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Abstract We find new solutions to real cubic constraints on
N = 1 chiral superfields transforming under global abelian
symmetries. These solutions describe the low-energy dynam-
ics of a goldstino interacting with an axion (both belong-
ing to the same chiral superfield) with non-linearly realized
supersymmetry. We show the relation between our model
and the approach of Komargodski and Seiberg for describ-
ing goldstino-axion dynamics which uses orthogonal nilpo-
tent superfields.
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1 Introduction

Spontaneous breaking of global N = 1 supersymmetry
(SUSY) gives rise to a massless Goldstone fermion, or gold-
stino, which at low energies can be described via the non-
linear realization of SUSY first studied by Volkov and Akulov
[1]. Subsequently, it was realized that non-linear N = 1
SUSY can also be described in superspace formalism [2–8] (a
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c e-mail: hiroshi.isono81@gmail.com

review of the subject of constrained superfields can be found
in Ref. [9]). Other approaches for realising N = 1 SUSY
non-linearly can be found in [10–12]. In particular Komar-
godski and Seiberg [6] showed that the low-energy non-linear
action of the goldstino can be constructed with the help of
nilpotent chiral superfields, and in Ref. [13] Kuzenko and
Tyler found non-linear field redefinitions relating Volkov–
Akulov and Komargodski–Seiberg models.

In supergravity, constrained superfields have attracted a lot
of interest due to their utility in constructing de Sitter vacua
even in the absence of scalar fields [14–25]. The fact that
they spontaneously break SUSY and automatically decouple
heavy degrees of freedom makes them useful for building
inflationary models as well [26–38].

The minimal goldstino model derived via the constrained
superfield approach includes a single chiral superfield S sat-
isfying the quadratic nilpotency constraint S2 = 0.1 This
superfield constraint eliminates the scalar component of S,
which we call S, in terms of the goldstino bilinear χ2 and
introduces higher-derivative terms in the Lagrangian. In the
cases where the goldstino is accompanied by other light
fields, these fields can be embedded in orthogonal con-
strained superfields [6–8,31,32]. For example if we have a
light Goldstone or a pseudo-Goldstone boson, which we will
refer to as an axion, generated by a broken U (1) symme-
try, we can embed it in a chiral superfield T satisfying the
orthogonality constraint S(T + T) = 0 (in which case the
U (1) symmetry transforms T by imaginary shifts), such that
the real part of T is eliminated, while its imaginary part can
be associated with the axion. From the orthogonality con-
straint it follows that (T + T)3 = 0. It is then natural to ask
if imposing such a cubic constraint on an independent chiral
superfield will yield non-trivial solutions. In this work we
attempt to answer this question.

1 We adopt the convention of using the bold font for superfields, and
the same letters in the regular font for their leading components.
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The outline of our paper is as follows. We first recall
nilpotent chiral superfields by looking at a simple example
in Sect. 2. In Sect. 3 we consider a chiral superfield trans-
forming under a global U (1) symmetry which we assume
is spontaneously broken, and impose cubic nilpotency con-
straints on a U (1)-invariant function of the chiral superfield.
We solve the cubic constraints in the two cases: where the
U (1) acts on the chiral superfield as a shift, and as a phase
rotation. The general solutions to the constraints describe
non-linear dynamics of a goldstino coupled to an axion, and
in Sect. 4 we study a minimal Lagrangian as an example. In
Sect. 5 we review Komargodski–Seiberg (KS) approach for
describing goldstino-axion models, and find non-linear field
redefinitions relating our construction to the KS approach.

2 Nilpotent chiral superfield

The minimal globally supersymmetric Lagrangian for a
nilpotent chiral superfield is given by (we use Wess–Bagger
[39] conventions)

L =
∫
d4θ K +

(∫
d2θ W + h.c.

)
, (1)

where K is the canonical Kähler potential and W is a linear
superpotential. They have the following expressions

K = SS, W = μS, (2)

where μ is some constant parameter which we assume is real,
and S is the chiral superfield. The component expansion of S
(as a function of the chiral coordinate ym = xm + iθσm θ̄ ) is

S = S + √
2θχ + θ2F, (3)

where S is a complex scalar, χ is a spin-1/2 fermion and
F is an auxiliary scalar. The chiral superfield S satisfies the
following nilpotency condition2

S2 = 0. (4)

In terms of the components of S, the solution to constraint
(4) is S = χ2/(2F). This relation eliminates S in terms of
the fermion χ , which can now be identified as the goldstino
because the corresponding auxiliary field F must be non-
vanishing. Hence SUSY is realised non-linearly.

