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Abstract Light undergoes perturbation as gravitational
waves pass by. This is shown by solving Maxwell’s equations
in a spacetime with gravitational waves; a solution exhibits
a perturbation due to gravitational waves. We determine the
perturbation for a general case of both light and gravitational
waves propagating in arbitrary directions. It is also shown
that a perturbation of light due to gravitational waves leads
to a delay of the photon transit time, which implies an equiv-
alence between the perturbation analysis of Maxwell’s equa-
tions and the null geodesic analysis for photon propagation.
We present an example of application of this principle with
regard to the detection of gravitational waves via a pulsar tim-
ing array, wherein our perturbation analysis for the general
case is employed to show how the detector response varies
with the incident angle of a light pulse with respect to the
detector.

1 Introduction

Light is the most common and important tool in astronomy,
due to its property of carrying energy and information about
its sources: it can reach an observer even at quite a distance,
providing clues about astronomical sources responsible for
its creation. Artificially created light is also in use in astron-
omy; e.g., laser light being commonly used for interferom-
etry. Laser interferometers exploit another prominent and
interesting property of light to detect gravitational waves
(GWs): its interaction with other waves — GWs. However,
from a perspective based on general relativity, this interac-
tion can be viewed as a perturbation of light due to GWs; that
is, light is perturbed as GWs pass through space in which it
travels.

There is considerable significance in studying the afore-
said property of light in regard to the detection of GWs;
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e.g., by means of laser interferometers — LIGO, VIRGO,
GEO600, KAGRA, LIGO-India, eLISA, etc. [1-5] or pul-
sar timing arrays (PTAs) — EPTA, PPTA, IPTA, SKA, etc.
[6-9]. In principle, in all these detection schemes, we uti-
lize the delay of the photon transit time due to GWs; that is,
the effect resulting from a photon that undergoes deviation
from its straight path while propagating in a spacetime with
GWs. But this effect can be shown to be equivalent to the
perturbation of an electromagnetic field due to GWs, as a
direct consequence of a solution of Maxwell’s equations in
the spacetime perturbed by GWs.

There were numerous studies about electrodynamics in a
GW background based on Maxwell’s equations. Among oth-
ers, Calura and Montanari [10] solved Maxwell’s equations
only in the framework of the linearized general relativity and
provided the exact solution to the problem, expressed like the
Fourier-integral, by considering a general case for the GW
frequency, rather than using the geometrical-optics approxi-
mation. Hacyan [11,12] analyzed the interaction of electro-
magnetic waves with a plane-fronted GW and derived the cor-
responding formulas for Stokes parameters and the rotation
angle of polarization. Cabral and Lobo [13] obtained electro-
magnetic field oscillations induced by GWs and found that
these lead to the presence of longitudinal modes and dynam-
ical polarization patterns of electromagnetic radiation.

In this paper, we address the issue how light is perturbed in
the presence of GWs from a general relativistic perspective.
In the context of the geometrical-optics approach, we solve
Maxwell’s equations for a general configuration, wherein
both light and GWs are assumed to propagate in arbitrary
directions. Unlike the aforementioned related works in the
literature, in which rather simple configurations with regard
to the propagation directions of light and GWs are assumed,
our investigation aims to achieve full generality in this regard,
thereby providing practical results that can be readily used
for analyzing various detection schemes for GWs, wherein
such generality might be required; e.g., in a PTA, light pulses
from different pulsars may arrive at one detector with vari-
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ous incident angles with respect to the stationary reference
frame (or detector frame), while GWs may come from arbi-
trary directions to cross them. Largely, the paper proceeds
in three steps through Sects. 2.1-2.3 as follows. In Sect. 2.1,
we solve Maxwell’s equations in a spacetime perturbed by
GWs for the general configuration between light and GWs,
presenting a solution to first order in the strain amplitude /.
In Sect. 2.2, we establish the equivalence between a perturba-
tion of light due to GWs and a delay of the photon transit time,
with the former implied from the solution of the Maxwell’s
equations obtained in Sect. 2.1 and the latter implied from the
null geodesic of photon propagation. In Sect. 2.3, application
of our analysis from Sect. 2.2 to the detection of GWs via a
PTA is discussed. Using the equivalence in the context of the
general configuration between light and GWs, we determine
the detector response function for light pulses incident on a
detector at various angles.

