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Abstract In five dimensions we consider a general shift
symmetric and parity preserving scalar tensor action that con-
tains up to second order covariant derivatives of the scalar
field. A rotating stealth black hole solution is constructed
where the metric is given by the Myers–Perry spacetime
with equal momenta and the scalar field is identified with the
Hamilton–Jacobi potential. This nontrivial scalar field has an
extra hair associated with the rest mass of the test particle, and
the solution does not require any fine tuning of the coupling
functions of the theory. Interestingly enough, we show that
the disformal transformation, generated by this scalar field,
and with a constant degree of disformality, leaves invariant
(up to diffeomorphisms) the Myers–Perry metric with equal
momenta. This means that the hair of the scalar field, along
with the constant disformality parameter, can be consistently
absorbed into further redefinitions of the mass and of the sin-
gle angular parameter of the disformed metric. These results
are extended in higher odd dimensions with a Myers–Perry
metric for which all the momenta are equal. The key of the
invariance under disformal transformation of the metric is
mainly the cohomogeneity−1 character of the Myers–Perry
metric with equal momenta. Starting from this observation,
we consider a general class of cohomogeneity−1 metrics in
arbitrary dimension, and we list the conditions ensuring that
this class of metrics remain invariant (up to diffeomorphisms)
under a disformal transformation with a constant degree of
disformality and with a scalar field with constant kinetic term.
The extension to the Kerr+-de Sitter case is also considered
where it is shown that rotating stealth solutions may exist
provided some fine tuning of the coupling functions of the
scalar tensor theory.

a e-mail: olaf.baake@inst-mat.utalca.cl (corresponding author)
b e-mail: hassaine@inst-mat.utalca.cl

1 Introduction

Even though the detection of gravitational waves [1] has
raised Einstein’s four-dimensional General Relativity (GR)
to an exceptional position, this should not slow down our
desire of exploring the theories of gravity in higher dimen-
sions, as well as to study its black hole solutions. The inter-
ests in these studies are numerous and diverse. For example
one can mention the gauge/gravity duality [2] which allows
to relate the properties of black holes in some dimension
to the properties of strongly coupled quantum field theories
defined in some lower dimension. For example, by applying
the AdS/CFT machinery with a five-dimensional AdS black
hole, the authors of Ref. [3] were able to show that the ratio
of the shear viscosity and the volume density of entropy was
close to a certain universal constant, which was further con-
firmed at the Relativistic Heavy Ion Collider. From a different
point of view, it is undeniable that, using a purely mathemat-
ical approach, the study of higher-dimensional black holes
has required the development of new mathematical tools with
significant benefit for the scientific community. For a nice
review on higher-dimensional black holes see Ref. [4]. In
the same spirit we deem it important to accompany the stud-
ies of higher-dimensional black holes with modifying GR in
order to explore new promising theoretical possibilities in the
realm of gravity. From this angle, scalar tensor theories have
attracted a great deal of attention over the past two decades.
These theories can be considered as one of the simplest mod-
ifications to the theory of gravity, since one only needs to
introduce a single scalar field in addition to the metric. One
of the pioneering works in this context was provided by Horn-
deski in the seventies where he presented the most general
scalar-tensor theory with second order equations of motion
in four dimensions [5]. This requirement of not having more
than two derivatives is a sufficient condition that prevents the
theory to have a Hamiltonian that is unbounded from below.
More recently, it was shown that this virtue of the Horndeski
theories can also be extended to scalar tensor theories which
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have higher than second order equations of motion. These
latter are now known as the Degenerate Higher Order Scalar
Tensor Theories (DHOST theories) [6–11]. Many interesting
solutions have been found concerning these DHOST theo-
ries, see e.g. [12–23]. While the above-mentioned relevant
features are inherent in the four-dimensional DHOST theo-
ries, we find it interesting to also consider the extension of
general scalar tensor theories in higher dimensions in order
to explore, among other things, their possible rotating black
hole solutions.

This is precisely the aim of the present paper where we
will be investigating the possibility of constructing rotating
black hole solutions in these modified gravity theories. As is
known, this task is highly non-trivial, especially for scalar-
tensor theories, where in general the complexity and the high
degree of non-linearity of the field equations almost make
it impossible to find spinning solutions. Starting from this
observation, we will approach the problem from a very par-
ticular perspective, which can be summarized as follows.
We will start by fixing the metric background to be a vac-
uum rotating black hole spacetime, and we will investigate
whether this spacetime can be endowed with a non-trivial
scalar field such that the full equations of motion are satisfied.
Such solutions may be identified with the so-called stealth
solutions, see Refs. [24,25] for the original works on stealth
configurations. In the present case, we will show that the
vacuum Myers–Perry metric [26] in higher odd dimensions,
with equal angular momenta, can accommodate a non-trivial
scalar field in such a way that the resulting scalar tensor con-
figuration will satisfy the complete field equations of some
general scalar tensor theories containing, in particular, the
DHOST branch, and also including the sector with unitary
speed of gravitational waves. Regarding the scalar field solu-
tion, we will see that its expression merges with that of the
Hamilton–Jacobi action [27] in which the azimuthal con-
served quantities are zero, and the energy is equal to the test
particle mass. More precisely, the scalar field is shown to
be linearly time-dependent with a radial dependence in such
way that its kinetic term is a constant given by minus the
square of the test particle mass. These conditions are similar
to those found for the disformed Kerr metric in [19,28,29],
where it was shown that the restriction on the energy ensures
the scalar hair to be well defined from the event horizon up
to asymptotic infinity, while the vanishing of the azimuthal
conserved quantities guarantees the regularity at the poles.
Note that such an ansatz for the scalar field has been proven to
be fruitful for finding solutions of Horndeski/DHOST scalar
tensor theories, see Ref. [30] and also [31–33].