After expanding Lagrangian (1) in terms of the component
fields, and using S = χ2/(2F), we have

L = χ2

2F
� χ̄2

2F
− iχσm∂m χ̄ + μ(F + F) + FF . (5)

2 We can also add a constant a into the constraint, (S + a)2 = 0.

The auxiliary field F can be integrated out via its equation
of motion

F = −μ − χ̄2

4μ3 �χ2 + 3χ2χ̄2

16μ7 �χ2�χ̄2, (6)

where the leading term is the usual contribution from the
superpotential, while the fermionic terms come from the
solution to the nilpotency constraint. Plugging this back into
the Lagrangian yields,

L = −iχσm∂m χ̄ − μ2 + χ2

4μ2 �χ̄2 − χ2χ̄2

16μ6 �χ2�χ̄2 .

(7)

This minimal Lagrangian describes non-linear dynamics of
the goldstino which transforms under SUSY as,

δεχα = −μεα − iμ−1σm
αα̇ε̄α̇(χ∂mχ) + O(χ2, χ̄2), (8)

where ε is the constant transformation parameter of global
SUSY.

3 Real cubic constraints

A superfield S that satisfies the quadratic chiral constraint (4)
also trivially satisfies the real cubic constraints,

(S + S)3 = 0, and (SS)3 = 0, (9)

where the former is invariant w.r.t. its imaginary shifts, while
the latter is invariant w.r.t. phase rotations of S. Our goal is
to find general solutions to this class of cubic constraints,
including the solutions that do not satisfy the quadratic con-
straints of the form S2 = 0. As we are going to show, the
most general solutions to the cubic constraints eliminate one
real scalar, so that the other one can be used to describe a
light axion of a broken global abelian symmetry.

A similar class of cubic constraints was studied by
Kuzenko [40], where it was applied to the deformed real
linear superfield L defined by D2L = −4m, where m is a
non-vanishing deformation parameter.

3.1 Shift-symmetric case

First we consider a chiral superfield S, whose components
are given in (3), transforming by imaginary shifts under a
(spontaneously broken) global U (1), i.e. S → S + iϑ with
a constant transformation parameter ϑ . If this U (1) is an
R-symmetry, χ and F must transform accordingly.

Introducing the following invariant quantity,

� ≡ S + S − 2a, (10)
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where the (real) constant a is included as a possible VEV of
S, we impose the following cubic constraint,

�3 = 0. (11)

In terms of the regular coordinates xm , � has the expansion,

� = 
 + √
2θχ + √

2θ̄ χ̄ + iθσm θ̄∂m(S − S)

+ i√
2
θ2θ̄σm∂mχ + i√

2
θ̄2θσm∂m χ̄ + θ2F

+θ̄2F + 1

4
θ2θ̄2�(S + S), (12)

where 
 ≡ S + S̄ − 2a.
The leading component of the constraint (11) implies the

general form of 
,


 = χ2β + χ̄2β̄ + χσm χ̄ ωm, (13)

where β and ωm are some functions of χ , χ̄ , Im(S), and their
spacetime derivatives. Let us parametrize S as

S = φ + iϕ, (14)

so that the real part is related to 
 as φ = a + 
/2, and the
imaginary part ϕ is the would-be axion of the broken U (1)

shift symmetry.
The θ2θ̄2-component of constraint (11) reads,

(
A + 1

4

�


)

 = B, (15)

where

A ≡ 2|F |2 − 2∂mϕ∂mϕ − iχσm∂m χ̄ + i∂mχσm χ̄ , (16)

B ≡ χ2F + χ̄2F + 2χσm χ̄∂mϕ. (17)

Note that B2 = O(χ2χ̄2) and B3 = 0. This equation is
similar to what was obtained in [40] for the deformed real
linear superfield L, because the superfield � has the same
component structure as L, except that the auxiliary field F of
the chiral superfield S is replaced by the deformation param-
eter m of the linear superfield, and ∂mϕ is replaced by the
Hodge-dual of the field strength of a two-form field in L.
The two-form field can be dualized to a real scalar (axion) in
four dimensions, so the field content is the same as that of a
chiral superfield.

