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Received: 24 February 2021 / Accepted: 3 June 2021 / Published online: 27 June 2021
© The Author(s) 2021

Abstract The quantum theory of the Maxwell free field
in Coulomb gauge on the de Sitter expanding universe is
completed with the technical elements needed for building
a coherent quantum theory of redshift. Paying special atten-
tion to the conserved observables and defining the projec-
tion operator selecting the detected momenta it is shown that
the expectation values of the energies of the emitted and
detected photons comply with the Lemaître rule of Hubble’s
law. Moreover, the quantum corrections to the dispersions of
the principal observables and new uncertainty relations are
derived.

1 Introduction

An important source of empirical data in the observational
astrophysics is the light emitted by different cosmic objects
whose redshifts encapsulate information about the cosmic
expansion and possible peculiar velocities of the observed
objects [1]. For understanding these two contributions one
combined so far the Lemaître rule [2,3] of Hubble’s law [4],
describing the cosmological effect [5], with the usual theory
of the Doppler effect of special relativity. Recently we pro-
posed an improvement of this approach replacing the special
relativity with our de Sitter relativity [6,7]. We obtained thus
a redshift formula having a new term combining the cosmo-
logical and kinetic contributions in a non-trivial manner [8].
Moreover, we related the black hole shadow and redshift for
the Schwarzschild [9] and Reissner–Nordstrom [10] black
holes moving freely in the de Sitter expanding universe.

The next step might be the quantum theory of redshift but
this was never considered because of the real or presumed dif-
ficulties in constructing the quantum theory of light in curved
backgrounds. In fact there is nothing much in it since we have
already the classical and quantum theory of the free Maxwell
field on the de Sitter expanding universe [11] including the
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de Sitter QED in the first order of perturbations [12]. There-
fore, we may build a quantum theory of redshift exploiting
this framework and solving the specific difficulties of this
problem. We devote this paper to this goal constructing step
by step the redshift theory from the classical level up to a new
quantum approach able to reveal the quantum corrections and
the uncertainty relations related to this effect.

The cornerstone here is the conformal covariance of the
Maxwell equations in Coulomb gauge allowing us to take
over all the results of special relativity in the comoving local
charts (called here frames) with conformal coordinates of
the de Sitter expanding universe [11]. In these frames the
quantization of the Maxwell field can be done in canonical
manner as in special relativity. The difference is that there is
a richer algebra of isometry generators giving rise to more
conserved quantities of the classical theory that become con-
served one-particle operators after quantization [11]. Of spe-
cial interest is the energy operator, which does not commute
with the components of the conserved momentum generating
new uncertainty relations [13].

On the other hand, the conformal coordinates are differ-
ent from the physical ones which are of the Painlevé type
[14] being related to the conformal ones through coordinate
transformations depending on time. However, in the quan-
tum theory these transformations change the time evolution
picture as we have shown in Refs. [15–17]. Therefore, for
avoiding this difficulty, we restrict ourselves to the confor-
mal coordinates setting the initial conditions at the time t0
when the scale factor a(t0) = 1 and the physical and confor-
mal space coordinates coincide. Under such circumstances
the physical effects may be studied by using exclusively the
conserved one-particle operators.

In addition, we pay attention to a pair of sensitive tech-
nical problems which are crucial in our approach. The first
one is related to the momentum-dependent phase of the plane
wave solutions of the Maxwell equations which determines
the form of the energy operator. Here we set for the first time
the phase which guarantees the correct flat limit of our the-
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ory. The second problem is related to the detector measuring
the redshift which has to select only the radiation emitted by
a remote source. For doing so we assume that the detector fil-
ters the momenta in a desired domain of the momentum space
whose associated projection operator helps us to derive the
expectation values and dispersions of the measured observ-
ables.

We obtain thus a complete quantum theory of the redshift
observed in the radiation emitted by a remote source with-
out peculiar velocity. We show that the expectations values
of the energies of the emitted and detected photons comply
with the Lemaître rule of Hubble’s law, while the dispersions
get new quantum corrections involved in a set of new uncer-
tainty relations. However, it is less probable to identify such
corrections in the astrophysical observations since these are
very small in our actual expanding universe. Nevertheless, the
methods developed here are important as these can be adapted
to any spatially flat Friedmann–Lemaître–Robertson–Walker
(FLRW) spacetime including those studied in the cosmology
of early universe.

We start in Sect. 2 with a brief review of the de Sitter
geometry defining the conserved quantities and introducing
the conformal and physical coordinates. In the next section
we revisit the classical theory of redshift pointing out the role
of the conserved quantities in deriving the Lemaître equation.
The Sect. 4 is devoted to the classical theory of the Maxwell
field showing how by fixing a convenient phase we ensure
the correct flat limit of the principal conserved quantities
which become one-particle operators after the quantization
performed in the next section. In the last part of this section
we show how the wave packets can be measured by choosing
a suitable projection operator for selecting the momenta of
the modes which contribute to the expectation values of the
principal conserved observables. The next section is devoted
to the quantum redshift for which we derive the new quan-
tum corrections and uncertainty relations. Finally we present
some concluding remarks.

As here we develop a quantum approach, we introduce a

special notation denoting by ωH =
√

�
3 c the de Sitter Hubble

constant (frequency) since H is reserved for the energy or
Hamiltonian operator [13]. Moreover, the Hubble time tH =

1
ωH

and the Hubble length lH = c
ωH

will have the same form
in the natural Planck units with c = h̄ = G = 1 we use here.

2 de Sitter expanding universe

The manifold in which we would like to study the quan-
tum theory of redshift is the expanding portion M+ of the
de Sitter spacetime M known as the de Sitter expanding
universe. The manifold M may be defined as the hyper-
boloid of radius 1/ωH in the five-dimensional flat space-

time (M5, η5) of coordinates zA (labeled by the indices
A, B, . . . = 0, 1, 2, 3, 4) having the flat metric η5 =
diag(1,−1,−1,−1,−1). The frames {x} of coordinates xμ

(with natural indices α,μ, ν, . . . = 0, 1, 2, 3) can be intro-
duced on M or M+ giving the set of functions zA(x) which
solve the hyperboloid equation,

η5
ABz

A(x)zB(x) = − 1

ω2
H

, (1)

where ωH is the Hubble de Sitter constant (frequency) in our
notation. In what follows we consider the comoving frames
with two sets of local coordinates, the conformal ones and
the physical de Sitter–Painlevé coordinates.