2 Analysis and results

2.1 Solving Maxwell’s equations for light perturbed by
GWs

What happens to light when GWs pass through space in
which it propagates? This can be answered by solving
Maxwell’s equations defined in a spacetime perturbed by
GWs. For example, an electromagnetic field as a solution
to the Maxwell’s equations can describe a light ray from a
star or a laser beam in an interferometer being perturbed by
GWs. For simplicity, we consider a case of a monochromatic
electromagnetic wave (EMW) perturbed by monochromatic
GWs. However, for the sake of generality of the configura-
tion, we assume that both light and GWs propagate in arbi-
trary directions. Our analysis follows.

Suppose that GWs propagate along the z’-axis while being
polarized in the x’y’-plane in a quadrupole manner:

h?]_- =hy (6;‘/ ® e;’ — ely/ ® E;:/) ei(kz/_wg’)’ (1)
/’l:; = hy (ef/ ® 6’3./ " ely/ % e;f/) ei(kz/_a)}:,t—ﬂ/Z)7 )

where i, j refer to the coordinates (x’ .y, 7 ), and iy and h
represent the strain amplitude for + and x polarization states,
respectively, and w, denotes the GW frequency; wy = ck
with ¢ being the speed of light and k being the wavenumber
for GW. Then the spacetime geometry reads in the coordi-
nates (¢, x',y,z'):

ds? = —c2ds? + [] T <h+ei(ky,wgz))] dx”
_’_25){ (hxei(kz/—wgt—n/Z)) dx/dy/

+[1= 98 (g0 | ay? 4+ a2, 3)
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However, one can consider the coordinates X’ = (x’, v, 7 )
as rotated from the coordinates x = (x, y, z) through Euler
angles {¢, 0, v} [14,15]:

x =R (¢,0, ¥)x, @

where we let X' and x refer to the coordinates in the GW
frame and the defector frame, respectively (see Fig. 1 for
illustration), and

R(#.6,¥)=R3(¥)R2 (O) R (¢), %)
with
[ cos¢ sing 0 cos® 0 —sin@
Ri=| —singcosgp 0|, Ry= 01 O ,
|0 0 1 sinf 0 cosf
[ cosy siny O
R3=| —siny cosy 0 |, (6)
0 0 1

and {¢, 0} denote the direction angles in spherical coordi-
nates, defined with respect to the coordinates (x, y, z), and ¥
denotes the polarization-ellipse angle [16] . Resulting from
these rotations, the spacetime geometry in the coordinates
(t, x', v, 7 ) given by (3) is now rewritten in the coordinates

(t, x,y,2):

ds* = —c*dr® + Z [8ij + cij (6,6, ¥) Hy

i,j=12,3
+Bij (9.0, V) Hx ] dxidx;, (N
where
a1 (¢, 0, %) = cos 2y) <0032 6 cos® ¢ — sin? d))
—25sin (2v) cos 6 cos ¢ sin ¢,

a2 (¢, 0, ¥) = cos (2¢) (l + cos? 9) cos ¢ sin ¢

+ sin (2¢) cos 6 (2 cosch — 1) ,
o13 (¢, 0, %) = —cos (2¢) cos 6 sin 6 cos ¢
+ sin (2) sin 6 sin ¢,
a1 (¢, 0,¥) =a2(¢,0,9),
o (¢, 0, %) = cos 2Y) (cos2 0 sin” ¢ — cos® ¢>
+2sin (2vy) cos 0 cos ¢ sin ¢,
23 (¢, 0, %) = —cos (2¢) cos O sin O sin ¢
—sin (2v) sin 6 cos ¢,
31 (¢, 0,¥) =a13(,0,9),
32 (4,0, ¥) = a3 (9,0, %),

o33 (¢, 0, y) = cos ¢) sin® 0, (8)
and
Bij (9,0,%) =a;j (9,0, ¢ +7/4), 9
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and
Hy =R (hyexp[i(k-x—wgt)]), (10)
Hy =N (hyexp[i(k-x — wgt — 7/2)]), (11)
with
k = (ks ky. k7)

= (ksinf cos ¢, ksin0 sin ¢, kcosf) . (12)

Here one should note the following important property: the
dependence on the polarization angle ¥ in (8) and (9) exhibits
the spin-2 tensor modes of the 4 and x polarizations.