Following Refs. [28,29], we will make use of the stealth
scalar field solution for constructing disformal versions of the
metric solution. Surprisingly, we will establish that the odd-
dimensional Myers–Perry spacetimes with equal momenta
remain invariant (up to diffeomorphisms and redefinitions

of the constants) under a disformal transformation gener-
ated by the stealth scalar field with a constant degree of dis-
formality. This result is in itself intriguing since the disfor-
mal transformations are supposed to map solutions of some
classes of scalar tensor theories to other (different) classes,
and the resulting disformed metrics are in general quite dif-
ferent from the original ones, [17,18,34]. To illustrate this
assertion, we mention the works of Refs. [28,29] where a
disformal version of the Kerr spacetime with a regular scalar
field was constructed, and where the disformed Kerr metric
turned out to be neither Ricci flat nor circular [28]. Note that
disformal transformations in the case of static metrics were
previously considered in [35].

It is clear that the possibility of constructing rotating
stealth black hole configurations, and that the correspond-
ing scalar field leaving the metric invariant under a con-
stant disformal transformation, are highly correlated with
the particular symmetries of the metric. Indeed, it is well-
known that the Myers–Perry line element in D dimensions
can be shown to have an isometry group identified with
R × U (1)n where R corresponds to time translations and
n = [(D − 1)/2]. Nevertheless, this symmetry group in odd
dimension, D = 2N +3, with all its angular momenta equal,
ai = a, is extended to a bigger symmetry group given by
R × U (N + 1). As a direct consequence of this symme-
try enhancement, the odd-dimensional Myers–Perry space-
time with equal momenta is cohomogeneity−1, which is to
say that it only non-trivially depends on a single coordinate.
We may note that the cohomogeneity−1 character of the
Myers–Perry metrics has been proven to be of great impor-
tance in order to study the stability of theses particular odd-
dimensional Myers–Perry spacetimes, see [36], where it was
concluded that there was no evidence of instability in five
and seven dimensions in contrast with the nine-dimensional
case where an instability was found. In the present work, one
can claim with sincerity that the cohomogeneity−1 property
of the Myers–Perry metrics with equal angular momenta is
clearly responsible for its disformal invariance. We will go
further in this direction by considering a general class of
cohomogeneity−1 metrics in arbitrary dimension, and by
establishing a list of conditions for the metric, ensuring its
invariance (up to diffeomorphisms) under a disformal trans-
formation with a constant degree of disformality, and with a
scalar field whose kinetic term is constant.

The extension to the Kerr-de Sitter case is also considered
where it is shown that rotating stealth solutions may exist
provided some fine tuning of the coupling functions of the
scalar tensor theory.

The plan of the paper is organized as follows. In Sect. 2, we
will introduce the scalar tensor theories under consideration
and present their field equations in the particular case where
the scalar field is taken to have a constant kinetic term. We
will establish that for a vacuum black hole metric the com-
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plete set of field equations can be satisfied, provided that the
scalar field solves a unique constraint equation which, as we
will see, can be solved in odd dimensions. In Sect. 3, we
will start by considering the five-dimensional case where the
rotating stealth black hole will be constructed on the Myers–
Perry spacetime with equal angular momenta. We will also
see that the scalar field leaves the metric invariant under a
constant disformal transformation. These results will then
be generalized in higher odd dimensions where the Myers–
Perry spacetime with equal momenta is cohomogeneity−1.
In Sect. 4, starting from this observation, we consider a gen-
eral class of cohomogeneity−1 metrics in arbitrary dimen-
sion, and we list the conditions ensuring this class of metrics
to remain invariant (up to diffeomorphisms) under a constant
disformal transformation. The last section is concerned with
our conclusions while an Appendix is devoted to extend our
results in presence of a cosmological constant.

2 Set up of the theory

In the present work, we will be concerned with the following
shift symmetric, and parity preserving scalar tensor action
that contains up to second order covariant derivatives of the
scalar field

S[g, φ] =
∫

dDx
√−g

[
G(X)R + A1(X)

×
[
φμνφ

μν − (�φ)2
]

+ A3(X)�φ φμφμνφ
ν

+A4(X)φμφμνφ
νρφρ + A5(X)

(
φμφμνφ

ν
)2

]
,

(2.1)

Here the coupling functions G, A1, A3, A4 and A5 are func-
tions of the kinetic term, X = gμνφμφν , in order to ensure
the shift symmetry φ → φ+cst. Also, for simplicity we have
defined φμ = ∇μφ and φμν = ∇μ∇νφ. As mentioned in the
introduction, the action (2.1) can propagate healthy degrees
of freedom in four dimensions, provided the functions A4

and A5 are constrained by

A4 = 1

8(G − X A1)2

{
4G

[
3(−A1 + 2G′)2 − 2A3G

]

−A3X
2(16A1G

′ + A3G)

+4X
[
3A1A3G+16A2

1G
′−16A1(G′)2−4A3

1+2A3GG′]} ,

A5 = 1

8(G − X A1)2 (2A1 − X A3 − 4G′)

× (
A1(2A1 + 3X A3 − 4G′) − 4A3G

)
,

but for our specific task, we will not a priori consider such
restrictions on the coupling functions.

Neither will we write down the equations of motion in
all of their generality, but instead restrict their expressions
in the case of a constant kinetic term X = cst. In doing so,

the equations arising from the variation of the general scalar
tensor field action (2.1) with respect to the metric reduce to

G(X)Gμν + G ′(X)Rφμφν

−1

2
A3(X)

[
(�φ)2 − (φαβ)(φαβ)

]
φμφν

+1

2
A3(X)

[
Rαβφαφβ

]
φμφν

+A1(X)

[
− Rνλφμφλ − Rμλφνφ

λ

−1

2
gμν

[
(�φ)2 − (φαβ)(φαβ)

]

+gμν

[
Rλρφλφρ

]
+ φμν�φ + φλφλμν

]

−A′
1(X)

[
(�φ)2 − (φαβ)(φαβ)

]
φμφν = 0, (2.2)

while its variation with respect to the scalar field is a con-
served current equation given by ∇μ Jμ = 0, with

Jμ = 2

(
G ′(X)R −

[
A′

1(X) + 1

2
A3(X)

]

×
[
(�φ)2 − (φαβ)(φαβ)

]

+1

2
A3(X)

[
Rαβφαφβ

])
φμ

−2A1(X)Rμνφν. (2.3)

Note that this conservation equation is a direct conse-
quence of the shift symmetry of the action.