Equation (15) can be solved iteratively (because χ3 = 0),
and the general solution is,


 = B

A
− B2

4A4 �B. (18)

After expanding the solution in terms of χ and χ̄ we arrive
at,


 = χ2β + χ̄2β̄ + 2

U
χσm χ̄∂mϕ, (19)

where U ≡ 2(|F |2 − ∂mϕ∂mϕ) and 3

β ≡ F

U
+ i χ̄

U 2

(
Fσm∂mχ − ∂mϕ∂m χ̄ + 2∂mϕσmn∂n χ̄

)

− χ̄2

2U 3

[
F∂m χ̄σmn∂n χ̄ + F∂mχσmn∂nχ

+ ∂mϕ∂nχ(2σmηnk − σ nηkm − σ kηmn − iεmnklσl)∂k χ̄
]
.

(20)

Or, in terms of φ we have,

φ = a + 


2
= a + χ2

2
β + χ̄2

2
β̄ + 1

U
χσm χ̄ ∂mϕ. (21)

Note that we do not have any restrictions on a and it can be
consistently set to zero.

Of course, the solution is valid only if U = 2(|F |2 −
∂mϕ∂mϕ) �= 0. Here we assume that U > 0 for physically
interesting models, in which case the fluctuations of ϕ are
bounded from above by the SUSY breaking scale, which is
not at all surprising since the effective theory is supposed to
operate on scales well below it. We verified that the solution
(19) is compatible with the rest of the components of the
superfield equation (11).

Nilpotent chiral superfield as a special case Solution (19)
can be checked for consistency by additionally imposing the
quadratic constraint (S − a)2 = 0, in which case it reduces
to S − a = χ2/(2F) so that


 ≡ S + S̄ − 2a = χ2

2F
+ χ̄2

2F
. (22)

This eliminates ϕ as

ϕ = − i

2
(S − S̄) = − i

4

(
χ2

F
− χ̄2

F

)
. (23)

Inserting solution (23) into the general solution for 
 in (19)
reproduces exactly Eq. (22), as it should.

3.2 Phase-symmetric case

Suppose a theory is symmetric (or approximately symmetric)
w.r.t. U (1) phase rotations of a chiral superfield Z → Zeiϑ .
We denote the components of Z as,

Z = Z + √
2θ ψ + θ2Fz, (24)

where the fermion ψ will be identified with the goldstino.
Depending on whether the U (1) is an R-symmetry or not, ψ
and Fz may transform differently from Z .

We can now define a U (1) invariant combination,

� ≡ ZZ − b2, (25)

3 We use the convention σmn
α

β = 1
4

(
σm

αα̇σ nα̇β − σ n
αα̇σmα̇β

)
, and

ε0123 = 1.
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where b is some real constant, and impose the cubic con-
straint,

�3 = 0. (26)

It is convenient to parametrize the scalar Z as,

Z = |Z |eiζ , (27)

where ζ is the angular scalar (axion), and the VEV of the
radial mode is 〈|Z |〉 = b. Again, we assume the U (1) is
spontaneously broken.

The θ2θ̄2-component of the constraint (26) reads,(
G + 1

4
��

)
�2 + b2H� = b4 I, (28)

where � ≡ �| = Z Z̄ − b2, and

G ≡ 3|Fz|2 − 5b2∂mζ∂mζ, (29)

H ≡ 2|Fz|2 − 2b2∂mζ∂mζ − iψσm∂mψ̄ + i∂mψσmψ̄

− 7
2bψ2Fze−iζ − 7

2b ψ̄2Fzeiζ − 8ψσmψ̄∂mζ,

(30)

I ≡ 1
bψ2Fze−iζ + 1

b ψ̄2Fzeiζ + 2ψσmψ̄∂mζ − 2
b2 ψ2ψ̄2.

(31)

Note that I 2 = O(ψ2ψ̄2) and I 3 = 0.
In the limit b = 0 the only meaningful solution is �2 =

Z2Z2 = 0 which means Z2 = 0, and eliminates both real
scalar degrees of freedom in terms of the goldstino.

