis is indeed one of the motivations of
the Gaussian construction and its Lorentz-invariant general-
ization presented in this paper.

The formal operator x̂ is first defined as the generator of
momentum translation (13), and is associated with a partic-
ular foliation of spacetime through Eq. (14) such that �(0) is
chosen as the Fourier transform of the momentum space R

d

via Eq. (10). Once this association with the position space is
fixed, x̂ is tied to the particular reference frame, with its unit
spatial volume dd x manifestly violating the Lorentz invari-
ance. The position operator x̂ is not covariant by construc-
tion; see also Ref. [15] for a review on the Lorentz non-
covariance from the point of view of relativistic quantum
mechanics.

We may regard p̂ as a restriction of the momentum oper-
ator (4) to the free one-particle subspace L2

(
R
d
)
: Schemat-

ically,

̂P free =

⎡

⎢⎢⎢
⎣

0 0 0 · · ·
0 p̂ 0 · · ·
0 0 ∗ · · ·
...

...
...

. . .

⎤

⎥⎥⎥
⎦

on

⎡

⎢⎢⎢
⎣

|0〉
1-particle subspace

∗
...

⎤

⎥⎥⎥
⎦

. (17)

Similarly, when restricted to the one-particle subspace,

Ĥfree := Ĥfree
∣∣
on L2(Rd)

= E p̂ =
√
m2 + p̂2

. (18)

It also follows that, on L2
(
�(0)

)
,

〈x| p̂ = −i∇ 〈x| , p̂ |x〉 = i |x〉 ←−∇ , (19)

such that 〈x| p̂ | p〉 = −i∇ 〈x | p〉 = −i∇ ei p·x

(2π)
d
2

=
p ei p·x

(2π)
d
2

= p 〈x | p〉 , with ∇i := ∂/∂xi .

We may relate the bases of L2
(
�(x0)

)
and L2

(
�(0)

)
by

|x〉 = ei E p̂x
0 |x〉 . (20)

The position operator x̂ can be trivially extended to L2
(
�(x0)

)
:

x̂ |x〉 = x̂ei E p̂x
0 |x〉 =

(

x − p̂
E p̂

x0

)

|x〉 , (21)

where we used
[
x̂i , f

(
p̂
)] = i ∂ f

∂pi
(
p̂
)
.

On L2
(
�(0)

)
, the plane-wave normalization is6

〈
x
∣∣ x′〉 = δd

(
x − x′) . (22)

We may also formally write down the inner product of bases
of L2

(
�(x0)

)
and of L2

(
�(x ′0)

)
,

〈
x
∣∣ x ′〉 =

∫
dd p 〈x | p〉 〈 p ∣∣ x ′〉 =

∫
dd p

(2π)d
eip·(x−x ′)

=
∫

dd p

(2π)d
e−i E p

(
x0−x ′0)+i p·(x−x′). (23)

The completeness relations on L2
(
�(0)

)
and on L2

(
�(x0)

)

are, respectively,

∫
dd x |x〉 〈x| = 1̂,

∫
dd x |x〉 〈x | = 1̂. (24)

The mass dimensions are
[|x〉] = [|x〉] = d

2 .

2.2 Lorentz-friendly bases

From here we start to deviate from the standard notation
in the literature. Our so-called “Lorentz-friendly basis” is
essentially the same as the basis proposed by Newton and
Wigner [11], which was later complemented in terms of the
Euclidean group by Wightman [12].

6 In Refs. [13,14] it has been shown that (so-called) “strict localiza-
tion”, which requires a wave function ψ(x) = 〈x |ψ〉 in L2

(
�(0)

)
to

vanish everywhere outside a finite region V ⊂ �(0), cannot be consis-
tent with what the authors call “causality”, which we will refer to as
“Hegerfeldt causality”. Hegerfeldt causality holds when the following
is satisfied: If ψ is strictly localized to V , then there should exist r that

makes 〈x| e−i Ĥfreex0+i p̂·a |ψ〉 = 0 for all x ∈ V for all a with a > r at
any later time x0 > 0. The authors have proven that Hegerfeldt causal-
ity is necessarily violated [13,14]. From Eq. (22), the position basis∣
∣x′〉, interpreted as a wave function of x in L2

(
�(0)

)
(closing our eyes

on the fact that it cannot the case due to its non-normalizability), is
strictly localized. Therefore, it obeys the proven violation of Hegerfeldt
causality. On the other hand, both the Gaussian wave packet (58) and
our extension (104) have exponentially small but non-zero tail outside
any finite region V from the beginning on �(0) and later. Therefore,
they evade the condition of strict localization of Hegerfeldt causality
from the beginning.
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We define a “Lorentz-friendly” annihilation operator on
H:

α̂ p = √
2E p â p, (25)

which gives

[
α̂ p , α̂

†
p′
]

= 2E p δd
(
p − p′) 1̂, others = 0, (26)

and

φ̂(x) =
∫

dd p

(2π)
d
2 2E p

(
α̂ pe

ip·x + α̂†
pe

−i p·x)

=
∫

dD p

(2π)
d
2

δ
(
p2 + m2) θ

(
p0)

(
α̂ pe

ip·x + α̂†
pe

−i p·x) , (27)

where the Lorentz invariance is made manifest in the last
expression by letting p be off-shell.

We define a Lorentz-friendly momentum basis that spans
L2
(
R
d
)
:

| p〉〉 := α̂ p |0〉 = √
2E p | p〉 (28)

such that

〈〈
p
∣
∣ p′〉〉 = 2E p δd

(
p − p′) ,

∫
dd p
2E p

| p〉〉 〈〈 p| = 1̂. (29)

Mass dimensions are
[
α p
] = [ | p〉〉] = − d−1

2 . This com-
pleteness is the same as Eq. (1) in Ref. [11] up to the factor
2 (which will not be mentioned hereafter).

We also define Lorentz-friendly position bases in L2
(
�(0)

)

and in L2
(
�(x0)

)
, respectively:7

|x〉〉 := φ̂(x) |0〉 =
∫

dd p

(2π)
d
2 2E p

e−i p·x | p〉〉 , (30)

|x〉〉 := φ̂(x) |0〉 =
∫

dd p

(2π)
d
2 2E p

e−i p·x | p〉〉 . (31)

The mass dimensions are
[ |x〉〉] = [ |x〉〉] = d−1

2 . Here,
|x〉〉 and |x〉〉 are generalizations of the one-particle position
bases in the Schrödinger and interaction pictures, respec-
tively. They satisfy

〈〈x | p〉〉 = ei p·x

(2π)
d
2

= 〈x | p〉 , 〈〈x | p〉〉 = eip·x

(2π)
d
2

= 〈x | p〉 .

(32)

7 See footnote 4.

Now we can write the field operator on H as

φ̂(x) =
∫

dd p
2E p

(
〈〈x | p〉〉 α̂ p + α̂†

p 〈〈 p | x〉〉
)

. (33)

Note that a wave function 〈〈x | �〉 is equivalent to the one
given in Eq. (2) in Ref. [11].

On L2
(
�(0)

)
, we may formally write

〈〈x| = 〈x| 1
√

2E p̂
= 1
√

2
√

−∇2 + m2

〈x| . (34)

The normalization on L2
(
�(0)

)
is

〈〈
x
∣∣ x′〉〉 =

∫
dd p
2E p

〈〈x | p〉〉 〈〈 p ∣∣ x′〉〉

=
∫

dd p

(2π)d 2E p
ei p·(x−x′), (35)

and we may again write down the inner product of bases of
L2
(
�(x0)

)
and of L2

(
�(x ′0)

)
:8

〈〈
x
∣∣ x ′〉〉 =

∫
dd p
2E p

〈〈x | p〉〉 〈〈 p ∣∣ x ′〉〉

=
∫

dd p

(2π)d 2E p
eip·(x−x ′)

=
∫

dD p

(2π)d
θ
(
p0
)

δ
(
p2 + m2

)
eip·(x−x ′). (36)

On L2
(
�(0)

)
, the completeness relation becomes

1̂ =
∫

dd x
√

2E p̂ |x〉〉 〈〈x|
√

2E p̂

=
∫

dd x

⎡

⎣ |x〉〉
√

2

√

m2 − ←−∇ 2

⎤

⎦
[√

2
√
m2 − ∇2 〈〈x|

]

=
∫

dd x 2E p̂ |x〉〉 〈〈x|

=
∫

dd x

[

|x〉〉 2

√

m2 − ←−∇ 2
]

〈〈x|

=
∫

dd x |x〉〉 〈〈x| 2E p̂

8 From this, the Feynman propagator is given by

DF
(
x − x ′) = θ

(
x0 − x ′0) 〈〈x

∣∣ x ′〉〉+ θ
(
x ′0 − x0

) 〈〈
x ′ ∣∣ x

〉〉

=
∫

dD p

(2π)D
eip·(x−x ′) −i

p2 + m2 − iε
.

One may find its explicit form as a function of
(
x − x ′)2 e.g. in Ref.

[23].
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=
∫

dd x |x〉〉
[
2
√
m2 − ∇2 〈〈x|

]
, (37)

which can be checked by sandwiching the two sides by 〈〈 p|
and

∣∣ p′〉〉. The same relation holds on L2
(
�(x0)

)
when we

replace |x〉〉 and 〈〈x| by |x〉〉 and 〈〈x | , respectively, because

the factors e±i
√

m2+∇2x0
cancel out each other. Now we

may rewrite the above completeness relation in a manifestly
Lorentz-invariant fashion9 on an arbitrary L2(�) space, with
the same precaution as given after Eq. (11):

1̂ =
∫

�

dd�μ |x〉〉
[

2i
∂

∂xμ
〈〈x |

]

=
∫

�

dd�μ

[

|x〉〉
(

−2i
←−−

∂

∂xμ

)]

〈〈x | , (38)

where dd�μ is the surface element normal to �. (In the
language of differential forms, it is nothing but the induced
volume element dd�μ = − �dxμ, with � denoting the Hodge
dual; in flat spacetime, we get �dxμ = 1

d!εμμ1···μd dxμ1 ∧· · ·∧
dxμd with ε01···d = 1.)

Physically, a probability density P(x) (per unit volume
dd x) of observing the particle at a position x at time x0 for
a (normalized) wave packet |ψ〉 is given by the expectation
value of the projector |x〉 〈x | on L2

(
�(x0)

)
:10

P(x) = 〈ψ | x〉 〈x | ψ〉 = 〈ψ |
√

2E p̂ |x〉〉 〈〈x |
√

2E p̂ |ψ〉

=
∣
∣∣∣

√
2
√
m2 − ∇2 〈〈x | ψ〉

∣
∣∣∣

2

. (39)

Note that the probability density is not merely the absolute-
square of the wave function.

The following relations on L2
(
R
d
)

may be useful:

〈〈 p| x̂ = √
2E p i∇ p 〈 p| = i∇ p 〈〈 p| − i

p
2E2

p
〈〈 p| , (40)

and we get

x̂ |x〉〉 =
(

x − i
p̂

2E2
p̂

)

|x〉〉 , (41)

x̂ |x〉〉 =
(

x − p̂
E p̂

x0 − i
p̂

2E2
p̂

)

|x〉〉 , (42)

9 More precisely, the relation becomes Lorentz invariant when the two
sides are sandwiched by the basis states 〈〈 p| and |q〉〉.
10 We are working in the interaction picture and hence the time depen-
dence of the wave function is ei Ĥfreex0

e−i Ĥ x0 |ψ〉 with Ĥ = Ĥfree+Ĥint.
Throughout this paper, we neglect interactions, Ĥint = 0, and hence it
suffices to treat the time dependence as in the main text.