The conformal coordinates {xc} = {tc, xc} are formed by
the conformal time tc and the conformal Cartesian spaces
coordinates xic (i, j, k, . . . = 1, 2, 3), known as comoving
space coordinates [18], for which we use the vector notation,
xc = (x1

c , x2
c , x3

c ) ∈ R
3 ⊂ M5. These are defined by the

functions

z0(xc) = − 1

2ω2
H tc

[
1 − ω2

H (tc
2 − x2

c)
]
,

zi (xc) = − 1

ωHt
xic,

z4(xc) = − 1

2ω2
Htc

[
1 + ω2

H(tc
2 − x2

c)
]
, (2)

covering the expanding portion M+ for tc ∈ (−∞, 0) and
xc ∈ R

3 while the collapsing part M− is covered by similar
frames with tc > 0. In both these cases we have the same
conformal flat line element,

ds2 = η5
ABdzA(xc)dz

B(xc)

= gμν(xc) dxμ
c dxν

c = 1

ω2
Htc

2

(
dtc

2 − dxc · dxc

)
. (3)

Here we restrict ourselves to the expanding portion M+
which is a plausible model of our expanding universe.

The de Sitter–Painlevé coordinates {x} = {t, x} on the
expanding portion M+ can be introduced directly by substi-
tuting

tc = − 1

ωH
e−ωHt , xc = xe−ωHt , (4)

where t ∈ (−∞,∞) is the proper or cosmic time while xi

are the physical Cartesian space coordinates of an observer
staying at rest in origin. Then the line element reads

ds2 = gμν(x) dxμdxν

= (1 − ω2
Hx

2) dt2 + 2ωHx · dx dt − dx · dx. (5)

Notice that this frame is useful in applications since in the
flat limit (when ωH → 0) its coordinates become just the
Cartesian ones of the Minkowski spacetime. In the frames
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with combined coordinates {t, xc} the metric takes the FLRW
form

ds2 = dt2 − a(t)2 dxc · dxc, a(t) = eωHt , (6)

where a(t) is the scale factor of the expanding portion which
can be rewritten in the conformal frame,

a(tc) ≡ a[t (tc)] = − 1

ωHtc
, (7)

as a function defined for tc < 0.
The de Sitter spacetime is a hyperbolic manifold with the

maximal symmetry whose isometry group is just the gauge
group SO(1, 4) of the embedding manifold M5 that leaves
invariant its metric and implicitly Eq. (1). Therefore, given
a system of coordinates defined by the functions z = z(x),
each transformation g ∈ SO(1, 4) defines an isometry, x →
x ′ = φg(x), derived from the system of equations

z[φg(x)] = gz(x). (8)

The frames related through such isometries play the role
of the inertial frames as in special relativity. Each isome-
try x → x ′ = φg(ξ)(x), depending on the group parameter
ξ , gives rise to an associated Killing vector, k = ∂ξφξ |ξ=0. In
a canonical parametrization of the SO(1, 4) group with real
skew-symmetric parameters, ξ AB = −ξ BA, any infinitesi-
mal isometry,

φ
μ

g(ξ)(x) = xμ + ξ ABkμ

(AB)(x) + · · · , (9)

depends on the components

k(AB) μ = zA∂μzB − zB∂μzA, zA = ηABz
B, (10)

of the Killing vector associated to the parameter ξAB .
The classical conserved quantities along geodesics have

the general form K(AB)(x,P) = ωHk(AB) μ pμ where the
four-momentum components pμ = dxμ(s)

dλ
are the derivatives

with respect to the affine parameter λ which satisfies ds =
mdλ such that gμν pμ pν = m2. The conserved quantities
with physical meaning [13] are the energy E = ωHk(04) μ pμ,
the angular momentum components, Li = 1

2 εi jkk( jk) μ pμ,
and the components Ki = k(0i) μ pμ and Ri = k(i4) μ pμ of
two vectors related to the conserved momentum P and its
associated dual momentum Q as, [13]

P = −ωH(R + K), Q = ωH(K − R), (11)

satisfying the identity

E2 − ω2
HL

2 − P · Q = m2, (12)

corresponding to the first Casimir invariant of the so(1, 4)

algebra [13]. In the flat limit, ωH → 0 and −ωHtc → 1, we
have Q → P such that this identity becomes just the usual
mass-shell condition E2 −P2 = m2 of special relativity. The
conserved quantities K(AB) transform as a five-dimensional
skew-symmetric tensor under the SO(1, 4) transformations
generating the de Sitter isometries [6].

The simple isometries we meet here are the translations
of parameters d = (d1, d2, d3) that act as

tc = t ′c,
xc = x′

c + d,
→ t = t ′,

x = x′ + d eωHt .
(13)

Hereby we can derive the Killing vector of components

k0
j = 0, kij = ∂xic

∂d j

∣∣∣∣
d=0

= δij = ωH

(
ki(0, j) + ki(i,4)

)
,

(14)

where ki(AB) = gi j (xc) k(AB) j result from Eq. (10). This
gives rise to the conserved momentum of the classical
approach and to the momentum operator of the quantum the-
ory. We shall see in the next section that these isometries
transform the energy, angular momentum and dual momen-
tum but preserve the conserved momentum.

3 Null geodesics and redshift

We consider now the null geodesics of the photons (with
m = 0) denoting the conserved quantities along these
geodesics with capital letters. In the conformal frame the

four-momentum components, denoted now by kμ
c = dxμ

c
dλ

,
satisfy the identity

gμν(xc) k
μ
c k

ν
c = a(tc)

2
[
k0

c (tc)
2 − kc(tc)

2
]

= 0, (15)

resulting from the line element (3). In addition, we may con-
sider the components

P j = −g jk(xc)k
j
i

dxkc
dλ

= a(tc)
2 dx j

c

dλ
, (16)

of the conserved momentum P = nP P (P = |P |). Then by
using the prime integrals (15) and (16) we derive the energy
and covariant momentum in this frame as

k0
c (tc) = dtc

dλ
= P

a(tc)2 = ω2
Ht

2
c P, (17)

kc(tc) = dxc

dλ
= P

a(tc)2 = ω2
Ht

2
c P. (18)

The null geodesic results simply as [19]

xc(tc) = xc0 + nP (tc − tc0), (19)
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leading us to conclude that this is determined completely by
the unit vector nP and the initial condition xc(tc0) = xc0.