For a general solution to Eq. (28) we assume b �= 0. In
this case (28) is solved by,

� = b2 I

H
− b2 I 2

H3

(
G + b2

4H
�I

)
, (32)

or after expanding in terms of ψ and ψ̄ we get,

� = b

(
ψ2γ + ψ̄2γ̄ + 2b

Y
ψσmψ̄∂mζ + b

Y 2 ψ2ψ̄2∂mζ∂mζ

)
,

(33)

where Y ≡ 2(|Fz|2 − b2∂mζ∂mζ ), and

γ ≡ Fz

Y
e−iζ + iψ̄

Y 2

(
Fze−iζ σm∂mψ − b∂mζ∂mψ̄

+2b∂mζσmn∂nψ̄
)

− ψ̄2

2Y 3

[
Fzeiζ ∂mψ̄σmn∂nψ̄ + Fze−iζ ∂mψσmn∂nψ

+ b∂mζ∂nψ(2σmηnk − σ nηkm − σ kηmn − iεmnklσl)∂kψ̄
]
.

(34)

We have defined γ in a way such that it resembles β from
Eq. (20) in its structure. The solution is well-defined as long
as Y = 2(|Fz|2 − b2∂mζ∂mζ ) �= 0.

Since � = |Z |2 − b2, the radial mode of Z can be written
with the help of �3 = 0 as,

|Z | =
√
b2 + � = b + �

2b
− �2

8b3 , (35)

so that using (33) we obtain,

|Z | = b + ψ2

2
γ + ψ̄2

2
γ̄ + b

Y
ψσmψ̄∂mζ

−ψ2ψ̄2

4bY 2

(
|Fz|2 − 3b2∂mζ∂mζ

)
. (36)

There is an alternative way to derive solution (36): we
could start from solution (21) for the shift-symmetric case,
and identify S = logZ assuming 〈Z〉 �= 0. Using the same
expansion for S and Z as before,

S = S + √
2θχ + θ2F, Z = Z + √

2θψ + θ2Fz, (37)

the components of S = logZ read,

S = log Z , χ = ψ

Z
, F = Fz

Z
+ ψ2

2Z2 . (38)

Thus, the real (φ) and imaginary (ϕ) parts of S can be written
as φ = log |Z | and ϕ = ζ (also notice that the VEV of the
first relation above reads a = log b, where b �= 0 while a can
be zero). Plugging (38) into solution (21) and expanding in
powers of ψ and ψ̄ , we obtain exactly the solution (36) for
|Z |. In other words, the solutions to the constraints (ZZ −
b2)3 = 0 and [log(ZZ/b2)]3 = 0 coincide.

Nilpotent chiral superfield as a special caseLet us once again
verify that applying the appropriate quadratic constraint con-
sistently eliminates the axion. The relevant quadratic con-
straint in this case is (Z − b)2 = 0, and its solution
Z − b = ψ2/(2Fz) can be written in terms of the radial
and angular parts as,

|Z | = b + ψ2

4Fz
+ ψ̄2

4Fz
+ ψ2ψ̄2

16b|Fz |2 , (39)

ζ = − i

2
log

Z

Z
= i

4b

(
ψ̄2

Fz
− ψ2

Fz

)
. (40)

Plugging ζ from (40) into Eq. (36), we indeed get Eq. (39).
SUSY transformation laws for the independent fields after

solving the cubic constraints can be found in Appendix A for
both shift-symmetric and phase-symmetric cases.

4 Goldstino-axion interactions

To demonstrate the Lagrangian and interactions between the
goldstino and the axion, let us choose the simplest setup with
a single chiral superfield and non-vanishing F-term. We fix
the Kähler potential and superpotential as in Sect. 2,

K = SS, W = μS, (41)
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which leads to the component action,

L = −∂mS∂mS − iχσm∂m χ̄ + μ(F + F) + |F |2
= φ�φ + ϕ�ϕ − iχσm∂m χ̄ + μ(F + F) + |F |2,

(42)

where we again parametrized S = φ + iϕ.
The Lagrangian is invariant w.r.t. both constant shifts and

constant phase transformations of S. We choose the shift-
symmetry in ϕ direction as the relevant U (1) symmetry, so
that ϕ is the axion which is exactly massless in this case (we
assume that a microscopic theory spontaneously breaks the
U (1) and generates a large mass for φ, which can always be
arranged by e.g. considering higher order corrections to the
minimal Kähler potential [6,8]). Then, we apply the nilpo-
tency constraint given by Eq. (11) and its solution in terms
of φ given by Eq. (21). Substituting this solution into the
Lagrangian (42) and integrating out F and F we get,