Table 1 Eigenvalues of p̂ and x̂ or χ̂ on various states

State p̂ χ̂ = x̂ − i p̂
2E2

p̂

〈 p| 〈 p| p̂ = p 〈 p| 〈 p| x̂ = i∇ p 〈 p|
〈x| 〈x| p̂ = −i∇ 〈x| 〈x| x̂ = x 〈x|
〈x | = 〈x| e−i E p̂x

0 〈x | p̂ = −i∇ 〈x | 〈x |
(
x̂ + p̂

E p̂
x0
)

= x 〈x |
〈〈 p| = √

2E p 〈 p| 〈〈 p| p̂ = p 〈〈 p| 〈〈 p| χ̂
† = i∇ p 〈〈 p|

〈〈x| = 〈x| 1√
2E p̂

〈〈x| p̂ = −i∇ 〈〈x| 〈〈x| χ̂ = x 〈〈x|

〈〈x | = 〈x| e
−i E p̂ x

0

√
2E p̂

〈〈x | p̂ = −i∇ 〈〈x | 〈〈x |
(
χ̂ + p̂

E p̂
x0
)

= x 〈〈x |

| p〉 p̂ | p〉 = p | p〉 x̂ | p〉 = | p〉
(
−i

←−∇ p

)

|x〉 p̂ |x〉 = |x〉
(
i
←−∇
)

x̂ |x〉 = x |x〉
|x〉 = ei E p̂x

0 |x〉 p̂ |x〉 = |x〉
(
i
←−∇
) (

x̂ + p̂
E p̂

x0
)

|x〉 = x |x〉
| p〉〉 = √

2E p | p〉 p̂ | p〉〉 = p | p〉〉 χ̂ | p〉〉 = | p〉〉
(
−i

←−∇ p

)

|x〉〉 = 1√
2E p̂

|x〉 p̂ |x〉〉 = |x〉〉
(
i
←−∇
)

χ̂
† |x〉〉 = x |x〉〉

|x〉〉 = e
i E p̂ x

0

√
2E p̂

|x〉〉 p̂ |x〉〉 = |x〉〉
(
i
←−∇
) (

χ̂
† + p̂

E p̂
x0
)

|x〉〉 = x |x〉〉

In each set of three rows separated by the horizontal lines, the first,
second, and third rows are given in the Hilbert spaces L2

(
R
d
)
, L2

(
�(0)

)
,

and L2
(
�(x0)

)
, respectively

on L2
(
�(0)

)
and on L2

(
�(x0)

)
, respectively. Equation (40)

is equivalent to Eq. (11) in Ref. [11] up to the metric sign
convention.

We may formally define non-Hermitian position-like
operator:11

χ̂ :=
√

2E p̂ x̂
1

√
2E p̂

= x̂ − i
p̂

2E2
p̂

, (43)

which satisfies

〈〈x| χ̂ = x 〈〈x| , χ̂
† |x〉〉 = x |x〉〉 , (44)

〈〈 p| χ̂
† = i∇ p 〈〈 p| , χ̂ | p〉〉 = | p〉〉

(
−i

←−∇ p

)
, (45)

on L2
(
�(0)

)
and on L2

(
R
d
)
, respectively. Note that e.g. |x〉〉

is not an eigenbasis of χ̂ but of χ̂†. In Eq. (44), the eigenvalues
happen to be real for the non-Hermitian operators χ̂ and χ̂

†,
respectively.

We summarize the results for various bases in Table 1.
Finally, we comment on the Lorentz-transformation prop-

erty of the one-particle momentum and position operators on

11 This operator has been discussed in Ref. [19] and references therein,
where χ̂ is treated as self-adjoint. Our claim differs in that χ̂ is mani-
festly non-self-adjoint.
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L2
(
R
d
)

or L2
(
�(x0)

)
. The Poincaré transformation12 on the

annihilation operator reads (see e.g. Ref. [1])

â p → Ûfree(, b) â pÛ
†
free(, b) = ei(p)·b

√
(p)0

p0 â p
,

(46)

α̂ p → Ûfree(, b) α̂ pÛ
†
free(, b) = ei(p)·bα̂ p

, (47)

where p denotes the spatial component of p, namely
(
p

)i = (p)i . In particular,

| p〉〉 → Ûfree(, b) | p〉〉 = e−i(p)·b ∣∣ p

〉〉
. (48)

We may reinterpret this transformation on states as that on
operators

p̂i → p̂i := Û †
free(, b) p̂i Ûfree(, b) , (49)

which yields

p̂i | p〉〉 = (p)i | p〉〉 . (50)

The momentum operator is covariant on L2
(
R
d
)

in this sense.
The transformation (47) yields

φ̂(x) → Ûfree(, b) φ̂(x) Û †
free(, b) = φ̂(x + b) . (51)

From Eqs. (31) and (51), we see that

|x〉〉 → Ûfree(, b) |x〉〉 = |x + b〉〉 , (52)

Again, reinterpreting this as transformation on operators

χ̂ i† → χ̂
i†
,b := Û †

free(, b) χ̂ i†Ûfree(, b) , (53)

we can show that

χ̂
i†
,b |x〉〉 = (x + b)i |x〉〉 . (54)

We see that, on the Lorentz-friendly basis |x〉〉 in L2
(
�(x0)

)
,

the non-Hermitian operator χ̂
† is the spatial component of a

Poincaré-covariant vector. On the other hand, we clearly see
that the physical position operator x̂ = χ̂

† − i p̂
2E2

p̂
is not a

spatial component of a Lorentz-covariant vector due to the
second term. From the point of view of modern quantum field
theory, it is not compulsory that x̂, associated to a particular
spacetime foliation �(x0) with time slices of constant x0, be
a covariant operator. Of course, the whole theory is Lorentz
invariant in the sense that the S-matrix, constructed from the

12 Here we only consider orthochronous  so that Ûfree (, b) is linear
and unitary.

covariant quantum fields (51) defined in the whole space H,
is Lorentz invariant.

2.3 Gaussian basis

We define the Gaussian basis states through a normalizable,
hence physical, wave function on L2

(
R
d
)

[3]:

〈σ ; X, P | p〉 :=
(σ

π

) d
4
ei p·Xe− σ

2 ( p−P)2
, (55)

〈σ ; X, P | p〉 :=
(σ

π

) d
4
eip·Xe− σ

2 ( p−P)2
, (56)

where X and P are the centers of position and momentum
of the wave packet, respectively, at time x0 = 0 for Eq. (55)
and x0 = X0 for (56), while σ > 0 is its width-squared. We
see that these states on L2

(
R
d
)

are related by

|σ ; X, P〉 = ei E p̂X
0 |σ ; X, P〉 . (57)

Due to this dependence on X0, one might want to regard
the physical states |σ ; X, P〉 and |σ ; X, P〉 as some bases
in the Schrödinger and interaction pictures on L2

(
�(0)

)

and L2
(
�(X0)

)
, respectively, through the Fourier transforma-

tion.13 However, when we consider the wave function (59)
below, X0 is rather a parameter that specifies the shape of the
wave packet, and the time coordinate is x0.

Again through the Fourier transformation, we may map
the momentum-space wave functions onto L2

(
�(0)

)
and

L2
(
�(x0)

)
:

〈x | σ ; X, P〉 =
∫

dd p 〈x | p〉 〈 p | σ ; X, P〉

= 1

(πσ)
d
4

ei P ·(x−X)e− 1
2σ (x−X)2

, (58)

〈x | σ ; X, P〉 =
∫

dd p 〈x | p〉 〈 p | σ ; X, P〉

= 1

(2π)
d
2

(σ

π

) d
4
∫

dd p eip·(x−X)e− σ
2 ( p−P)2

.

(59)

At the leading saddle-point approximation for large σ ,
Eq. (59) reduces to a closed form [4]:

〈x | σ ; X, P〉

→
(

1

πσ

)d/4 1√
2P0

ei P·(x−X)e− σ
2

(
x−X−V

(
x0−X0

))2

,

(60)

13 See also footnotes 4 and 5.

123



751 Page 8 of 26 Eur. Phys. J. C (2021) 81 :751

where P is on-shell P0 = EP as always, and we define
V := P/P0. We see that the center of the wave packet
moves as X + V

(
x0 − X0

)
when we vary time x0, namely,

when we change the time-slice �(x0).
The inner product in L2

(
R
d
)

is not orthogonal:

〈
σ ; X, P

∣
∣ σ ′; X ′, P ′〉

=
(

σI

σA

) d
4

e
− 1

4σA
(X−X ′)2

e− σI
4 (P−P ′)2

e
i

2σI
(σ P+σ ′ P ′)·(X−X ′)

,

(61)

where σA := σ+σ ′
2 and σI :=

(
σ−1+σ ′−1

2

)−1 = 2σσ ′
σ+σ ′ = σσ ′

σA

are the average and the inverse of the average, respectively
[5].

It is important that the Gaussian basis, with any fixed σ ,
form an (over)complete set in the free one-particle subspace
L2
(
R
d
)

[3,4]:

∫
ddX dd P

(2π)d
|σ ; X, P〉 〈σ ; X, P | = 1̂. (62)

Because any fixed σ suffices to provide the complete set span-
ning L2

(
R
d
)
, we omit the label σ usually. We may expand

any wave function (or field configuration obeying the Klein–
Gordon equation) ψ(x) = 〈x | ψ〉 by the Gaussian complete
set { |X, P〉 }X,P that spans L2

(
R
d
)
:

ψ(x) =
∫

ddX dd P

(2π)d
〈x | X, P〉 〈X, P | ψ〉 , (63)

and conversely, the expansion coefficient may be computed
by

〈X, P | ψ〉 =
∫

dd x 〈X, P | x〉 〈x | ψ〉

= 1

(πσ)
d
4

∫
dd x e−i P ·(x−X)e− 1

2σ (x−X)2 〈x | ψ〉

=
∫

dd p 〈X, P | p〉 〈 p | ψ〉

=
(σ

π

) d
4
∫

dd p ei p·Xe− σ
2 ( p−P)2 〈 p | ψ〉 . (64)

2.4 Coherent states

Here we see that a Gaussian wave packet is indeed a coherent
state [24,25] in the free-one-particle subspace L2

(
R
d
)
, or

equivalently in L2
(
�(0)

)
.

We define an “annihilation” operator for a d-dimensional
harmonic oscillator:

â := λ

(
x̂√
σ

+ i
√

σ p̂
)

, â† = λ∗
(

x̂√
σ

− i
√

σ p̂
)

,

(65)

where λ is an overall normalization, which is usually taken to
be λ = 1/

√
2 but we leave it as an arbitrary complex number

here. (More specifically, p̂ has been defined on L2
(
R
d
)

and
x̂ the generator of translation on it; or equivalently, one may
regard x̂ to be defined on L2

(
�(0)

)
and p̂ the generator on

it.) The dimensionality is given by
[
â
] = [λ]. Note that this

annihilation operator has nothing to do with the field annihi-
lation operator in Eq. (2). We see that

[
âi , â

†
j

] = 2 |λ|2 δi j 1̂

and
[
âi , â j

] = [
â†
i , â†

j

] = 0.
A coherent state is a normalizable physical state that is

defined in L2
(
R
d
)

or equivalently in L2
(
�(0)

)
by

â |α〉 = α |α〉 , (66)

where α = (α1, . . . , αd) is a d-vector of complex numbers
of mass dimension [α] = [λ].14 From

λ

(
x√
σ

+ √
σ∇

)
〈x | α〉 = α 〈x | α〉 , (67)

we get the solution in L2
(
�(0)

)
:

〈x | α〉 = 1

(πσ)
d
4

e
− 1

2

(
x√
σ

−� α
λ

)2

e
i� α

λ
· x√

σ , (68)

where we have normalized such that 〈α | α〉 = 1 and hence
[|α〉] = 0. In the momentum space L2

(
R
d
)
, this becomes

〈 p | α〉 =
(π

σ

) d
4
e−i

√
σ p·� α

λ e− 1
2 (

√
σ p−� α

λ )
2; (69)

see Eq. (55). Physically, the real and imaginary parts of α

correspond to the center of position and momentum of the
Gaussian wave packet. Looking at Eqs. (68) and (69), it is
rather mysterious why the wave functions take such particular
forms as functions of complex numbers α. We will shed some
light on this point in Sect. 3.

Comparing Eq. (68) with Eq. (58), we see that the Gaus-
sian wave-packet state is indeed a coherent state in L2

(
R
d
)

14 The abuse of notation should be understood in that these αi , which
are just numbers, have nothing to do with the Lorentz-friendly annihila-
tion operator (25). Historically, the name “coherent state” comes from
the one in field space that describes a photon coherent wave, rather than
the one (66) in position–momentum space; see the paragraph containing
Eq. (74).
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or equivalently in L2
(
�(0)

)
:

|X, P〉 =
∣
∣∣∣λ
( X√

σ
+ i

√
σ P

)〉
. (70)

By taking λ = √
σ and −i/

√
σ , we may write

|X, P〉 = |X + iσ P〉λ=√
σ =

∣∣
∣∣P − i

X
σ

〉

λ=− i√
σ

. (71)

Now we see that the completeness relation (62) is equiva-
lent to the completeness of the coherent states in L2

(
R
d
)

or
equivalently in L2

(
�(0)

)
:

1
(
2π |λ|2)d

∫
d2dα |α〉 〈α| = 1̂, (72)

where

d2dα =
d∏

i=1

d�αi d�αi =
d∧

j=1

(
i

2
dα j ∧ dα∗

j

)
. (73)

We list some more usable facts in Appendix A.
We comment that the coherent state in the position–

momentum space (68) or (69) should not be confused with
the coherent state in the (photon) field space, used in quan-
tum optics [24,25], for a fixed wavenumber vector k (and
hence with the fixed wavelength 2π/ |k|):

|z〉k = e− |z|2
2 ezâ

†
k |0〉 , (74)

where â†
k is the creation operator in the sense of Eq. (2) (but

with a box normalization
[
âk , â†

k′
] = δk,k′ ) and we have

taken λ = 1/
√

2.

