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Abstract We derive the main classical gravitational tests
for a recently found vacuum solution with spin and dila-
tion charges in the framework of Metric-Affine gauge theory
of gravity. Using the results of the perihelion precession of
the star S2 by the GRAVITY collaboration and the gravi-
tational redshift of Sirius B white dwarf we constrain the
corrections provided by the torsion and nonmetricity fields
for these effects.

1 Introduction

Since its inceptions, General Relativity (GR) has been estab-
lished as the most accurate and successfully tested theory
of gravity. Some of its most important experimental predic-
tions include the perihelion shift of astrophysical bodies, the
deflection of light, the gravitational redshift, the time dilation
and the detection of gravitational waves, among others [1–3].
Nevertheless, there are still fundamental issues to match the
observations especially at galactic and cosmological scales,
where the requirement of dark matter and energy components
is still an open-ended aspect to clarify. In any case, further
constraints involving modifications of the gravitational field
can also be obtained at lower energies, as in the vicinity of the
solar system or close to other astrophysical compact objects
where the standard framework of GR is significantly well
tested.

In the framework of extended theories of gravity, the intro-
duction of post-Riemannian degrees of freedom into the geo-
metrical structure of the space-time displays new properties
of the gravitational field. In particular, the presence of non-
vanishing torsion and nonmetricity components in the affine
connection can be related to the intrinsic hypermomentum
of matter and provide significant corrections to the standard
approach of GR, even in the Riemannian sector governed
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by the metric structure. From a theoretical point of view,
the resulting geometry can be related to the existence of
a new fundamental symmetry by applying the gauge prin-
ciples, which leads to the appearance of the Metric-Affine
Gauge theory of gravity (MAG) [4–6].

The existing correspondence between these geometri-
cal quantities and their matter sources with microstructure
clearly points out that the underlying corrections differ for
the case of ordinary matter uncoupled to the general affine
connection and for those particles with intrinsic hypermo-
mentum [7–9]. In any case, the dynamical character of the
connection enables the existence of fully relativistic config-
urations with independent torsion and nonmetricity fields,
which can be induced on the metric tensor and thereby oper-
ate on the geodesic motion of ordinary matter via the Levi-
Civita connection [10–12]. In this work, we consider recent
observations of the perihelion shift of the star S2 around
Sagittarius A* (Sgr A*) and the gravitational redshift of Sir-
ius B to constrain the dynamical effects of torsion and non-
metricity under this approach.

For this task, we organise this paper as follows. In Sect. 2,
we briefly present the foundations of metric-affine geometry
and revisit the recent exact solution with independent dynam-
ical torsion and nonmetricity fields found in [10]. Indeed, this
solution constitutes an isolated gravitational system charac-
terised by a metric tensor with spin and dilation charges and
accordingly allows us to study the phenomenological contri-
butions of both charges in a unified way under the aforemen-
tioned approach. We compute the photon sphere, perihelion
shift, gravitational redshift, Shapiro delay and deflection of
light derived by this solution in Sect. 3, and find bounds for
the free parameters of the model preserving the standard pre-
dictions and the compatibility of GR. Finally, we present the
main conclusions in Sect. 4. A general demonstration for the
conservation law of the canonical energy–momentum tensor
derived from the field equations of our metric-affine model
is also presented in Appendix A.
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We work with the metric signature (+,−,−,−) and
denote with a tilde on top quantities computed with respect to
a generic affine connection, whereas their counterparts com-
puted with respect to the Levi-Civita connection are denoted
without a tilde. Latin and Greek indices run from 0 to 3, and
refer to anholonomic and coordinate basis, respectively.

2 Metric-affine geometry

The foundations of Riemannian geometry allow the introduc-
tion of smooth manifolds equipped with a metric tensor gμν

and an affine connection �λ
μν , which provide the notions

of distance and parallel transport, respectively. Neverthe-
less, two fundamental assumptions are considered within
this framework: the affine connection is both symmetric and
metric-compatible. Accordingly, the Fundamental Theorem
of Riemannian geometry leads to the uniqueness of such a
connection, which is designated as the Levi-Civita connec-
tion and fully determined by the metric tensor:

�λ
μν = 1

2
gλρ

(
∂μgνρ + ∂νgμρ − ∂ρgμν

)
. (1)

Although this connection does not transform homogeneously
under an infinitesimal coordinate transformation xμ →
x ′μ = xμ + ξμ

�λ
μν → �′λ

μν = ∂xλ

∂x ′ρ
∂x ′σ

∂xμ

∂x ′ω

∂xν
�ρ

σω + ∂2x ′ρ

∂xμ∂xν

∂xλ

∂x ′ρ ,

(2)

it allows the definition of the intrinsic curvature of the man-
ifold

[∇μ,∇ν] vλ = Rλ
ρμνv

ρ, (3)

which suitably represents a tensor quantity depending on the
metric tensor as follows:

Rλρμν = 1

2

(
∂2gλν

∂xρ∂xμ
+ ∂2gρμ

∂xλ∂xν
− ∂2gλμ

∂xρ∂xν
− ∂2gρν

∂xλ∂xμ

)

+ gσω

(
�ω

ρμ�σ
λν − �ω

ρν�
σ

λμ

)
. (4)

By relaxing the previous assumptions, the geometry is
extended towards an affinely connected metric space-time
characterised by the additional post-Riemannian degrees of
freedom present in the connection, namely the torsion and
nonmetricity tensors

T λ
μν = 2�̃λ [μν], (5)

Qλμν = ∇̃λgμν. (6)

Under this geometrical prescription, torsion provides a
displacement of vectors along infinitesimal paths that gen-
erally involves the breaking of standard parallelograms,

whereas nonmetricity modifies lengths and angles under par-
allel transport [13]. In addition, both quantities also fulfill
a well-established correspondence with the continuous dis-
tribution of one-dimensional and point-like microstructure
defects of crystal lattices [14].