The corresponding physical quantities measured in the
frame {t, x} may be obtained by substituting the physical
coordinates according to Eq. (4). Thus we find

k0(t) = dt

dλ
= Pe−ωHt , (20)

k(t) = dx
dλ

= P e−ωHt + ωHx(t) Pe−ωHt , (21)

which represent the measured energy and covariant momen-
tum in the point [t, x(t)] of the null geodesic [19]

x(t) = x0e
ωH(t−t0) + nP

eωH(t−t0) − 1

ωH
, (22)

which is passing through the space point x(t0) = x0 at the
initial time t0. The conserved quantities on this geodesic can
be calculated at any time as

E = e−ωHt [P + ωHx(t) · P] , (23)

L = x(t) ∧ Pe−ωHt , (24)

Q = 2ωHx(t)e−ωHt E + Pe−2ωHt [1 − ω2
Hx(t)

2], (25)

observing that these satisfy the identity (12) for m = 0.
The momentum defined by Eq. (21) can be split as k(t) =

k̂(t) + k̄(t) where

k̂(t) = Pe−ωHt , k̄(t) = ωH x(t) k0(t), (26)

are the peculiar and recessional momenta we have defined
recently [20]. The prime integral derived from the line ele-
ment (5) gives the familiar identity

k0(t)2 − k̂(t)2 = 0, (27)

which is just the mass-shell condition of special relativity
satisfied by the energy and peculiar momentum along the
null geodesics.

Now we may analyze how two different observers measure
a photon moving on a null geodesic which is passing through
the origins O and O ′ of their proper physical frames {t, x}O
and {t, x′}O ′ . We assume that the photon is emitted in O ′
at the initial time t0 when the origin O ′ is translated with
respect to O as

x(t0) = x′(t0) + d eωHt0 , (28)

where the translation parameter d = n d of the isometry (13)
has the direction OO ′ given by the unit vector n. If we know
that the photon is emitted in x′(t0) = 0 with the momentum
k = −n k and energy k0 = k we may ask what the energy and
momentum are of this photon measured in the origin O at the
final time t f when the photon reaches this point. For solving

this problem we look first for the conserved momentum that
is the same in the points O ′ and O ,

P′ = P = k eωMt0 → P = k eωMt0 , nP = −n, (29)

since this is invariant under translations being associated to
their generators. Furthermore, we observe that the choice of
the initial time

tc0 = − 1

ωH
→ t0 = 0, (30)

when a = 1 and, consequently, the conformal and physical
space coordinates coincide. This simplifies the calculations,
allowing us to find the quantities measured by the observers
O and O ′ at this moment derived from Eqs. (23)–(25).

The results are presented in the next table where we intro-
duce the intuitive notations for the initial, Ei , and final, E f ,
photon energies which are the physical quantities involved
in the redshift. We have

frame {t, x′}O ′ frame {t, x}O ,

initial cond. x′(0) = 0 x(0) = d,

cons. energy E ′ ≡ Ei = k E ≡ E f = k(1 − ωHd),

cons. mom. P′ = k P = k,

angular mom. L′ = 0 L = 0,

dual mom. Q′ = k Q = k(1 − ωHd)2.

We observe that the translation (28) changes the energy and
the components of the adjoint momentum but preserving the
invariant (12) with m = 0. Indeed, in the frame {t, x′}O ′
we have E2

i = k2 = P′ · Q′. In the frame {t, x}O the pho-
ton arrives in x = 0 at the conformal time tcf = d − 1

ωH
corresponding to the cosmic time

t f = − 1

ωH
ln(−ωHtcf) = − 1

ωH
ln(1 − ωHd). (31)

Hereby we can deduce that O measures the final peculiar
momentum,

k̂(t f ) = k(1 − ωHd), (32)

resulting from Eq. (26) for t = t f . Obviously, this satisfies
the mass-shell condition E2

f = k̂(t f )2 = P · Q. Hereby we
conclude that P and Q are conserved quantities that cannot
be measured directly but complete each other for closing the
identity (12). The only measurable quantities remain thus the
energy, peculiar momentum and angular momentum.

These results allow us to recover the Lemaître expression
of Hubble’s law giving the redshift z as

1

1 + z
= Ef

Ei
= 1 − ωHd = 1 − d

lH
, (33)
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and the physical observer–source distance at the time tf ,

df = d

−ωHtcf
= d

1 − ωHd
, (34)

which was increasing because of the space expansion during
the photon propagation. Thus we revisited the redshift in the
particular case when O ′ does not have a peculiar velocity.
The general result for arbitrary peculiar velocity of O ′ was
derived recently [8,9].

These results that hold at the level of the geometric optics
in de Sitter background are incomplete since at this level
we neglect the wave behavior and polarization that may be
studied considering the classical and quantum theory of the
Maxwell field.

4 Classical Maxwell field

Let us consider first the classical approach denoting by A
the electromagnetic potential of the Maxwell field minimally
coupled to the de Sitter gravity, whose action in an arbitrary
frame {x} of M+ reads

S[A] =
∫

d4x
√
gL = −1

4

∫
d4x

√
g FμνF

μν, (35)

where g = | det(gμν)| and Fμν = ∂μAν − ∂ν Aμ is the field
strength. From this action one derives the field equations

∂ν(
√
g gναgμβFαβ) = 0, (36)

which are invariant under conformal transformations, gμν →
g′
μν = �gμν and

Aμ → A′
μ = Aμ Aμ → A′μ = �−1Aμ. (37)

The canonical variables Aμ must obey, in addition, the
Lorentz condition

∂μ(
√
g gμν Aν) = 0, (38)

which is no longer conformally invariant since

∂μ(
√
g′ g′μν A′

ν) = ∂μ(
√
g gμν Aν) + √

gAμ∂μ�. (39)

However, we may get over this inconvenience imposing the
Coulomb gauge, A0 = 0, in the conformal frame {tc, xc},
since then the second term of Eq. (39) does not contribute.