Further, it is remarkable to note that for any any vacuum
metric solution Rμν = 0, the field equations (2.2–2.3) will be
automatically fulfilled, provided that the scalar field satisfies
(in addition of having a constant kinetic term) the following
two conditions

(�φ)2 − (
φμν

) (
φμν

) = 0, (2.4a)

φμν �φ + φλφλμν = 0, (2.4b)

and this without imposing any restrictions on the coupling
functions, G(X), A1(X), A3(X), A4(X) and A5(X). On the
other hand, since the kinetic term of the scalar field is con-
stant, φμφμ = cst, it is easy to see that the trace of the second
equation (2.4b) yields the first condition (2.4a). As a direct
consequence, for a vacuum metric it will be sufficient for the
scalar field to have a constant kinetic term and to satisfy the
following tensorial equation

φμν �φ + φλφλμν = 0, (2.5)

to ensure the field equations (2.2–2.3) to be satisfied for any
coupling functions. This observation will be our guiding prin-
ciple in order to construct stealth rotating black hole solutions
of the general scalar tensor theory defined by (2.1). In pres-
ence of matter sources, conditions ensuring the construction
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of solutions in general quadratic higher order scalar-tensor
theories with and without cosmological constant have been
derived in [37]. However, in contrast to the present case, these
conditions put constraints on the coupling functions of the
theories instead of the scalar field (for example requiring that
A1 and A2 vanish at the constant value of X ).

Now, in order to construct the corresponding stealth scalar
field, φ, we must first make sure that its kinetic term is con-
stant. A simple option would be to identify the scalar field
with the Hamilton–Jacobi potential, S, as is done in [19], i.e.

φ ≡ S, (2.6)

where S satisfies the Hamilton–Jacobi equation of a free
particle of mass m,

gμν ∂μS ∂νS = −m2. (2.7)

This hypothesis on the scalar field (2.6) is also useful to
take advantage on the known results on the integrability of
the Hamilton–Jacobi equations. It is also clear that, in this
representation, the constant value of the kinetic term would
be given by minus the square of the mass of the particle, i.e.
φμφμ = −m2.

In what follows, we will consider vacuum spacetime met-
rics (representing rotating black holes) with a scalar field
identified with the corresponding Hamilton–Jacobi potential
(2.6), and we will discuss under which conditions the tenso-
rial equations (2.5) can be fulfilled.

3 Rotating stealth black holes and their disformal
transformations

In this section, we construct a concrete example of a rotat-
ing stealth black hole solution for the scalar theory defined
by the action (2.1) and whose field equations for a constant
kinetic term reduce to (2.2–2.3). As shown below, this will be
possible in odd dimensions, and for a Myers–Perry vacuum
metric [26] where all the angular momenta ai take a sin-
gle value, ai = a, together with a scalar field identified with
the Hamilton–Jacobi potential (2.6–2.7). Having in hand this
scalar tensor solution, namely a metric, g, and a nontrivial
scalar field, φ, it will be interesting to study the disformal
transformation of the metric

ḡμν = gμν − P(φ, X) φμ φν,

where P may be an arbitrary function of the scalar field and
its kinetic term. The interest on such consideration is mainly
due to the fact that such disformal transformations are known
to be internal maps of the scalar tensor theories considered
here (2.1). The special ingredient in our construction will
be the fact that the the scalar field responsible for the dis-
formed metric is related to the geodesics of Myers–Perry
spacetimes (2.6–2.7). In Refs. [28,29], this construction was

done for a stealth solution defined on the four-dimensional
Kerr metric, and it was shown that the deviation of the dis-
formed metric with respect to the Kerr metric is considerable.
Indeed, the disformed Kerr metric was shown to be neither
Ricci flat, nor circular, and obviously no longer a vacuum
metric. In the present case, we will see that the disformal
transformation of the Myers–Perry metric with equal angular

momenta, denoted by g MP,ai=a
μν , and with a constant disfor-

mality parameter, P , i.e.

ḡμν = gMP,ai=a
μν − P φμ φν, (3.1)

is diffeomorphic to itself, that is ḡμν ∼
diffeo

gMP,ai=a
μν .

We first analyze in detail the five-dimensional case before
considering the extension to higher odd dimensions.

3.1 Stealth on the five-dimensional Myers–Perry spacetime
and its (invariant) disformed transformation

As we have seen in the previous section, any vacuum met-
ric together with a scalar field satisfying the tensorial equa-
tion (2.5) will be a solution of the full field equations (2.2–
2.3) without any conditions on the coupling functions. In
four dimensions, this problem was considered in Ref. [19],
where the authors constructed a stealth solution defined on
the Kerr(-de Sitter) metric. Nevertheless, in this case we
would like to underline that, as the stealth scalar field does
not fulfill the conditions (2.5), restrictions on the coupling
functions are necessary. We now turn to the five-dimensional
situation where we will notice that this kind of restrictions
can be circumvented thanks to the symmetries of the vacuum
metric.

The five-dimensional Myers–Perry solution [26] of the
vacuum Einstein equations, Rμν = 0, in Boyer–Lindquist
coordinates, (t, r, θ, ϕ, ψ), reads

ds2
MP = −

(
1 − 2M

ρ2

)
dt2 + r2ρ2

�
dr2 + ρ2dθ2

+4aM sin2 θ

ρ2 dtdϕ + 4bM cos2 θ

ρ2 dtdψ

+4abM sin2 θ cos2 θ

ρ2 dϕdψ

+ sin2 θ

(
r2 + a2 + 2Ma2 sin2 θ

ρ2

)
dϕ2

+ cos2 θ

(
r2 + b2 + 2Mb2 cos2 θ

ρ2

)
dψ2, (3.2)

where we have defined
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� = (r2 + a2)(r2 + b2) − 2Mr2,

ρ2 = r2 + a2 cos2 θ + b2 sin2 θ. (3.3)

The metric (3.2) is characterized by its mass, M , and two
angular momenta denoted by a and b. Once the vacuum met-
ric is fixed, following the strategy outlined in the previous
section, we now identify the scalar field with the Hamilton–
Jacobi potential associated to the five-dimensional Myers–
Perry solution. Fortunately, it was shown in Ref. [27] that the
Hamilton–Jacobi equation of the Myers–Perry metric can be
separated into the form

S = 1

2
m2λ − Et + Sr (r) + Sθ (θ) + L1 ϕ + L2 ψ, (3.4)

where E is the energy, the Li ’s are the conserved quantities
associated with each rotation, and

Sr (r) =
∫ r √

X (r)

�
r dr, Sθ (θ) =

∫ θ √
�(θ) dθ,

with

X (r) = �

[
r2(E2 − m2) + (a2 − b2)

×
(

L2
1

r2 + a2 − L2
2

r2 + b2

)
− K

]

+2M(r2+a2)(r2+b2)

[
E+ aL1

r2 + a2 + bL2

r2 + b2

]2

,

�(θ) = (E2 − m2)
(
a2 cos(θ)2 + b2 sin(θ)2

)

− L2
1

sin(θ)2 − L2
2

cos(θ)2 + K .