The decomposition of the affine connection separates each
contribution into three different pieces, namely the Levi-
Civita part and the so called contortion and disformation
tensors depending on torsion and nonmetricity:

�̃λ
μν = �λ

μν + K λ
μν + Lλ

μν, (7)

with

K λ
μν = 1

2

(
T λ

μν − Tμ
λ

ν − Tν
λ

μ

)
, (8)

Lλ
μν = 1

2

(
Qλ

μν − Qμ
λ

ν − Qν
λ

μ

)
. (9)

This means a correction not only in the covariant deriva-
tive of sections of the vector bundle but also in the intrinsic
curvature

R̃λ
ρμν = Rλ

ρμν + ∇μN
λ

ρν − ∇νN
λ

ρμ

+Nλ
σμN

σ
ρν − Nλ

σνN
σ

ρμ, (10)

where Nλ
μν = K λ

μν + Lλ
μν collects such corrections

in the expression of the curvature tensor. Accordingly, the
dynamics of the corresponding metric-affine fields can be
considered by a gravitational action with higher order cor-
rections, which also includes the respective contractions of
the curvature tensor, namely the Ricci and co-Ricci tensors

R̃μν = R̃λ
μλν, (11)

R̂μν = R̃μ
λ

νλ, (12)

as well as a homothetic curvature tensor R̃λ
λμν . In addition,

the existence of a vector bundle isomorphism ea μ that allows
the introduction of a local basis with its proper local metric
structure at each point of the tangent bundle and of a prin-
cipal bundle connection ωμ ∈ gl(4, R) compatible with the
fundamental representations of spinor fields leads to a com-
plete gauge characterisation of the metric-affine geometry in
terms of the affine group A(4, R) = R4

� GL(4, R) [4].
Then the curvature, torsion and nonmetricity tensors acquire
the following anholonomic expressions:

Fa
μν = ∂μe

a
ν − ∂νe

a
μ + ωa

bμ eb ν − ωa
bν e

b
μ, (13)

Fa
bμν = ∂μωa

bν − ∂νω
a
bμ + ωa

cμ ωc
b ν − ωa

cν ωc
bμ,

(14)

Gabμ = ∂μgab − gac ωc
bμ − gbc ωc

aμ, (15)
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where the coframe ea μ and the components ωa
bμ of the

anholonomic connection satisfy the relations:

gμν = ea μ eb ν gab, (16)

ωa
bμ = ea λ eb

ρ �̃λ
ρμ + ea λ ∂μ eb

λ. (17)

The structure of the GL(4, R) group allows the defini-
tion of a large number of scalar invariants depending on
the aforementioned quantities. In particular, the most general
parity conserving quadratic Lagrangian includes 11 + 3 + 4
irreducible modes from curvature, torsion and nonmetric-
ity, respectively, which sets the search and analysis of exact
solutions as an essential tool for the obtainment of a viable
gravitational model in metric-affine geometry [15].

In order to find a physical configuration endowed with
both dynamical torsion and nonmetricity fields, the following
model based on Weyl–Cartan geometry (i.e. Qλμν = gμνWλ,
with Wλ the Weyl vector) has been recently considered in
[10]:

S =
∫

d4x
√−g

{
Lm + 1

64π

[
− 4c4

G
R

− 6d1 R̃λ[ρμν] R̃
λ[ρμν] − 9d1 R̃λ[ρμν] R̃

μ[λνρ]

+ 8 d1 R̃[μν] R̃
[μν] + 1

8
(32e1 + 8e2 + 17d1) R̃λ

λμν R̃
ρ

ρ
μν

− 7d1 R̃[μν] R̃
λ

λ
μν + 3 (1 − 2a2) T[λμν]T

[λμν]
]}

. (18)

In the context of the gauge formalism, the following field
equations are obtained by performing variations with respect
to the coframe ea μ and the spin connection ωa

bμ:

X1μ
ν = 16πθμ

ν, (19)

X2λμν = 16π�λμν, (20)

where X1μ
ν and X2λμν are tensor quantities defined in

Appendix A, whereas θμ
ν and �λμν describe the canoni-

cal energy–momentum and hypermomentum density tensors
of matter, respectively:

θμ
ν = ea μ√−g

δ
(Lm

√−g
)

δea ν

, (21)

�λμν = eaλeb μ

√−g

δ
(Lm

√−g
)

δωa
bν

. (22)

Therefore, both matter currents act as sources of the
extended gravitational field. In particular, the general decom-
position of the affine connection (7) and, correspondingly,
of the anholonomic connection (17) leads hypermomen-
tum to present its proper decomposition into spin and dila-
tion currents, which in the realm of Weyl–Cartan geome-
try induces space-time torsion and nonmetricity according
to the internal structure of the homogeneous Weyl group
W (1, 3) ⊂ GL(4, R) [16].

As can be seen from the action (18), the field strength ten-
sors of torsion and nonmetricity represent dynamical devia-
tions from the Bianchi identities of GR and their contractions

R̃λ [μνρ] + ∇̃[μT λ
νρ] + T σ [μν T

λ
ρ]σ = 0, (23)

R̃[μν] = 1

2
R̃λ

λμν + ∇̃[μT λ
ν]λ + 1

2
∇̃λT

λ
μν − 1

2
T λ

ρλT
ρ

μν,

(24)

R̃λ
λμν = 4∇[νWμ]. (25)

Furthermore, by taking the trace of Eq. (19), it is straight-
forward to check that the Riemannian scalar curvature must
vanish, which represents a strong geometrical constraint
involving the metric tensor alone and significantly restricts
the Riemannian part of the space-time geometry within this
model. On the other hand, the respective trace of Eq. (20)
allows us to describe the weak-field limit of torsion and non-
metricity as follows:

∇ρ∇λT
λρ

μ + ∇ρ∇ρT λ
μλ − ∇ρ∇μT

λρ
λ = 0, (26)

