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Abstract We obtain a high-dimensional Schwarzschild
black hole solution in the scalar–tensor–vector gravity
(STVG), and then analyze the influence of parameter α asso-
ciated with a deviation of the STVG theory from General Rel-
ativity on event horizons and Hawking temperature. We cal-
culate the quasinormal mode frequencies of massless scalar
field perturbations for the high-dimensional Schwarzschild
STVG black hole by using the sixth-order WKB approxi-
mation method and the unstable null geodesic method in the
eikonal limit. The results show that the increase of parameter
α makes the scalar waves decay slowly, while the increase
of the spacetime dimension makes the scalar waves decay
fast. In addition, we study the influence of parameter α on
the shadow radius of this high-dimensional Schwarzschild
STVG black hole and find that the increase of parameter
α makes the black hole shadow radius increase, but the
increase of the spacetime dimension makes the black hole
shadow radius decrease. Finally, we investigate the energy
emission rate of the high-dimensional Schwarzschild STVG
black hole, and find that the increase of parameter α makes
the evaporation process slow, while the increase of the space-
time dimension makes the process fast.

1 Introduction

The gravitational waves from a binary black hole merger
detected by LIGO and Virgo collaborations [1,2] and the
first black hole image from the supermassive black hole in
the center of galaxy M87 detected by the Event Horizon Tele-
scope (EHT) collaboration [3,4] have greatly stimulated our
enthusiasm in black hole physics. The former provides a new
window for the study of black hole perturbations, while the
latter promotes the research of black hole shadows. Up to
now, the perturbations and shadows of various black hole
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models have been analyzed extensively and deeply in Ein-
stein’s gravity and other modified gravity theories, see, for
example, some references [5–14].

As is known, Einstein gravitational theory has achieved
great success in the past century and has been tested by
numerous experiments, but it cannot explain [15–18] the dif-
ference between the dynamics of galaxies and the amount of
luminous matter contained in the galaxies. One possible solu-
tion is to assume the existence of exotic dark matter, which,
unfortunately, has not yet been detected directly. The other
solution is to modify [19] the law of gravity on a scale that has
not been widely tested by Newtonian gravity or general rela-
tivity. Among various modified gravitational theories, a good
candidate is the scalar–tensor–vector gravity (STVG) theory
[20]. In addition to the metric tensor field, a scalar field and a
massive vector field are also introduced in this theory, where
the former can strengthen the gravitational attraction and the
latter can generate an effective repulsive gravitational force.
The STVG theory not only describes [21–24] the dynamics
of galaxies without the assumption of existence of dark mat-
ter in the universe, but also explains [25,26] the solar system,
the growth of structure, the cosmic microwave background
(CMB) acoustical power spectrum data, and so on. Recently,
the quasinormal modes of electromagnetic and gravitational
perturbations and black hole shadows in the STVG theory
have been made progress [27–33].

In Einstein’s gravity, besides the Schwarzschild black
hole in the four-dimensional spacetime, there exists its high-
dimensional extension – the Schwarzschild–Tangherlini
black hole [34]. Thus, we construct the high-dimensional
Schwarzschild STVG black hole and study its quasinormal
modes and shadows. Our main motivations for this high-
dimensional extension are as follows.

• The string theory predicts [35] the existence of extra
dimensions, and the scenarios involved in large extra
dimensions and TeV-scale gravity make the produc-
tion of high-dimensional black holes in future colliders
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become a conceivable possibility [36,37]. As a result,
high-dimensional black holes have been paid a lot of
attentions. Therefore, it is necessary to know whether
a high-dimensional STVG black hole has some charac-
teristics different from those the four-dimensional one
has.

• The AdS/CFT correspondence has been widely used [38]
in various fields of physics in recent years, which brought
about interest in high-dimensional black holes. Espe-
cially, a weakly coupled gravitational theory in the five-
dimensional AdS spacetime corresponds to a strongly-
coupled four-dimensional gauge field theory. The STVG
theory is regarded as a promising alternative to gen-
eral relativity in four dimensions and has good achieve-
ments in the interpretation of the solar system observa-
tions, the rotation curves of galaxies, and the dynam-
ics of galactic clusters, etc. If this theory could be
combined with the AdS/CFT correspondence and then
applied to particle physics, e.g., in the strongly coupled
hot quark-gluon plasma [39], its importance would be
greatly enhanced. Such a combination will be an exten-
sion of fields of physics for this modified gravity theory.
Therefore, it is necessary to construct a high-dimensional
STVG black hole in advance to pave the way for subse-
quent researches.

• Based on the experimental background that both gravita-
tional waves and black hole shadows have been detected,
it is of great significance to study the quasinormal
modes and black hole shadows of the high-dimensional
Schwarzschild STVG black hole and compare them
with those of the Schwarzschild–Tangherlini black hole
[40,41] of Einstein’s gravity.

• The high-dimensional Schwarzschild STVG black hole
we constructed is not only an attempt to extend the STVG
theory to a high-dimensional spacetime, but also fills
the gap between the counterpart of this theory and the
Schwarzschild–Tangherlini black hole under Einstein’s
theory.

The paper is organized as follows. In Sect. 2, we briefly
introduce the field equations of the STVG theory and give the
high-dimensional Schwarzschild STVG black hole solution.
We analyze the event horizons and Hawking temperature of
this black hole model in Sect. 3. In Sect. 4, we calculate the
quasinormal mode frequencies of massless scalar field pertur-
bations for the high-dimensional Schwarzschild STVG black
hole by using the sixth-order WKB approximation method
and the unstable null geodesic method in the eikonal limit
as well. In Sect. 5, we investigate the black hole shadow
radius and the energy emission rate of the high-dimensional
Schwarzschild STVG black hole. Finally, we make a simple
summary in Sect. 6. We use the units c = GN = kB = h̄ = 1
and the sign convention (−,+,+,+) throughout the paper.