Here K is a constant allowing to separate the equations of
motion, and which plays a role analogous to Carter’s con-
stant, [38].

For the identification of the scalar field with the Hamilton–
Jacobi potential (2.6–3.4), one can show after some calcula-
tions (which are somewhat too cumbersome to report them
here) that the tensorial equations (2.5) will be satisfied if: (i)
the azimuthal conserved quantities are zero, L1 = L2 = 0,
(ii) the Carter constant is zero, K = 0, (iii) the values
of the the two angular momenta of the Myers–Perry met-
ric are equal, b = a, and (iv) the energy, E , is equal to
the test particle mass, E = m. In other words, the non-
trivial stealth scalar field is linear in time and has a radial
dependence,

φ(t, r) = −mt + Sr (r) �⇒ φμφμ = −m2. (3.5)

These restrictions are similar to those obtained for
the disformed Kerr(-de Sitter) spacetimes [19,28,29] in

order to deal with a regular scalar field. We then con-
clude that a rotating stealth black hole solution of the
scalar tensor theory (2.1) with arbitrary coupling func-
tions, G(X), A1(X), A3(X), A4(X) and A5(X), can be
given by

ds2
MP,b=a

= −
(

1 − 2M

r2 + a2

)
dt2

+ r2(r2 + a2)

(r2 + a2)2 − 2Mr2 dr
2 + (r2 + a2)dθ2

+4aM sin2 θ

r2 + a2 dtdϕ + 4aM cos2 θ

r2 + a2 dtdψ

+4a2M sin2 θ cos2 θ

r2 + a2 dϕdψ

+ sin2 θ

(
r2 + a2 + 2Ma2 sin2 θ

r2 + a2

)
dϕ2

+ cos2 θ

(
r2 + a2 + 2Ma2 cos2 θ

r2 + a2

)
dψ2,

(3.6)

together with a scalar field defined by

φ(t, r) = −mt − √
2Mm

∫
r(r2 + a2)

(r2 + a2)2 − 2Mr2 dr. (3.7)

Many comments can be made concerning this solution.
Firstly, it is important to stress the importance of the linear
time dependence of the scalar field (3.7) which ensures the
existence of a non-trivial stealth configuration. Indeed, elim-
inating the time dependency of the scalar field would amount
to considering an identically-to-zero scalar field. Leaving
aside the physical interpretation of the constant m in (3.7), it
can be set to one by exploiting the fact that the tensorial equa-
tion (2.5) is quadratic in the scalar field, and hence invariant
under a rescaling by a constant, i.e. φ → 1

mφ. Also, the
Myers–Perry metric with equal momenta enjoys an exten-
sion of its symmetry given byU (1)× SU (2) = U (2), which
gives rise to its cohomogeneity−1 characteristic. Finally, we
shall mention that in the non-rotating limit, a = 0, the
solution reduces to a stealth configuration defined on the
Schwarzschild spacetime.

Surprisingly, the non-trivial scalar field (3.7) will be
shown to leave the cohomogeneity−1 metric (3.6) invari-
ant (up to diffeomorphisms) through a disformal transfor-
mation (3.1) with a constant degree of disformality P .
Indeed, in order to show this result explicitly, the disformed
Myers–Perry metric with equal momenta, as defined in (3.1),
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becomes

ds̄2
disf. MP = −

(
1 − 2M

r2 + a2 + Pm2
)
dT 2

+ r2(r2 + a2)

(r2 + a2)2 − 2M
Pm2+1

r2 + 2MPa2m2

Pm2+1

dr2

+(r2 + a2)dθ2

+4aM sin2 θ

r2 + a2 dTd
 + 4aM cos2 θ

r2 + a2 dTd�

+4a2M sin2 θ cos2 θ

r2 + a2 d
d�

+ sin2 θ

(
r2 + a2 + 2Ma2 sin2 θ

r2 + a2

)
d
2

+ cos2 θ

(
r2 + a2 + 2Ma2 cos2 θ

r2 + a2

)
d�2,

(3.8)

where, in order to eliminate the undesirable cross-terms, we
have introduced the new variables T,
 and � by means of

dt = dT + k0(r)dr, dϕ = d
 + k1(r)dr,

dψ = d� + k1(r)dr,

with

k0(r) = Pm2
√

2Mr(r2+a2)
[
(r2+a2)2+2Ma2

]
[
(r2+a2)2−2Mr2

] [
(r2+a2)2(Pm2 + 1)−2M(r2−Pm2a2)

] ,

k1(r) = −(2M)3/2Pm2r2(r2+a2)[
(r2+a2)2−2Mr2

] [
(r2+a2)2(Pm2 + 1)−2M(r2−Pm2a2)

] .

Finally, under the following redefinitions

t̄ = T
√

1 + Pm2, r̄ =
√
r2 − Pm2a2,

M̄ = M

1 + Pm2 , ā2 = a2

1 + Pm2 , (3.9)

it is easy to see that the disformed metric (3.8) is nothing but
the Myers–Perry metric (3.6) with equal angular momenta
ā and with mass M̄ . This result is surprising by itself, since
one would expect that the hair of the scalar field, m, and the
constant disformality factor, P , would have a certain impact
in the disformed metric, but this is not the case, since both
parameters can be consistently absorbed into the redefinitions
of the coordinates, and into the physical constants (3.9). This
is clearly in contrast with the four-dimensional disformed
Kerr metric [28], where the deviations from General Rela-
tivity are strongly codified by the disformality coefficient P ,
which cannot be absorbed.