L = ϕ�ϕ − iχσm∂m χ̄ − μ2

+ μχ2 + μχ̄2 − 2χσm χ̄∂mϕ

8(μ2 − ∂nϕ∂nϕ)2

[
μ∂kχ∂kχ + μ∂k χ̄∂k χ̄

−2∂kϕ∂lχσ k∂ l χ̄
]

+ · · · , (43)

where the ellipsis stands for the terms trilinear and quadri-
linear in χ and χ̄ . The solution to the F-field equation of
motion is given in Appendix B, and the full Lagrangian after
eliminating F can be seen in Eq. (B.12).

The parameter μ becomes an expectation value of F
(〈F〉 = −μ) and acts as the order parameter of SUSY break-
ing. Notice that the interaction term in (43) includes the factor
of (μ2 −∂ϕ∂ϕ)−2 which can be expanded to any given order
in the derivatives ∂ϕ∂ϕ. Similarly, trilinear and quadrilinear
terms contain negative powers of (μ2 − ∂ϕ∂ϕ), as can be
seen from Eq. (B.12).

5 Relation to Komargodski–Seiberg model

Komargodski and Seiberg [6] showed that when a goldstino
is accompanied by an axion at low energies, in addition to the
goldstino chiral superfield satisfying X2 = 0, one can intro-
duce a chiral superfieldT containing the axion and satisfying
the orthogonality constraints,

X(T + T) = 0, (44)

XDα̇T = 0, (45)

where the latter constraint can derived from the former by
acting on it with Dα̇ . The role of these constraints is to elimi-
nate all the components of T except its imaginary part which

is identified with the axion. Let us denote the components of
X and T as follows,

X = X + √
2θλ + θ2Fx , T = T + √

2θκ + θ2Ft ,

(46)

where T = t + iτ , with τ being the axion.
The constraint X2 = 0 sets X = λ2/(2Fx ), where λ

becomes the goldstino. Then the θ2-component of constraint
(45) eliminates κ̄ by the relation,

κ̄α̇ = −i
λα

Fx
σm

αα̇∂m(t − iτ), (47)

while the θ2θ̄-component of the same constraint yields,

Ft =
[
− λ

Fx
σmσ n∂m

(
λ

Fx

)
∂n + λ2

2(Fx )2 �
]

(t − iτ).

(48)

Finally, constraint (44) eliminates the saxion t as,

t = − λ

2Fx
σm λ̄

Fx
∂mτ − i λ̄2

8(Fx )2

λ

Fx
σ nσm∂n

(
λ

Fx

)
∂mτ

+ iλ2

8(Fx )2 ∂n

(
λ̄

Fx

)
σmσ n λ̄

Fx
∂mτ

− λ2λ̄2

16|Fx |4 ∂m

(
λ̄

Fx

) (
σ kηmn + iεkmnlσ l

)
∂n

(
λ

Fx

)
∂kτ.

(49)

It was shown in [6] that if the two constrained chiral super-
fields X and T transform under a global U (1) as,

X → Xeiϑ , T → T + iϑ, (50)

they can form a U (1)-invariant combination satisfying the
following (secondary) cubic constraint,

P ≡ αX + eT, (|P|2 − 1)3 = 0, (51)

where α is some complex parameter.
Alternatively one can take the logarithm of P,

Q ≡ log
(
αX + eT

)
, (52)

which satisfies the shift-symmetric constraint, 4

(
Q + Q

)3 = 0, (53)

whereQ transforms by imaginary shifts under theU (1) trans-
formation. Constraint (53) is exactly of the form given by
Eq. (11) which we solved in Sect. 3.1 (here we ignore the
constant a). Therefore we can identify Q = S and express
the independent components of S (which are ϕ, χ , and F) in

4 Recall that (|P|2 − 1)3 = 0 and [log (PP)]3 = 0 lead to the same
solution, so using P = eQ in the latter we can obtain shift-symmetric
constraint (53).
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terms of the independent components of X and T (which are
τ , λ, and Fx ),