4.1 Plane waves

Under such circumstances we can write the solutions of the
Maxwell equations in Coulomb gauge, (∂2

tc −�c)Ai = 0, and

the Lorentz condition, ∂xic
Ai = 0, taking over all the well-

known results of special relativity. Thus we get the plane
wave solutions

Ai (xc) = A(+)
i (xc) + A(−)

i (xc)

=
∫

d3k
∑
λ

[
ei (nk, λ) f̂k(xc)â(k, λ)

+[ei (nk, λ) f̂k(xc)]∗â∗(k, λ)
]
, (40)

expressed in terms of wave functions in momentum repre-
sentation, â(k, λ), polarization vectors, ei (nk, λ), and funda-
mental solutions of the d’Alembert equation,

f̂k(xc) = 1

(2π)3/2

1√
2k

eiδ(k)−iktc+ik·xc , (41)

where k = knk is the momentum vector with k = |k|.
The momentum-dependent phase δ(k) is introduced in

order to ensure the correct flat limit of the plane wave solu-
tions when ωH → 0. According to Eq. (4), we see that the
entire phase of the function (41) behaves as

iδ(k) − ik

(
− 1

ωH
+ t

)
+ ixc · k + O(ωH), (42)

having a pole in ωH = 0. For removing this singularity we
must impose the condition

lim
ωH→0

(
δ(k) + k

ωH

)
= 0, (43)

giving the correct flat limit of special relativity,

lim
ωH→0

eiδ(k)−iktc+ik·xc = e−ikt+ik·x. (44)

For avoiding some difficulties related to this explicit phase,
it is convenient to redefine

fk(xc) = e−iδ(k) f̂k(xc) = 1

(2π)3/2

1√
2k

e−iktc+ik·xc ,

(45)

a(k, λ) = eiδ(k)â(k, λ), (46)

substituting f̂k(xc)â(k, λ) = fk(xc)a(k, λ) in Eq. (40).
In Ref. [11] we neglected the problem of this phase which

is solved here for the first time. This guarantees the correct
flat limit as in the case of the rest frame vacua we defined
recently for the massive Dirac [21], Klein–Gordon [22] and
Proca [23] free fields, showing that only these vacua ensure
correct flat limits [24]. We specify that the covariant Klein–
Gordon and Dirac free fields on the de Sitter manifold were
studied for the first time in Ref. [25] which was the starting
point in obtaining our mentioned results.
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The functions fk(x) are assumed to be of positive frequen-
cies while those of negative frequencies are fk(x)∗. These
solutions satisfy the orthonormalization relations [11]

( fk, fk′) = − (
f ∗
k , f ∗

k′
) = δ3(k − k′), (47)(

fk, f ∗
k′

) = 0, (48)

and the completeness condition

i
∫

d3k f ∗
k (tc, xc)

↔
∂tc fk(tc, x′) = δ3(xc − x′

c), (49)

with respect to the Hermitian form

( f, g) = i
∫

d3xc f ∗(tc, xc)
↔
∂tc g(tc, xc). (50)

Here we denote f
↔
∂ g = f ∂g − g∂ f .

The polarization vectors e(nk, λ) in Coulomb gauge must
be orthogonal to the momentum direction,

k · e(nk, λ) = 0, (51)

for any polarization λ = ±1. We remind the reader that the
polarization can be defined in different manners independent
of the form of the scalar solutions fk. In general, the polariza-
tion vectors have c-number components which must satisfy
[26]

e(nk, λ) · e(nk, λ′)∗ = δλλ′ , (52)
∑
λ

ei (nk, λ) e j (nk, λ)∗ = δi j − ki k j

k2 . (53)

Here we restrict ourselves to considering only the cir-
cular polarization for which the supplementary condition
e(nk, λ)∗ ∧ e(nk, λ) = iλnk is required.

We obtained thus the mode expansions in terms of trans-
verse plane waves of given momentum and helicity. The func-
tions wi(k,λ) = ei (nk, λ) fk, are of positive frequencies while
those of negative frequencies are w∗

i(k,λ). We say that these
sets of fundamental solutions of the Maxwell equation define
the momentum–helicity basis. Note that an energy–helicity
basis can also be defined [11].

4.2 Conserved quantities

The Maxwell theory is invariant under SO(1, 4) isometries
such that under a given isometry, x → x ′ = φg(ξ)(x),
depending on the group parameter ξ , the vector field A trans-
forms as A → A′ = Tξ A, according to the operator-valued
representation ξ → Tξ of the isometry group defined by the
well-known rule

∂φν
ξ (x)

∂xμ

(
Tξ A

)
ν
[φ(x)] = Aμ(x). (54)

The corresponding generator, XK = i ∂ξTξ |ξ=0, has the
action

(Xk A)μ = −i(kν Aμ;ν + kν
;μAν), (55)

where k is the Killing vector associated to ξ . In a canonical
parametrization of the SO(1, 4) group we have the corre-
spondence

ξ AB → k(AB) → Xk(AB)
≡ X(AB), (56)

which means that the generators X(AB) form a basis of the
vector representation of the so(4, 1) algebra carried by the
space of the vector potential, A. This algebra yields the prin-
cipal observables, i.e. the energy operator Ĥ = ωX(05), the
components of the momentum, P̂i = −ωH(X(i4) + X(0i)),
dual momentum, Q̂i = ωH(X(0i) − X(i4)), and total angular
momentum, Ĵi = 1

2εi jk X( jk) (i, j, . . . = 1, 2, 3), operators
[13,27].