2 Scalar–tensor–vector gravity and its high-dimensional
Schwarzschild black hole

The action of the STVG theory can be written as [20],

S = SGR + Sφ + SS + SM, (1)

where SGR, Sφ , and SS stand for the Einstein-Hilbert action,
the action of a massive vector field, and the action of a scalar
field, respectively,

SGR = 1

16π

∫
dDx

√−g
1

G
R, (2)

Sφ = − 1

4π

∫
dDx

√−g

(
K − 1

2
μ̃2φμφμ

)
, (3)

SS =
∫

dDx
√−g

[
1

G3

(
1

2
gμν∇μG∇νG − VG(G)

)

+ 1

μ̃2G

(
1

2
gμν∇μμ̃∇νμ̃ − Vμ̃(μ̃)

)]
, (4)

and SM denotes the action of possible matter sources. This
action is the direct extension of the four-dimensional one to a
higher-dimensional spacetime. In Eqs. (2)-(4), D represents
the dimension of spacetimes, φμ a Proca-type massive vector
field with mass μ̃, K the kinetic term of the vector field φμ,
G(x) and μ̃(x) two scalar fields that vary with respect to
time and space, and VG(G) and Vμ̃(μ̃) their corresponding
self-interaction potentials which can be set to be zero for
simplicity in getting the black hole solution [21]. Moreover,
K is usually chosen as K = 1

4 B
μνBμν with the linear tensor

field Bμν = ∂μφν − ∂νφμ.
When solving field equations for a black hole solution,

we can ignore the effect of the mass μ̃ of the vector field φμ

according to Ref. [44]. In addition, we treat G as a constant
dependent on α, i.e.,

G = GN(1 + α), (5)

where GN denotes Newton’s gravitational constant in the D-
dimensional black hole spacetime and α is a dimensionless
parameter. Since the STVG theory returns to Einstein’s gen-
eral relativity (GR) for the case of α = 0, we can regard α as
a deviation parameter of the STVG theory from GR. There-
fore, we can simplify Eq. (1) to the following form for the
vacuum solution,

S = 1

16π

∫
dDx

√−g

(
R

G
− BμνBμν

)
. (6)

By varying the action Eq. (6) with respect to gμν , one has
the field equations,

Gμν = −8πGT φ
μν, (7)
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where Gμν is the Einstein tensor, and the energy-momentum

tensor T φ
μν for the vector field φμ takes the form,

T φ
μν = − 1

4π

(
Bμ

σ Bνσ − 1

4
gμνB

ρσ Bρσ

)
. (8)

By varying the action Eq. (6) with respect to the vector field
φμ, one obtains the field equations,

∇νB
μν = 0, (9)

∇σ Bμν + ∇μBνσ + ∇νBσμ = 0. (10)

In order to gain the solution of a high-dimensional static
spherically symmetric black hole in the STVG, one usually
assumes the following form for the line element,

ds2 = − f (r)dt2 + dr2

f (r)
+ r2d	2

D−2, (11)

where d	2
D−2 = dχ2

2 + ∏D−2
i=2 sin2χi dχ2

i+1 represents
the line element on the (D − 2)-dimensional unit sphere.
Comparing Eqs. (7), (9), and (10) with those of the high-
dimensional Reissner–Nordström black holes in Einstein
gravity [42,43], we find the similarity between them. As
a result, we deduce the metric function f (r) of the high-
dimensional Schwarzschild STVG black hole solution and
the vector field, respectively, by considering the correspon-
dence [33,44] between the electric charge in the high-
dimensional Reissner–Nordström black hole and the grav-
itational source charge of the vector field φμ,

f (r) = 1 − m

rD−3 + Gq2

r2(D−3)
, (12)

φμ =
(

4π
√

αGNM

(D − 3)	D−2r D−3 , 0, 0, 0

)
, (13)

where m and q are defined by

m ≡ 16πGM

(D − 2)	D−2
, q ≡ 8π

√
αGNM√

2(D − 2)(D − 3)	D−2
,

(14)

and	D−2 = 2π
D−1

2

�( D−1
2 )

means the area of a (D−2)-dimensional

unit sphere. It is obvious that the metric function Eq. (12)
turns back to the Schwarzschild STVG black hole solution
given by Moffat [44] for the case of D = 4.

Similar to the high-dimensional Reissner–Nordström
black hole of Einstein’s GR, the high-dimensional Schwarzs-
child STVG black hole has two horizons,

r± =
(
m

2
±

√
m2 − 4Gq2

2

) 1
D−3

, (15)

where r− is the inner horizon called the Cauchy hori-
zon and r+ is the outer horizon called the event hori-
zon. In addition, when α = 0, the inner horizon disap-
pears and the outer horizon returns to the event horizon
of the Schwarzschild-Tangherlini black hole [34,41]. We
note that the four-dimensional charged Reissner-Nordström
STVG black hole solution [45] is different from the four-
dimensional Schwarzschild STVG black hole solution given
by Moffat [44]. So, our solution, see Eqs. (11), (12),
(13), and (14), should be regarded as the high-dimensional
Schwarzschild black hole solution in the STVG theory. Next,
we shall only compare it with the Schwarzschild–Tangherlini
black hole in Einstein gravity.

3 Horizon and Hawking temperature of
high-dimensional Schwarzschild STVG black holes

By solving f (rH) = 0 in Eq. (12), we can get the relationship
between the black hole mass M and the event horizon radius
rH as follows,

M =
r D−3

H

(
A − √

A2 − 4B2G
)

2B2G
, (16)

where the coefficients A and B are defined by

A ≡ 16πG

(D − 2)	D−2
, B ≡ 8π

√
αGN√

2(D − 2)(D − 3)	D−2
.