ϕ = τ − i

4

(
αλ2

Fx
e−iτ − ᾱλ̄2

Fx
eiτ

)
, (54)

χα = αλαe
−t−iτ + iσm

αα̇

λ̄α̇

Fx
∂m(t + iτ)

(
1 − αλ2

2Fx
e−iτ

)
,

(55)

F = αe−t−iτ Fx
{

1 + i
λ

Fx
σm λ̄

Fx
∂m(t + iτ)

− λ2λ̄2

4|Fx |4 ∂mτ∂mτ

}

−
(

1 − αλ2

2Fx
e−iτ

)[
∂m

(
λ̄

Fx

)
σ nσm λ̄

Fx
∂n

− λ̄2

2(Fx )2
�

]
(t + iτ), (56)

where t is given by Eq. (49), and we used the fact that
e−t = 1 +O(λσm λ̄). Equations (54)–(56) make up the non-
linear field redefinitions relating our model of Sect. 3.1 to the
Komargodski–Seiberg model [6] of goldstino-axion dynam-
ics. Similarly, the superfield Z of the phase-symmetric case
(Sect. 3.2) can be identified with the composite superfield P
of Eq. (51) to obtain analogous redefinitions in terms of the
components of Z.

The superfieldT constrained by (45) and (44) also satisfies
the secondary constraint (T+T)3 = 0. But it should be noted
that the composite scalar t = ReT given by (49) does not
satisfy our solution (18) to such cubic constraint because it
was obtained under the assumption of non-vanishing F-term,
while the auxiliary field Ft vanishes at the vacuum because
it starts with the goldstino and spacetime derivatives (see
Eq. (48)).

6 Conclusion

In this work we found non-trivial solutions to real cubic
constraints on chiral superfields transforming under global
U (1) symmetries. For a chiral superfield S transforming by
an imaginary shift we considered the invariant constraint
(S + S − 2a)3 = 0, which is solved by Eq. (21) – this
eliminates the real part of the scalar S ≡ S| in terms of the
goldstino and the axion which is the imaginary part of S. For
a chiral superfield Z transforming under the U (1) by a phase
we impose the constraint (|Z|2 − b2)3 = 0, which is solved
by Eq. (36) assuming b �= 0. In this case the radial mode of
Z = |Z |eiζ is eliminated, while the axion is identified with
its angular part ζ . We showed that the cubic constraints are
generalizations of the corresponding quadratic constraints
(S − a)2 = 0 and (Z − b)2 = 0. In particular, each of the

cubic constraints admits two solutions – one that eliminates
saxion only (which is our main result), and one that elimi-
nates both axion and saxion and satisfies the corresponding
quadratic constraint as well. Along the way we proved that
the constraints (|Z|2 − b2)3 = 0 and [log(|Z|2/b2)]3 = 0
lead to the same solution.

We constructed a minimal Lagrangian for the shift-
symmetric cubic constraint, where the goldstino-axion inter-
actions can be seen. The full solution to the F-term equation
of motion as well as the full on-shell Lagrangian can be found
in Appendix B.

Finally, we compared our results to the Komargodski–
Seiberg [6] model of effective goldstino-axion dynamics,
which uses the well-known quadratic constraint for the gold-
stino chiral superfield, X2 = 0, together with the axion
chiral superfield T satisfying the orthogonality constraint
X(T + T) = 0, so that only the imaginary scalar compo-
nent of T survives. We showed that the independent fields in
our approach (axion, goldstino, and F , all in the same chiral
superfield) can be related to the independent fields of the KS
model (goldstino and F-term in X, and axion in T) by non-
linear field redefinitions. There are two notable differences
between the two approaches. First, our approach uses a single
independent chiral superfield satisfying a single constraint
(not counting the chirality constraint), whereas in the KS
approach we have two chiral superfields and two constraints.
And second, solving the cubic constraints leads to the terms
in the Lagrangian with negative powers of (|F |2 − ∂ϕ∂ϕ),
which explicitly shows the upper bound on the kinetic energy
of the axion (in the KS model this upper bound is implicit) and
suppresses higher-derivative terms in the Lagrangian, acting
as a cut-off scale and effectively SUSY breaking scale. To be
specific, the upper bound on the axion kinetic energy applies
to its spatial derivatives and not temporal (we use “mostly
plus” metric signature).