3 Lorentz-invariant wave packet

From the form of the Gaussian wave-packet state (56), it is
tempting to generalize it into a Lorentz invariant form:

〈 p | X, P〉 ∝ e−i p·X− σ
2 ( p−P)2 → e−i p·X− σ

2 (p−P)2

= eσm2
e−i p·(X+iσ P), (75)

where we have used the on-shell condition p2 = P2 = −m2.
As we have seen in Eq. (71), the Gaussian wave-packet state
|X, P〉 is nothing but a position–momentum coherent state.
For the coherent state, it is rather mysterious why the real
and imaginary parts of the complex numbers α appear in
the forms (68) and (69). It is remarkable that the Lorentz
invariant generalization (75) has the seemingly holomorphic

dependence on the D complex variables X + iσ P if one
generalizes P to be off-shell.15

Motivated by this fact, we define the following Lorentz-
invariant wave-packet state in L2

(
R
d
)
:16

〈〈 p | σ ; X, P〉〉 := Nσ e
−i p·(X+iσ P)

= Nσ e
i E pX0−i p·Xe−σ(E pEP− p·P), (76)

where Nσ is a normalization constant. Given the reference
frame x , this wave packet is centered near x = X and p = P
at time x0 = X0. As said above, one might want to regard the
state |σ ; X, P〉〉 as a basis of �(X0) in the interaction picture
but we will see that, in terms of the wave function (104) in
�(x0), X

0 is mere a parameter that specifies the wave packet
|σ ; X, P〉〉, while the time is specified by x0. Also, we will
continue to abbreviate σ to write |X, P〉〉 unless otherwise
stated.

As an illustration of the more general computation spelled
out in Appendix B, we will show in Sect. 3.1 that the nor-
malization

∥∥ |X, P〉〉∥∥2 = 1, (77)

in L2
(
R
d
)
, is realized by

Nσ =
(σ

π

) d−1
4
(
K d−1

2

(
2σm2

))− 1
2
, (78)

where K is the modified Bessel function of the second kind.
With this normalization, mass dimensions are

[ |X, P〉〉] = 0
and [Nσ ] = − d−1

2 .
We comment on possible generalizations of P to be off-

shell. If we make P off-shell in the first line in Eq. (76), it
becomes divergent for | p| → ∞ when p · P > 0, namely,
when

P0 < v · P, (79)

where v := p/E p with |v| < 1. Therefore, the generaliza-
tion of P to off-shell would be safe so long as P is time-
like and future-oriented, in which case the condition (79) is
never met. (This is the case too if we let P be off-shell in
e−i p·X− σ

2 (p−P)2 = e−i p·Xe σ
2

(
m2−P2

)+σ p·P , though the limit
of super-heavy “off-shell mass” −P2 → ∞ diverges.)

15 As we will discuss below, the generalization of P to an off-shell
momentum is straightforward so far as P is timelike and future-oriented.
We leave further generalization for future study.
16 To be precise, the state |σ ; X, P〉〉 is Lorentz covariant and the wave
function (76) is Lorentz invariant.
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3.1 Normalization

We compute the norm on L2
(
R
d
)
:

∥∥ |X, P〉〉∥∥2 =
∫

dd p
2E p

〈〈X, P | p〉〉 〈〈 p | X, P〉〉

= |Nσ |2
∫

dd p
2E p

e2σ p·P

= |Nσ |2
∫

dD p θ
(
p0
)

δ
(
p2 + m2

)
e2σ p·P ,

(80)

where we let p be off-shell in the last line to make the Lorentz
invariance manifest. As P is on-shell, we may always find a
Lorentz transformation (P) to its rest frame P̃ := (m, 0)
such that P = P̃ . Then we change the integration variable
to p̃ := p. Using the Lorentz invariance of the integration
measure etc. as well as

(
−1 p̃

) · P = p̃ · P = p̃ · P̃ =
− p̃0m, we get

∥
∥ |X, P〉〉∥∥2 = |Nσ |2

∫
dD p̃ θ

(
p̃0
)

δ
(
p̃2 + m2

)
e−2σ p̃0m

= |Nσ |2
∫

dd p
2E p

e−2σm
√

m2+ p2

= |Nσ |2 �d−1

∫ ∞

m

(
E2 − m2

) d−2
2 E dE

2E
e−2σmE

= |Nσ |2
(π

σ

) d−1
2

K d−1
2

(
2σm2

)
, (81)

where �d−1 = 2π
d
2 /�

( d
2

)
is the area of a unit (d − 1)-

sphere. We see that the normalization ‖|X, P〉‖2 = 1 is real-
ized by Eq. (78). One can also check that this result is consis-
tent with the master formula (93) with � → 2σ P and hence
‖�‖ = √−�2 → 2σm.

In the following, we list several limits for the reader’s
convenience. First,

Kn(z) =
⎧
⎨

⎩

2n−1(n−1)!
zn + O

(
1

zn−1

)
(z → 0, n > 0),

e−z
[√

π
2z + O

(
1

z3/2

)]
(z → ∞),

(82)

and in the limits σm2 → 0 and ∞, we get, respectively,

Nσ →

⎧
⎪⎨

⎪⎩

√
2(

d−3
2

)
!

(
σm√

π

) d−1
2

(σm2 → 0),

√
2m

(
σ
π

) d
4 eσm2

(σm2 → ∞).

(83)

Here one might find it curious that a plane-wave limit σ →
∞ is equivalent to a non-relativistic limit m → ∞, and a
particle limit σ → 0 to an ultra-relativistic limit m → 0.

The non-relativistic limitm → ∞of the Lorentz-invariant
wave packet (76) comes back to the Gaussian form (56) up
to the factor

√
2m,

〈〈 p | X, P〉〉 → √
2m

(σ

π

) d
4
ei E pX0−i p·Xe− σ

2 ( p−P)2
, (84)

where E p = m + p2

2m + · · · , we have used the limit (83),
and have neglected O(m−2

)
terms in the last exponent in

Eq. (84). In the ultra-relativistic limit, m → 0, we get

〈〈 p | X, P〉〉

→
√

2
( d−3

2

)!
(

σm√
π

) d−1
2

e−| p|{σ |P |(1−cos θP )−i
(
X0−|X| cos θX

)}
,

(85)

where cos θX := p · X/ | p| |X| and cos θP := p · P/ | p|
|P |. In this limit, the original Gaussian suppression is made
weaker. Especially along the direction of P , cos θP = 1,
there is no suppression for a large momentum | p| → ∞.
This is the main obstacle of having a Lorentz-invariant wave
packet for a massless particle.

3.2 Inner product

Let us compute the inner product of two Lorentz invariant
wave packets:

〈〈
σ ; X, P

∣
∣ σ ′; X ′, P ′〉〉 on L2

(
R
d
)
. Here and

hereafter, a prime symbol ′ never denotes a derivative.
Motivated by the coherent states in the position–

momentum space (71), we define the following complex vari-
ables:

Zμ(σ ) := Xμ + iσ Pμ, (86)

�μ(σ) := Pμ − i
Xμ

σ
, (87)

which are related by Zμ = iσ�μ. We define the Lorentz
invariant analog of the coherent state (71): 17

|Z(σ )〉〉 := |σ ; X, P〉〉 , |�(σ)〉〉 := |σ ; X, P〉〉 . (88)

We see that

〈〈 p | Z(σ )〉〉 = Nσ e
−i p·Z(σ ), 〈〈 p | �(σ)〉〉 = Nσ e

σ p·�(σ).

(89)

For later use, we define the “norm” of an arbitrary complex
D-vector �:

‖�‖ :=
√

−�2 =
√(

�0
)2 − �2, (90)

17 Abuse of notation is understood: always the first and second defini-
tions in Eq. (88) are used for the arguments Z and �, respectively.
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which is not necessarily positive nor even a real number.18

Now we may write

〈〈
σ ; X, P

∣∣ σ ′; X ′, P ′〉〉

= 〈〈
�(σ)

∣∣�′(σ ′)〉〉

= N∗
σ Nσ ′

∫
dd p
2E p

ep·(σ�∗(σ )+σ ′�′(σ ′)). (91)

To compute this, it is convenient to define the master inte-
gral:

I(�) :=
∫

ddu
2u0 e

u·� =
∫

dDu δ
(
u2 + 1

)
θ
(
u0
)
eu·�,

(92)

where � is a dimensionless complex D-vector and the D-
vector u (= p/m) is on-shell and off-shell for the first and
second integrals, respectively. In Appendix B, we present a
detailed evaluation of the integral, and the result is

I(�) = (2π)
d−1

2

K d−1
2

(‖�‖)

‖�‖ d−1
2

, (93)

which is valid when �� is timelike (��)2 < 0 and future-
oriented ��0 > 0. This also implies that

I(2σmP) = 1

md−1N 2
σ

, (94)

with Nσ is given in Eq. (78).
The integral in the inner product (91) corresponds to

� = m
(
σ�∗(σ ) + σ ′�′(σ ′)) = im

(
Z∗(σ ) − Z ′(σ ′)) ,

(95)

that is,

�� = m
(
σ P + σ ′P ′) , �� = m

(
X − X ′) . (96)

From

(
σ P + σ ′P ′)2 = −

(
σ 2 + σ ′2)m2 + 2σσ ′P · P ′

≤ −
(
σ 2 + σ ′2)m2 + 2σσ ′

×
(

−
√

|P |2 + m2
√∣∣P ′∣∣2 + m2 + |P | ∣∣P ′∣∣

)
< 0,

(97)

18 The abuse of notation should be understood: This has nothing to do
with the norm of a state vector in the Hilbert space such as in Eq. (77).

we see that �� is always timelike. Therefore we may use the
result (93):

〈〈
σ ; X, P

∣∣ σ ′; X ′, P ′〉〉

= N∗
σ Nσ ′ (2π)

d−1
2 md−1

K d−1
2

(‖�‖)
‖�‖ d−1

2

=
(

2
√

σσ ′m2
) d−1

2

(
K d−1

2

(
2σm2

)
K d−1

2

(
2σ ′m2

))1/2

K d−1
2

(‖�‖)
‖�‖ d−1

2

, (98)

where, in various notations,

‖�‖2 = −�2 = −m2 (σ�∗ + σ ′�′)2

= m2 (Z∗ − Z ′)2

= −m2(σ P + σ ′P ′ + i
(
X − X ′))2

= m2((X − X ′)− i
(
σ P + σ ′P ′))2

. (99)

Especially when σ = σ ′, we have

〈〈
X, P

∣∣ X ′, P ′〉〉 =
(
2σm2

) d−1
2

K d−1
2

(
2σm2

)
K d−1

2
(‖�‖)

‖�‖ d−1
2

, (100)

where

‖�‖2 = −m2σ 2 (�∗ + �′)2

= m2 (Z∗ − Z ′)2

= −m2(σ
(
P + P ′)+ i

(
X − X ′))2

= m2((X − X ′)− iσ
(
P + P ′))2

. (101)

3.3 Wave function

Let us compute the wave function for the Lorentz-invariant
wave-packet state on L2

(
�(x0)

)
:

〈〈x | X, P〉〉 =
∫

dd p
2E p

〈〈x | p〉〉 〈〈 p | X, P〉〉

= Nσ

(2π)
d
2

∫
dd p
2E p

ep·(σ P+i(x−X)). (102)

Comparing with Eq. (92), we see the following correspon-
dence:

� = m
(
σ P + i (x − X)

)
. (103)

Obviously (��)2 = −σ 2m4 < 0, and we may use Eq. (93):

〈〈x | X, P〉〉 = Nσmd−1

√
2π

K d−1
2

(‖�‖)
‖�‖ d−1

2
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= 1

(4πσ)
d−1

4

(
2σm2

) d−1
2

√
2πK d−1

2

(
2σm2

)
K d−1

2
(‖�‖)

‖�‖ d−1
2

,

(104)

where

‖�‖ :=
√

−�2 = m
√

σ 2m2 + (x − X)2 − 2iσ P · (x − X).

(105)

The explicit form of the wave function (104) is one of our
main results. This reduces to the earlier one in Refs. [16,17]
when d = 3 in the X → 0 limit and may be interpreted as its
spacetime translation by X . We note that there is no branch-
cut ambiguity for the argument (105) as long as m > 0; see
the last paragraph in Appendix B.1.