Our light perturbed by GWs can be described by Maxwell’s
equations defined in curved (perturbed) spacetime as given
by Eq. (7): in the Lorenz gauge [17],

A" — RH,AY = 0, (13)

where [JA* = g"’V, V,A* means the d’Alembertian on a
vector potential, and R, denotes the Ricci tensor. However,
by direct computation using Eqs. (7)—(11), it turns out that

Ruw =0 (h?). (14)
Therefore, the spatial part of Eq. (13) can now be reduced: '
Al = O (h2) , (15)

where i refers to the coordinates (x, y,z). This can be
regarded as a homogeneous vector wave equation to first
order in h.

Now, we aim to obtain a decomposition solution for Eq.
(15) via perturbation in A:

A= AL+ 04l + 0 (1), (16)

where Aé denotes the zeroth-order, unperturbed solution and
SA’[h] denotes the first-order perturbation solution. Then one
may recast the left-hand side of Eq. (15) as

OA" = O,A} + Do8Aj, + O AL + O (hz) ; a7

where O, = —c¢728%/0t 4 9%/9x* + 3%/9y> + 8%/087°
denotes the flat d’ Alembertian and Oy, AL means the O (h)
piece remaining from (JA! — [J,Al. Rearranging the terms
in Eq. (17) for order-by-order perturbation, we obtain

CoA! = 0 (unperturbed), (18)
o8 Af,, = —Op Al (first order in 7), (19)

where the first equation implies that A! is a solution for
the unperturbed homogeneous wave equation defined in

' The temporal part of the Maxwell’s equations can be handled triv-
ially by fixing the residual gauge within the Lorenz gauge; namely, the
radiation gauge. In this gauge, one can disregard the scalar potential A,
as it becomes zero in charge-free regions (or regions far from electric
charge).

flat spacetime, and the second equation implies that BA’th]
is a solution for the first-order perturbed inhomogeneous
wave equation defined in flat spacetime with a source term
—Om AL, which is also first-order perturbed. It should be
noted here that SAE ;) €an be obtained only after Al is known:
the source term for the first-order perturbed equation requires
knowledge of AL,

To first order in £, the total solution as given from (16) is

Al (1.%) = AL (1, %) + 8 A, (1.%). (20)

Suppose that the initial unperturbed light is linearly polarized
and propagates along the direction of the wave vector K =
(K x Ky, K z). Then one can write down a solution to satisfy
Eq. (18):

K . K .
- Y5+ ——3,
JKI+K R+ K]

x Aexp[i (K- x — wel)], 21

AL (t,x) =

where A represents the amplitude of EMW, and w, denotes
the EMW frequency; w. = cK with ¢ being the speed of

light and K = /K2 + K3 + K2 being the wavenumber

for EMW.? Note here that the direction of polarization is
set perpendicular to K. Now, using Eq. (21 ) for Eq. (19),
and by straightforward but tedious computation, we obtain
a perturbation solution SA’th] (t,x).3 To the full, it turns out
that 5Al[ﬁ] ~ O (h) 4 (we/wg) O (h). However, practically,
we > Wy (€.2., we/wg ~ 10° to 104 for LIGO, 10'2 to 101
for LISA, 104 to 10!7 for PTA etc.), and therefore the part
(we/wg) O (h) would be the only meaningful piece to take
for our analysis; that is, this piece remains in the geometrical-
optics approximation. This finally enables us to express the
solution:

AL, (1.%) = 2 (we/wg) AL (0 H (6, K K),  (22)
where

H(t,x; K, K) = hyFy (9,0, 9; K)cos (K- X — wgt)
—hxFx (9,0, v; K)sin (k- x — w,1)(23)

2 Qur analysis can be extended to circular and elliptical polar-

ization by expressing the unperturbed light as AL (r,x) =

__ Kk S + Ky 5i
JER T KRy Y
24 K2

KKy si KK i Kit Ky i .
— < — 8. | exp (i
K\/K3+K)2. x K\/K§+K§, y K z) Xp ( (ﬂ):|
x Aexp[i (K- x — wct)], where ¢ denotes the relative phase difference.
The light is circularly polarized for |¢| = % and elliptically polarized

for0 < |p| < 7.