(17)

Then, we obtain the Hawking temperature TH on the event
horizon,

TH = f ′(rH)

4π
=

(D − 3)
(
A
√
A2 − 4B2G − A2 + 4B2G

)

8πB2GrH
.

(18)

We draw the graph of the metric function f (r) with
respect to r for different values of α in spacetime dimen-
sion D = 4, 5, 6, 7 in Fig. 1, where the case of D = 4 [44] is
attached for comparison. It should be noted that the parameter
α = 0 represents the case of the Schwarzschild–Tangherlini
black hole of Einstein’s gravity. From this figure, we can see
that the event horizon radius rH increases with the increase
of the parameter α when D = 5, 6, 7, which is similar to the
situation of the four-dimensional Schwarzschild STVG black
hole. In addition, we can also see that the high-dimensional
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Fig. 1 Function f (r) with respect to r for different values of α, where the spacetime dimension is taken to be D = 5, 6, 7, respectively, and the
case of D = 4 is attached for comparison. Here we set M = 1

Schwarzschild STVG black hole always has one more hori-
zon than the Schwarzschild–Tangherlini black hole before
reaching the extreme case.

We plot the graph of the Hawking temperature TH with
respect to rH for different values of α in spacetime dimen-
sion D = 4, 5, 6, 7 in Fig. 2, where the case of D = 4
[19] is attached for comparison. It should be noted that the
parameter α = 0 represents the case of the Schwarzschild–
Tangherlini black hole of Einstein’s gravity. From this fig-
ure, we can find that the relationship between the Hawking
temperature of the high-dimensional Schwarzschild STVG
black hole and the event horizon radius is similar to that of the
Schwarzschild–Tangherlini black hole, that is, the Hawking
temperature TH decreases monotonically with the increase of
the event horizon radius rH when D = 5, 6, 7. In addition,
we can also see that the Hawking temperature TH decreases
with the increase of parameter α in the high-dimensional
Schwarzschild STVG black hole, which is similar to the sit-
uation of the four-dimensional Schwarzschild STVG black
hole.

4 Quasinormal mode frequencies of massless scalar
field perturbations for high-dimensional
Schwarzschild STVG black holes

We consider a neutral massless scalar field perturbation
around the high-dimensional Schwarzschild STVG black
hole. The propagation of a neutral massless scalar field �

in the curved black hole spacetime is described by the fol-
lowing Klein–Gordon equation [7],

1√−g
∂μ(

√−ggμν∂ν�) = 0, (19)

where g is the determinant of the background metric tensor
given by the line element Eq. (11).

By expanding the field into a spherical harmonic function,

� = e−iωt Ylm(χ)r− D−2
2 �(r), defining the tortoise coordi-

nate, dr∗ = dr
f (r) , and substituting the line element Eq. (11)

into Eq. (19), we can finally get a radial perturbation equation
as follows:

d2�(r)

dr2∗
+ [ω2 − Veff(r)]�(r) = 0, (20)
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Fig. 2 Hawking temperature TH with respect to rH for different values of α, where the spacetime dimension is taken to be D = 5, 6, 7, respectively,
and the case of D = 4 is attached for comparison

where l is the multipole number, ω is the complex quasinor-
mal mode frequency, and Veff(r) is the effective potential,

Veff(r) = f (r)

[
l(D + l − 3)

r2

+ (D − 2)(D − 4) f (r)

4r2 + (D − 2) f ′(r)
2r

]
.

(21)

4.1 Quasinormal mode frequencies of massless scalar field
perturbations calculated by the sixth-order WKB
approximation

Now we use the WKB approximation method to cal-
culate numerically quasinormal mode frequencies of the
massless scalar field perturbation for the high-dimensional
Schwarzschild STVG black hole. As to its usage, this method
was first proposed by Schutz and Will [46], and then devel-
oped by Iyer and Will [47] to the third order, by Konoplya
[40] to the sixth order, and by Matyjasek and Opala [48] to
the thirteenth order. We adopt the sixth-order WKB approx-

imation for the sake of efficiency to calculate the quasinor-
mal mode frequencies of the massless scalar field pertur-
bation for the fundamental modes with the overtone num-
ber n = 0 and multiple number l = 1, 2, 3. The results
are shown in Tables 1, 2, 3 and 4, where Table 1 is for
the case of D = 4. It should be noted that the real and
imaginary parts of quasinormal mode frequencies in the
four tables represent the frequencies of the actual oscilla-
tion and the damping rates of the perturbation field, respec-
tively.

In order to give an intuitive understanding for the data
in Tables 1, 2, 3 and 4, we draw the graphs of real parts
and negative imaginary parts of quasinormal mode frequen-
cies with respect to parameter α in Fig. 3. It should be
noted that the parameter α = 0 represents the case of the
Schwarzschild–Tangherlini black hole of Einstein gravity.
From this figure, we find that the increase of the parameter α

makes the real part and the negative imaginary part monoton-
ically decrease in spacetime dimension D = 4, 5, 6, 7, which
means that the larger the parameter α is, the more slowly the
scalar wave oscillates and decays in the high-dimensional
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Table 1 The quasinormal mode
frequencies of massless scalar
field perturbations calculated by
the sixth-order WKB
approximation for the
four-dimensional Schwarzschild
STVG black hole, where α = 0
corresponds to the case of
Einstein’s gravity