Hereafter, we examine various characteristics of the above
wave function. Firstly, along the line x = X+Ps correspond-
ing to the particle trajectory, with s being a real parameter,
we get � = mP (σ + is) and hence ‖�‖ = m2 (σ + is).
For a point sufficiently apart from X along this trajectory,
namely for s → ±∞, we get

〈〈x | X, P〉〉 →
(

σ
π

) d−1
4

2m
√
K d−1

2

(
2σm2

)
e−m2(σ+is)

(σ + is)
d
2

. (106)

We see that the wave function is not suppressed along the
direction of P: There is no exponential suppression for
|s| → ∞, while the apparent power suppression ∝ |s|−d for
|〈〈x | X, P〉〉|2 is merely due to the broadening of the width
of Gaussian wave packet in d-spatial dimensions (for a nor-
malized wave packet, the height of center becomes lower and
lower when the width is more and more broadened), as we
will soon see below.

Secondly, let us furthermore consider a point slightly away
from this trajectory, x = X + Ps + ε, where ε is a small
spacelike D-vector: ε2 > 0. (Here, for each s, a point on
the trajectory X + Ps is specified, and we parametrize the
spacelike hyperplane containing that point by ε.) Then in the
limit |s| → ∞,

〈〈x | X, P〉〉 →
(

σ
π

) d−1
4

2m
√
K d−1

2

(
2σm2

)
e−σm2−im2s

(σ + is)
d
2

× exp

⎛

⎝−
σ
(
ε2 + ( P

m · ε
)2
)

2
(
s2 + σ 2

) + i P · ε

⎞

⎠ , (107)

where we have discardedO(ε2
)

andO(ε3
)

terms in the imag-
inary and real parts of the exponent, respectively, and O(ε)

terms in other places. We observe the plane-wave behav-
ior, ei P·ε , and we obtain the Gaussian suppression factor:

exp
[− σ

2(s2+σ 2)

(
ε2 + ( P

m · ε
)2)]

. It is noteworthy that the

more we go along the trajectory x = X + sP (namely
the larger the |s| is), the larger the spatial width-squared
∼ (

s2 + σ 2
)
/σ of this Gaussian factor becomes.

For a wave-packet scattering, we may parametrize each of
the incoming waves, a, and of the outgoing ones, b, such that
the scattering occurs (i.e. the wave packets overlap) around
finite region |sa | ∼ |sb| < ∞. If the scattering occurs within a
large time interval, the in and out asymptotic states are given
by sa → −∞ and sb → ∞, respectively. In such a case,
we may approximate an in-coming/out-going wave packet
by the near plane wave (107) better and better, whereas they
still interact as wave packets rather than plane waves.

Thirdly, for the plane-wave expansion with large σ , the
argument becomes19

‖�‖ = σm2 − i P · (x − X) + (x − X)2

2σ

+ (P · (x − X))2

2σm2 + O
(

1

σ 2

)
, (108)

where we have taken up to the order of leading non-trivial
real part, and the wave function becomes

〈〈x | X, P〉〉 �
(

σ
π

) d
4

√
2 (σm)d− 1

2

e
i P·(x−X)− 1

2σ (x−X)2− (P·(x−X))2

2σm2 .

(109)

The corresponding probability density is

∣∣∣〈〈x |
√

2E p̂ |X, P〉〉
∣∣∣
2 � EP

(
σ
π

) d
2

(σm)
d
2 −1

e
− 1

σ (x−X)2− (P·(x−X))2

σm2 ,

(110)

where we have used the completeness (37).
In particular on the line x = X + Ps, with s being a real

parameter, the quadratic terms of s cancel out in the exponent
in Eq. (109):

〈〈x | X, P〉〉 ∝
(

σ
π

) d
4

√
2 (σm)d− 1

2

e−im2s . (111)

As promised, we have confirmed that the wave function does
not receive the Gaussian suppression along this particle tra-
jectory. We stress that in this sense, the Lorentz-invariant
wave packet is not localized in time, just as the Gaussian
wave packet reviewed in Sect. 2.3.

19 On the other hand, when we take the non-relativistic limit m → ∞
first, we get ‖�‖ = σm2 + im

(
x0 − X0

)− i P · (x − X) + (x−X)2

2σ
+

O( 1
m

)
.
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If we furthermore take the non-relativistic limit in the
exponent of the large-σ expansion (109), it becomes

i P · (x − X) −
(
x − X − V

(
x0 − X0

))2

2σ

− (V · (x − X))2

2σ
+ O

(
|V |3

)
, (112)

where P0 = m + m
2 V

2 +· · · . Comparing with the Gaussian
wave packet (60), we see that the extra suppression factor

exp

(

− (V · (x − X))2

2σ

)

(113)

appears from the Lorentz-invariant wave packet, and the cen-
ter of the Lorentz-invariant wave packet departs from the
particle trajectory X − V

(
x0 − X0

)
of the Gaussian wave

packet (60).
Finally, in the particle/ultra-relativistic limit σm2 → 0,

we get

〈〈x | X, P〉〉 →
(
σm3

) d−1
2

√( d−3
2

)!
K d−1

2
(‖�‖)

‖�‖ d−1
2

, (114)

where the argument goes to ‖�‖ →
m
√

(x − X)2 − 2iσ P · (x − X). If we furthermore take the
relativistic limit m → 0, we get20 We have

20 On the other hand, first taking the particle limit σ → 0 is tricky due
to the branch cut: When x is located at a spacelike distance from X ,
namely (x − X)2 > 0,

‖�‖ → m
√

(x − X)2
(

1 − i
σ P · (x − X)

(x − X)2 + · · ·
)

;

when timelike, (x − X)2 < 0,

‖�‖ → −im sgn
(
P · (x − X)

)√− (x − X)2

(
1 + i

σ P · (x − X)

− (x − X)2 + · · ·
)

;

and when lightlike (x − X)2 = 0,

‖�‖ → m
√−2iσ P · (x − X)

(
1 + i

σm2

4P · (x − X)
+ · · ·

)
.

〈〈x | X, P〉〉 →
√

�
( d−1

2

)

2

(
2σm

(x − X)2 − 2iσ P · (x − X)

) d−1
2

.

(115)

4 Uncertainty relations

We show how the uncertainty relation changes for the
Lorentz-invariant wave packet. We study the momentum and
position uncertainties in the first two subsections and then
discuss the uncertainty relation in the next. Lastly, we com-
ment on the time–energy uncertainty.

4.1 Momentum (co)variance

We want to compute the momentum expectation value
〈
p̂μ
〉

and its (co)variance (recall that we have been taking all the

momenta on-shell, and hence p̂0 = E p̂ =
√
m2 + p̂2):

〈(
p̂μ − 〈

p̂μ
〉)(

p̂ν − 〈
p̂ν
〉)〉 = 〈

p̂μ p̂ν
〉− 〈

p̂μ
〉 〈
p̂ν
〉
, (116)

where, for any operator Ô, we write the expectation value
with respect to |X, P〉〉 as

〈Ô〉 := 〈〈X, P | Ô |X, P〉〉 . (117)

Since we identify the Schrödinger, Heisenberg, and inter-
action pictures at x0 = 0, the expectation value (117) corre-
sponds to a measurement on the spacelike hyperplane �(0).
A measurement on a different time slice �(x0) is given by

〈ÔH

(
x0
)
〉 := 〈〈X, P | ei Ĥ x0Ôe−i Ĥ x0 |X, P〉〉 . (118)

As we only consider free propagation of the waves, Ĥ =
Ĥfree, this is the same as

〈ÔI

(
x0
)
〉 := 〈〈X, P | ei Ĥfreex0Ôe−i Ĥfreex0 |X, P〉〉 (119)

for our application. In particular when Ô only contains

momentum operators such that
[
Ô , Ĥfree

]
= 0, the expec-

tation value becomes time independent,
〈
Ô
〉
=
〈
ÔI
(
x0
)〉

.

First, we write

〈
p̂μ1 · · · p̂μn

〉 =
∫

dd p
2E p

∣
∣〈〈 p | X, P〉〉∣∣2 pμ1 · · · pμn

= N 2
σm

d−1+n
∫

ddu
2u0 e

2σmu·Puμ1 · · · uμn ,

(120)
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where u = p/m is the D-velocity with u0 = √
1 + u2. To

compute the above, we take derivatives of the master inte-
gral (93):

Iμ1...μn (�) := ∂n

∂�μ1 · · · ∂�μn

I(�)

=
∫

ddu
2u0 e

u·�uμ1 · · · uμn , (121)

where � is off-shell. Once this is obtained, we may substitute
� = 2σmP , which is “on-shell”, ‖�‖ = √−�2 = 2σm2.

From Eqs. (205) and (206) in Appendix B, we read

〈
p̂μ
〉 = m

Iμ(2σmP)

I(2σmP)

=
K d+1

2
(‖�‖)

K d−1
2

(‖�‖) P
μ, (122)

〈
p̂μ p̂ν

〉 = m2 Iμν(2σmP)

I(2σmP)

=
(

ημν

2σ

K d+1
2

(‖�‖)
K d−1

2
(‖�‖) + PμPν

K d+3
2

(‖�‖)
K d−1

2
(‖�‖)

)

,

(123)

where ‖�‖ = 2σm2, and hence

〈
p̂μ p̂ν

〉− 〈
p̂μ
〉 〈
p̂ν
〉 = ημν

2σ

K d+1
2

(‖�‖)
K d−1

2
(‖�‖)

+ PμPν

⎛

⎝
K d+3

2
(‖�‖)

K d−1
2

(‖�‖) −
(
K d+1

2
(‖�‖)

K d−1
2

(‖�‖)

)2
⎞

⎠ . (124)

Note that contraction of Eq. (123) with the flat metric
ημν gives ημν

〈
p̂μ p̂ν

〉 = −m2 as it should, due to the
Bessel identity (208). We see that, for a fixed σ and m, the
(co)variance (124) becomes larger and larger for |P | → ∞
due to the second term. Furthermore, even the off-diagonal
covariance for μ �= ν is non-zero. This is due to the fact that,
with P �= 0, the Lorentz-invariant wave packet is boosted and
is not spherically symmetric in the momentum space, unlike
the Gaussian wave packet (56). The above results agree with
Eqs. (4.4) and (4.5) in Ref. [6].

From Eq. (122), we obtain

− 〈
p̂
〉2 = m2

(
K d+1

2
(‖�‖)

K d−1
2

(‖�‖)

)2

≥ m2, (125)

where the equality holds in the plane-wave/non-relativistic
limit ‖�‖ = 2σm2 → ∞. It is curious that the mass
constructed from the expectation value of D-momentum

〈pμ〉 becomes larger than the “intrinsic” mass m, no mat-
ter whether the particle is at rest P = 0 or not. This fact has
been pointed out in Ref. [17].

In the plane-wave/non-relativistic expansion for large
‖�‖ = 2σm2, we get

〈
p̂μ
〉 =

(
1 + d

2 ‖�‖ + d (d − 2)

8 ‖�‖2 + · · ·
)
Pμ, (126)

〈
p̂μ p̂ν

〉 = ημν

2σ

(
1 + d

2 ‖�‖ + d (d − 2)

8 ‖�‖2 + · · ·
)

+ PμPν

(
1 + d + 1

‖�‖ + d (d + 1)

2 ‖�‖2 + · · ·
)

,

(127)

and hence,

〈
p̂μ p̂ν

〉− 〈
p̂μ
〉 〈
p̂ν
〉 = ημν

2σ

(
1 + d

2 ‖�‖ + d (d − 2)

8 ‖�‖2 + · · ·
)

+ PμPν

(
1

‖�‖ + d

‖�‖2 + · · ·
)

,

(128)

where the dots denote terms of order ‖�‖−3. As a cross-
check, we can derive from Eq. (127) that

〈
p̂2 + m2

〉
= d

2σ
+ P2 + m2 + d + 1

2σm2 P
2 + O

(
1

σ 2

)
,

(129)
〈(

p̂0
)2
〉

= − 1

2σ
+
(
P0
)2 + d + 1

2σm2

(
P0
)2 + O

(
1

σ 2

)
,

(130)

and we see that the two coincide.
We show the result of the plane-wave expansion with large

σ in Eq. (124):

〈
p̂μ p̂ν

〉− 〈
p̂μ
〉 〈
p̂ν
〉 = 1

2σ

(
ημν + PμPν

m2

)

+ d

8σ 2m2

(
ημν+2PμPν

m2

)
+O

(
1

σ 3

)
.

(131)

That is,

〈
p̂i p̂ j

〉− 〈
p̂i
〉 〈
p̂ j
〉 = 1

2σ

(
δi j + Pi Pj

m2

)

+ d

8σ 2m2

(
1 + 2Pi Pj

m2

)
+ O

(
1

σ 3

)
,

(132)
〈(

p̂0
)2
〉
−
〈
p̂0
〉

2 = P2

2σm2
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+ d

8σ 2m2

(
1 + 2P2

m2

)
+ O

(
1

σ 3

)
.