3 MAPLE and GRTENSOR have been used extensively to obtain the
results reported here.

@ Springer
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where

Fi (8.6, K)
1 1+Kxsin6c0s¢+Kysin65in¢+[<zcos€
- 2D K

X { [K% (— cos? 0 cos? ¢+ sin? ¢)

—K.K,y (1 + cos? 9) sin (2¢)

+Kx K sin (20) cos ¢ + Kg (— cos? 0 sin? ¢+ cos? ¢)
+KyK; sin (20) sin¢ — K2 sin® 0} cos (2¥)

+ [K% cos 6 sin (2¢) — 2K Ky cos 6 cos (2¢)

—2K, K sin@ sing — K2 cos 6 sin (2¢)
+2Ky K sinf cos¢ | sin 29)}, (24)

with
D=K?2 (1 — sin2 6 cos? ¢) — KK, sin? 0 sin (2¢)
— KK sin (20) cos ¢ + K§ (1 — sin” @ sin? ¢>

— KyKsin (20) sin¢ + K2 sin? 6, (25)

and
Fx (¢,0,9;K) =F, (¢,0,¥ — /4, K). (26)

Further, the expression in (24) can be reduced to a compact
form:

F4 (@, 0,15 P, Ox)
_ cos? 2 €08 (21) — 208 2 sin Oy sin (¢ — ¢y) sin 2¢)

- 2(1 —cosyr) 27)
where*
cos y1 = cos 0 cos b, + sin b sin O, cos (¢ — Py) , (28)
cos y» = sin6 cos O, — cos 6 sin b, cos (¢ — ¢y) , (29)

and (¢, 6x) have been defined from (K Ky, K z) by means
of

ino o K, in 6, sin ¢ Ky 0 K, (30)
sin 6, cos ¢, = —, sin b, sinp, = ——, cosb, = —.

K K K
Also,

Fx (9.0, V:¢u,00) = Fy (6.0, —7/4: ¢4, 0,).  (31)

It should be noted again here that the perturbation solution
exhibits the spin-2 tensor modes of the 4 and x polarizations

4 From (28) and (29), one can see that y1 is the angle subtended by
an arc between the two points (6, ¢) and (g, ¢x) on a unit sphere,
while y» is the angle subtended by another arc between (0 — 7 /2, ¢)
and (Og, ¢k ) on the sphere; due to the spherical law of cosines.

@ Springer

through the dependence on ¥ in (24) and (26) (or (27) and
(31)).7

Equations (22)—(31) present the major result of our anal-
ysis; it expresses a perturbation of light due to GWs for a
general configuration, wherein both light and GWs propa-
gate in arbitrary directions. The perturbation of light will be
shown to be equivalent to a delay of the photon transit time
in Sect. 2.2. The equivalence will then be employed to com-
pute the response function for the detection of GWs in Sect.
2.3.In Appendix A we show how one can obtain the solution
given by (20)—(26) in a computationally tractable manner by
means of coordinate transformations.

2.2 Perturbed light and delay of photon transit time

Above we have described how light is perturbed when it
propagates in a spacetime with GWs, by solving Maxwell’s
equations in that spacetime via a perturbation method. Sup-
pose that light propagates along the direction of K =
(Kx, Ky, KZ) = (0,0, —K), as in the example of a PTA
to be discussed in Sect. 2.3. As K, = —K < 0, our light
propagates along —z direction; i.e., from the sky towards
the earth. Then it can be expressed by the electric field
El 4 (t,0,0,2) = —c71(3/01) Al |, (¢,0,0, z), obtained
from Egs. (20)—( 22). Starting at (¢, z) = (t, L), the prop-
agation path can be written as z = L — c(t —ty) for
to <t <ty+ T,with L =cT. Then we find

SE}, BEj,
i i
EO z=0 EO z=L
_ we (hy Fy +ihy Fiy) {1 —exp[ikL (1 + cos0)]}
Wg
x exp [—i (kL + wgto)] (32)
where E) = —c™1(3/01) AL, SE[,; = —c~' (3/01) §A},,,

and the right-hand side is expressed in the complex represen-
tation for analytical convenience, and

F. = sin® (6/2) cos 2y), (33)
Fy = sin® (6/2) sin Qy) , (34)

are antenna patterns for + and x polarization states, respec-
tively.®

On the other hand, when a photon propagates in a space-
time with GWs, its trajectory will be perturbed, resulting in
a delay of its transit time. The propagation takes place along
the null geodesic, i.e., ds?> = 0in Eq. ( 7), and hence one

5 1t can be checked that for (Kx, Ky, Kz) = (0,0, —K), F4+ and Fx
reduce to F; and Fyx in (33) and (34), respectively, which also exhibit
the spin-2 tensor modes.