Before extending these results to higher odd-dimensions,
in which the Myers–Perry spacetime can be as well a
cohomogeneity−1 metric, we would like to propose a geo-
metrical explanation of the disformal invariance. Generically,

for a disformal transformation of the form

ḡμν = gμν − Pφμ φν,

with P being constant, and with a scalar field φ such that
X = gμν∂μφ∂νφ = cst, the Riemann and Ricci tensors of
the disformed metric ḡμν can be expressed as

R̄α
βμν = Rα

βμν + 2∇[μKα
ν]β + 2Kα

γ [μKγ
ν]β �⇒ R̄μν

= Rμν + 2∇[αKα
μ]ν + 2Kα

γ [αKγ
μ]ν, (3.10)

where we have defined

Kα
μν := �̄α

μν − �α
μν = ḡαλ

(
∇(μḡν)λ − 1

2
∇λḡμν

)
. (3.11)

We know that for a constant degree of disformality, P , the
expression of the tensor Kα

μν reduces to

Kα
μν = − P

1 − PX
φαφμν. (3.12)

On the other hand, for X = cst, one can easily establish that
each term of Kα

γ [αKγ
μ]ν vanishes, as well as ∇μKα

αν , and
hence the expression of the Ricci tensor of the disformed
metric (3.10) reduces to

R̄μν = Rμν + ∇αKα
μν = Rμν − P

1 − PX
∇α

(
φαφμν

)
.

(3.13)

This last expression is noting but the Ricci tensor of any dis-
formed metric constructed by means of a constant degree of
disformality, P , and with a scalar field whose kinetic term, X ,
is constant. In our particular situation, since the Myers–Perry
metric is a vacuum metric solution, the expression (3.13)
becomes

R̄μν = − P

1 − PX
∇α

(
φαφμν

)

= − P

1 − PX

(
φμν �φ + φλφλμν

)
, (3.14)

and hence, we can conclude that the disformed metric is also
a vacuum metric if and only if the following current

jαμν := φαφμν, (3.15)

is conserved, i.e. ∇α jαμν = 0. It is easy to see that this diver-
gence is exactly the tensorial equation (2.5) that ensures our
construction of the stealth solution for any vacuum metric,
and for any coupling functions. Hence, we recover that, for a
scalar field satisfying the conditions (2.5) on a vacuum met-
ric, its disformal transformation will be as well a vacuum
metric.
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3.2 Stealth on the higher odd-dimensional Myers–Perry
solution with equal angular momenta and its disformed
transformation

In five dimensions we have seen that a stealth solution defined
on the Myers–Perry spacetime was possible only if the sym-
metry of this spacetime is enhanced to a SU (2), and that
this can be done by equating the two angular momenta. As
a direct consequence, this Myers–Perry spacetime turns out
to be a cohomogeneity−1 metric. This particular feature is
inherent to the Myers–Perry spacetimes only in odd dimen-
sions, D = 2N+3, and in the particular case of equal angular
momenta, ai = a. This will be our starting point, in order
to generalize the previously found rotating stealth black hole
solution in higher odd dimensions (D > 5).

In odd dimensions, D = 2N + 3, the cohomogeneity−1
Myers–Perry metric can be conveniently represented as

ds2
MP = −(1 − f 2(r, rM , a))dt2 + g2(r, rM , a)dr2

+h2(r, rM , a)[dψ + A jdx
j

−�(r, rM , a)dt]2 + r2ĝi j dx
i dx j , (3.16)

with the metric functions given by

g2(r, rM , a) =
(

1 − r2N
M

r2N + r2N
M a2

r2N+2

)−1

h2(r, rM , a) = r2

(
1 + r2N

M a2

r2N+2

)
,

f (r, rM , a) =
√

1 − r2

g2(r, rM , a) h2(r, rM , a)

�(r, rM , a) = r2N
M a

r2Nh2(r, rM , a)
.

Here, rM is the mass radius parameter, ĝi j is the Fubini-Study
metric on CPN with Ricci tensor R̂i j = 2(N + 1)ĝi j , and
A = A jdx j is related to the Kähler form J by d A = 2J .
Following closely the five-dimensional case, we look for a
scalar field depending on the radial coordinate, r , and linearly
in time, satisfying the constraint (2.5), and with a kinetic term
X = −m2. Such a scalar field for the metric representation
(3.16) is given by

φ(t, r) = −mt + m
∫

g(r, rM , a) f (r, rM , a)√
1 − f (r, rM , a)2

dr, (3.17)

and hence, one can easily conclude that in odd dimensions,
D = 2N + 3, the cohomogeneity−1 metric (3.16) together
with the non-trivial scalar field (3.17) will represent a rotating
stealth solution of the field equations associated to the scalar
tensor theory (2.1) without imposing any constraints on the
coupling functions of the theory.

Continuing the analogy with the five-dimensional case,
we now consider the disformed transformation of the
cohomogeneity−1 metric (3.16) using the stealth scalar field
(3.17). In order to bring the disformed metric in the same
form as (3.16), we redefine the time, t , and the angular coor-
dinate, ψ , as

dt → dt√
1 + Pm2

− Pm2 f (r, rM , a)g(r, rM , a)√
1 − f 2(r, rM , a)(1 + Pm2 − f 2(r, rM , a))

dr,

dψ → dψ

− Pm2 f (r, rM , a)g(r, rM , a)�(r, rM , a)√
1 − f 2(r, rM , a)(1 + Pm2 − f 2(r, rM , a))

dr,

and, after some algebraic manipulations, the disformed
Myers–Perry metric reads

ds̄2
disf. MP = −

(
1 − f 2(r, rM , a)

1 + Pm2

)
dt2

+
g2(r, rM , a)

(
1 − f 2(r, rM , a)

)

1 − f 2(r,rM ,a)

(1+Pm2)

dr2

+h2(r, rM , a)

(
dψ+A jdx

j−�(r, rM , a)√
1+Pm2

dt

)2

+r2 ĝi j dx
i dx j . (3.18)