(133)

If we instead perform the non-relativistic expansion for large
m in Eq. (124), we obtain

〈
p̂i p̂ j

〉
−
〈
p̂i
〉 〈
p̂ j
〉
= δi j

2σ
+ Pi P j

2σm2 + d

8σ 2m2 δi j + O
(

1

m4

)
,

(134)
〈(

p̂0
)2
〉
−
〈
p̂0
〉

2 = P2

2σm2 + d

8σ 2m2 + O
(

1

m4

)
.

(135)

Several comments are in order: The first term in Eq. (134)
reproduces the momentum variance for the ordinary Gaus-
sian wave packet, which is spherically symmetric ∝ δi j . The
second term shows that even the off-diagonal covariance for
i �= j is non-zero, due to the boost in the momentum space
mentioned above. The first term in the energy variance (133)
is also due to the boost, and it is canceled out when we take the
Lorentz invariant combination

〈
p̂2
〉−〈 p̂〉2 (= −m2−〈 p̂〉2): By

subtracting the two sides of Eq. (133) from those of Eq. (134)
contracted with δi j , we obtain

− 〈
p̂
〉2 = m2 + d

2σ
+ d (d − 1)

8σ 2m2 + · · · . (136)

As mentioned above, we see that the mass constructed from
the expectation value of

〈
p̂μ
〉

is increased from the intrinsic
mass m.

4.2 Position (co)variance

Now let us compute the expectation value
〈
x̂ i
〉
and its covari-

ance:
〈(
x̂ i −

〈
x̂ i
〉)(

x̂ j −
〈
x̂ j
〉)〉 =

〈
x̂ i x̂ j

〉
−
〈
x̂ i
〉 〈
x̂ j
〉
. (137)

First,

〈
x̂ i
〉
=
∫

dd p
2E p

〈〈X, P | p〉〉 〈〈 p| x̂ i |X, P〉〉

=
∫

dd p
2E p

〈〈X, P | p〉〉 i
(

∂

∂pi
− pi

2E2
p

)

〈〈 p | X, P〉〉

= Xi −
〈
ui

u0

〉
X0, (138)

where we write
〈
ui1 . . . ui�
(
u0
)n

〉

:= mn−�

〈
p̂i1 . . . p̂i�
(
p̂0
)n

〉

, (139)

and we have used the following identity:21

2mσ Pi − 2mσ EP

〈
ui

u0

〉
−
〈

ui
(
u0
)2

〉

= 0. (140)

We have defined x̂ as a time-independent Schrödinger-
picture operator in a certain frame. Therefore the expecta-
tion value (138) should correspond to measurement in an
equal-time slice in this frame, and hence the appearance of

the non-covariant velocity
〈
u
u0

〉
rather than the covariant one

〈 u
m

〉
. As we identify the Schrödinger, Heisenberg, and inter-

action pictures at x0 = 0, the expectation value (138) cor-
responds to the measurement on the spacelike hyperplane
�(0). If we instead consider the time-dependent operator

x̂I
(
x0
) := ei Ĥfreex0

x̂ e−i Ĥfreex0
in the interaction picture, we

obtain

〈
x̂ iI
(
x0)

〉
=
∫

dd p
2E p

〈〈X, P | p〉〉 〈〈 p| ei Ĥfreex0
x̂ i e−i Ĥfreex0 |X, P〉〉

= Xi +
〈
ui

u0

〉
(
x0 − X0) . (141)

Second, we may similarly compute

〈
x̂ i x̂ j

〉
=
∫

dd p

(
∂

∂pi
〈〈X, P | p〉〉
√

2E p

)(
∂

∂p j

〈〈 p | X, P〉〉
√

2E p

)

= N 2
σm

d−3
∫

ddu
(

∂

∂ui
emu·(σ P+i X)

√
2u0

)

×
(

∂

∂u j

emu·(σ P−i X)

√
2u0

)
. (142)

Using ∂
∂ui

emu·(σ P+i X)√
2u0

=eimu·X
[

∂
∂ui

emσu·P√
2u0

+ im ∂(u·X)

∂ui
emσu·P√

2u0

]
,

we can show that � 〈x̂ i x̂ j
〉 = 0. Then we obtain

〈
x̂ i x̂ j

〉
=
〈(

σ
(
Pi − P0 ui

u0

)
− ui

2m
(
u0
)2

)

×
(

σ
(
Pj − P0 u j

u0

)
− u j

2m
(
u0
)2

)

+
(
Xi − X0 ui

u0

) (
X j − X0 u j

u0

)〉

21 This may be derived for a general (timelike) D-vector � as

∫
ddu
2u0 e

u·�
(

�i − �0 u
i

u0 − ui
(
u0
)2

)

=
∫

ddu
2u0

(
∂

∂ui
− ui
(
u0
)2

)

eu·�

= 1

2

∫
ddu

∂

∂ui

(
eu·�

u0

)
= 0,

and then putting the “on-shell” value � = 2σmP . Recall that p and u
are on-shell.
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= Xi X j +
(
X0
)2
〈
uiu j
(
u0
)2

〉

− Xi X
0
〈u j

u0

〉
− X j X

0
〈 ui
u0

〉

+ σ 2Pi Pj − σ 2
〈 ui
u0

〉
P0Pj − σ 2

〈u j

u0

〉
P0Pi

+ σ 2
(
P0
)2
〈
uiu j
(
u0
)2

〉

− σ Pi
2m

〈
u j
(
u0
)2

〉

− σ Pj

2m

〈
ui

(
u0
)2

〉

+ σ P0

m

〈
uiu j
(
u0
)3

〉

+ 1

4m2

〈
uiu j
(
u0
)4

〉

, (143)

and hence22

〈
x̂ i x̂ j

〉
−
〈
x̂ i
〉 〈
x̂ j
〉
=
(
X0
)2
(〈

uiu j
(
u0
)2

〉

−
〈 ui
u0

〉 〈u j

u0

〉)

− σ 2Pi Pj + σ 2
(
P0
)2
〈
uiu j
(
u0
)2

〉

+ σ P0

m

〈
uiu j
(
u0
)3

〉

+ 1

4m2

〈
uiu j
(
u0
)4

〉

,

(144)

where we have used the identities (140) and

0 = 2mσ Pi

〈
1

(
u0
)n−1

〉

− 2mσ P0

〈
ui(
u0
)n

〉

− n

〈
ui

(
u0
)n+1

〉

. (145)

In this paper, we compute the expectation value (138)
and the (co)variance (144) using the saddle-point method
for large σ :

〈
x̂ i
〉
= Xi − X0 Pi

P0

[

1 − 1

2σ
(
P0
)2 + O

(
1

σ 2

)]

, (146)

〈
x̂ i x̂ j

〉
−
〈
x̂ i
〉 〈
x̂ j
〉
= σ

2

(

δi j − Pi Pj
(
P0
)2

)

+ O
(
σ 0
)

. (147)

Especially for the variance i = j ,

〈(
x̂i
)2
〉
− 〈

x̂i
〉2 = σ

2

(

1 − P2
i

E2
P

)

+ O
(
σ 0
)

, (148)

22 The last three terms in Eq. (144) may be recast into the form
1

4m2

〈
ui u j

(
1+�0u0)2

(u0)
4

〉
with � = 2σmP but we compute it as is.

where i is not summed. One may find the detailed derivation
in Appendix B. Especially, we have used Eq. (255) to com-

pute
〈
ui

u0

〉
= Ii

(1)

I(0)
= �i

�0

(
1 − ‖�‖

(�0)
2 + · · ·

)
with � = 2mσ P

and ‖�‖ = 2σm2 for
〈
x̂ i
〉
, and similarly Eq. (256) for

〈
x̂ i x̂ j

〉
.

The result (148) implies that if we measure the position
uncertainty along the direction of P , it is Lorentz-contracted
by the factor m/EP , compared to the measurement trans-
verse to P [16,17,26].

4.3 Uncertainty relation

Finally combining Eqs. (132) and (148), the uncertainty rela-
tion on the time slice �(0) becomes

√〈(
x̂i
)2
〉
− 〈

x̂i
〉2
√〈(

p̂i
)2
〉
− 〈

p̂i
〉2

= 1

2

√√√
√
(

1 − P2
i

E2
P

)(

1 + P2
i

m2

)

+ O
(

1

σ

)
, (149)

where i is not summed. In the non-relativistic limit, we see
that the terms of order P2/m2 cancel out:

√〈(
x̂i
)2
〉
− 〈

x̂i
〉2
√〈(

p̂i
)2
〉
− 〈

p̂i
〉2 = 1

2
+ O

((
P2
)2

m4

)

,

(150)

where i is not summed. The ordinary minimum uncertainty
for the Gaussian wave is recovered in the non-relativistic
limit.

When we measure along a direction n with |n| = 1 and
n · P = |P | cos θ ,

√〈(
x̂n
)2
〉
− 〈

x̂n
〉2
√〈(

p̂n
)2
〉
− 〈

p̂n
〉2

= 1

2

√√
√√
(

1 − |P |2 cos2 θ

E2
P

)(

1 + |P |2 cos2 θ

m2

)

+ O
(

1

σ

)
,

(151)

where we write An := n · A for any spatial vector A. We see
that the uncertainty is minimized to 1/2 when we measure
along the directions θ = 0, π/2, and π ; namely, when it is
either parallel or perpendicular to P .

4.4 Time–energy uncertainty

Before proceeding, we comment on the time uncertainty. The
Lorentz-invariant wave packet is not localized in time as dis-
cussed above, and therefore the expectation value of time
“x̂0” for this wave packet is ill-defined, just as the expectation
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value of position is ill-defined for a plane wave.23 However,
we can show that the energy uncertainty (133) is matched
with the uncertainty of the time at which this wave packet
passes through a certain point x. Suppose we are at x = X
and see the wave packet passing through it around the time
x0 ∼ X0. Then the probability density on each �(x0) along
the worldline x = X becomes

∣∣∣〈〈x |
√

2E p̂ |X, P〉〉
∣∣∣
2 �

(
σ
π

) d
2 EP

(σm)2d−1 e
− P2

σm2

(
x0−X0

)2

. (152)

From the exponent, we see that the timelike width-squared is

(�t)2 � σm2

2P2 . Comparing with the energy uncertainty (133),
we see that the time–energy uncertainty takes the minimum
value for the position–momentum one at the leading order:

�t �p0 � 1

2
. (153)

It would also be interesting to consider a wave-packet
scattering. Then what is localized in time is not each wave
packet but an overlap of the wave packets: This kind of time-
like width-squared of the overlap region is given as σt in
Ref. [4] and as ςin, ςout in Refs. [2,5] for the Gaussian wave
packets. This will be pursued in a separate publication.

5 Completeness of Lorentz-invariant basis

Let us discuss the completeness on L2
(
R
d
)
. We will prove the

following manifestly Lorentz-invariant completeness rela-
tion:

∫

�X

dd�μ
X

(2π)d

∫
dd P
2EP

〈〈 p | X, P〉〉
(

2i
∂

∂Xμ

)
〈〈X, P | q〉〉

= 〈〈 p | q〉〉 , (154)

where �X is an arbitrary spacelike hyperplane in the X space
and dd�μ

X is a d-volume element that is normal to �X . In
the language of differential forms, dd�Xμ = − �dXμ =
− 1

d!εμμ1···μd dXμ1 ∧ · · · ∧ dXμd ; see Eq. (38) and below;
see also Ref. [27] for discussion on Lorentz invariance of the
phase space volume. In other words,

∫

�X

dd�μ
X

(2π)d

∫
dd P
2EP

|X, P〉〉
(

2i
∂

∂Xμ

)
〈〈X, P | = 1̂, (155)

23 In the current on-shell formulation, the free one-particle Hilbert
space is spanned within a d-dimensional spatial hyperplane that is a
fixed-time surface in a certain Lorentz frame: On an arbitrary spa-
tial hyperplane �, integral of the probability density becomes unity,∫
�

d�μ 〈〈X, P | x〉〉 2i∂μ 〈〈x | X, P〉〉 = 1; see Eq. (38). It might be inter-
esting to develop an off-shell formulation spanned within the whole
enlarged D-dimensional spacetime and to discuss the uncertainty rela-
tion between time and energy more directly there.

where the right-hand side is the identity operator in the free
one-particle subspace. Now the Lorentz-friendly plane wave
is expanded as

| p〉〉 =
∫

�X

dd�μ
X

(2π)d

∫
dd P
2EP

|X, P〉〉
(

2i
∂

∂Xμ

)
〈〈X, P | p〉〉 .