6 Our expressions of antenna patterns are in agreement with those for
pulsar timing arrays in Refs. [18,19].
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can express a delay for a photon propagating by a distance
L = cT along —z direction, starting at (¢, z) = (9, L); that
is,alongthepathz = L —c (t — tp) fortg <t < 1o+ T [15]:

8T, 1 0
= | b 0,0.0.90d2+0 (»*)
_ (i Fetihy P {1 = explik (1 + cosO)])
N kL
x exp [i (KL + ogto) | + O (?) (35)

where 67}, means the deviation of the transit time from 7',
and &, is read off from Eq. (7) and expressed in the complex
representation for analytical convenience.

Comparing Eqgs. (32) and (35), we establish a relation
between the delay of the photon transit time and the per-
turbation of light due to GWs:

— ) ; (36)
z=L

where N' = (iweT)~' = (KL)™'. Here one can give a
physical interpretation of this relation: light perturbed by
GWs, being described by Maxwell’s equations (13), leads
to a delay of the photon transit time, being described by the
null geodesic equation, ds?> =0in .

The relation given by Eq. (36) must be true for a gen-
eral configuration in which both light and GWs are assumed
to propagate in arbitrary directions. That is, a delay of the
photon transit time along an arbitrary path can equivalently
be computed, using the solutions of Maxwell’s equations for
the general case as given by Eqgs. (20)—(22). Then the relation
(36) is now extended to

3Tin) , s SEp
T Ei

(o]

| SE},
E}

; (37)

earth sky

where one can set the ‘earth’ location to be (x,y,z) =
(0, 0, 0) and the ‘sky’ location to be (x, y, z) = (—L sin 6,
COS ¢y, —L sin O, sin ¢, —L cos 6,), with m < 0, < 37m/2,
for computational convenience. From this and with the elec-
tric field E!  (t,x,y,2) = —c7 1 (3/31) Al (t.x,y,2)
forageneral K = (Kx, Ky, Kz) = (K sin 6, cos ¢,, K sin 6,
sin ¢y, K cos 6,), obtained from Eqgs. (20)—(22), the delay of
the photon transit time is finally written as

8Tiny _i(h+.7-'+ +ihy Fy) {1 —exp[ikL (1 — cosy1)]}

T kL
x exp [~ (kL + wgto) | + O (?). (38)

where F, Fx and cos yj refer to (27), (31) and (28), respec-
tively.

4GS

T

Detector frame GW frame

Fig. 1 Anillustration of a pulsar timing array (PTA) together with the
detector frame and the GW frame

2.3 Application: pulsar timing array (PTA)

The property of the perturbed light as given by Eq. (37) (or
(36)) can be applied to the detection of GWs, and for its
simplest application, we consider a PTA. One can arrange a
detector (e.g., a radio telescope) to receive photons emit-
ted from a pulsar to measure pulse arrival time as illus-
trated in Fig. 1. A pulsar can serve as an astronomical clock
of excellent precision, with the constancy of the measured
pulse frequency v,. However, with GWs passing through our
space, the measured frequency v (¢) will vary slightly. Then
the effects of GWs can be determined from the variation
of the frequency (or from the variation of the pulse period)
Vo — v ()] /v =~ [T (1) — To] /To, where T (£) = v~ (1) is
the measured pulse period and 7, = v !'is the constancy of
the measured pulse period [20,21].

For the cumulative variation, we define a “residual” [21],
which can be expressed using Eq. (38) with 7 = 7, = L/c
as

t _ / t A
) = / Vo v (') i / ()=,
0 0

Vo To
~ M exp (—2in f1), (39)

where ¢ < 1o from Eq. (38), and f = wy/ (27), and

G = Frexp (—ikL) {1 — exp [2im f1o (1 — cos y1)]}
+ = 9

472 f1o
(40)
G. = Fx exp (—ikL) {1 — exp [2irrfr0 (1 — cos yl)]}
= 472 f1, ’
(41)

@ Springer
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(A) | Z (B)

(€) (D)