The action of these operators can be calculated according
to Eq. (55) using the concrete form of the Killing vectors
derived from Eq. (10). In what follows we restrict ourselves
to the results in the Coulomb gauge (with A0 = 0) which are
useful in applications. The energy and momentum operators
do not have spin parts, acting as [11]

Ĥ A j = −iωH

(
tc

∂

∂tc
+ xic

∂

∂xic
+ 1

)
A j , (57)

P̂i A j = −i
∂

∂xic
A j , (58)

while the action of the total angular momentum reads

Ĵi A j = L̂i A j − iεi jk Ak, (59)

where L̂ = xc×P is the usual angular momentum operator. In
addition, we define the Pauli–Lubanski (or helicity) operator
Ŵ = P̂ · Ĵ whose action depends only on the spin parts,

Ŵ Ai = εi jk
∂

∂x j
c

Ak . (60)

This operator will define the polarization in the canonical
basis of the so(3) algebra as in special relativity [11]. In
contrast with these operators, the dual momentum has the
more complicated action,

Q̂i A j = −iω2
H

[
2xic

(
tc

∂

∂tc
+ xkc

∂

∂xkc

)
+ (t2

c − x2
c )

∂

∂xic

]
A j

−iω2
H

(
2δi jxc · A + xicA j − x j

c Ai

)
, (61)

we present here for the first time.
We constructed thus the basis {Ĥ , P̂i , Q̂i , Ĵi }of the vector

representation of the so(1, 4) algebra whose commutation
rules are
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[
Ĥ , Ĵi

]
= 0 (62)

[
Ĥ , P̂i

]
= iωH P̂i ,

[
Ĥ , Q̂i

]
= −iωH Q̂i , (63)

[
Ĵi , P̂

j
]

= iεi jk P̂
k,

[
Ĵi , Q̂

j
]

= iεi jk Q̂
k, (64)

[
Q̂i , Q̂ j

]
= 0,

[
P̂i , P̂ j

]
= 0, (65)

[
Q̂i , P̂ j

]
= 2iωHδi j Ĥ + 2iω2

Hεi jk Ĵk, (66)

from which we deduce
[
P̂i , Ŵ

]
= 0,

[
Ĥ , Ŵ

]
= iωHŴ , (67)

understanding that the maximal set of commuting operators
we may use is {P̂i , Ŵ }. The first Casimir operator of this
algebra has the form [13]

C1 = Ĥ2 + 3iωH Ĥ − Q̂ · P̂ − ω2
HĴ · Ĵ (68)

giving the supplemental equation C1Ai = 0 which in the
Coulomb gauge is just the d’Alembert one.

In what concerns the structure of the so(1, 4) algebra
we observe that there are two Abelian sub-algebras gener-
ated by the momentum components, {P̂i }, respectively, by
those of the dual momentum, {Q̂i }. Another specific fea-
ture is that the energy operators does not commute with the
momentum components as in special relativity. Regarding
our notations we must specify that the upper or lower posi-
tions of the space indices do not have here a meaning but we
denoted the components of the momentum and dual momen-
tum with upper indices since in the flat limit these become
Q̂i → P̂i → −i∂i , i.e. the contravariant space components
of the momentum operator with respect to the Minkowski
metric.

The conserved quantities of our Lagrangian theory are
related to the operators of the so(1, 4) algebra via Noether’s
theorem. From the action (35) we deduce that in Coulomb’s
gauge the conserved quantities can be derived by using the
Hermitian form (50) as [11]

X → C[X ] = 1

2
δi j

(
Ai , X A j

) ∀X ∈ so(1, 4). (69)

This integral can be expressed in terms of electric and mag-
netic components of the field strength [12] or as a mode
integral in momentum representation. Thus we can conclude
that we outlined here a coherent de Sitter electrodynamics
which has a correct flat limit.

5 Quantum Maxwell field

The next step is the quantization we may perform in a canon-
ical manner as in special relativity exploiting the global con-

formal invariance of the theory in Coulomb gauge. There are
many delicate problems that can be avoided if we restrict our-
selves to the conserved operators in the Heisenberg picture
assuming that the quantum states are defined at the initial
time (30) when a(0) = 1 and the conserved and peculiar
momenta coincide. Then we have to focus only on the con-
served operators calculated at this moment which are enough
for analyzing the quantum redshift. However, this method
is not suitable for studying other dynamic operators as, for
example, the coordinate operator and the peculiar momentum
one.

5.1 One-particle operators

We assume that the wave functions a of the field (40) become
field operators (with a∗ → a†) [26] such that the poten-
tials (40) become field operators denoted by Ai . We assume
that the field operators fulfill the standard commutation rela-
tions in the momentum–helicity basis from which the non-
vanishing ones are

[a(k, λ), a†(k ′, λ′)] = δλλ′δ3(k − k ′). (70)

Then the Hermitian field A = A † is correctly quantized
according to the canonical rule

[Ai (tc, xc), π
j (tc, x′

c)] = [Ai (tc, x), ∂tcA j (tc, x′
c)]

= i δtri j (xc − x′
c), (71)

where

π j = √
g

δL

δ(∂tcA j )
= ∂tcA j (72)

is the momentum density in Coulomb gauge (A0 = 0) and

δtri j (xc) = 1

(2π)3

∫
d3q

(
δi j − qiq j

q2

)
eiq·xc (73)

is the well-known transverse δ-function [26] arising from Eq.
(53).

As in special relativity we consider a unique vacuum state,
|0〉, of the Fock space such that

a(k, λ) |0〉 = 0, 〈0| a†(k, λ) = 0. (74)

The sectors with a given number of particles may be con-
structed using the standard methods for obtaining the gener-
alized momentum–helicity basis of the Fock space.

The one-particle operators corresponding to the conserved
quantities (69) can be calculated in Coulomb gauge as [11]

X = 1

2
δi j : (

Ai , XA j
)
, (75)
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respecting the normal ordering of the operator products [26].
The obvious algebraic properties

[X ,Ai (x)] = −XAi (x), (76)

[X ,Y ] = 1

2
δi j : (

Ai , [X,Y ]A j
)
, (77)

are due to the canonical quantization adopted here. How-
ever, there are many other conserved operators which do not
have corresponding differential operators but can be defined
directly as mode expansions. The simplest example is the
operator of the number of particles,

N =
∫

d3k
∑
λ

a†(k, λ)a(k, λ). (78)

The conserved one-particle operators whose mode expan-
sions can be derived easily are the components of the con-
served momentum operator,

Pl = 1

2
δi j :

(
Ai , P̂

lA j

)
=

∫
d3k kl

∑
λ

a†(k, λ)a(k, λ),

(79)

and the Pauli–Lubanski operator,

W = 1

2
δi j :

(
Ai , ŴA j

)
=

∫
d3k k

∑
λ

λ a†(k, λ)a(k, λ),

(80)

which commutes with the momentum components, [P i ,W ]
= 0. The momentum–helicity basis,

|0〉, |k, λ〉 = a†(k, λ)|0〉,
|k, λ;k′, λ′〉 = a†(k, λ)a†(k′, λ′)|0〉, . . . (81)

is formed by the eigenvectors of the set of commuting oper-
ators {W , P i } corresponding to the discrete polarizations,
λ, λ + λ′, . . . ∈ Z and momenta k, k + k′, . . . of the con-
tinuous spectrum R

3
k .