It should also be noted that although the two approaches
can be related by non-linear field transformations, they do not
necessarily represent the same physics since the actions have
different structure. For example the aforementioned suppres-
sion scale (|F |2−∂ϕ∂ϕ) is directly affected by the derivatives
of ϕ, in contrast to the KS model.

In future works it would be natural to generalize our results
to local abelian symmetries, as well as local supersymme-
try. On the other hand our cubic constraints can be applied
in axion phenomenology, both in cosmology and particle
physics, similarly to orthogonal nilpotent superfields but with
possibly different implications.5

5 After our paper was posted on arXiv, Ref. [41] appeared where the
author constructed minimal supergravity inflation using our cubic nilpo-
tent superfields, and showed that the resulting theory does not suffer
from catastrophic gravitino production due to vanishing sound speed,
unlike theories using orthogonal nilpotent superfields.
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Appendix A: Off-shell SUSY transformations

Components of a (free) chiral superfield,

S = S + √
2θχ + θ2F, (A.1)

transform under N = 1 SUSY as,

δεS = εχ, δεχα = iσm
αα̇ε̄α̇∂mS + εαF,

δεF = i ε̄σ̄m∂mχ. (A.2)

For the shift-symmetric case of Sect. 3.1, taking S = φ +
iϕ, and eliminating φ according to the cubic constraint (11)
with the solution (21), we can obtain the transformation rules
for the independent fields ϕ, χ , and F . The transformation
of ϕ and F are unaffected by the cubic constraint, where for
ϕ we have,

δεϕ = − i
2 (εχ − ε̄χ̄ ). (A.3)

The transformation of the goldstino χ , however, contains
∂mφ and after φ is eliminated, becomes a complicated func-
tion involving U ≡ 2(|F |2 − ∂mϕ∂mϕ) and β given by
Eq. (20). Up to the terms bilinear in χ and χ̄ we can write,

δεχα = εαF + i

U
σm

αα̇ε̄α̇
(
iU∂mϕ + Fχ∂mχ + F χ̄∂m χ̄

+∂nϕ∂mχσ nχ̄ + ∂nϕχσ n∂m χ̄
)

+ O(χ2, χ̄2, χσm χ̄ ). (A.4)

Next we consider the phase-symmetric case of Sect. 3.2.
Among the components of the chiral superfield Z we elimi-
nate the radial scalar |Z | according to the solution (36). This
leaves the transformation of the auxiliary field untouched,

δεFz = i ε̄σ̄m∂mψ , while the axion and the goldstino trans-
form as,

δεζ = − i

2
δε log

Z

Z
= − i

2b

(
e−iζ εψ − eiζ ε̄ψ̄

)
+ O(ψ2, ψ̄2),

(A.5)

δεψα = εαF
z + i

Y
σm

αα̇ ε̄α̇eiζ (ibY ∂mζ

+ Fze−iζ ψ∂mψ + Fzeiζ ψ̄∂mψ̄

+b∂nζ∂mψσ nψ̄ + b∂nζψσ n∂mψ̄
) + O(ψ2, ψ̄2, ψσmψ̄),

(A.6)

where Y ≡ 2(|Fz|2 − b2∂mζ∂mζ ).

Appendix B: Integrating out the F-term

Here we integrate out the F-term in the model of Sect. 4. The
Lagrangian reads,

L =
∫
d4θ SS̄ +

(
μ

∫
d2θ S + h.c.

)

= φ�φ + ϕ�ϕ − iχσm∂m χ̄ + μ(F + F) + |F |2,
(B.1)

where we used S = φ + iϕ, and chose the parameter μ to be
real.