α D = 4, M = 1

l = 1, n = 0 l = 2, n = 0 l = 3, n = 0

0 0.29291 − 0.0977616i 0.483642 − 0.0967661i 0.675366 − 0.0965006i

1 0.161769 − 0.0497066i 0.266908 − 0.0492898i 0.372644 − 0.0491757i

2 0.112566 − 0.0329813i 0.185707 − 0.0327371i 0.25927 − 0.03267i

3 0.0864983 − 0.024542i 0.14272 − 0.0243782i 0.199262 − 0.0243329i

4 0.0702981 − 0.0194789i 0.116006 − 0.0193616i 0.161974 − 0.0193285i

5 0.05923 − 0.0161174i 0.0977626 − 0.0160281i 0.13651 − 0.0160024i

6 0.0511861 − 0.0137278i 0.0844999 − 0.0136577i 0.117998 − 0.0136369i

7 0.0450687 − 0.0119461i 0.0744174 − 0.0118887i 0.103926 − 0.0118713i

8 0.0402549 − 0.0105692i 0.0664913 − 0.0105195i 0.0928617 − 0.0105047i

9 0.0363813 − 0.00947074i 0.0600948 − 0.00942941i 0.0839332 − 0.00941643i

Table 2 The quasinormal mode
frequencies of massless scalar
field perturbations calculated by
the sixth-order WKB
approximation for the
five-dimensional Schwarzschild
STVG black hole, where α = 0
corresponds to the case of
Einstein’s gravity

α D = 5, M = 1

l = 1, n = 0 l = 2, n = 0 l = 3, n = 0

0 1.10108 − 0.396434i 1.6395 − 0.388248i 2.17936 − 0.3862i

1 0.799956 − 0.274707i 1.18987 − 0.269566i 1.58142 − 0.268209i

2 0.659853 − 0.221695i 0.981074 − 0.21788i 1.3039 − 0.216847i

3 0.574494 − 0.190578i 0.854003 − 0.187512i 1.13503 − 0.186663i

4 0.51551 − 0.1696i 0.766258 − 0.16701i 1.01843 − 0.166278i

5 0.471618 − 0.15426i 0.700992 − 0.151997i 0.931702 − 0.151347i

6 0.437314 − 0.142426i 0.649994 − 0.140401i 0.863936 − 0.139812i

7 0.409547 − 0.132944i 0.608723 − 0.131099i 0.809093 − 0.130558i

8 0.386475 − 0.125126i 0.574434 − 0.123426i 0.763526 − 0.122922i

9 0.366909 − 0.118539i 0.545355 − 0.116955i 0.724884 − 0.116483i

Table 3 The quasinormal mode
frequencies of massless scalar
field perturbations calculated by
the sixth-order WKB
approximation for the
six-dimensional Schwarzschild
STVG black hole, where α = 0
corresponds to the case of
Einstein’s gravity

α D = 6, M = 1

l = 1, n = 0 l = 2, n = 0 l = 3, n = 0

0 1.84019 − 0.666898i 2.57351 − 0.642702i 3.2999 − 0.63815i

1 1.47989 − 0.518071i 2.06699 − 0.500283i 2.65059 − 0.496464i

2 1.29927 − 0.447346i 1.81336 − 0.433027i 2.32541 − 0.429844i

3 1.18343 − 0.403642i 1.6511 − 0.391367i 2.1174 − 0.388581i

4 1.10023 − 0.373028i 1.53473 − 0.362087i 1.96823 − 0.359568i

5 1.03635 − 0.349934i 1.44549 − 0.339936i 1.85383 − 0.337612i

6 0.985111 − 0.331643i 1.37394 − 0.322352i 1.7621 − 0.320176i

7 0.942694 − 0.316647i 1.31474 − 0.307911i 1.6862 − 0.305853i

8 0.906746 − 0.304034i 1.26458 − 0.295747i 1.62189 − 0.293785i

9 0.875718 − 0.293212i 1.22129 − 0.285298i 1.56639 − 0.283419i

Schwarzschild STVG black hole spacetime. However, the
increase of spacetime dimension makes the real part and the
negative imaginary part monotonically increase for a fixed α

when the cases of D = 5, 6, 7 are compared with the case
of D = 4, which shows that the larger the spacetime dimen-
sion is, the faster the scalar wave oscillates and decays in the
high-dimensional Schwarzschild STVG black hole space-
time.

4.2 Quasinormal mode frequencies in the eikonal limit
calculated via unstable circular null geodesics

The unstable circular null geodesic method used to calculate
quasinormal mode frequencies of a static spherically sym-
metric black hole in the eikonal limit (l � 1) was first pro-
posed [49] by Cardoso et al. The effective potential Veff(r),
see Eq. (21), takes the following form under this limit,

123



Eur. Phys. J. C (2021) 81 :559 Page 7 of 12 559

Table 4 The quasinormal mode
frequencies of massless scalar
field perturbations calculated by
the sixth-order WKB
approximation for the
seven-dimensional
Schwarzschild STVG black
hole, where α = 0 corresponds
to the case of Einstein’s gravity

α D = 7, M = 1

l = 1, n = 0 l = 2, n = 0 l = 3, n = 0

0 2.45993 − 0.891478i 3.3092 − 0.837986i 4.12768 − 0.830792i

1 2.08458 − 0.735942i 2.80005 − 0.693192i 3.49467 − 0.685619i

2 1.88976 − 0.657704i 2.53569 − 0.621437i 3.16515 − 0.614671i

3 1.76137 − 0.608152i 2.36226 − 0.575767i 2.94893 − 0.569573i

4 1.66727 − 0.572814i 2.23551 − 0.543011i 2.79087 − 0.537225i

5 1.59386 − 0.545762i 2.13679 − 0.517824i 2.66775 − 0.512345i

6 1.53418 − 0.524065i 2.05661 − 0.497554i 2.56774 − 0.492318i

7 1.48421 − 0.50608i 1.98952 − 0.480708i 2.48405 − 0.47567i

8 1.44144 − 0.490805i 1.93211 − 0.466371i 2.41243 − 0.461499i

9 1.40419 − 0.477584i 1.88214 − 0.453943i 2.35008 − 0.449212i

V (r) = f (r)
l2

r2 + O(l). (22)