(156)

The completeness (154) can be rewritten as

N 2
σ

∫

�X

−2qμdd�μ
X

(2π)d

∫
dd P
2EP

e−i p·(X+iσ P)eiq·(X−iσ P)

= 2E pδ
d( p − q) , (157)

The proof of Eq. (157) is as follows: Noting that the left-
hand side of Eq. (157) is manifestly Lorentz invariant (recall
Eq. (27)), we may choose � to be a constant X0-plane with-
out loss of generality:

N 2
σ

∫
2EqddX

(2π)d

dd P
2EP

ei(E p−Eq)X0
e−i( p−q)·Xeσ(p+q)·P

= 2E pδ
d( p − q) N 2

σ

∫
dd P
2EP

e2σ p·P

= 2E pδ
d( p − q) . (158)

We may rewrite the completeness relation (155) in a dif-
ferent fashion:

M2
σ

∫

�X

dd�μ
X

(2π)d

∫
dd P
2EP

(−2Pμ

) |X, P〉〉 〈〈X, P | = 1̂,

(159)

where

Mσ := 1

Nσ

√√√√
K d−1

2

(
2σm2

)

K d+1
2

(
2σm2

) =
K d−1

2

(
2σm2

)

(
σ
π

) d−1
4
√
K d+1

2

(
2σm2

) .

(160)

To show this, we may sandwich the two sides by 〈〈 p| and
|q〉〉, take the frame where �X becomes a constant-X0 plane,
and use Eq. (205).24

The completeness (155) on the one-particle subspace
L2
(
R
d
)

can be naturally generalized to that on the whole
Fock space H as follows. When we define ÂX,P by

Â†
X,P |0〉 := |X, P〉〉 , (161)

24 This computation is inspired by Ref. [6].
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with mass dimensions
[ÂX,P

] = [ |X, P〉〉] = 0, we obtain25

ÂX,P =
∫

dd p
2E p

〈〈X, P | p〉〉 α̂ p (162)

and

α̂ p =
∫

�

dd�μ

(2π)d

dd P
2EP

(
−2i

∂

∂Xμ
〈〈 p | X, P〉〉

)
ÂX,P .

(163)

Now we get

[
ÂX,P , Â†

X ′,P ′
]

=
∫

dd p
2E p

〈〈X, P | p〉〉

×
∫

dd p′

2E p′

〈〈
p′ ∣∣ X ′, P ′〉〉 [α̂ p , α̂

†
p′
]

=
∫

dd p
2E p

〈〈X, P | p〉〉 〈〈 p ∣∣ X ′, P ′〉〉 1̂

= 〈〈
X, P

∣∣ X ′, P ′〉〉 1̂. (164)

Putting Eq. (163) into the expansion (27), we obtain

φ̂(x) =
∫

dd p
2E p

[
〈〈x | p〉〉

∫

�

dd�μ

(2π)d

dd P
2EP

×
(

−2i
∂

∂Xμ
〈〈 p | X, P〉〉

)
ÂX,P + h.c.

]

=
[∫

�

dd�μ

(2π)d

dd P
2EP

(
−2i

∂

∂Xμ
〈〈x | X, P〉〉

)
ÂX,P + h.c.

]
.

(165)

Using d
dz

K d−1
2

(z)

z
d−1

2
= −

K d+1
2

(z)

z
d−1

2
, we may obtain the explicit

form of the above expansion coefficient:

∂

∂Xμ
〈〈x | X, P〉〉

= 1

(4πσ)
d−1

4

(
2σm2

) d−1
2

√
2πK d−1

2

(
2σm2

)
K d+1

2
(‖�‖)

‖�‖ d+1
2

× m (x − X − iσ P)μ , (166)

where ‖�‖ = m
√

(x − X − iσ P)2; see Eqs. (103) and
(105).

The branch cut for the square-root in the argument is along

(x − X) · P = 0, (x − X)2 − σ 2P2 < 0, (167)

25 To show it, we first expand as ÂX,P = ∫ dd p
2E p

f p(X, P) α̂ p. Putting

this into 〈〈 p| Â†
X,P |0〉 = 〈〈 p | X, P〉〉, we get f ∗

p (X, P) = 〈〈 p | X, P〉〉,
that is, f p(X, P) = 〈〈X, P | p〉〉.

that is,

(x − X) · P = 0, (x − X)2 + σ 2m2 <
(
x0 − X0

)2
.

(168)

In a coordinate system x ′ that is a rest frame for P , the cut is
along

x ′0 = X ′0,
(
x′ − X ′)2 + σ 2m2 < 0. (169)

This is never satisfied and hence we are never on the cut; see
also the last paragraph in Appendix B.1.

To cultivate some intuition, we show the case of �X being
a constant-X0 plane:

φ̂(x) = 2md
(

σ
π

) d−1
4

√
2πK d−1

2

(
2σm2

)

×
[∫

�X

ddX

(2π)d

dd P
2EP

K d+1
2

(‖�‖)
‖�‖ d+1

2

(σ EP

+i
(
x0 − X0

))
ÂX,P + h.c.

]
. (170)

6 Summary and discussion

We have proposed a Lorentz-invariant generalization of the
Gaussian wave packet. This Lorentz-invariant wave packet
has a more natural dependence on the central position X
and momentum P than the coherent state in the position–
momentum space: The dependence is holomorphic through
the variable X+iσ P if we further generalize it for a time-like
off-shell momentum P .

We have obtained the wave function for the Lorentz-
invariant wave packet in an closed analytic form, as well as
their inner products. The wave function is localized in space
but not in time, while its width becomes larger and larger as
the time is more and more apart from X0.

We have computed the expectation value and (co)variance
of momentum for this state in a closed analytic form, and
those of position in the saddle-point approximation. They
reduce to the minimum position–momentum uncertainty
of the corresponding Gaussian wave packet in the non-
relativistic limit. The time–energy uncertainty takes the same
minimum value at the leading order in the large width expan-
sion.

We have managed to obtain the completeness relation
for these Lorentz-invariant wave packets in a manifestly
Lorentz-invariant fashion. It would be interesting to use the
complete set of the Lorentz-invariant wave packets instead of
the Gaussian ones in the decay and scattering processes ana-
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lyzed so far. It would be worth applying to the wave packets
in neutrino physics too.
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Appendix A: More on coherent states

We define the displacement operator:

D̂(α) := e
α·â†−α∗·â

2|λ|2 . (171)

Note that D̂†(α) = D̂(−α). Using the Baker–Campbell–
Hausdorff formula,

eÂeB̂ = eÂ+B̂+ 1
2

[
Â , B̂

]
, (172)

for the case of
[
Â , B̂

]
being a (commuting) number, we can

show that D̂ is unitary, D̂ D̂† = D̂† D̂ = 1̂, and that

D̂(α) = e
− |α|2

4|λ|2 e
α·â†

2|λ|2 e
− α∗·â

2|λ|2

= e
|α|2
4|λ|2 e

− α∗·â
2|λ|2 e

α·â†

2|λ|2 , (173)

D̂(α) D̂(β) = e
α·β∗−α∗·β

4|λ|2 D̂(α + β) , (174)

where we have defined |α|2 := α∗ · α = ∑d
i=1 |αi |2. We

then get

〈α | β〉 = 〈ϕ| D̂(−α) D̂(β) |ϕ〉
= e

−α·β∗+α∗·β
4|λ|2 〈ϕ| D̂(−α + β) |ϕ〉

= e
−α·β∗+α∗·β

2 e− |α−β|2
2 = e

− |α|2+|β|2
4|λ|2 e

α∗·β
2|λ|2 . (175)

The ground state of the harmonic oscillator |ϕ〉 is given
by

â |ϕ〉 = 0. (176)

That is, |ϕ〉 = |α〉∣∣
α=0, namely

〈x | ϕ〉 = 1

(πσ)
d
4

e− x2
2σ , 〈ϕ | p〉 =

(π

σ

) d
4
e− σ

2 p2
. (177)

From the commutator

[
âi , D̂(α)

]
=

∞∑

n=0

1

n!

[

âi ,

(
α · â† − α · â

2 |λ|2
)n]

=
∞∑

n=1

1

n!n
α j
[
âi , â

†
j

]

2 |λ|2
(

α · â† − α · â
2 |λ|2

)n−1

= αi D̂(α) , (178)

we see that âi D̂(α) |ϕ〉 = αi D̂(α) |ϕ〉, namely,

|α〉 = D̂(α) |ϕ〉 (179)

and that the similarity transformation of the annihilation
operator results in its displacement:

D̂†(α) âD̂(α) = â + α. (180)

In this sense, |α〉 is the ground state of the harmonic oscillator
displaced by α.

Appendix B: Master integral

We encounter an integral of the form

I
(
�̌
)

=
∫

dd p
2E p

ep·�̌ (181)

where p is on-shell and �̌ is an arbitrary complex D-vector of
mass dimension −1. For a massive particle p2 = −m2 < 0,
it is more convenient to use the D-velocity u := p/m as an
integration variable. Hereafter, we always take u “on-shell”,
u2 = −1 and u0 = √

1 + u2, unless otherwise stated. Let us
define

I(�) :=
∫

ddu
2u0 e

u·� =
∫

dDu δ
(
u2 + 1

)
θ
(
u0
)
eu·�,

(182)
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where u is on-shell and off-shell for the first and second
integrals, respectively, and � is a dimensionless complex D-
vector. Trivially substituting � = m�̌, we get

I
(
�̌
)

= md−1I
(
m�̌

)
. (183)

So far we have not put any kind of on-shell condition on �,
and hence

∂ ‖�‖
∂�μ

= − �μ

‖�‖ , (184)

where ‖�‖ := √−�2 =
√(

�0
)2 − �2 as given in the main

text.
We write �� =: P and �� =: Q, which later will corre-

spond to some momentum and position, respectively:

� = P + iQ. (185)

Trivially, �2 = (P + iQ)2 = P2 + 2iP · Q − Q2.

B.1 Evaluation of master integral

We focus on the case of P being timelike, P2 = − (P0
)2 +

P2 < 0, and future-oriented, P0 > 0, so that there exists
a (proper orthochronous) Lorentz transformation  to the
“rest frame” P̃ = (P̃0, 0

)
with P̃0 = ‖P‖ > 0 such that

P = P̃ . For a given P , concrete form of  is, in matrix
notation,

 =
[
U 0 −U t

−U 1̂ + (
U 0 − 1

)
ÛÛ

t

]

, (186)

where U := P/ ‖P‖, Û := U/ |U |, 1̂ is the d-dimensional
unit matrix, and U 0 =

√
1 + U2; see e.g. Ref. [28]. We

write Q̃ := Q and �̃ := P̃ + iQ̃. Note that ˜P = 0 implies
˜� = i ˜Q. On the other hand, we leave Q to be an arbitrary
real D vector.

We change the integration variable to ũ := u. Using the
Lorentz invariance of the integration measure etc. as well as(
−1ũ

) · � = ũ · (�) = ũ · �̃, we get

I =
∫

dDũ δ
(
ũ2 + 1

)
θ
(
ũ0
)
eũ·�̃. (187)

Using ũ · �̃ = −ũ0�̃0 + ũ · ˜� = −ũ0�̃0 + i ũ · ˜Q and
renaming ũ by u, we get

I =
∫

ddu

2
√

1 + u2
e−√

1+u2�̃0+iu· ˜Q

= �d−1

∫ π

0

sind−2 θ dθ√
π�

( d−1
2

)
/�

( d
2

)

×
∫ ∞

0

ud−1du

2
√

1 + u2
e
−√

1+u2�̃0+iu
∣
∣
∣ ˜Q

∣
∣
∣ cos θ

, (188)

where �d−1 = 2π
d
2 /�

( d
2

)
is the area of a unit (d − 1)-

sphere (boundary of unit d-ball).
We follow Ref. [23] in the following. The angular integral

reads

∫ π

0
sind−2 θ dθ e

iu
∣
∣
∣ ˜Q

∣
∣
∣ cos θ

= √
π �

(
d − 1

2

)(
2

u
∣∣˜Q∣∣

) d−2
2

Jd−2
2

(
u
∣∣˜Q∣∣

)
, (189)

where J is the Bessel function of the first kind. (For d =
3, the right-hand side comes back to the familiar form

2 sin
(
u
∣∣˜Q∣∣

)
/u
∣∣˜Q∣∣.) Now

I = �d−1�
( d

2

)

2

(
2
∣
∣˜Q∣

∣

) d−2
2

×
∫ ∞

1

(
ε2 − 1

) d−2
2

dε Jd−2
2

(√
ε2 − 1

∣∣˜Q∣∣
)
e−ε�̃0

,

(190)

where ε := √
1 + u2 is a rescaled energy. We use the second

formula of Eq. (6.645) in Ref. [29]:

∫ ∞

1
dx
(
x2 − 1

) ν
2
e−αx Jν

(
β
√
x2 − 1

)

=
√

2

π
βν

(
α2 + β2

)− 2ν+1
4

K 2ν+1
2

(√
α2 + β2

)
, (191)

applicable for �α > 0. Setting α = �̃0, β =
∣∣∣˜Q

∣∣∣, and

ν = d−2
2 , we get

I(�) = (2π)
d−1

2

K d−1
2

(‖�‖)

‖�‖ d−1
2

, (192)

where we used

(
�̃0)2 + ˜Q2 = (P̃0)2 + 2iP̃0Q̃0 − (Q̃0)2 + ˜Q2

= −P̃2 − 2iP̃ · Q̃ + Q̃2

= −�̃2 = −�2 = ‖�‖2 . (193)

The limit ‖�‖ → ∞ is

I → (2π)
d−1

2

√
π

2

e−‖�‖

‖�‖ d
2

(
1 + O

(
1

‖�‖
))

, (194)
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whereas ‖�‖ → 0 gives

I → (2π)
d−1

2
2

d−3
2 �

( d−1
2

)

‖�‖d−1

(
1 + O(‖�‖))+ O(ln ‖�‖) .