∇μ R̃
λ

λ
μν = 0. (27)

The absence of the Birkhoff’s theorem for the general
quadratic gravitational action of MAG allows the existence
of nontrivial spherically symmetric vacuum solutions beyond
the Schwarzschild geometry in the presence of torsion and
nonmetricity [17–19] (see [20] for a natural extension with
parity violating terms in the torsion sector). Therefore, the
dynamical effects of these quantities can potentially be
yielded by a gravitational configuration with spin and dila-
tion charges, which obeys the field equations (19) and (20)
with θμ

ν = �λμν = 0, and shows the following tensor com-
ponents [21]:

T t
tr = a(r), (28)

T r
tr = b(r), (29)

T θk
tθk = f (r), (30)

T θk
rθk = g(r), (31)

T θk
tθl = eaθk eb θl εab d(r), (32)

T θk
rθl = eaθk eb θl εab h(r), (33)

T t
θkθl = εkl k(r) sin θ1, (34)

T r
θkθl = εkl l(r) sin θ1, (35)

Wλ = (w1(r), w2(r), 0, 0) , (36)

ds2 = c2�1(r) dt
2 − dr2

�2(r)
− r2

(
dθ2

1 + sin θ2
1 dθ2

2

)
,

(37)

where εkl is the Levi-Civita symbol in two dimensions. The
requirement of regularity restricts the initial arbitrariness of
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the torsion components by imposing the relations

b(r) = c a(r)
√

�1(r)�2(r),

f (r) = − c g(r)
√

�1(r)�2(r) ,

d(r) = − c h(r)
√

�1(r)�2(r),

l(r) = c k(r)
√

�1(r)�2(r), (38)

and of the Weyl vector components

w1(r) = − cw2(r)
√

�1(r)�2(r). (39)

Then, it can be easily shown that the rest of the free func-
tions related to the spherically symmetric case are completely
determined by the field equations and the weak-field limit. In
this regard, a straightforward integration of the expressions
(26) and (27) gives rise to the following solutions:

w1(r) = − c κd

∫ √
�1(r)

�2(r)

dr

r2 , (40)

b(r) = r f ′(r) + f (r) + c κd

2r

√
�1(r)

�2(r)
, (41)

where we use the prime symbol to denote differentiation with
respect to the radial coordinate. In addition, by consider-
ing the compatibility with Coulomb electric and magnetic
charges, it is clear that our final solution must fulfill the con-
dition �1(r) = �2(r) and one may assume such a condition
for simplicity. In any case, the same result turns out to be
obtained by the field equations of the model, as shown below.

In the first place, by taking into account the relations (38)–
(41), the symmetric component of the field equation (20) is
reduced to the constraint e2 = − d1/2. This relation sets the
coefficient e1 as the unique coupling constant describing the
dynamics of nonmetricity within this model. On the other
hand, the antisymmetric components X2[01]0, X2[02]2 and
X1[01] provide the following system of independent equa-
tions:

0 = k
(
r�1�

′
2h + r� ′

1�2h + 2r�1�2h
′ + 6h�1�2

)
,

(42)

0 = 4c2�1�2k (k�1)
′ − 2r2�2

(
r2h2�1�2

)′

− 4c r2�
3/2
1 �

3/2
2 k′h − 6c r2�

3/2
1 �

3/2
2 kh′

− 3c r2�
3/2
1 �

1/2
2 � ′

2kh − 7c r2�
1/2
1 �

3/2
2 � ′

1kh

− 2c r�3/2
1 �

3/2
2 kh, (43)

0 = 2c r2�
3/2
1 �

3/2
2 � ′

1kh + 2c2�2
1�2�

′
1k

2 − 4r3�2
1 �2

2h
2

−4c r�5/2
1 �

3/2
2 kh + 2c r2�

5/2
1 �

3/2
2 k′h

−2r4�1�
2
2 � ′

1h
2 − 2r4�2

1�2�
′
2h

2 − 4r4�2
1 �2

2hh
′

+c r3�
3/2
1 �

1/2
2 � ′

1�
′
2kh + c r3�

5/2
1 �

1/2
2 � ′

2k
′h

+2c r3�
3/2
1 �

3/2
2 � ′

1kh
′ + c r3�

3/2
1 �

3/2
2 � ′

1k
′h + 2c2�3

1�2kk
′

+2c r3�
5/2
1 �

3/2
2 k′h′ + c r3�

1/2
1 �

3/2
2 � ′2

1kh. (44)

These equations have the following nonvanishing solu-
tions:

h(r) = − κs/(r
√

�1(r)�2(r)), k(r) = 0, (45)

k(r) = β/�1(r), h(r) = 0, (46)

which describe two different branches with integration con-
stants κs and β. Nevertheless, only the first branch (45)
provides a dynamical contribution for the torsion tensor.
As can be seen, for the second case the combination
2c2β sin θ1X2[23]0 + X10

0 − X11
1 = 0 is reduced to the

following condition:
(

ln
�1

�2

)′
= 0. (47)

Such condition involves the proportionality relation �1 =
α�2 ≡ �(r) between the metric functions, where we can
set α = 1 without any loss of generality by a redefinition of
the time coordinate. This equality establishes the Reissner–
Nordström (RN) metric as the only possible static and spheri-
cally symmetric vacuum solution within this model, in virtue
of the vanishment of the Riemannian scalar curvature derived
from the trace of the Expression (19). In addition, the anti-
symmetric component X1[23] of the field equations is van-
ished either for a2 = 1/2 or β = 0. The latter switches
off any independent contribution of the torsion tensor on the
field strength tensors R̃λ [μνρ] and R̃[μν], which corresponds
to the absence of dynamical torsion in that case. The same
conclusion is reached if β 
= 0 and a2 = 1/2 when imposing
the field equation X2[23]0 = 0, which sets the branch (45) as
the unique one providing a dynamical torsion contribution.