The quasinormal mode frequencies ω can be calculated by
the formula,

ωl�1 = l	c − i

(
n + 1

2

)
|λL|, (23)

with

	c =
√

f (rc)

rc
, λL =

√
f (rc)(2 f (rc) − r2

c f ′′(rc))
2r2

c
,

(24)

where 	c denotes the angular velocity and λL the Lyapunov
exponent which determine the real and imaginary parts of
quasinormal mode frequencies, respectively. In addition, rc
stands for the radius of unstable circular null geodesics deter-
mined by

2 f (rc) − rc
d f (r)

dr

∣∣∣∣
r=rc

= 0. (25)

Recently, the relation between real parts of quasinormal
frequencies in the eikonal limit and shadow radii of black
holes has been gained [50], i.e., Re ωl�1 = l

Rsh
, where

Rsh = rc√
f (rc)

(26)

represents the shadow radius of black holes and equals
the inverse of the angular velocity 	c in the eikonal limit.
Subsequently, this relation was improved [51] for a high-
dimensional static spherically symmetric black hole in terms

of the WKB method, i.e., Re ωl�1 = l+ D−3
2

Rsh
. Therefore, the

improved expression of the quasinormal mode frequencies

in the eikonal limit for a high-dimensional static spherically
symmetric black hole takes the form,

ωl�1 = l + D−3
2

Rsh
− i

(
n + 1

2

)
|λL|

=
(
l + D − 3

2

)
	c − i

(
n + 1

2

)
|λL|. (27)

By substituting the metric function of the high-dimensional
Schwarzschild STVG black hole, Eq. (12), into Eqs. (24)
and (25), we can obtain the angular velocity 	c and the Lya-
punov exponent λL. Then we can plot the graph of the angular
velocity 	c and the Lyapunov exponent λL with respect to
parameter α as shown in Fig. 4. We find from this figure
that the increase of parameter α makes the angular velocity
	c and the Lyapunov exponent λL monotonically decrease
in spacetime dimension D = 4, 5, 6, 7, which means the
increase of parameter α makes real parts of quasinormal fre-
quencies in the eikonal limit and negative imaginary parts
monotonically decrease. However, the increase of spacetime
dimension makes the angular velocity 	c and the Lyapunov
exponent λL monotonically increase for a fixed α when the
cases of D = 5, 6, 7 are compared with the case of D = 4,
which shows that the increase of spacetime dimension makes
real parts of quasinormal frequencies in the eikonal limit and
negative imaginary parts monotonically increase.

Therefore, based on the comparison and analysis of Figs.
3 and 4, we can give the following conclusions:

• The larger the parameter α is, the more slowly the
scalar wave oscillates and decays in the high-dimensional
Schwarzschild STVG black hole spacetime.

• The larger the spacetime dimension is, the faster the
scalar wave oscillates and decays in the high-dimensional
Schwarzschild STVG black hole spacetime.

• The spacetime of the high-dimensional Schwarzschild
STVG black hole is more stable than that of the
Schwarzschild–Tangherlini black hole.
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Fig. 3 Real parts and negative imaginary parts of quasinormal frequencies of massless scalar field perturbations with respect to α, where the
spacetime dimension is taken to be D = 5, 6, 7, respectively, and the case of D = 4 is attached for comparison. Here we set M = 1
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Fig. 4 The angular velocity 	c and the Lyapunov exponent λL with respect to the parameter α, where the spacetime dimension is taken to be
D = 5, 6, 7, respectively, and the case of D = 4 is attached for comparison. Here we set M = 1

5 Shadow radius and energy emission rate of
high-dimensional Schwarzschild STVG black holes

In this section, we first study the shadow radius Rsh and
then use it to calculate the energy emission rate for the high-
dimensional Schwarzschild STVG black hole.

By using the data of the shadow radius obtained in subsec.
4.2, see Eq. (26), we draw the graph of the shadow radius Rsh

with respect to parameter α in Fig. 5, where the spacetime
dimension is taken to be D = 5, 6, 7, respectively, and the
case of D = 4 is attached. We find that the increase of param-
eter α makes the shadow radius increase, while the increase of
the spacetime dimension makes the shadow radius decrease,
which is consistent with the relevant conclusions in the
four-dimensional Schwarzschild STVG black hole [31,32]
and the high-dimensional Schwarzschild–Tangherlini black
hole [41]. We notice the significant difference between the
shadow radius Rsh of the four-dimensional Schwarzschild
STVG black hole and that of the high-dimensional ones
(D = 5, 6, 7) in Fig. 5 for a fixed α.

The high-energy absorption cross section in a spherically
symmetric black hole spacetime oscillates [52] around a lim-
iting constant σlim which is approximately related [53] to the
black hole shadow as follows,

σlim ≈ π
D−2

2 RD−2
sh

�
( D

2

) . (28)

Therefore, we can use the shadow radius to calculate the
energy emission rate of the high-dimensional Schwarzschild
STVG black hole using the formula [53–55],

d2E(�)

d�dt
= 2π2σlim

� D−1

exp(�/TH) − 1
, (29)

where � represents the emission frequency, TH the Hawking
temperature, and Rsh the shadow radius, see Eqs. (18) and
(26).