Now it remains to proof that this disformed metric is diffeo-
morphic to the original cohomogeneity−1 metric (3.16). It
is easy to see that under the following redefinitions of the
constants of integration

ā =
(

1 + Pm2
) 1

2
a, r̄M =

(
1 + Pm2

)− 1
2N

rM , (3.19)

the metric functions change as

f 2(r, rM , a)

1 + Pm2 = f 2(r, r̄M , ā),
�(r, rM , a)√

1 + Pm2
= �(r, r̄M , ā)

h(r, rM , a) = h(r, r̄M , ā), g2(r, rM , a)2
(

1− f 2(r, rM , a)
)

= g2(r, r̄M , ā)
(

1 − f 2(r, r̄M , ā)
)

, (3.20)

and hence the disformed metric (3.18) is nothing but the
original Myers–Perry spacetime (3.16) with the constants of
integration given by ā and r̄M , as defined in (3.19). As in the
five-dimensional case, the scalar field’s hair, m, along with
the constant disformality parameter, P , can be reasonably
absorbed into the redefinitions of the constants of integration
(3.19). As a last remark, one can note that by redefining the
constants of integration as

xM := r NM , y := 1

a
, (3.21)
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the conditions (3.20) can be interpreted as requiring f and
� to be homogeneous functions of degree one with respect
to theses “new” integration constants, while the function h
and the determinant of the sector (t, r) of the metric, namely
det[tr ] := −g2(1 − f 2), are of degree zero, i. e.

f (r, αxM , αy) = α f (r, xM , y),

�(r, αxM , αy) = α�(r, xM , y),

h(r, αxM , αy) = h(r, xM , y),

det[tr ](r, αxM , αy) = det[tr ](r, xM , y), (3.22)

for any α ∈ R\ {0}.

4 Conditions for the disformal invariance of
cohomogeneity−1 metrics

In the previous section we have seen that the odd-dimensional
Myers–Perry metric with equal momenta remains invari-
ant by means of a disformal transformation with a constant
degree of disformality and with a scalar field given by (3.5).
This result is strongly correlated to the cohomogeneity−1
character of the Myers–Perry metric. We will go fur-
ther in this direction by considering a general class of
cohomogeneity−1 metrics (not necessarily a vacuum met-
ric), and by identifying the conditions which ensure that its
disformed transformation remains invariant (up to some dif-
feomorphisms and some redefinitions of the constants of inte-
gration). In order to achieve this task, we consider a class
of cohomogeneity−1 metrics in arbitrary, D, dimensions
parametrized as follows for latter convenience

ds2 = (−1 + gtt (r, aα)) dt2 + grr (r, aα)dr2

+2
D−2∑
i=1

g(i t)(r, aα) dt dxi

+
D−2∑

i �= j=1

gi j (r, aα) dxi dx j

+
D−2∑
i=1

gii (r, aα)(dxi )2, (4.1)

where the aα are some constants (like the mass, angular
momenta, electromagnetic charges, · · · ). Note that we do
not consider off-diagonal terms of the form gtr (r, aα)dtdr
in the ansatz (4.1), since these can always be eliminated due
to the cohomogeneity−1 property of the metric.

Following the same steps as before, a solution of X =
gμν∂μφ∂νφ = −m2 will be given by

φ(t, r)= −mt−m
∫ √

−grr (r, aα)
(

1+ |�n(r, aα)|
|�n+1(r, aα)|

)
dr,

(4.2)

where |�n+1| and |�n| are the determinants of the following
reduced metrics

|�n+1| =

∣∣∣∣∣∣∣∣∣∣∣

−1 + gtt (r, aα) gtx1(r, aα) . . . gtxn (r, aα)

gtx1(r, aα) gx1x1(r, aα) . . . gx1xn (r, aα)
...

...
. . .

...

gtxn (r, aα) gx1xn (r, aα) . . . gxnxn (r, aα)

∣∣∣∣∣∣∣∣∣∣∣
,

|�n| =

∣∣∣∣∣∣∣

gx1x1(r, aα) . . . gx1xn (r, aα)
...

. . .
...

gx1xn (r, aα) . . . gxnxn (r, aα)

∣∣∣∣∣∣∣
.

With these definitions, it is clear that the determinant of the
cohomogeneity−1 metric (4.1) denoted by det(g) is given
by

det(g)(r, aα) = |�n+1(r, aα)| grr (r, aα). (4.3)

Using the scalar field defined by (4.2), the disformed metric,

ds̄2
disf = ds2 − P (dφ)2 , (4.4)

yields, after eliminating the undesired off-diagonal term dt−
dr (which is possible since we have a cohomogeneity−1
metric),

ds̄2
disf =

(
−1 − Pm2 + gtt (r, aα)

)
dt2 + ḡrr (r, aα)dr2

+2
D−2∑
i=1

g(i t)(r, aα) dt dxi (4.5)

+2
D−2∑

i �= j=1

gi j (r, aα) dxi dx j+
D−2∑
i=1

gii (r, aα)(dxi )2,

(4.6)

where, for simplicity we have defined

ḡrr (r, aα) := (1 + Pm2) |�n+1(r, aα)| grr (r, aα)

|�n+1(r, aα)| − Pm2|�n(r, aα)|
= (1 + Pm2) det(g)(r, aα)

|�n+1(r, aα)| − Pm2|�n(r, aα)| . (4.7)

Hence, although the form of the metric is preserved by the
disformed metric, there is a priori no reason for the latter to
be diffeomorphic to the original metric (4.1), unless, as we
will see now, the metric functions satisfy certain conditions.
First of all, by noting that the dt2−term can be rewritten as

(
−1 − Pm2 + gtt (r, aα)

)
dt2 =

(
−1 + gtt (r, aα)

1 + Pm2

)
dt̄2

with dt̄ = dt
√

1 + Pm2, it is easy to see that the disformal
factor 1 + Pm2 can be absorbed if the metric function gtt
satisfies the following homogeneity condition

gtt (r, aα)

1 + Pm2 = gtt (r, āα), (4.8)
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where āα are some redefinitions of the constants aα , i.e.