For this branch, the combination c
√

�1�2 X2[23]0 −
X2[23]1 = 0 leads to the corresponding equality of the met-
ric functions �1 = �2 and the remaining field equations
described by the Expression (20) provide the following alge-
braic expression for the function g:

g(r) = − 1

2r
− wr

2�(r)
− κd

2r�(r)
, (48)

with w = (1 − 2a2) /d1. Finally, the Expression (19) is
reduced to the following independent equation depending
on the metric function

r2 − r2�(r) − r3� ′(r) = G
(
d1κ

2
s − 4e1κ

2
d

)

c4 , (49)

which has as solution, the RN metric

�(r) = 1 − 2GM

c2r
+ G

(
d1κ

2
s − 4e1κ

2
d

)

c4r2 . (50)
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It is worthwhile to stress the decomposition of the field
strength tensors

R̃λ [μνρ] = 1

4
R̃σ

σ [μνδρ] λ + R̄λ [μνρ], (51)

R̃[μν] = 1

4
R̃σ

σμν + R̄[μν], (52)

as a sum of the homothetic curvature R̃σ
σμν = 4∇[νWμ]

and the effective dynamical strength contribution of torsion
in the solution. In this case, the resulting gravitational action
expressed in terms of this decomposition acquires the fol-
lowing simple form:

S = 1

64π

∫
d4x

√−g

[
− 4c4

G
R − 6d1 R̄λ[ρμν] R̄

λ[ρμν]

−9d1 R̄λ[ρμν] R̄
μ[λνρ] + 8 d1 R̄[μν] R̄

[μν]

+ 4e1 R̃
λ

λμν R̃
ρ

ρ
μν + 3 (1 − 2a2) T[λμν]T

[λμν]
]
. (53)

The nature of the horizons provided by the solution (50)
depends on the corresponding balance of the spin and dila-
tion charges κs and κd , through the difference d1κ

2
s − 4e1κ

2
d .

Thus, a positive difference of this quantity would present two
horizons determined from the roots

r± = G

c2 (M ± �1) , �2
1 = M2 − 1

G

(
d1κ

2
s − 4e1κ

2
d

)
, (54)

with 0 < 1
G

(
d1κ

2
s − 4e1κ

2
d

)
< M2. Nevertheless, the dif-

ferent signs of the kinetic terms related to the dynami-
cal part of torsion and to the Weyl vector allows the case
d1κ

2
s − 4e1κ

2
d < 0, which is characterised by the absence of

an inner Cauchy horizon and sets a unique event horizon at
the root r+. A similar situation occurs in the extreme case
M2 = 1

G

(
d1κ

2
s − 4e1κ

2
d

)
where both horizons coincide and

furthermore if M2 < 1
G

(
d1κ

2
s − 4e1κ

2
d

)
, where the solu-

tion does not contain any horizon but a naked singularity. In
this sense, the balance between the spin and dilation charges
is not restricted to any special constraint and therefore any
of these situations may occur in the presence of torsion and
nonmetricity, in contrast to the standard RN counterpart with
electromagnetic fields of GR.

3 Observational constraints

In the general metric-affine regime, the existing correspon-
dence between the hypermomentum density tensor and the
post-Riemannian degrees of freedom contained in the lin-
ear connection provide a generalised conservation law for
the canonical energy–momentum tensor of matter [4] (see
Appendix A for its derivation in the present model of MAG):

∇νθμ
ν + (

Kλρμ + L [λρ]μ
)
θ [ρλ] + R̃λρσμ�ρλσ = 0. (55)

Likewise, the latter also provides the equations of motion
of test bodies with microstructure coupled to the torsion
and nonmetricity tensors by the definition of their multipole
moments [22]. Indeed, by integrating the Expression (55)
over a three dimensional space-like section of a world tube
involving the test body, and expanding the affine connection
and the curvature tensor at first order

d

dt

∫
θμt√−g d3x ′ + �μ

λρ

∫
θλρ√−g d3x ′

+N[λρ] μ

∫
θ [ρλ]√−g d3x ′

+R̃λρσ
μ

∫
�ρλσ √−g d3x ′ = 0, (56)

it is possible to identify the resulting integrals with the four-
momentum, velocity and hypermomentum tensor of the test
body as follows,

pλuρ = ṫ
∫

θλρ√−g d3x ′, (57)

�λρuσ = ṫ
∫

�λρσ √−g d3x ′, (58)

where the dot denotes differentiation with respect to an affine
parameter λ. Accordingly, the following equations of motion
in MAG are straightforwardly obtained:

ṗμ + �μ
λρ pλuρ + N[λρ] μ pρuλ + R̃λρσ

μ �ρλ uσ = 0.

(59)

As can be seen, these equations present additional Lorentz-
like forces depending on the intrinsic hypermomentum of
matter, which also determines the antisymmetric part of its
canonical energy–momentum tensor, in such a way that they
can only operate on the trajectories of spinning and dilational
bodies. Nevertheless, for the rest of ordinary matter uncou-
pled to the torsion and nonmetricity tensors, the trajectories
describe a geodesic motion which can also contain devia-
tions induced by the dynamical contribution of these tensors
in the Levi-Civita connection. Therefore, the existence of a
fully relativistic configuration with both dynamical torsion
and nonmetricity fields as the one considered by our model
allows us to study these deviations in the framework of MAG.