Applying the cubic shift-symmetric constraint (11), we
use its solution (21) to eliminate φ as a function of the gold-
stino χ, χ̄ , its derivatives, and the derivative of the axion
∂mϕ. In this case it is most convenient to work with the form
of the solution given by Eq. (18), so that φ becomes,

φ = B

2A
− B2

8A4 �B, (B.2)

where we set a = 0 since it is irrelevant for the Lagrangian.
Let us recall the definitions of A and B,

A ≡ 2|F |2 − 2∂mϕ∂mϕ − iχσm∂m χ̄ + i∂mχσm χ̄ ,

(B.3)

B ≡ Fχ2 + F χ̄2 + 2∂mϕχσm χ̄ . (B.4)

Then the term φ�φ can be written as,

φ�φ = B�B

4A2 − B

2A3 ∂m A∂mB − B�B

16A4 �(χ2χ̄2)

+ χ2χ̄2

4A4

[
2A∂m A∂m A − A2�A − 1

4 (�B)2
]
,

(B.5)

where we used the fact that B2 = Aχ2χ̄2. The first term of
(B.5) is at least bilinear in χ and χ̄ , the second term is at least
trilinear, while the rest are quadrilinear terms.
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Using the Lagrangian (B.1) we write down the Euler–
Lagrange equation of F ,

[
∂

∂F
− ∂m

∂

∂(∂mF)
+ ∂m∂n

∂

∂(∂m∂n F)

]
L

= μ + F +
[

∂

∂F
− ∂m

∂

∂(∂mF)
+ � ∂

∂(�F)

]
φ�φ = 0,

(B.6)

where we notice that the second derivatives of F enter φ�φ

only as �F .
The process of solving the above equation can be simpli-

fied if we use the following ansatz for F ,

F = −μ + �1χ
2 + �2χ̄

2 + �mχσm χ̄ + E, (B.7)

where �1, �2, and �m are some complex functions of ∂mχ ,
∂m χ̄ , and ∂mϕ, while E collectively denotes all the terms tri-
linear and quadrilinear in χ and χ̄ . If we plug this ansatz into
Lagrangian (B.1), we can see that all the E- and E-dependent
terms vanish due to the fact that E is at least trilinear, and so
Eχ2 = E χ̄2 = Eχσm χ̄ = 0.

Therefore we need to find only �1, �2, and �m , which can
be done by plugging ansatz (B.7) into Eq. (B.6) and keeping
only the bilinear terms,

�1χ
2 + �2χ̄

2 + �mχσm χ̄

= −
{[

∂

∂F
− ∂m

∂

∂(∂mF)
+ � ∂

∂(�F)

]
φ�φ

}∣∣∣∣
bi

.

(B.8)

This yields,

�1 = −μ2 μ∂mχ∂mχ + μ∂m χ̄∂m χ̄ − 2∂mϕ∂kχσm∂k χ̄

4(μ2 − ∂nϕ∂nϕ)3 ,

(B.9)

�2 = −∂lϕ∂ lϕ
μ∂mχ∂mχ + μ∂m χ̄∂m χ̄ − 2∂mϕ∂kχσm∂k χ̄

4(μ2 − ∂nϕ∂nϕ)3 ,

(B.10)

�m = 1
2 (μ2 − ∂pϕ∂ pϕ)−3

[
μ∂mϕ(μ∂nχ∂nχ + μ∂n χ̄∂n χ̄

− 2∂nϕ∂kχσ n∂k χ̄) − (μ2 + ∂qϕ∂qϕ)ηmn∂kϕ∂l χ̄ σ̄ nk∂ l χ̄

− 2μ2ηmn∂kϕ∂lχσ nk∂ lχ
]
, (B.11)

so that �1 and �2 are real, whereas �m stays complex.
Finally, the full Lagrangian after F and F are eliminated

reads,

L = ϕ�ϕ − iχσm∂m χ̄ − μ2 + χ2χ̄2 (
�2

1 + �2
2 − 1

2 �m�m)

+ B�B
4A2 − B

2A3 ∂mA∂mB

+ χ2χ̄2

4A4

[
2A∂mA∂mA − A2�A − 1

4 (�B)2] − B�B
16A4 �(χ2χ̄2),

(B.12)

where we have defined,

B ≡ B|F = −μ(χ2 + χ̄2) + 2χσm χ̄∂mϕ + 2χ2χ̄2�2,

(B.13)

A ≡ A|F,bi = 2(μ2 − ∂mϕ∂mϕ) − iχσm∂m χ̄ + i∂mχσm χ̄

− 2μ
[
(χ2 + χ̄2)(�1 + �2) + χσm χ̄(�m + �m)

]
.

(B.14)

The notation |F means using solution (B.7) for F and F ,
and |bi means extracting terms that are at most bilinear in the
goldstino (higher order terms in A will vanish when plugged
into the Lagrangian).
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