Fig. 2 Antenna patterns of the detector responses: (A) }G+_X| at f K
1Hz, (B) |G x| at f = 1000 Hz for a light ray with (K, Ky, K;) =
(0,0, —K) from a millisecond pulsar with 7, ~ 1073s; ©) |Q+,X|
at 0, = 7 + cos! (/15/23), (D) |G x| at 6, = 3m/2 for light
rays with (K, Ky, K;) = (K sin6, cos ¢., K sin 6, sin ¢,, K cos 6,)
from millisecond pulsars with 7, ~ 1073s, both being considered
in the low-frequency regime, f <« 1Hz. Here the 3D plots are
drawn in (A) and (B) from |G x (0, ¥)|, and in (C) and (D) from
|G4x 0,9 = ‘fozn Gix (¢,0,9) d¢/27r’, in a Cartesian coordi-
nate frame via (X, Y, Z) = (sin6 cos ¥, sin 6 sin ¢, cos 6). Note that
the patterns for |G1| and |Gx| (also |G| and |G «|) are identical
except for the rotational phase difference 7 /4, due to G4 (6, ¢¥) =
Gx 0, ¥ +m/4) (also G4 (0, ¢) = G« (0, ¥ + 7 /4)) from Egs. (40
) and (41) (also Egs. (42) and (43))

with F, Fx and cos y; given by (27), (31) and (28), respec-
tively. Here G and G« are termed exact detector responses,
and for K = (K, K, K;) = (0,0, —K) in particular, they
reduce to

Fyexp (—ikL) {1 —exp [2izf 1, (1 4 cosH)] }

G+ = 472 f1, '

(42)
Fy exp (—ikL) {1 — exp[2i7 £ 7o (1 4 cos 6)] }

= a2 f T ’
(43)

respectively, with F and Fy given by (33) and (34).

Out of Eq. (39), one can express
(o) ~rEnHEe
9|~ 2 5|~ 2
= (G (NP e (D] +16x DP [ ()]

(44)

@ Springer

where T (f), h4 (f) and hy ( f) denote the Fourier trans-
forms of t(¢), h4 (t) = hyexp(2inft) and hy (1) =
h« exp (—2im ft), respectively, and * denotes the complex
conjugate.

The detector response function can be computed by taking
a sky average of g+gj; + G G% over (¢, 0, ¥), with G and
G« given by (40) and (41), respectively:

T 2 T
R(f) = #/0 dl/f/o dqbfo do sin@

X [G+ (N GL () +Gx (NH Gy (D] (45)

For the special case with K = (Kx, Ky, KZ) = (0,0, —K),
the detector responses reduce, thatis, Gy — G4 and Gx —
G «, and we obtain

3273 312 — 127 f 7o + 3sin (47 f 7o)
76877 313

R(f) = . (46)
which is a complete closed-form expression. In the limit
f1o < 1, which is appropriate for ultra-low-frequency GW
signals carried via millisecond pulsars, this can be approxi-
mated as
1

R~ s +0(f%3). 47

o o (1 @7)
However, for a general case with K = (K, Ky, K;) =
(K sin 6, cos ¢y, K sin 6, sin ¢,, K cos 6,), the computation
of the response function is rather involved, and it cannot be
computed fully symbolically unlike (46) for the special case;
but its approximation can be obtained in the limit fr, < 1
instead:

29 + 150 cos? 6, — 115 cos* 6,
192072

This manifests how the detector response function varies with
0., the incident angle of a light pulse with respect to the
detector.

For a light ray with (Kx, Ky, Kz) = (0,0, —K) from
a millisecond pulsar with 7, ~ 10735 , the antenna pat-
terns |G+,><| of the detector responses (42) and (43) are
illustrated at different frequencies, (A) f <« 1Hz and
(B) f = 1000Hz, in the upper panel of Fig. 2. Note
the decrease in the volume of the plot for the higher fre-
quency. On the other hand, in the lower panel of Fig. 2,
we illustrate the antenna patterns |Q+,x| of the detector
responses (40) and (41) for light rays with (K, K, K;) =
(K sin 6, cos ¢y, K sin 6, sin ¢,, K cos 6,) from millisecond
pulsars with 7, ~ 1073 s, incident on a detector at differ-
ent polar angles, (C) 6, = 7 + cos™! (y/15/23) and (B)
0, = 31 /2, which correspond to the maximum and the min-
imum detector responses, respectively as determined from
(48), both being considered in the low-frequency regime,
f < 1Hz (see Fig. 3). Note the difference in the volume
between the two plots.