(195)

Recall that we are assuming d ≥ 2.
Throughout this paper, we choose to place a branch-cut

for a square root, say
√
z, on the negative real axis of z-plane:

For −π < θ < π and r ≥ 0,

√
reiθ := √

reiθ/2. (196)

In particular we may use the following limit for y → 0 under
x > 0:

√−x − iy → −i sgn(y)
√
x
(

1 + i
y

2x
+ · · ·

)
. (197)

Then for Eq. (93), the condition on the argument to be on the
real axis is

0
!= �

(
−�2

)
= �

(
−�̃2

)
= 2P̃0Q̃0. (198)

As P̃0 > 0, we see that Q̃0 = 0 is it. However, the real part
of the argument on the real axis (Q̃0 = 0) is positive:

�
(
−�2

)
= �

(
−�̃2

)
=
(
P̃0
)2 + ˜Q2

> 0. (199)

To summarize, no ambiguity arises from the branch cut as
long as P is timelike: P2 < 0. More in general, we may
perform analytic continuation of the result (93) so long as
� (−�2

) ∝ P · Q �= 0 or � (−�2
) = Q2 − P2 > 0. On

the other hand, possible non-triviality arises when Q2 < P2

(< 0) in the limit P · Q → 0:

√
−�2 =

√
−P2 − 2iP · Q + Q2

→ −i sgn(P · Q)
√
P2 − Q2

(
1 + i

P · Q
P2 − Q2 + · · ·

)
. (200)

B.2 Derivative of master integral

We define

Iμ1...μn (�) := ∂n

∂�μ1 · · · ∂�μn

I(�) . (201)

We note that

Iμ1...μn (�) =
∫

ddu
2u0 e

u·�uμ1 · · · uμn

=
∫

dDu δ
(
u2 + 1

)
θ
(
u0
)
eu·�uμ1 · · · uμn ,

(202)

where u is on-shell and off-shell in the first and second inte-
grals, respectively. Using

dI
d ‖�‖ = − (2π)

d−1
2

K d+1
2

(‖�‖)
‖�‖ d−1

2

,

d2I
d ‖�‖2 = (2π)

d−1
2

[

−
K d+1

2
(‖�‖)

‖�‖ d+1
2

+
K d+3

2
(‖�‖)

‖�‖ d−1
2

]

(203)

and

∂ ‖�‖
∂�μ

= − �μ

‖�‖ ,
∂2 ‖�‖

∂�μ∂�ν

= − 1

‖�‖
(

ημν − �μ�ν

�2

)
,

(204)

we obtain

Iμ = ∂I
∂�μ

= (2π)
d−1

2

K d+1
2

(‖�‖)
‖�‖ d+1

2

�μ, (205)

Iμν = ∂2I
∂�μ∂�ν

= ∂2 ‖�‖
∂�μ∂�ν

dI
d ‖�‖

+ ∂ ‖�‖
∂�μ

∂ ‖�‖
∂�ν

d2I
d ‖�‖2

= (2π)
d−1

2

[

ημν
K d+1

2
(‖�‖)

‖�‖ d+1
2

− �μ�ν

�2

K d+3
2

(‖�‖)
‖�‖ d−1

2

]

.

(206)

By construction, we have the identity

ημνIμν = −I, (207)

namely,

(d + 1)
K d+1

2
(‖�‖)

‖�‖ − K d+3
2

(‖�‖) = −K d−1
2

(‖�‖) ,

(208)

which is exactly the identity that the modified Bessel function
satisfies.

B.3 Integral of master integral

For later convenience, we define

Iν1···ν�

(n) (�) :=
∫

ddu
2u0 e

u·� uν1 · · · uν�

(
u0
)n (209)

for an arbitrary complex D-vector � that is not necessarily
on-shell, while u as always is: u0 = √

1 + u2. This integral
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is Lorentz-covariant when and only when n = 0. Note that
Iν1···ν�

(0) (�) = Iν1···ν�(�) and I(0)(�) = I(�).26 We note
that

Iν1···ν�

(n) (�) = ∂�

∂�ν1 · · · ∂�ν�

I(n)(�) , (210)

where indices are not summed.27

B.3.1 Saddle-point method

We compute I(n)(�) in the large ‖�‖ expansion. Concretely,
we compute the following integral using the saddle-point
method in the limit λ � 1:

I(n)(λ�) =
∫

ddu
2u0 e

λu·� 1
(
u0
)n =

∫
ddu

2
eF , (211)

where

F := λu · � − (n + 1) ln u0. (212)

Note that � is “off-shell” in the sense that �0 is treated as an
independent variable. For reference, we list the derivatives
of exponent before setting to the saddle point:

∂F

∂ui
= λ

(
�i − ui

u0 �0
)

− (n + 1)
ui

(
u0
)2 , (213)

∂2F

∂ui∂u j
= −δi j

(

λ
�0

u0 + n + 1
(
u0
)2

)

+ ui u j

(

λ
�0

(
u0
)3 + 2

n + 1
(
u0
)4

)

,

(214)

∂3F

∂ui∂u j∂uk
= (

δi j uk + δ jkui + δki u j
)
(

λ�0

(
u0
)3 + 2 (n + 1)

(
u0
)4

)

− ui u j uk

(
3λ�0

(
u0
)5

+ 8 (n + 1)
(
u0
)6

)

, (215)

∂4F

∂ui∂u j∂uk∂u�
= (

δi j δk� + δ jkδi� + δki δ j�
)
(

λ�0

(
u0
)3 + 2 (n + 1)

(
u0
)4

)

− (
δi j uku� + δ jkui u� + δki u j u� + δi�u j uk + δ j�ui uk + δk�ui u j

)

×
(

3λ�0

(
u0
)5

+ 8 (n + 1)
(
u0
)6

)

+ ui u j uku�

(
15λ�0

(
u0
)7 + 48 (n + 1)

(
u0
)8

)

, (216)

and the eigenvalues of the Hessian (214) are (d − 1)-
fold degenerate −λ�0

u0 − n+1

(u0)
2 and a single − λ�0

(u0)
3 +

(n + 1)

(
1

(u0)
2 − 2

(u0)
4

)
.

26 Comparing with the previous notation,
〈
p̂μ1 · · · p̂μn

〉 =
mnIμ1···μn (2σmP) /I(2σmP).
27 There also exists the relation ∂k

∂�0
k Iν1···ν�

(n) (�) = Iν1···ν�

(n−k) (�).

To obtain the saddle point, we solve

∂F

∂ui
= λ

(
�i − ui

u0 �0
)

− (n + 1)
ui

(
u0
)2

!= 0. (217)

We put an ansatz

ui∗ = �i
∞∑

n=0

Cn

λn
(218)

to get the solution

C0 = 1

‖�‖ , C1 = −n + 1

‖�‖2 ,

C2 = (n + 1)2

2 ‖�‖3

(

1 + ‖�‖2

(
�0
)2

)

, C3 = − (n + 1)3

(
�0
)4 , (219)

etc.28 Then, at the saddle point,

eF∗ = e−λ‖�‖
(‖�‖

�0

)n+1
(

1 + (n + 1)2

2λ ‖�‖
�2

(
�0
)2 + · · ·

)

.

(220)

Around the saddle point, we expand the integrand for large
λ:

eF = eF∗+ 1
2 �ui Mi j�u j

[
1 + 1

3!
∂3F∗

∂ui∂u j∂uk
�ui�u j�uk

+ 1

4!
∂4F∗

∂ui∂u j∂uk∂u�
�ui�u j�uk�u�

+ 1

2 3!3!
(

∂3F∗
∂ui∂u j∂uk

�ui�u j�uk

)2

+ · · ·
]
, (221)

where we have shifted the variables as �u := u − u∗ and
have neglected terms of order 1/λ2, with �u being counted
as 1/

√
λ. The derivatives at the saddle point are

∂2F

∂ui∂u j

∣
∣∣
∣∗

= −λ ‖�‖
(

δi j − �i� j
(
�0

)2

)

− (n + 1)

(

δi j − �2

(
�0

)2

�i� j
(
�0

)2

)

+ · · ·

= −λ ‖�‖ δi j

(
1 + n + 1

λ ‖�‖ + · · ·
)

28 Without large λ expansion, we may directly put ui = C�i :

λ

(

1 − C
�0

√
1 + C2�2

)

− (n + 1)
C

1 + C2�2 = 0.

We may write down analytic solutions for C explicitly, but we show the
results for large λ since the analytic one is too lengthy.
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+ λ ‖�‖ �i� j
(
�0

)2

(

1 + n + 1

λ ‖�‖
�2

(
�0

)2 + · · ·
)

, (222)

∂3F

∂ui∂u j∂uk

∣∣
∣∣∗

= (
δi j�k + δ jk�i + δki� j

)
(

λ
‖�‖2

(
�0

)2 + · · ·
)

+ �i� j�k

(

−3λ
‖�‖2

(
�0

)4 + · · ·
)

, (223)

∂4F

∂ui∂u j∂uk∂u�

∣∣
∣∣∗

= (
δi j δk� + δ jkδi� + δkiδ j�

)
(

λ ‖�‖3

(
�0

)2 + · · ·
)

− (
δi j�k�� + δ jk�i�� + δki� j��

+δi�� j�k + δ j��i�k + δk��i� j
)

(
3λ ‖�‖3

(
�0

)4 + · · ·
)

+ �i� j�k��

(
15λ ‖�‖3

(
�0

)6 + · · ·
)

.

(224)

Let M be the Hessian at the saddle point:

Mi j := ∂2F

∂ui∂u j

∣∣∣∣∗
. (225)

We write the eigenvectors and eigenvalues of M as

MV (n) = −λ(n)V (n), (226)

in which n is not summed. Then we may diagonalize M as

RtMR = M̃ (227)

where

M̃ :=
⎡

⎢
⎣

−λ(1)

. . .

−λ(d)

⎤

⎥
⎦ , R := [

V (1) · · · V (d)
]
. (228)

Here, R is a complex orthogonal matrix RtR = 1.
Now we may change the variables as

1

2
�ui Mi j�u j = 1

2
�̃ui M̃i j �̃u j = −λ(n)

2
�̃u

2
n, (229)

with

�ui = Ri j �̃u j . (230)

Then we obtain

1

3!
∂3F∗

∂ui∂u j∂uk
�ui�u j�uk

= 1

3!
∂̃4F∗

∂ui∂u j∂uk
�̃ui �̃u j �̃uk, (231)

1

4!
∂4F∗

∂ui∂u j∂uk∂u�
�ui�u j�uk�u�

= 1

4!
∂̃4F∗

∂ui∂u j∂uk∂u�
�̃ui �̃u j �̃uk�̃u�, (232)

where

∂̃3F∗
∂ui∂u j∂uk

= (
δi j �̃k + δ jk�̃i + δki �̃ j

)

×
(

λ
‖�‖2

(
�0
)2 + · · ·

)

+ �̃i �̃ j �̃k

×
(

−3λ
‖�‖2

(
�0
)4 + · · ·

)

, (233)

∂̃4F∗
∂ui∂u j∂uk∂u�

= (
δi jδk� + δ jkδi� + δkiδ j�

)

×
(

λ ‖�‖3

(
�0
)2 + · · ·

)

− (
δi j �̃k�̃� + δ jk�̃i �̃�

+δki �̃ j �̃� + δi��̃ j �̃k

+δ j��̃i �̃k + δk��̃i �̃ j
)

×
(

3λ ‖�‖3

(
�0
)4 + · · ·

)

+ �̃i �̃ j �̃k�̃�

(
15λ ‖�‖3

(
�0
)6 + · · ·

)

,

(234)

Because our Hessian takes the form

Mi j = Aδi j + B�i� j , (235)

with

A = −λ ‖�‖
(

1 + n + 1

λ ‖�‖ + · · ·
)

,

B = λ
‖�‖
(
�0
)2

(

1 + n + 1

λ ‖�‖
�2

(
�0
)2 + · · ·

)

, (236)

we obtain

Mkl Rki Rl j = Aδi j + B�̃i �̃ j , (237)

where �̃i := � j R ji , that is, �i = Ri j �̃ j . In particular,

�̃k =
{

0 (k �= d),√
�2 (k = d).