The problem of the energy operator is more delicate but
can be solved resorting to the identity

(Ĥ fk)(x) = −iωH

(
ki∂ki + 3

2

)
fk(x), (82)

satisfied by the functions (45). Then, after a few manipula-
tions and applying the Green theorem, we obtain the final
result [11],

H = 1

2
δi j :

(
Ai , ĤA j

)
:

= iωH

2

∫
d3k ki

∑
λ

a†(k, λ)
↔
∂ ki a(k, λ). (83)

Hereby we see that the form of the energy operator is strongly
dependent on the phases of the operators a(k, λ) defined by
Eq. (46). This is in accordance with the similar property of
the energy operator that holds for the Klein–Gordon, Dirac or
Proca free fields on this background. This general behavior
is due to the space expansion giving the dependence of the
energy operator on the translations that change the phases.
Nevertheless, this behavior does not change the commutation
relations[
H ,P i

]
= i ωHP

i , (84)

[H ,W ] = i ωHW , (85)

which are independent on the phase δ(k) as they result from
Eqs. (63) and (77).

5.2 Wave packets and measurements

A simple model which prevents us from complicated cal-
culations is that of the one-particle wave packets. In our
Heisenberg picture these are given by the time-independent
one-particle states,

|α〉 =
∫

d3k
∑
λ

αλ(k) a†(k, λ)|0〉, (86)

defined by the square integrable functions in momentum rep-
resentation αλ(k) which must satisfy the normalization con-
dition

〈α|α〉 =
∫

d3k
∑
λ

|αλ(k)|2 = 1. (87)

The corresponding ’wave functions’,

A[α]i (x) = 〈0|Ai (x)|α〉 =
∫

d3k
∑
λ

ei (nk , λ) fk(x)αλ(k),

(88)

are known as wave packets. These are useful auxiliary
functions related to those of the momentum representation
through the inversion relations

αλ(k) = δi j ei (nk, λ)∗
(
fk, A[α] j

)
. (89)

Moreover, the expectation values of the one-particle opera-
tors (75) in the state |α〉 can be calculated simply as

〈α|X |α〉 = δi j
(
A[α]i , X A[α] j

)
, (90)

avoiding the tedious algebra of field operators.
Once the wave packet is prepared this evolves causally

until an ideal apparatus measures some of its parameters.
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More specific, this apparatus can measure all the eigenval-
ues of the operators W and P i which are diagonal in the
momentum–helicity basis. In an experiment we can set this
apparatus to select only the momenta included in a desired
domain � ⊂ R

3
k by using a suitable projection operator,

�� = �
†
� (satisfying �2

� = ��), which can be represented
as

�� = |0〉〈0| +
∫

�

d3k
∑
λ

a†(k, λ) |0〉〈0| a(k, λ) + · · · ,

(91)

where the integral is restricted to the domain �. During the
experiment this operator filters only the momenta k ∈ �

transforming the state of the system into the new one |α〉 →
��|α〉. Then the expectation value 〈X 〉 of a one-particle
operator X can be calculated as [28]

〈X 〉 = 〈α|��X |α〉
〈α|��|α〉 , (92)

taking into account that our one-particle operators commute
with ��. The quantity

〈α|��|α〉 =
∫

�

d3k
∑
λ

|αλ(k)|2 ≤ 1 (93)

gives the probability P� = |〈α|��|α〉|2 of measuring any
momentum k ∈ �. Obviously, when we can measure the
whole continuous spectrum, � = R

3
k , then �� → 1, P� = 1

and 〈X 〉 = 〈α|X |α〉.
Furthermore, bearing in mind the role of the phase factor

in Eq. (46) we assume that the functions αλ have the general
form

αλ(k) = eiδ(k)α̂λ(k), (94)

where α̂λ = α̂∗
λ are real valued functions. Then we can derive

the expectation values of the operators which are diagonal in
the basis (81) by using the rule (90) as

〈(P i )n〉 = 1

〈α|��|α〉
∫

�

d3k(ki )n
∑
λ

α̂λ(k)2, (95)

〈W n〉 = 1

〈α|��|α〉
∫

�

d3k
∑
λ

λnα̂λ(k)2. (96)

For the energy operator, which is not diagonal in this basis,
we may apply the same formula but using, in addition, the
identity (82) and the Green theorem, which helps us to write

〈H 〉 = 1

〈α|��|α〉

{
iωH

2

∫

�

d3k ki
∑
λ

α∗
λ(k)

↔
∂ ki αλ(k)

}

= − 1

〈α|��|α〉

{
ωH

∫

�

d3k
[
ki∂ki δ(k)

] ∑
λ

α̂λ(k)2

}
,

(97)

since α̂∗
λ

↔
∂ α̂λ = 0 as these are real valued functions. Note

that the operator ki∂ki in momentum space is in fact a radial
operator such that this does not affect the polarization vec-
tors which depend only on the unit vector of the momentum
direction, nk . Finally, by using again Eq. (90) we may write

〈α|H 2|α〉 = δi j

(
Ĥ A[α]i , Ĥ A[α] j

)
, (98)

which helps us to obtain the useful formula

〈H 2〉 = ω2
H

〈α|��|α〉

{∫

�

d3k
[
ki∂ki δ(k)

]2 ∑
λ

α̂λ(k)2

+
∫

�

d3k
∑
λ

[(
ki∂ki + 3

2

)
α̂λ(k)

]2
}

, (99)

which we need in the next application.