R~ ) ( fzr§> .48
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the leading order term in (48). Note that R( becomes maximum and
minimum at 6, = 7 + cos~! (/I5/23) and 37/2, respectively
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fH]
Fig. 4 A plot of R (f) for the special case with (K., Ky, K;) =
(0, 0, —K) for a millisecond pulsar with 7, ~ 1073

In Fig. 3 is plotted Ry, the leading-order approximation
of R in the limit fr, < 1 in (48), as a function of the
incident angle 6, of a light ray. It should be noted here that
R becomes maximum at 6, = 7 + cos™! (y/15/23) and
minimum at 6, = 3m/2; that is, no extrema at 6, = m,
i.e., for the special case with (Kx, Ky, Kz) = (0,0, —K).
In Fig. 4 is shown a plot of R (f) for the special case with
(Kx. Ky, K:) = (0,0, —K) for a millisecond pulsar with
7o~ 1073s.

In view of Egs. (44) and (45), one can determine the detec-
tor “sensitivity’:

f2 <t2 (t)>time
R

Now, following Ref. [21], for a periodic GW source, we con-
sider two supermassive black holes of mass M in a circular
orbit of radius R,, with the distance r from us. Then one can
estimate

v <t2 (t)) ~ wg_lhma)(s (50)

h(f) = fh(f) (49)

—— Our example -

..... EPTA "".'_.--
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1079 108 107 106
f[Hz]

Fig. 5 A plot of & (f) (red solid line) for GWs from a source with
M ~10°Mg, Ry ~ 2% 10" Mg and r ~ 10'°ly, detected by means of
amillisecond pulsar with 7, ~ 1073 s. Tt is compared with the sensitivity
curves for EPTA (black dotted line), IPTA (black dashed line) and SKA
(black dash-dotted line) (taken from Ref. [22])

with the maximum strain amplitude and the GW frequency
being estimated respectively as

s 1014 200M M 10101y 1)
max R, 10100, r ’

200M \*? /10100,
R, M)

wg ~ 2 x 107871 < (52)
With consideration of multiple pulsars as carriers of the GW
signals, one can use the detector response function averaged
over m < 6, < 3m/2 from (48), to evaluate & (f) via (49):

487

R~ f5se0m2 +O (17%) (53)
where the term O (f 2r02) can be disregarded for low-
frequency GWs with f ~ 1078 Hz to be detected via mil-
lisecond pulsars with 7, ~ 1073 s. Then, for example, for
GWs from a source with M ~ 10°Mq, R, ~ 2 x 10" My
and r ~ 10101y, we obtain a curve for £ (f) using Egs. (49)-
(53), as given by Fig. 5; it compares well with the actual
sensitivity curves for EPTA, IPTA and SKA in the literature

[22].

3 Summary and discussion

From a general relativistic perspective, the interaction of light
with GWs can be viewed as equivalent to a perturbation of
light due to GWs. We have solved Maxwell’s equations in a
spacetime perturbed by GWs and obtained a solution for a
general case as given by Egs. (20)—(22), wherein both light
and GWs are assumed to propagate in arbitrary directions.
Based on this solution, it has been shown that a perturbation
of light due to GWs leads to a delay of the photon transit time,
as given by Eq. (37). Applying this principle to a PTA, we

@ Springer
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have worked out the detector response function R as given
by Eq. (48) and Fig. 3, which manifests how the detector
response varies with the incident angle of a light pulse with
respect to the detector. Then using this, we have obtained the
curve for i (f) as given by Fig. 5. Our result shows good
agreement with the literature; the / (f) curve compares well
with the actual sensitivity curves for EPTA, IPTA and SKA,
taken from Ref. [22]. However, our purpose in this analysis is
rather to check how properly our detector response function
‘R serves to provide the i (f) curve for a given GW signal
in the desired order of magnitude. A practical analysis of
the detection sensitivity for the actual PTAs would be based
on the accurate measurements of the timing residuals from
multiple pulsars, with the consideration of systematics in the
residuals such as solar system ephemeris errors mimicking
a GW signal, the solar system metric contributing with an
extra time delay in the modeled signal, etc.

As a means of improving our analysis in relation to
a PTA, it is worth considering the cross-correlation of
the residuals of two pulsars nearby in the sky [21]: the
statistically-significant quadrupolar interpulsar correlation of
GW background-induced timing delays as addressed in Ref.
[23]. This will be discussed further in follow-up studies.