(238)

Then we get

∂̃3F∗
∂ui∂u j∂uk

�̃ui �̃u j �̃uk
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= 3
(
�̃u2

⊥ + �̃u
2
‖
)

�̃u‖
√

�2

(

λ
‖�‖2

(
�0
)2 + · · ·

)

+ �̃u
3
‖
(
�2

) 3
2

(

−3λ
‖�‖2

(
�0
)4 + · · ·

)

, (239)

∂̃4F∗
∂ui∂u j∂uk∂u�

�̃ui �̃u j �̃uk�̃u�

= 3
(
�̃u2

⊥ + �̃u
2
‖
)2
(

λ ‖�‖3

(
�0
)2 + · · ·

)

− 6
(
�̃u2

⊥ + �̃u
2
‖
)

�̃u
2
‖�2

(
3λ ‖�‖3

(
�0
)4 + · · ·

)

+ �̃u
4
‖
(
�2

)2
(

15λ ‖�‖3

(
�0
)6 + · · ·

)

, (240)

where we have decomposed �̃u = �̃u⊥ + �̃u‖ with

�̃u⊥ :=

⎡

⎢
⎢⎢
⎣

�̃u1
...

�̃ud−1

0

⎤

⎥
⎥⎥
⎦

, �̃u‖ :=

⎡

⎢
⎢⎢
⎣

0
...

0
�̃u‖

⎤

⎥
⎥⎥
⎦

, (241)

and used

�̃u2 = �̃u2
⊥ + �̃u

2
‖, �̃u · �̃ = �̃u‖

√
�2. (242)

For later convenience, we define

I (a, b) :=
∫

dd�̃u e− 1
2 λl �̃ul

2 (
�̃u2

⊥
)a (

�̃u
2
‖
)b

. (243)

The result is

I (2, 0) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
d2 − 1

λ2⊥
,

I (2, 1) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
d2 − 1

λ2⊥

1

λ‖
, (244)

I (1, 1) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
d − 1

λ⊥λ‖
,

I (1, 2) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
d − 1

λ⊥
3

λ2‖
, (245)

I (0, 2) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
3

λ2‖
,

I (0, 3) =
(

2π

λ⊥

) d−1
2

√
2π

λ‖
15

λ3‖
, (246)

where we have used, say,

I (2, 0) =
∫ (

d−1∏

i=1

dxi

)

dy e
− 1

2

(
λ⊥

∑
j x

2
j+λ‖y2

)

×
⎛

⎝
d−1∑

k=1

x4
k +

∑

k �=�

x2
k x

2
�

⎞

⎠ , (247)

as well as the one-dimensional integrals:
∫

dx e− λ
2 x

2
x2 =√

2π

λ3/2 ,
∫

dx e− λ
2 x

2
x4 = 3

√
2π

λ5/2 , and
∫

dx e− λ
2 x

2
x6 = 15

√
2π

λ7/2 .
In the expansion (221), the cubic and quintic integrals

vanish, while the quartic and hexic ones become

∫
dd�̃u e− 1

2 λl �̃ul
2 ∂̃4F∗
∂ui∂u j∂uk∂u�

�̃ui �̃u j �̃uk�̃u�

= 3λ ‖�‖3

(
�0

)2 (I (2, 0) + 2I (1, 1) + I (0, 2)

− 6�2

(
�0

)2

(
I (1, 1) + I (0, 2)

)+ 5
(
�2)2

(
�0

)4 I (0, 2)

)

+ · · ·

=
(

2π

λ⊥

) d−1
2

√
2π

λ‖
3λ ‖�‖3

(
�0

)2

[(
d2 − 1

λ2⊥
+ 2 (d − 1)

λ⊥λ‖
+ 3

λ2‖

)

− 6�2

(
�0

)2

(
d − 1

λ⊥λ‖
+ 3

λ2‖

)

+
(
�2)2

(
�0

)4

15

λ2‖
+ · · ·

]
, (248)

∫
dd�̃u e− 1

2 λl �̃ul
2

⎛

⎝ ∂̃3F∗
∂ui∂u j∂uk

�̃ui �̃u j �̃uk

⎞

⎠

2

= 9�2λ2 ‖�‖4

(
�0

)4

(
I (2, 1)

+ 2
‖�‖2

(
�0

)2 I (1, 2) + ‖�‖4

(
�0

)4 I (0, 3)

)
+ · · ·

= 9�2λ2
(

2π

λ⊥

) d−1
2

√
2π

λ‖
‖�‖4

(
�0

)4

(
d2 − 1

λ2⊥λ‖

+ 2
‖�‖2

(
�0

)2

3 (d − 1)

λ⊥λ2‖
+ ‖�‖4

(
�0

)4

15

λ3‖

)
+ · · · . (249)

As said above, ∂̃6F∗
∂ui ∂u j ∂uk∂ul∂um∂un

�̃ui �̃u j �̃uk�̃ul�̃um�̃un
isO(λ−2

)
and does not contribute to the order of our interest.

Concretely, the eigenvalues of M are (d − 1)-fold degen-
erate −λ⊥ and a single −λ‖, where

λ⊥ := λ ‖�‖
[

1 + n + 1

λ ‖�‖ + · · ·
]

for λ(n) with n = 1, . . . , d − 1, (250)

λ‖ := λ
‖�‖3

(
�0
)2

[

1 + n + 1

λ ‖�‖

(

1 + �2

(
�0
)2

)

+ · · ·
]

for λ(n) with n = d. (251)
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Keeping the lowest order terms for large λ in Eq. (248), we
get

∫
dd�̃u e− 1

2 λl �̃ul
2 ∂̃4F∗
∂ui∂u j∂uk∂u�

�̃ui �̃u j �̃uk�̃u�

=
(

2π

λ ‖�‖
) d

2 3�0

λ
(d + 2)

(
d + 4
(
�0
)2 − 4

‖�‖2

)

+ · · · ,

(252)

∫
dd�̃u e− 1

2 λl �̃ul
2

⎛

⎝ ∂̃3F∗
∂ui∂u j∂uk

�̃ui �̃u j �̃uk

⎞

⎠

2

=
(

2π

λ ‖�‖
) d

2

9(d + 2)(d + 4)
�2

‖�‖2

1

λ�0 + · · · .

(253)

To summarize,

I(n) = 1

2

(
2π

λ ‖�‖
) d

2

e−λ‖�‖
(‖�‖

�0

)n

×
[

1 + 1

λ ‖�‖
(
d (d − 2)

8

+n

2

(

−d + (n + 1)
�2

(
�0
)2

))

+ · · ·
]

, (254)

and hence

1

I(0)

∂I(n)

λ∂�i

= �i

‖�‖
(‖�‖

�0

)n [
1 + 1

2λ ‖�‖
(
d − n (d + 2)

+n (n + 1)
�2

(
�0
)2

)
+ O

(
1

λ2

)]

, (255)

1

I(0)

∂2I(n)

λ2∂�i∂� j

=
(‖�‖

�0

)n [�i� j

‖�‖2 + 1

λ ‖�‖
×
{
δi j + �i� j

‖�‖2

[
d + 1

−n

2

(

d + 4 − (n + 1)
�2

(
�0
)2

)]}

+ O
(

1

λ2

)]
, (256)

where we used

∂ ‖�‖
∂�i

= ∂

√(
�0
)2 − �2

∂�i
= − �i

‖�‖ . (257)

B.3.2 Non-relativistic expansion without using saddle-point
method

Instead of using the saddle-point method, we may obtain
the integral (209) by the non-relativistic expansion, which
provides a non-trivial consistency check.

In the non-relativistic limit ��0 � |��| ≥ 0, the dom-
inant contribution to the integral would be from the non-
relativistic velocity |u| � 1:

I(n)(�) =
∫

ddu
2u0 e

u·� 1
(
u0
)n

=
∫

ddu
2u0 e

u·�
(

1 − n

2
u2 + n (n + 2)

8

(
u2)2 + · · ·

)

= I(‖�‖) − n

2

∂2

∂�i∂�i
I(‖�‖)

+ n (n + 2)

8

∂4

∂�i∂�i∂� j∂� j
I(‖�‖) + · · ·

= (2π)
d−1

2

K d−1
2

(‖�‖)
‖�‖ d−1

2

[

1 − n

2

(
d K d+1

2
(‖�‖)

‖�‖ K d−1
2

(‖�‖)

+
�2K d+3

2
(‖�‖)

‖�‖2 K d−1
2

(‖�‖)

)

+ · · ·
]

, (258)

where we used

∂ ‖�‖
∂�i

= − �i

‖�‖ ,
∂2 ‖�‖
∂�i∂� j

= − δi j

‖�‖ − �i� j

‖�‖3 . (259)

In the above, the �0 are written in terms of ‖�‖ and �.
Now we show results in the non-relativistic expansion with

large ‖�‖, leaving the overall function that cancels out in
1

I(0)

∂I(n)

∂�i , etc.:

I(n) = (2π)
d−1

2

K d−1
2

(‖�‖)
‖�‖ d−1

2

×
(

1 − dn

2 ‖�‖ + · · ·
)

, (260)

∂I(n)

∂�i
= (2π)

d−1
2

K d−1
2

(‖�‖)
‖�‖ d−1

2

�i

‖�‖

×
(

1 + d − n (d + 2)

2 ‖�‖ + · · ·
)

, (261)

∂2I(n)

∂�i∂� j
= (2π)

d−1
2

K d−1
2

(‖�‖)
‖�‖ d−1

2

1

‖�‖
[
δi j

+ 1

‖�‖
(
d − n (d + 2)

2
δi j + �i� j

)
+ · · ·

]
.

(262)
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As a cross check, we put � = λ� and take the saddle-
point limit for large λ:

1

I(0)

∂I(n)

λ∂�i

= �i

‖�‖
[

1 + d − n (d + 2)

2λ ‖�‖ + O
(

1

λ2

)]
, (263)

1

I(0)

∂2I(n)

λ2∂�i∂� j

= �i� j

‖�‖2 + 1

λ ‖�‖
(

δi j + �i� j

‖�‖2

(
d + 1 − n

2
(d + 4)

))

+ O
(

1

λ2

)
. (264)

We can confirm that these results coincide with the saddle-
point ones (255) and (256) if we take the NR limit ‖�‖

�0 → 1

and �2

(�0)
2 → 0 there.

References

1. S. Weinberg, The Quantum Theory of Fields. Vol. 1: Foundations
(Cambridge University Press, Cambridge, 2005)

2. K. Ishikawa, K. Nishiwaki, K.-y. Oda, New effect in wave-packet
scatterings of quantum fields: saddle points, Lefschetz thimbles,
and Stokes phenomenon. arXiv:2102.12032

3. K. Ishikawa, T. Shimomura, Generalized S-matrix in mixed
representations. Prog. Theor. Phys. 114, 1201–1234 (2006).
arXiv:hep-ph/0508303

4. K. Ishikawa, K.-Y. Oda, Particle decay in Gaussian wave-
packet formalism revisited. PTEP 2018(12), 123B01 (2018).
arXiv:1809.04285

5. K. Ishikawa, K. Nishiwaki, K.-y. Oda, Scalar scattering amplitude
in Gaussian wave-packet formalism. arXiv:2006.14159

6. G. Kaiser, Phase space approach to relativistic quantum mechan-
ics. 1. Coherent state representation for massive scalar particles. J.
Math. Phys. 18, 952–959 (1977)

7. G.R. Kaiser, Phase space approach to relativistic quantum mechan-
ics. 2. Geometrical aspects. J. Math. Phys. 19, 502–507 (1978)

8. S.T. Ali, Stochastic localization, quantum mechanics on phase
space and quantum space-time. Riv. Nuovo Cim. 8N11, 1–128
(1985)

9. A. Mostafazadeh, F. Zamani, Quantum mechanics of Klein–
Gordon fields. II. Relativistic coherent states. Ann. Phys. 321,
2210–2241 (2006). arXiv:quant-ph/0602161
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