We plot the graph of the energy emission rate d2E(�)
d�dt with

respect to the emission frequency � for different values of
α in spacetime dimension D = 5, 6, 7 in Fig. 6, where the
case of D = 4, see Ref. [31], is attached for comparison. It
should be noted that the parameter α = 0 represents the case
of the Schwarzschild–Tangherlini black hole of Einstein’s
gravity. On the one hand, we can see that when D is a given
high-dimensional spacetime dimension from five to seven,
the peak of the energy emission rate decreases as the parame-
ter α increases in the high-dimensional Schwarzschild STVG
black hole, which is similar to the situation in the four-
dimensional Schwarzschild STVG black hole [31]. On the
other hand, we can clearly see that the peak of the energy
emission rate increases rapidly with the increase of the space-
time dimension for a fixed α, which is similar to situation
in the Schwarzschild–Tangherlini black hole [41]. There-
fore, we deduce such a conclusion: for the high-dimensional
Schwarzschild STVG black hole, the increase of parameter
α makes the black hole evaporation process slow, while the
increase of the spacetime dimension makes this process fast.

6 Conclusion

In this paper, we first obtain a high-dimensional Schwarzschild
STVG black hole solution, and then analyze the influence
of parameter α on the event horizon radius and Hawk-
ing temperature. We find that the increase of parameter α

makes the event horizon radius increase and the Hawking
temperature decrease. We calculate quasinormal mode fre-
quencies of massless scalar field perturbations for the high-
dimensional Schwarzschild black hole using the sixth-order
WKB approximation. We plot the graphs of real parts and
negative imaginary parts of quasinormal frequencies of mass-
less scalar field perturbations with respect to parameter α. We
also use the unstable null geodesic method to compute the
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Fig. 5 The shadow radius Rsh with respect to parameter α, where the spacetime dimension is taken to be D = 5, 6, 7, respectively, and the case
of D = 4 (left diagram) is attached for comparison. Here we set M = 1

Fig. 6 The energy emission rate d2E(�)
d�dt with respect to the emission frequency � for different values of α, where the spacetime dimension is

taken to be D = 5, 6, 7, respectively, and the case of D = 4 is attached for comparison. Here we set M = 1

quasinormal mode frequencies in the eikonal limit and plot
the angular velocity 	c and the Lyapunov exponent λL with
respect to parameter α. The results show that the increase of
parameter α makes the scalar waves decay slowly, while the
increase of the spacetime dimension makes the scalar waves
decay fast in the high-dimensional Schwarzschild STVG

black hole spacetime. In addition, we draw a graph of the
shadow radius Rsh with respect to parameter α and find that
the increase of parameter α makes the shadow radius of the
high-dimensional Schwarzschild STVG black hole increase,
while the increase of the spacetime dimension makes the
black hole shadow radius decrease. Finally, we investigate the
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energy emission rate of the high-dimensional Schwarzschild
STVG black hole, and find that the increase of parameter α

makes the evaporation process slow, while the increase of the
spacetime dimension makes this process fast.

Acknowledgements The authors would like to thank C. Lan for helpful
discussions. This work was supported in part by the National Natural
Science Foundation of China under Grant No. 11675081. The authors
would like to thank the anonymous referee for the helpful comments
that improve this work greatly.

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This is a theoretical
study and no experimental data have been listed.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.

References

1. B.P. Abbott et al., Directly comparing GW150914 with numerical
solutions of Einstein’s equations for binary black hole coalescence.
Phys. Rev. D 94, 064035 (2016). arXiv:1606.01262 [gr-qc]

2. B.P. Abbott et al., GW170817: observation of gravitational waves
from a binary neutron star inspiral. Phys. Rev. Lett 119, 161101
(2017). arXiv:1710.05832 [gr-qc]

3. K. Akiyama et al., First M87 Event Horizon Telescope results. I.
The shadow of the supermassive black hole. APJ 875, L1 (2019)

4. K. Akiyama et al., First M87 event horizon telescope results. IV.
Imaging the central supermassive black hole. APJ 875, L4 (2019)

5. K.D. Kokkotas, B.G. Schmidt, Quasinormal modes of stars and
black holes. Living Rev. Relativ. 2, 2 (1999). arXiv:gr-qc/9909058

6. H.P. Nollert, Quasinormal modes: the characteristic sound of black
holes and neutron stars. Class. Quantum Gravity 16, R159 (1999)

7. E. Berti, V. Cardoso, A.O. Starinets, Quasinormal modes of black
holes and black branes. Class. Quantum Gravity 26, 163001 (2009).
arXiv:0905.2975 [gr-qc]

8. R.A. Konoplya, A. Zhidenko, Quasinormal modes of black holes:
from astrophysics to string theory. Rev. Mod. Phys. 83, 793 (2011).
arXiv:1102.4014 [gr-qc]

9. R.A. Konoplya, Gravitational quasinormal radiation of higher-
dimensional black holes. Phys. Rev. D 68, 124017124017 (2003).
arXiv:hep-th/0309030

10. R.A. Konoplya, Quasinormal modes of the charged black hole
in Gauss–Bonnet gravity. Phys. Rev. D 71, 024038 (2005).
arXiv:hep-th/0410057

11. N. Tsukamoto, Black hole shadow in an asymptotically flat, sta-
tionary, and axisymmetric spacetime: the Kerr–Newman and rotat-
ing regular black holes. Phys. Rev. D 97, 064021064021 (2018).
arXiv:1708.07427 [gr-qc]

12. R.A. Konoplya, A. Zhidenko, Analytical representation for met-
rics of scalarized Einstein–Maxwell black holes and their shadows.
Phys. Rev. D 100, 044015 (2019). arXiv:1907.05551 [gr-qc]