6 Quantum redshift

Let us come back now to the problem of two translated
observers, O ′ and O , preparing and measuring a photon state
|α〉. We assume that these observers use the same global ideal
apparatus represented by the operator algebra A′ ∪A formed
by two sub-algebras including the field operators and the con-
served ones for which we use the self-explanatory notations

O ′ : A ′(x ′
c), . . .H

′,P ′ i ,Q′ i ,L ′
i . . . ∈ A

′, (100)

O : A (xc), . . .H ,P i ,Qi ,Li . . . . ∈ A. (101)

The state |α〉 is prepared at the initial time (30) when the
observers are translated each other with the position vector
d. The translation generatorsP ′ i = P i , which are the same
in both the above sub-algebras, define the translation operator

T (d) = exp
(
idiP i

)
, (102)

which transforms these sub-algebras, T (d) : A
′ → A, such

that any operator X ′ ∈ A
′ is transformed into the operator

X = T (d)X ′T (d)† ∈ A. Particularly, the energy operator
is translated as

H = T (d)H ′T (d)† = H ′ + ωHd
iP i , (103)
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according to the commutation rule (84). In what follows,
we simplify the geometry be choosing an orthogonal frame
{e1, e2, e3} such that d = de3.

6.1 Expectation values

The observer O ′ prepares the state |α〉 in his proper frame
{t ′, x′}O ′ where the principal parameters are the expectation
values of energy, E ′, momentum components, P ′ i , and polar-
ization, W ′. These quantities can be calculated by using the
simple rule (90) taking into account that the packet is defined
by the functions (94) whose phase must be fixed according
to the condition (43). The simplest choice is

δ(k) = − k

ωH
, (104)

since then the expectation value of the energy reads

E ′ ≡ 〈α|H ′|α〉 = δi j

(
A[α]i , Ĥ A[α] j

)

=
∫

d3k k
∑
λ

α̂λ(k)2, (105)

as it results from Eq. (97) for � = R
3
k . The other expectation

values can be derived simpler by using Eq. (90) as

P ′ i ≡ 〈α|P i |α〉 = δi j

(
A[α]i , P̂i A[α] j

)

=
∫

d3k ki
∑
λ

α̂λ(k)2, (106)

W ′ ≡ 〈α|W i |α〉 = δi j

(
A[α]i , Ŵ A[α] j

)

=
∫

d3k
∑
λ

λ α̂λ(k)2, (107)

since these do not depend on the phase (104). We observe
that in our framework where we set the phase (104) all these
expectation values have the same forms as in Minkowski
spacetime.

However, these quantities are not accessible to the
observer O which focuses on the observables, H ′, H , P i

and W selecting only the photons coming from the source
O ′, whose momenta are parallel with e3. This means that the
domain of momenta measured by O is

� =
{
k

∣∣∣∣ −
�k

2
≤ k1 ≤ �k

2
, − �k

2
≤ k2 ≤ �k

2
, k3 < 0

}
,

(108)

where �k is a small quantity. Then we may evaluate the
integrals over � as

∫

�

d3kF(k) =
∫ �k

2

− �k
2

dk1
∫ �k

2

− �k
2

dk2
∫ 0

−∞
dk3F(k1, k2, k3)

� (�k)2
∫ ∞

0
dkF(0, 0,−k), (109)

according to the mean value theorem.
Now we come back to our intuitive notations of Sect. 3 of

the expectation values of the initial, Ei ≡ 〈H ′〉, and final,
E f ≡ 〈H 〉, energies related to the conserved momentum of
components Pi ≡ 〈P i 〉 that can be observed by O . These
expectation values have to be calculated according to Eq.
(92) with the state |α〉 defined by the functions (94) with the
phase (104) and the projection operator �� corresponding
to the domain (108). First we find that

〈α|��|α〉 =
∫

�

d3k
∑
λ

α̂λ(k)2 = (�k)2κ, (110)

where

κ =
∫ ∞

0
dk

∑
λ

α̂λ(0, 0,−k)2. (111)

Furthermore, we calculate the expectation values defined by
Eq. (95) for n = 1,

P3 ≡ 〈P3〉 = − 1

κ

∫ ∞

0
dk k

∑
λ

α̂λ(0, 0,−k)2, (112)

〈P1〉 = 〈P2〉 = 0, (113)

which do not depend on the phase (104). For the energy oper-
ators the situation is different since their expectation values
depend on this phase as in Eq. (97) which allows us to write

Ei ≡ 〈H ′〉 = 1

κ

∫ ∞

0
dk k

∑
λ

α̂λ(0, 0,−k)2 = −P3,

(114)

deriving the expectation value of Eq. (103) as

E f ≡ 〈H 〉 = (1 − ωHd)Ei , (115)

recovering thus the Lemaître form of Hubble’s law (33). Note
that this result can be derived in a different manner observing
that

〈α|H |α〉 = 〈α|T (d)H ′T (d)†|α〉 = 〈α̃|H ′|α̃〉, (116)

123



Eur. Phys. J. C (2021) 81 :553 Page 11 of 13 553

where now the translated state |α̃〉 is given by the functions
(94) in which we must substitute

δ(k) → δ̃(k) = − k

ωH
− k · d. (117)

With this new phase Eq. (97) gives just the result (115). We
must specify that now the initial energy Ei observed by O
is different from E ′ measured by O ′ in contrast with the
classical approach where these two quantities coincide (as in
the table of Sec. 3).

In our experiment we select only the momenta oriented
along e3 such that the polarizations vectors

e (e3,±1) = 1√
2
(e1 ∓ ie2), (118)

are in the plane {e1, e2}. The expectation value of the Pauli–
Lubanski operator,

W ≡ 〈W 〉 = 1

κ

∫ ∞

0
dk

[
α̂1(0, 0,−k)2 − α̂−1(0, 0,−k)2

]
,

(119)

suggests us to introduce the polarization angle 0 ≤ θ(k) ≤ π
2

such that

α̂1(0, 0, k) = cos θ(k) α(k), α̂−1(0, 0, k) = sin θ(k) α(k)

(120)

where the new function α(k) satisfies
∫ ∞

0 dk α(k)2 = κ . In
the particular case when θ is a constant independent on k we
have W = cos 2θ .