āα = fα
(
aα, P,m2

)
. (4.9)

Now, because of the time redefinition, we also need to require
that the off-diagonal terms on the t−row must satisfy as well
a homogeneity condition given by

git (r, aα)√
1 + Pm2

= git (r, āα). (4.10)

In addition, even if the gi j− terms are not affected by the
disformal transformation, nor by the time redefinition, we
still have to demand that they remain invariant under the
redefinitions (4.9), that is

gi j (r, xk, aα) = gi j (r, xk, āα). (4.11)

Finally, the condition on the dr2−disformed term (4.7) that
will ensure the full disformed metric to be diffeomorphic to
itself reads

|�n+1(r, aα)| grr (r, aα)

|�n+1(r, aα)| − Pm2|�n(r, aα)|
= 1

1 + Pm2 grr (r, āα). (4.12)

Nevertheless, it is simple to see that if the conditions (4.8–
4.11) are fulfilled, we will automatically have

|�n+1(r, aα)| − Pm2|�n(r, aα)|
= (1 + Pm2)|�n+1(r, āα)|, (4.13)

and as a direct consequence, the condition (4.12) will be
achieved if

|�n+1(r, aα)| grr (r, aα) = |�n+1(r, āα)| grr (r, āα). (4.14)

From the definition (4.3), this last equation is equivalent to
requiring the determinant of the metric to remain invariant
under the redefinition of the constants of integration (4.9),
i.e.

det(g)(r, aα) = det(g)(r, āα). (4.15)

To summarize, we have shown that, in order for the
cohomogeneity−1 metric (4.1) to remain invariant under a
disformal transformation generated by a scalar field with con-
stant kinetic term, and with a constant factor of disformality,
P , the metric functions have to satisfy the listed conditions
(4.8), (4.10), (4.11) and (4.15). In particular, these conditions
ensure that the hair of the scalar field, m, and the constant,
P , can be absorbed into the redefinitions of the constants
(4.9). It is also easy to check that in the case of the odd-
dimensional Myers–Perry metric with equal momenta these
conditions reduce to the homogeneous conditions listed pre-
viously (3.22).

5 Conclusions

The main objective of the present work is to look for non-
trivial rotating black hole solutions of some general extended
scalar tensor theories. Here, we restrict our study to a general
shift symmetric and parity preserving scalar tensor action that
contains up to second order covariant derivatives of the scalar
field. In order to tackle the problem of finding non-trivial
rotating configurations of the field equations, we fix the met-
ric spacetime to be a vacuum rotating black hole spacetime,
and we investigate whether this metric can accommodate a
non-trivial scalar field. Since the metric is fixed and corre-
sponds to a vacuum metric, it is reasonable to identify these
solutions with stealth configurations. In order to ensure that
the solution will not require any fine-tuning of the coupling
functions, our ansatz for the scalar field is such that its kinetic
term is assumed to be constant. In doing so, we prove that
such a scalar field has to satisfy a single tensorial equation
(2.5), and this solution would exist for any coupling func-
tions of the theory. Our hypothesis on the scalar field is also
useful to identify it with the Hamilton–Jacobi potential, and
to take advantage on the known results on the integrability
of the Hamilton–Jacobi equations.

In four dimensions, it was known that the condition (2.5)
cannot be satisfied in the Kerr metric. Starting from this
observation, we consider the problem of finding rotating
stealth black hole solutions defined on the five-dimensional
Myers–Perry metric. In doing so, we have noticed that such
an ansatz is not appropriate, unless we impose some restric-
tions on the metric, and on the scalar field. In particular,
the angular momentum parameters of the Myers–Perry met-
ric must be chosen to be equal. This restriction is known to
enhance the symmetry group of the metric to aU (2) symme-
try, and allows to express the metric components entirely as
functions of a single (radial) coordinate. In addition, we have
shown that the scalar field solution must depend linearly on
time and on the radial coordinate (3.5). The non-trivial scalar
field solution corresponds to the Hamilton–Jacobi potential
in which the energy must be given by the particle mass,
the conserved quantities associated to each rotation must be
taken to be zero, and where the equivalent of the Carter’s
constant is taken to be zero, K = 0.

Interestingly enough, we have also shown that the dis-
formed cohomogeneity−1 Myers–Perry spacetime obtained
using this stealth scalar field is diffeomorphic to itself. This
means that the hair of the scalar field identified with the par-
ticle mass and the constant disformality parameter can be
consistently absorbed into further redefinitions of the mass
and of the single angular parameter of the disformed metric.
In other words, the invariance of the disformal transforma-
tion can be viewed as a map that brings a rotating black
hole configuration with mass M and angular momentum a to
another rotating configuration with rescaled mass and angu-
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lar momentum, and where this rescaling is quantified by the
hair and the disformality parameter. The invariance of the
cohomogeneity−1 Myers–Perry spacetime under a disfor-
mal transformation can also be explained from the transfor-
mation of the Ricci tensor (3.14) together with the fact that
the condition (2.5) rescales with an overall factor of 1

(1−PX)2

under a disformal a transformation, i.e.

∇̄μ∇̄νφ �̄φ + ∇̄λφ
(∇̄λ∇̄μ∇̄νφ

)

= 1

(1 − PX)2

(
∇μ∇νφ �φ + ∇λφ

(∇λ∇μ∇νφ
) )

.

(5.1)

This would imply that for any vacuum metric with a scalar
field satisfying the tensorial equations (2.5), its disformal
transformation generated by the scalar field would as well be
a solution of the field equations (2.2). Also, since the kinetic
term, X , of the non-trivial stealth scalar field is constant, one
could easily consider more general disformal and conformal
transformations that respect the symmetry φ → φ + cst, i.e.

ḡμν = A(X) gμν − P(X) φμφν,

and this will not affect our results. All these results are
shown to hold in higher-odd dimensions, where the Myers–
Perry metric with equal momenta is known to be of
cohomogeneity−1 class. Starting from this observation, we
have listed the conditions on a general class of
cohomogeneity−1 metrics, ensuring its invariance (up to
diffeomorphisms) under a disformal transformation with a
constant degree of disformality and with a scalar field with
constant kinetic term. Finally, in the appendix, we consider
the extension to the five-dimensional Kerr–de Sitter met-
ric, where it is shown that rotating stealth solutions exist,
provided some fine tuning of the coupling functions of the
extended scalar tensor theory.
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Appendix: Rotating stealth solution with an Einstein
space

The rotating stealth black hole solutions defined on the odd-
dimensional cohomogeneity-1 Myers–Perry metric can also
be extended in the presence of a cosmological constant with
some subtleties as we shall see. In this appendix, we present
in detail the five-dimensional case, but its extension to higher
odd-dimensions is straightforward.