13. P.-C. Li, M. Guo, B. Chen, Shadow of a spinning black hole in
an expanding universe. Phys. Rev. D 101, 084041084041 (2020).
arXiv:2001.04231 [gr-qc]

14. R. Kumar, S.G. Ghosh, A. Wang, Gravitational deflection of light
and shadow cast by rotating Kalb–Ramond black holes. Phys. Rev.
D 101, 104001 (2020). arXiv:2001.00460 [gr-qc]

15. F. Zwicky, On the masses of nebulae and of clusters of nebulae.
APJ 86, 217 (1937)

16. V.C. Rubin, E.M. Burbidge, G.R. Burbidge, K.H. Prendergast, The
rotation and mass of the inner parts of NGC 4826. APJ 141, 885
(1965)

17. V.C. Rubin, W.K. Ford Jr., Rotation of the Andromeda nebula from
a spectroscopic survey of emission regions. APJ 159, 379 (1970)

18. V.C. Rubin, W.K. Ford Jr., N. Thonnard, Rotational properties of
21 SC galaxies with a large range of luminosities and radii, from
NGC 4605 (R= 4kpc) to UGC 2885 (R= 122 kpc). APJ 238, 471
(1980)

19. J.R. Mureika, J.W. Moffat, M. Faizal, Black hole thermodynam-
ics in modified gravity (MOG). Phys. Lett. B 757, 528 (2016).
arXiv:1504.08226 [gr-qc]

20. J.W. Moffat, Scalar–tensor–vector gravity theory. JCAP 03, 004
(2006). arXiv:gr-qc/0506021

21. J.W. Moffat, S. Rahvar, The MOG weak field approximation and
observational test of galaxy rotation curves. Mon. Not. R. Astron.
Soc. 436, 1439 (2013). arXiv:1306.6383 [astro-ph.GA]

22. J.W. Moffat, S. Rahvar, The MOG weak field approximation. II.
Observational test of Chandra X-ray clusters. Mon. Not. R. Astron.
Soc. 441, 3724 (2014). arXiv:1309.5077 [astro-ph.CO]

23. J.R. Brownstein, J.W. Moffat, Galaxy cluster masses without non-
baryonic dark matter. Mon. Not. R. Astron. Soc. 367, 527 (2006).
arXiv:astro-ph.CO/0507222

24. J.W. Moffat, V.T. Toth, Rotational velocity curves in the Milky
Way as a test of modified gravity. Phys. Rev. D 91, 043004 (2015).
arXiv:1411.6701 [astro-ph]

25. J.W. Moffat, Structure growth and the CMB in modified gravity
(MOG). arXiv:1409.0853 [astro-ph.CO]

26. J.W. Moffat, Scalar and vector field constraints, deflection of light
and lensing in modified gravity (MOG). arXiv:1410.2464 [gr-qc]

27. L. Manfredi, J. Mureika, J. Moffat, Quasinormal modes of mod-
ified gravity (MOG) black holes. Phys. Lett. B 779, 492 (2018).
arXiv:1711.03199 [gr-qc]

28. S.-W. Wei, Y.-X. Liu, Merger estimates for rotating Kerr black
holes in modified gravity. Phys. Rev. D 98, 024042 (2018).
arXiv:1803.09530 [gr-qc]

29. J. Bao, C. Shi, H. Wang, J.-D. Zhang, Y. Hu, J. Mei, J. Luo, Con-
straining modified gravity with ringdown signals: an explicit exam-
ple. Phys. Rev. D 100, 084024 (2019). arXiv:1905.11674 [gr-qc]

30. J.W. Moffat, Modified gravity black holes and their observable
shadows. Eur. Phys. J. C 75, 130 (2015). arXiv:1502.01677 [gr-qc]

31. H.-M. Wang, Y.-M. Xu, S.-W. Wei, Shadows of Kerr-like black
holes in a modified gravity theory. JCAP 03, 046 (2019).
arXiv:1810.12767 [gr-qc]

32. J.W. Moffat, V.T. Toth, Masses and shadows of the black holes
Sagittarius A∗ and M87∗ in modified gravity. Phys. Rev. D 101,
024014 (2020)

33. X.-C. Cai, Y.-G. Miao, Quasinormal modes of the generalized
Ayón-Beato–García black hole in scalar–tensor–vector gravity.
Phys. Rev. D 102, 084061 (2020). arXiv:2008.04576 [gr-qc]

34. F.R. Tangherlini, Schwarzschild field in n dimensions and the
dimensionality of space problem. Nuovo Cim. 27, 636 (1963)

35. J. Polchinski, String Theory (Cambridge University Press, Cam-
bridge, 1998)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1606.01262
http://arxiv.org/abs/1710.05832
http://arxiv.org/abs/gr-qc/9909058
http://arxiv.org/abs/0905.2975
http://arxiv.org/abs/1102.4014
http://arxiv.org/abs/hep-th/0309030
http://arxiv.org/abs/hep-th/0410057
http://arxiv.org/abs/1708.07427
http://arxiv.org/abs/1907.05551
http://arxiv.org/abs/2001.04231
http://arxiv.org/abs/2001.00460
http://arxiv.org/abs/1504.08226
http://arxiv.org/abs/gr-qc/0506021
http://arxiv.org/abs/1306.6383
http://arxiv.org/abs/1309.5077
http://arxiv.org/abs/astro-ph.CO/0507222
http://arxiv.org/abs/1411.6701
http://arxiv.org/abs/1409.0853
http://arxiv.org/abs/1410.2464
http://arxiv.org/abs/1711.03199
http://arxiv.org/abs/1803.09530
http://arxiv.org/abs/1905.11674
http://arxiv.org/abs/1502.01677
http://arxiv.org/abs/1810.12767
http://arxiv.org/abs/2008.04576