For this task, the geodesic part of Eq. (59) turns out to be
suppressed in the equatorial plane θ1 = π/2 and described
by the following system of equations [23]

ẗ = −
(

� ′(r)
�(r)

)
ṫ ṙ , (60)

r̈ = r�(r) θ̇2
2 − � ′(r)

2�(r)

(
c2�2(r) ṫ2 − ṙ2

)
, (61)

θ̈2 = −
(

2

r

)
ṙ θ̇2. (62)
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From (60) and (62), one finds the following constants of
motion, related to the energy of the test body and the orbital
angular momentum

E :=
(

1 − 2GM

c2r
+ G(d1κ

2
s − 4e1κ

2
d )

r2c4

)

ṫ, (63)

J := r2θ̇2. (64)

Furthermore, if we introduce the above conserved quantities
in (61) we find

ṙ2 = c2E2 − �(r)J 2

r2 − c2σ�(r), (65)

where σ = 0(σ = 1) represents massless(massive) particles.
Then, the above equation can be rewritten in terms of an
effective potential, namely

1

2
ṙ2 + V (r) = 0, V (r) = − 1

2
c2E2 + 1

2
�(r)

(
J 2

r2 + σc2
)

,

(66)

or reparametrised by r(λ) → r(θ2), yielding

1

2

ṙ2

θ̇2
2

+ 1

θ̇2
2

V (r) = 1

2

(
dr

dθ2

)2

+ r4

J 2 V (r) = 0. (67)

Now, we have all the ingredients needed to find different
observables related to our spherically symmetric solution.

3.1 Photon sphere and perihelion shift

The photon sphere of the solution (50) can be obtained by
considering the roots (r, J ) of the effective potential and
its first derivative for circular photon orbits (i.e. V ′(r) =
V (r) = σ = 0) [24]. Thereby, considering the effective
potential defined in (66), one then finds the following roots

r1 = G

2c2 (3M + �2) , J1,± = ± GE(�2 + 3M)2

√
2c

√
�2

2 + 3M2 + 4�2M
,

(68)

r2 = G

2c2 (3M − �2) , J2,± = ± GE(�2 − 3M)2

√
2c

√
�2

2 + 3M2 − 4�2M
,

(69)

where we have defined

�2
2 : = M2 + 8�2

1 = 9M2 − 8

G

(
d1κ

2
s − 4e1κ

2
d

)
. (70)

Note that the roots (r2, J2,±) are not well-defined for the
black hole case 0 ≤ 1

G

(
d1κ

2
s − 4e1κ

2
d

) ≤ M2, and accord-
ingly they cannot represent a photon sphere. Conversely, the
first pair (r1, J1,±) describes a unique photon sphere that
lies outside the event horizons, with the corrections related
to the spin and dilation charges affecting its location in the
equatorial plane with respect to the Schwarzschild solution
of GR.

It is well-known that the photon sphere located at r+ cre-
ates a certain patch in the sky around the black hole that can-
not be observed. This is known as the shadow of the black
hole from which the light from distant sources cannot reach
the observer. For our metric, the shadow of the black hole
presents a RN type but its size can be affected due to the
fact that the new terms depending on the hypermomentum
charges may provide an effective negative contribution. In
any case, the size of the shadow cannot be used to constrain
the model from the current data of M87* in a realistic way,
since for this astrophysical object one would need to con-
sider an axisymmetric metric to get corrections also in its
shape [25].

On the other hand, in order to derive the perihelion shift
provided by our solution, we consider a massive body with
σ = 1 and a perturbation around its closed orbit rc (i.e. ṙc =
V (rc) = V ′(rc) = 0) so that the radial coordinate in (67) can
be expressed as r(φ) = rc + rφ(φ). For simplicity, we have
also renamed the angle θ2 as φ. Then, one can assume that
the perturbation rφ/rc � 1 is small. By doing the expansion
around rφ/rc, one finds that (67) becomes

(
drφ
dφ

)2

= − 2
(rc + rφ)4

J 2 V (rc + rφ) = − r4
c

J 2 V
′′(rc)r2

φ + O
(

r3
φ

r3
c

)
,

(71)

where the angular momentum constant J reads

J± = ± r

√
Gc2(c2Mr − d1κ2

s + 4e1κ
2
d )

c4r2 − 3c2GMr + 2d1Gκ2
s − 8e1Gκ2

d

. (72)

The solution of the above equation for r(φ) oscillates with

a wave number K =
√

r4
c
J 2 V ′′(rc), and then the perihelion

shift becomes

�φ = 2π

(
1

K
− 1

)
. (73)

Then, by replacing the values of J and V ′′(rc) in the massive
case expressed in (72) and (66) for our RN type of solution,
the general expression of the perihelion shift acquires the
form
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�φ = 2π

⎛

⎝c2rc

√√√√ c2Mrc − d1κ2
s + 4e1κ

2
d

c6Mr3
c − 6c4GM2r2

c + 9c2GMrc
(
d1κ2

s − 4e1κ
2
d

) − 4G
(
d1κ2

s − 4e1κ
2
d

)2 − 1

⎞

⎠ . (74)

Since rc  2GM/c2 and r2
c  G(d1κ

2
s − 4e1κ

2
d )/c4, we

can expand the above expression up to fourth order yielding

�φ = 2π

[
3GM

c2rc
+ 27G2M2

2c4r2
c

+ 135G3M3

2c6r3
c

+ 2835G4M4

8c8r4
c

− d1κ2
s

(
1

2c2Mrc
+ 6G

c4r2
c

)
+ e1κ2

d

(
2

Mc2rc
+ 24G

c4r2
c

)]
.

(75)

For an elliptical orbit, we have rc = a(1 − e2) where a is
the semi-axis and e the eccentricity of the orbit. The first four
terms describe the standard Schwarzschild contributions up
to fourth order expansion whereas the rest corresponds to the
new contributions yielded by the spin and dilation charges.