Our analysis can be extended to more complex arrays for
GW detection than a PTA. For interferometers such as LIGO
and LISA, we require a description of light rays in more
complicated configurations, based on Egs. (20)—( 22). We
leave further discussion of this to follow-up studies.
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Appendix A: Solutions to Maxwell’s equations via coor-
dinate transformations

The total decomposition solution (20) can be obtained in the
easiest manner for a particular case, in which Af) takes the
simplest (but not trivial) form and so does § Aih] as obtained
from Eq. (19). In a particular frame of the coordinates x” =
(x K 4 ’), one can prescribe the simplest solution to satisfy
Eq. (18):

Ay (1,X") = 81, Aexp [i (K2 — wet)], (AD

where we let x” refer to the coordinates in the EMW frame.
Then using this for Eq. (19), by straightforward computation,
we obtain the simplest perturbation solution:

8Ap (1.X") =2 (we/wg) Al (1.X")
x [h+ cos? (9”/2) cos (2¢") cos (K" X" — wyt)
—hy cos® (0”/2) sin (2y”) sin (k"-x" — a)gt)] . (A2)
where

k" = (ksin®” cos¢”, ksin6” sing”, kcos6"), (A3)

and the angles {¢” 0"y } refer to the Euler rotations
between X’ in the GW frame and x” in the EMW frame,

X/ — R (¢//’ 9//’ 1]0_//) X//. (A4)

The above results can be extended to obtain the solutions
for a general case, in which light propagates along an arbi-
trary direction; rather than along a single axis, e.g., the z//-
axis. For this purpose, one can consider x” = (x”, v, z”) in
the EMW frame as rotated from x = (x, y, z) in the detector
frame, in which light is seen to propagate along an arbitrary
direction, as resulted from the rotations of the z”-axis. The
relation between the two frames can be expressed by Euler
angle rotations [14,15]; but only with the direction angles
{¢«, 6.} in spherical coordinates, without the polarization-
ellipse angle:

X’ =R (¢, 0,) X, (A5)
where
R (¢4, 6x) = Ry (6,) Rr (¢4) , (A6)
with
cos ¢, sin¢, 0 cosf, 0 —sin6,
Ri=| —sing, cosg, 0 [, Rp= 0 1 0
0 0 1 sinf, 0 cos6,

(A7)
Now, by means of Eq. (A5) and the invariance relation

K”«X’/=K-X<:>Kz”:Kxx—l—Kyy—i—KZz, (AS8)
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where K” = (0,0, K) and K = (K., Ky, K;) with K =
/K2 + Ky2 + K2 = we/c, one can express ¢, 6, in terms

of Ky, Ky, K:

. K, . . K,y K.
sin 6, cos ¢, = X sin 6, sin ¢, = X cosf, = —

(A9)

Based on these, one can convertR (¢, 6,) > T (K, Ky, K)
and rewrite Eq. (AS) as

X" =T (Ky, Ky, K2)x, (A10)
where
KiK: K,VKZ _y K’%+K)2'
K JK+K} K [K3+K] K
T=| _ &k Ky 0 (A11)
JKHEKS KK}
Ky K,V KZ
K K K
The inverse transformation of (A10) is expressed by
x=T" (K, Ky, K;)x', (A12)

where T~! is given by TT, the transpose of T.

As seen in Sect. 2.1, one can consider x” in the GW frame
as rotated from x in the detector frame through the Euler
angles {¢, 6, ¥}. Thus, combining Eq. (4) with Eq. (A12),
and then comparing this with Eq. (A4), we find the relation:

R(¢",0",¥")=R(¢,0,¥) T (Ky, Ky, K-).

That s, using Egs. (5), (6) and (A11) for this, one can express
¢”, 0", ¢" interms of ¢, 0, ¥ and K, K, K.

By means of Egs. (A10), (A12) and (A13), one can trans-
form the solutions Aﬁ, (t, x”) and SA’['h] (t, x”) in the EMW
frame, in which light propagates along the z” -axis, as given
by Egs. (Al) and (A2) respectively, to the solutions for a
general case, Aé (t,x) and & A’th] (¢, x) in the detector frame,
in which light propagates along an arbitrary direction of
K = (K., K,, K_), as given by Egs. (21) and (22) respec-
tively.

(A13)
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