559 Page 12 of 12 Eur. Phys. J. C (2021) 81 :559

36. M. Cavaglia, Black hole and brane production in TeV grav-
ity: a review. Int. J. Mod. Phys. A 18, 1843 (2003).
arXiv:hep-ph/0210296

37. P. Kanti, Black holes in theories with large extra dimen-
sions: a review. Int. J. Mod. Phys. A 19, 4899 (2004).
arXiv:hep-ph/0402168

38. O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri, Y. Oz, Large
N field theories, string theory and gravity. Phys. Rep. 323, 183
(2000). arXiv:hep-th/9905111

39. J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal, U.A.
Wiedemann, Gauge/string duality, hot QCD and heavy ion col-
lisions. arXiv:1101.0618 [hep-th]

40. R.A. Konoplya, Quasinormal behavior of the D-dimensional
Schwarzschild black hole and the higher order WKB approach.
Phys. Rev. D 68, 024018024018 (2003). arXiv:hep-th/0303052

41. B.P. Singh, S.G. Ghosh, Shadow of Schwarzschild–Tangherlini
black holes. Ann. Phys. 395, 127 (2018). arXiv:1707.07125 [gr-
qc]

42. R.C. Myers, M.J. Perry, Black holes in higher dimensional space-
times. Ann. Phys. 172, 304 (1986)

43. M. Chabab, H.E. Moumni, S. Iraoui, K. Masmar, Behavior of quasi-
normal modes and high dimension RN-AdS black hole phase tran-
sition. Eur. Phys. J. C 76, 676 (2016). arXiv:1606.08524 [gr-qc]

44. J.W. Moffat, Black holes in modified gravity (MOG). Eur. Phys. J.
C 75, 175 (2015). arXiv:1412.5424 [gr-qc]

45. M. Azreg-Aïnou, Vacuum and nonvacuum black holes in a uniform
magnetic field. Eur. Phys. J. C 76, 414 (2016). arXiv:1603.07894
[gr-qc]

46. B.F. Schutz, C.M. Will, Black hole normal modes: a semianalytic
approach. Astrophys. J. Lett. 291, L33 (1985)

47. S. Iyer, C.M. Will, Black-hole normal modes: a WKB approach.
I. Foundations and application of a higher-order WKB analysis of
potential-barrier scattering. Phys. Rev. D 35, 3621 (1987)

48. J. Matyjasek, M. Opala, Quasinormal modes of black holes: the
improved semianalytic approach. Phys. Rev. D 96, 024011024011
(2017). arXiv:1704.00361 [gr-qc]

49. V. Cardoso, A.S. Miranda, E. Berti, H. Witek, V.T. Zanchin,
Geodesic stability, Lyapunov exponents, and quasinormal modes.
Phys. Rev. D 79, 064016 (2009). arXiv:0812.1806 [hep-th]

50. K. Jusufi, Quasinormal modes of black holes surrounded by dark
matter and their connection with the shadow radius. Phys. Rev. D
101, 084055084055 (2020). arXiv:1912.13320 [gr-qc]

51. B. Cuadros-Melgar, R.D.B. Fontana, J. de Oliveira, Analytical cor-
respondence between shadow radius and black hole quasinormal
frequencies. arXiv:2005.09761 [gr-qc]

52. B. Mashhoon, Scattering of electromagnetic radiation from a black
hole. Phys. Rev. D 7, 2807 (1973)

53. Y. Décanini, G. Esposito-Farèse, A. Folacci, Universality of high-
energy absorption cross sections for black holes. Phys. Rev. D 83,
044032 (2011). arXiv:1101.0781 [gr-qc]

54. S.-W. Wei, Y.-X. Liu, Observing the shadow of Einstein–Maxwell–
Dilaton–Axion black hole. JCAP 11, 063 (2013). arXiv:1311.4251
[gr-qc]

55. S.-B. Chen, B. Wang, Hawking radiation in a d-dimensional static
spherically symmetric black hole surrounded by quintessence.
Phys. Rev. D 77, 124011 (2008). arXiv:0801.2053 [gr-qc]

123

http://arxiv.org/abs/hep-ph/0210296
http://arxiv.org/abs/hep-ph/0402168
http://arxiv.org/abs/hep-th/9905111
http://arxiv.org/abs/1101.0618
http://arxiv.org/abs/hep-th/0303052
http://arxiv.org/abs/1707.07125
http://arxiv.org/abs/1606.08524
http://arxiv.org/abs/1412.5424
http://arxiv.org/abs/1603.07894
http://arxiv.org/abs/1704.00361
http://arxiv.org/abs/0812.1806
http://arxiv.org/abs/1912.13320
http://arxiv.org/abs/2005.09761
http://arxiv.org/abs/1101.0781
http://arxiv.org/abs/1311.4251
http://arxiv.org/abs/0801.2053

	High-dimensional Schwarzschild black holes in scalar–tensor–vector gravity theory
	Abstract 
	1 Introduction
	2 Scalar–tensor–vector gravity and its high-dimensional Schwarzschild black hole
	3 Horizon and Hawking temperature of high-dimensional Schwarzschild STVG black holes
	4 Quasinormal mode frequencies of massless scalar field perturbations for high-dimensional Schwarzschild STVG black holes
	4.1 Quasinormal mode frequencies of massless scalar field perturbations calculated by the sixth-order WKB approximation
	4.2 Quasinormal mode frequencies in the eikonal limit calculated via unstable circular null geodesics

	5 Shadow radius and energy emission rate of high-dimensional Schwarzschild STVG black holes
	6 Conclusion 
	Acknowledgements
	References