One could expect that these contributions coming from
metric-affine geometry will be only sourced in a strong grav-
itational regime. One possible example of this could occur
in very dense objects such as a supermassive black hole.
Thus, the high precision astrometric observations close to
the compact source Sgr A* and particularly of the S2 star
orbiting the supermassive black hole allow us to estimate
such contributions [26]. In the following, whenever we use
numerical values, we will take the gravitational constant as
G = 6.6743 × 10−11 m3/(kg s2) and the velocity of light as
c = 299,792,458 m/s. For the S2 start orbiting Sgr A*, the
mass of the black hole is MSgrA∗ = 4.260 × 106M� with
M� = 1.989×1030 kg and since MS2 has around 10−15M�,
one can approximate the orbit of the S2 star as a test body
following a geodesic motion. The period of the orbit for S2
has been measured to be around 16.052 years and since it
is not totally circular, one can replace rc by a(1 − e2). For
our case, aS2 = 970 au and eS2 = 0.884649, which gives us
that the quantity rc = a(1 − e2) = 3.142 × 1013 m [26]. For
the Schwarzschild contribution coming from the first four
terms in (75), we get that the perihelion shift predicted for
this system is

�φ
(GR)
S2

≈ 48.550
[′′

/year
]
. (76)

On the other hand, the observed value of the perihelion shift
for the S2 star around Sgr A* is [26]

�φ
(obs)
S2

= 48.506 fSP

[′′
/year

]
, (77)

where fSP is a fitting parameter that for this system, it has
its best observational value between fSP,max = 1.2 and
fSP,min = 0.9. Then, the difference between the GR pre-
dicted value and the observed maximum and minimum val-
ues are
(
�φ(obs)

max − �φ(GR)
)

S2
= 9.657

[′′
/year

]
, (78)

(
�φ

(obs)
min − �φ(GR)

)

S2
= − 4.894

[′′
/year

]
. (79)

Therefore, we can now constrain the parameters coming
from the modification of GR that are related to d1 and e1.
Using (75) for the complete calculation of the perihelion shift
of the S2 star, we can then find that the value of d1κ

2
s must

lie between

4e1κ
2
d − 5.711 × 1063 [J · m] ≤ d1κ

2
s

≤ 4e1κ
2
d + 2.894 × 1063 [J · m] . (80)

It is clear that the current observations allow the case with
a negative factor d1κ

2
s − 4e1κ

2
d in the RN solution, where

the corresponding inner horizon is absent and therefore the
breakdown of predictability and the presence of other insta-
bilities may be avoided [27,28].

3.2 Gravitational redshift

Another gravitational effect that can be used to constrain
the new effects arising from our model is the gravitational
redshift. It is well known that the wavelength or frequency
of electromagnetic waves or photons is modified when they
passed near an object due to its gravitational field. The pho-
tons lose energy, so that, their wavelength is increased and
their frequency is decreased, which creates a redshift. Let us
suppose that a ray of light is propagating at different heights
r1 and r2 (with r1 < r2) in a gravitational field which is char-
acterised by the metric (37). The gravitational redshift z can
be defined as a measure depending on the quotient between
the frequencies of the photon ν1 and ν2, which can be written
in terms of the metric tensor as

z = ν2

ν1
− 1 =

√
�(r2)

�(r1)
− 1. (81)
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Let us now assume that ν1 is the frequency measured at
the source of emission, so that for an astrophysical system
we can assume that r1 = R, where R is the radius of the
source. Then, ν2 is the frequency measured by an observer at
infinity r2 → ∞. For astrophysical systems, this condition
holds since we receive the electromagnetic signal from an
object which is far away from the source. Now, we take the
solution (50), and assume the gravitational potential to be
small � ≈ 1, which means that

r  2GM

c2 , r2  G(d1κ
2
s − 4e1κ

2
d )

c4 . (82)

These approximations can be easily computed if one intro-
duces a small tracking parameter ε � 1 such that one
re-scales the parameters as M → εM, κd → ε2κd and
κs → ε2κs . By doing this, we find that the gravitational
redshift up to fourth order in ε becomes

z = GM

c2R
+ 3G2M2

2c4R2 + 5G3M3

2c6R3 + 35G4M4

8c8R4

+ G
(
4e1κ

2
d − d1κ

2
s

)

2c4R2 . (83)

We can now consider astrophysical compact objects, such
as degenerate stars composed by fermionic matter with a
spin alignment induced by torsion, to establish a bound in
the new effects coming from e1 and d1. In order to avoid
cross-interactions from binary systems with multiple spin-
ning sources and given the fact that the current measurements
for the masses and gravitational redshifts of isolated neutron
stars do not provide independent quantities [29], we focus
on the Sirius B white dwarf, whose Doppler shift velocity
v = c z associated with the gravitational redshift has been
measured by Balmer line techniques, finding [30,31]

vobs,SiriusB = (80.65 ± 0.77)

[
km

s

]
. (84)

Then, with the values for the mass M = 1.018M� and radius
R = 8.098 × 10−3R� [32] where R� = 695, 700 km is
the radius of the Sun, the predicted GR contribution of the
Doppler shift velocity turns out to be

vGR,SiriusB = 80.0464

[
km

s

]
. (85)

Accordingly, comparing the gravitational Doppler shift
velocity (85) provided by GR and the one related to the
gravitational redshift (83) of our model with the observed
value (84), we find that the new contributions coming from
torsion and nonmetricity are bounded to be

4e1κ
2
d − 2.931 × 1043 [J · m] ≤ d1κ

2
s

≤ 4e1κ
2
d + 1.016 × 1043 [J · m] . (86)

Let us now consider the case where the effect of torsion
dominates over the contribution of nonmetricity. In fact, due
to the presence of a magnetic field in white dwarfs [33],
it is expected that Sirius B can have sufficiently oriented
elementary spins in comparison with an effective dilation
charge, therefore, κs,SiriusB  κd,SiriusB. Assuming the same
approximation in Sgr A* and considering the universality of
the coupling constant d1, we can use the bound (80) found
from the perihelion shift of the S2 star and constrain the spin
charges of Sgr A* and Sirius B as follows

1.396 × 1010 ≤ κs,SgrA∗
κs,SiriusB

≤ 1.688 × 1010. (87)

To the best of our knowledge, this bound provides the
first observational comparison between the spin charges of a
supermassive black hole and a degenerate star.