6.2 Dispersions and uncertainty

The next step is to study the dispersions of the observables
measured by O applying the well-known rule

dispX = (�X )2 = 〈X 2〉 − 〈X 〉2. (121)

We observe first that the operatorsH ′ andH commute alike
with P i and W as in Eqs. (84) and (85) but do not commute
with each other since

[
H ′,H

] = iω2
Hd

iP i = iω2
Hd P3. (122)

Therefore, from the above equation and Eq. (84) we obtain
the uncertainty relations

dispH ′ dispP i ≥ 1

4
ω2

H

∣∣∣〈P i 〉
∣∣∣
2
, (123)

dispH dispP i ≥ 1

4
ω2

H

∣∣∣〈P i 〉
∣∣∣
2
, (124)

dispH ′ dispH ≥ 1

4
ω4

Hd
2
∣∣∣〈P3〉

∣∣∣
2
. (125)

For i = 1, 2 Eq. (113) allows us to set dispP1 =
dispP2 = 0 without violating the uncertainty relations but
along the third axis the relation (123) is non-trivial since
P ≡ |〈P3〉| �= 0. On the other hand, from Eq. (99) with the
phase (104) we obtain

〈H ′2〉 = 〈(P3)2〉 + ω2
Hχ. (126)

The last term of the above equation represents the quan-
tum correction which is proportional with the dimensionless
quantity

χ = 1

κ

∫ ∞

0
dk

∑
λ

[(
k∂k + 3

2

)
α̂λ(0, 0,−k)

]2

, (127)

resulting from the last term of Eq. (99). This is generated by
the de Sitter gravity and depends exclusively on the form of
the functions α̂λ. For deriving the dispersion of the operator
H we calculate first the expectation value (99) with the new
phase (117) obtaining the identity

〈H 2〉 = (1 − ωHd)2〈(P3)2〉 + ω2
Hχ. (128)

Finally, from Eqs. (126) and (128) combined with Eqs. (114)
and (115) we find

dispEi ≡ dispH ′ = dispP + ω2
Hχ, (129)

dispE f ≡ dispH = (1 − ωHd)2dispP + ω2
Hχ, (130)

where we denote dispP ≡ dispP3.
Now we come back to the uncertainty relations (123) and

(124) by using Eqs. (129) and (130) for deriving the inequal-
ities

dispEi, f

(
dispEi, f − ω2

Hχ
)

≥ 1

4
ω2

HE2
i, f , (131)

dispP
(

dispP + ω2
Hχ

)
≥ 1

4
ω2

HP2, (132)
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from which we deduce

dispEi, f ≥ ωH

2

(√
E2
i, f + ω2

Hχ2 + ωHχ
)

= ωH

2

(
Ei, f + ωHχ + 1

2Ei, f
ω2

Hχ2
)

+ O(ω4
Hχ4),

(133)

dispP ≥ ωH

2

(√
P2 + ω2

Hχ2 − ωHχ

)

= ωH

2

(
P − ωHχ + 1

2P
ω2

Hχ2
)

+ O(ω4
Hχ4),

(134)

relating thus the dispersions to the corresponding expectation
values. More interesting is Eq. (125) as depending explicitly
on the distance d between O and O ′. This can be rewritten
in our new notation as

dispEi dispE f ≥ 1

4
ω4

Hd
2P2, (135)

and can be seen as the starting point for deriving new inequal-
ities depending on d by using Eqs. (129) and (130). Our pre-
liminary calculations indicate that these are more compli-
cated requiring a special analytical a numerical study which
will be performed elsewhere.

Finally, let us analyze the dispersion of the Pauli–Lubanski
operator in the simple case when the polarization angle θ is
independent on k. We have seen that then the expectation
value has the form W ≡ 〈W 〉 = cos 2θ . Moreover, from Eq.
(96) we obtain

〈W 2〉 = 1 → dispW = sin2 2θ, (136)

while from Eq. (85) we derive the uncertainty relation

dispH dispW ≥ 1

4
ω2

H|〈W 〉|2 (137)

giving the restriction

tan 2θ ≥ 1

2

ωH

�E f
, (138)

preventing one from measuring total polarizations, i.e. θ = 0
for λ = 1 or θ = π

2 for λ = −1.

7 Concluding remarks

We presented the complete classical and quantum theory of
the Maxwell field minimally coupled to the gravity of the
de Sitter expanding universe focusing on the principal effect
due to the space expansion, namely the redshift for which we
derived the quantum corrections and the principal uncertainty
relations.

In the actual expanding universe the quantum corrections
and the limits of the uncertainty relations are extremely small,
since the actual value of ωH (or h̄ ωH in SI units) is of the
order 10−33eV such that it is less probably identified in astro-
nomic observations. Moreover, the limitation predicted by
the inequality (138) in an ideal universe is too small to be
separated from other polarization effects produced by the
cosmic dust and plasma.

However, these results are interesting as coming from the
first complete and coherent classical and quantum theory of
the Maxwell field coupled to the gravity of an expanding
universe. The methods developed here can be applied to any
spatially flat FLRW expanding universe including the actual
models of early universe.

On the other hand, the method of regularization of the
momentum dependent phase plays the same role as the rest
frame vacuum of the massive particles ensuring the correct
flat limit of the Maxwell field. Thus we obtain a coherent
quantum theory on the de Sitter expanding universe in which
we may apply the perturbation methods of the traditional
quantum theory in Minkowski spacetime. For this reason we
hope that our approach will open the door to a large field
of applications not only in astrophysics and cosmology, but
even in particle physics.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This article is
theoretical without using or producing numerical data.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3.

References

1. E.R. Harrison, Cosmology: The Science of the Universe (Cam-
bridge University Press, New York, 1981)

2. G.E. Lemaître, Ann. Soc. Sci. de Bruxelles 47A, 49 (1927)
3. G.E. Lemaître, MNRAS 91, 483 (1931)
4. E. Hubble, Proc. Natl. Acad. Sci. 15, 168 (1929)
5. E. Harrison, Astrophys. J. 403, 28 (1993)
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