In order to achieve this task, we consider the following
scalar tensor theory

S[g, φ] =
∫

d5x
√−g

[
K (X) + G(X)R + A1(X)

×
[
φμνφ

μν − (�φ)2
]

+A3(X)�φ φμφμνφ
ν

+A4(X)φμφμνφ
νρφρ + A5(X)

(
φμφμνφ

ν
)2

]
,

(5.1)

whose field equations for a constant kinetic scalar field reduce
to

−1

2
K (X)gμν + K ′(X)φμφν

+G(X)Gμν + G ′(X)Rφμφν

−1

2
A3(X)

[
(�φ)2 − (φαβ)(φαβ) − Rαβφαφβ

]
φμφν

+A1(X)

[
− Rνλφμφλ − Rμλφνφ

λ

−1

2
gμν

[
(�φ)2 − (φαβ)(φαβ)

]

+gμν

[
Rλρφλφρ

]
+ φμν�φ + φλφλμν

]

−A′
1(X)

[
(�φ)2 − (φαβ)(φαβ)

]
φμφν = 0, , (5.2)

and the conserved scalar field current, ∇μ Jμ = 0, with

Jμ = 2

(
G ′(X)R −

[
A′

1(X) + 1

2
A3(X)

]

×
[
(�φ)2 − (φαβ)(φαβ)

]

+1

2
A3(X)

[
Rαβφαφβ

]
+ K ′(X)

)
φμ

−2A1(X)Rμνφν. (5.3)

In analogy with the Myers–Perry case, we consider the
cohomogeneity−1 five-dimensional Kerr-de Sitter metric
[39] satisfying Rμν = 4λgμν ,

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2021) 81 :642 Page 11 of 12 642

ds2 = − �

ρ2

[
dt − a

�a

(
sin2 θdϕ + cos2 θdψ

) ]2

+�a sin2 θ

ρ2

[
adt− ρ2

�a
dϕ

]2

+�a cos2 θ

ρ2

[
adt− ρ2

�a
dψ

]2

+ (1 − r2λ)

r2ρ2

[
a2dt−aρ2

�a

(
sin2 θdϕ+ cos2 θdψ

) ]2

+ρ2

�
dr2 + ρ2

�a
dθ2, (5.4)

where we have defined

� = 1

r2 (r2 + a2)2(1 − r2λ) − 2M,

�a = 1 + a2λ, ρ2 = r2 + a2.

For an Einstein metric satisfying Rμν = 4λgμν , it is easy to
see that the field equations (5.2) reduce to

[
−1

2
K (X) − 6λG(X) + 4λA1(X)X

−1

2
A1(X)

(
(�φ)2 − (φαβ)(φαβ)

)]
gμν

+
[
K ′(X) + 20λG ′(X) − 8λA1(X) − A′

1(X)

×
(
(�φ)2 − (φαβ)(φαβ)

)

−1

2
A3(X)

(
(�φ)2 − (φαβ)(φαβ) − 4λX

)]
φμφν

+A1(X)
(
φμν �φ + φλφλμν

)
= 0. (5.5)

We do not pretend to solve these equations in full generality
but instead opt for a strategy similar to the asymptotically flat
case. Indeed, we will consider a scalar field whose kinetic
term is a constant, X = −m2, that is

φ(t, r) = −mt − m
∫

r(r2 + a2)
√

λ(r2 + a2)2 + 2M

(r2 + a2)2(1 − λr2) − 2Mr2

dr �⇒ φμφμ = −m2. (5.6)

Since we are considering the de Sitter case λ > 0, the scalar
field is well defined. Nevertheless, one can see that in contrast
with the asymptotically flat case, the scalar field, as defined
by (5.6), does not satisfy the tensorial conditions (2.5), but
instead

φμν �φ + φλφλμν = 4λφμφν + 4m2λgμν. (5.7)

This might seem like an obstruction, but given the structure
of the Eq. (5.5), these can be recast using the relation (5.7)

into[
−1

2
K − 6λG − 6m2λA1

]
gμν

+
[
K ′ + 20λG ′ − 4λA1 − 12m2λA′

1 − 8m2λA3

]
φμφν = 0,

(5.8)

where we have explicitly used that X = −m2, as well as
the trace of Eq. (5.7) which yields (�φ)2 − (φαβ)(φαβ) =
12m2λ. Now, since gtr = 0 while φtφr �= 0, each bracket
of (5.8) must vanish independently which in turn implies the
conditions

K (X) = −12λ
(
G(X) − X A1(X)

)
,

G ′(X) + A1(X) + 3X A′
1 + X A3(X) = 0. (5.9)

In [37] different conditions, for example requiring that A1

and A2 vanish at the constant value of X , have been imple-
mented to look for solutions of more general quadratic theo-
ries.

It is also straightforward to see that under these restric-
tions, the current Jμ as defined in (5.3) vanishes identically,
and hence the equations of motion for the scalar field are well
verified. Hence, we conclude that the Kerr–de Sitter metric
(5.4) together with the scalar field (5.6) will be a solution
of the field equations (5.2–5.3) provided that the coupling
functions are tied as (5.9).

Finally, as in the asymptotically flat case, the disformed
metric generated by the scalar field (5.6) with a constant
degree of disformality, ds̄2 = ds2 − P(dφ)2, is as well an
Einstein metric. Indeed, combining the equations (3.13) and
(5.7), one gets

R̄μν = Rμν − P

1 − PX

[
4λφμφν + 4m2λgμν

]

= 4λgμν − P

1 + Pm2

[
4λφμφν + 4m2λgμν

]

= 4λ

1 + Pm2 ḡμν.

Generalizations to higher odd dimensions can be done with
the Kerr–de Sitter metric with equal momenta given in [40].
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