3.3 Shapiro delay and deflection of light

The Shapiro delay is another observable that has shown to
be a useful tool to constrain theories of gravity. It measures
the time delay of light caused by the geometry of the space-
time, which is increased during the propagation of light with
respect to a distant observer. This means to find out the time
required for light to travel from the distance of the closest
encounter with a central mass M , that we will denote as r0,
to any distance r > r0. Since the quantity r0 represents the
minimal distance from the source, it fulfills the condition
ṙ(r)|r=r0 = 0, which according to Eq. (66) gives us that
the effective potential vanishes V (r0) = 0. By solving this
equation for massless particles with σ = 0, one gets the
following expression for the root r0:

r0 =
(

J

c E

)
�1/2(r0). (88)

Now, if we integrate Eq. (66) and replace r0 by using the
above equation, one gets that the time t (r, r0) required for
the light to travel from r0 to r is

t (r, r0) = 1

c

∫ r

r0

dr̄

�(r̄)

[ (

1 − r2
0 �(r̄)

r̄2�(r0)

)]−1/2

. (89)

The Shapiro delay is then related to the retardation of light
during this time travel as follows. Let us consider a light pulse
at a radius re propagating through the space-time to a point
r0 of closest encounter with the mass M , and then propagates
to a mirror at radius rm. Thus, the light ray is reflected and
come back to the emitter. The Shapiro delay of the trip is then
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defined as

�tShapiro(re, rm, r0)

= 1

2

(
t (re, r0) + t (rm, r0) −

√
r2

e − r2
0 −

√
r2

m − r2
0

)
.

(90)

The photon time travel (89) cannot be analytically inte-
grated for our RN type of solution (50). However, one
can consider the corresponding effect at large distances
(see Eq. (82)), which essentially means that the gravita-
tional potential is sufficiently small. By following a similar
approach as before, and assuming that the emitter is at the
same position as the mirror (i.e. re = rm = r ), we find that
the Shapiro delay approximated up to fourth order of the
mass M and first order of κ2

s d1 and κ2
d e1 is

�tShapiro(r, r0) ≈
GM

√
r2 − r2

0

c3(r + r0)

[
1 − GM(4r + 5r0)

2c2r0(r + r0)
+ G2M2

(
60r3 + 157r2r0 + 133rr2

0 + 35r3
0

)

2c4rr2
0 (r + r0)2

− G3M3
(
3200r5 + 9899r4r0 + 9196r3r2

0 + 532r2r3
0 − 2940rr4

0 − 945r5
0

)

48c6r2r3
0 (r + r0)3

]

+ 2GM

c3 log

(
√
r2 − r2

0 + r

r0

)
+ 15πG2M2

4c5r0
− 15πG3M3

4c7r2
0

+ 1095πG4M4

32c9r3
0

+ 3πG
(
4e1κ

2
d − d1κ

2
s

)

4c5r0

− arctan

⎛

⎝ r0√
r2 − r2

0

⎞

⎠

(
15G2M2

2c5r0
− 15G3M3

2c7r2
0

+ 1095G4M4

16c9r3
0

− 3G
(
d1κ

2
s − 4e1κ

2
d

)

2c5r0

)

. (91)

In order to constrain our model in a realistic way, we would
need an astrophysical system such that κd and/or κs are differ-
ent to zero. The Shapiro delay effect has been used in different
scenarios such as in pulsars. For example, using the Shapiro
delay, it was possible to determine the masses of the pulsar
PSR J1614-2230, which consists of a binary system com-
posed by a neutron star and a white dwarf companion [34].
This analysis was carried out by comparing the delay of pulse
arrivals to the Earth from the light coming from PSR J1614-
2230 when it passes behind the white dwarf. However, for
our case, we cannot use these data since the authors inferred
the masses of the binary system from the time signal and
not in the other way around. Hence, on account of the lack
of additional observations with an independent estimation
of the mass components, one cannot use the Shapiro delay
measurements as a natural tool to constrain our model.

The deflection of light can be evaluated as the angle which
characterises the difference in the trajectory of a light ray after
passing around a gravitational system. This ray of light is then
measured in the Earth which is located at a very long distance
to the source, so that, one needs to integrate the Eq. (67) from
an impact parameter r0 to r → ∞. Thus, this effect can be

also caused by the presence of a gravitating central mass M
with additional charges. If we again label r0 as the position
obtained in (88) such that the effective potential vanishes
V (r0) = 0, and integrate out the azimuthal angle in Eq. (67)
from r0 to ∞, the deflection of light is written as [35]

�ϕ = ±2
∫ ∞
r0

r0 dr̄

r̄2�(r0)1/2

[
1 −

(r0

r̄

)2 �(r̄)

�(r0)

]−1/2
− π. (92)

The above expression can be analysed by numerical compu-
tations (see [36,37] as an example concerning the particular
contribution of torsion to this effect). Under the approxima-
tion shown in (82), we find that the deflection of light for the
solution (50) acquires the analytical expression

�ϕ ≈ 4GM

c2r0
+G2M2

4c4r2
0

(15π−16)+ 3πG

4c4r2
0

(
4e1κ

2
d−d1κ

2
s

)
.

(93)

The first two terms describe the deflection of light pro-
vided by the mass as in the standard case of the Schwarzschild
solution, whereas the last one constitutes the correction pro-
vided by the hypermomentum charges to this effect.

4 Conclusions

In the geometric scheme of MAG, not only an energy–
momentum tensor of matter arises as source of curvature,
but also a hypermomentum density tensor which operates as
source of torsion and nonmetricity. For the special case of
Weyl–Cartan geometry it splits into spin and dilation cur-
rents, which carry their own charges and provide a RN type
of solution (50) to the field equations of MAG. Following
these lines, we compute the dynamical corrections provided
by both spin and dilation charges in the main classical tests
of gravity, namely the photon sphere, perihelion shift, gravi-
tational redshift, Shapiro delay and deflection of light. Since
the aforementioned exact solution can be assumed to describe
the gravitational field around a black hole or a compact star
formed in a metric-affine regime with scale invariance, we are

123



495 Page 10 of 14 Eur. Phys. J. C (2021) 81 :495

able to constrain such corrections with recent observations
of the S2 star around the supermassive black hole Sgr A*
and Sirius B. Indeed, the well-established premise that pri-
mordial black holes formed from nonbaryonic matter at very
high energies in the early universe may constitute the seeds
of supermassive black holes located at the center of massive
galaxies places these objects as leading candidates to test the
gravitational effects of MAG [38]. In addition, the core rem-
nant of white dwarfs such as Sirius B supported by electron
degeneracy may exhibit a spin alignment induced by suffi-
ciently intense dipolar magnetic fields, whose range can lie
in any case below the current level of experimental accuracy
[33], and accordingly constitute a viable macroscopic source
of torsion. In this regard, whether or not degenerate stars can
also carry a dilation charge still remains as an open-ended
question.

Thereby, we evaluate the contributions of the mass and the
hypermomentum charges of the solution to the relativistic
perihelion precession of S2 around Sgr A* and to the gravi-
tational redshift in Sirius B up to a fourth order expansion of
these parameters. Interestingly, we constrain such contribu-
tions with the observed quantities and find a branch compat-
ible with a negative effective correction of the RN geometry.
This possibility involves the absence of an inner Cauchy hori-
zon in the solution, which in the Einstein–Maxwell model
of GR has shown to be a pathological hypersurface, due to
the loss of predictability from initial conditions, and the exis-
tence of mass-inflation and kink instabilities [27,28]. Indeed,
even though the field strength tensors of the torsion and non-
metricity fields show a similar Coulomb-like pattern as the
electromagnetic fields of the Einstein–Maxwell model, they
are sourced by different charges. In particular, the existing
correspondence between torsion and the intrinsic angular
momentum of matter allows their dynamical effects to be
propagated by irreducible modes with different parity, as it
is the case in the present model [10]. Additional analyses
considering this branch as well as the structure and the grav-
itational stability of the solution are currently underway.

It is worthwhile to stress a general issue to isolate the
gravitational redshift from the Doppler shifted due to random
stellar motions along the line of observation [39]. In the case
of Sirius B, this degeneracy can be overcome constraining
the radial component of the apparent velocity, but for Sgr A*
it has not been solved yet due to the fact that the effect of
the relative motion between the observer and Sgr A* is too
small to decompose the total redshift [40]. For this reason,
one cannot use the mentioned measurement of the redshift
in Sgr A* to constrain our model.

On the other hand, we also derive the corresponding cor-
rections to the photon sphere, Shapiro delay and deflection of
light provided by torsion and nonmetricity, but again one can-
not use yet any observation of astrophysical sources as the
ones considered in our work to obtain realistic constraints

for these effects. For example for the Shapiro delay and the
deflection of light, the astronomy of pulsars is mostly devoted
on measurements from the companion astrophysical object
rather than the observables related to the neutron star (see [34]
as an example). The photon sphere casts the shadow of the
black hole and the only known observations for this effect
is the one obtained by The Event Horizon Telescope collab-
oration for M87* [25]. We showed that only the size of the
shadow provided by our solution is modified, but its shape
remains the same. It would be interesting to use these effects
in the future whenever these observations are carried out.

Further constraints to achieve a complete characterisa-
tion of the torsion and nonmetricity tensors in MAG require
supplementary analyses and observations of the effects of
these quantities on test bodies with intrinsic hypermomentum
[22,41]. In this sense, current observations of binary pulsars
with multiple spinning sources, such as the double pulsar
PSR J0737-3039 or the millisecond pulsar PSR J0437-4715
with a white dwarf companion, must also be considered tak-
ing into account the additional Lorentz-like forces yielded by
the torsion and nonmetricity tensors, according to the gen-
eral equations of motion obtained in (59). In any case, the fact
that most of the neutron star-white dwarf binary systems con-
tain very circular orbits as a result of tidal dissipation turns
out to be another experimental issue for the measurement of
certain relativistic orbital parameters, such as the perihelion
shift computed in this work [42,43]. In the same way, the cor-
responding corrections for ordinary stars or planets around
neutron stars are so small to be undetectable.

At the Earth scale, the microscopic signatures of torsion
on the energy levels of minimally and nonminimally cou-
pled Dirac spinors have been tested [44–49], whereas future
tests based on the precession of ferromagnetic gyroscopes
have also been successfully proposed [50]. In this sense,
on account of the purely quantum nature of the intrinsic
hypermomentum of matter, the performance of new exper-
iments sufficiently sensitive to measure the splitting of the
fermionic energy levels in strong gravitational regimes opens
up promising prospects for testing post-Riemannian geome-
try [51]. In particular, the existence of a dynamical axial mode
of torsion allows the evaluation of such signatures in Dirac
fermions by means of our solution without the requirement
of extra nonminimal couplings in the torsion sector. Further
research following these lines will be addressed in future
works.
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Appendix A: Field equations and conservation law of the
canonical energy–momentum tensor

The variation of the Lagrangian (18) provides the follow-
ing tensor quantities depending on the curvature, torsion and
nonmetricity tensors:

X1μ
ν = 2c4

G
Gμ

ν + 16πL̃ δμ
ν + 3 (1 − 2a2)

(
gμρ∇λT

[λνρ]

+ KλρμT
[λνρ]

)
− 4e1 R̃

λ
λσμ R̃

ρ
ρ

σν + 2d1

(
R̃ν

λρμ R̃
[λρ]

+ R̃λ
ν

μρ R̂
[λρ] + R̃λμ R̃

[νλ] + R̂λμ R̂
[νλ]

)

+ 1

2
R̃λρσμ

[
d1

(
4R̃[νσ ]λρ − 2R̃[λρ]νσ − R̃[λν]ρσ

− R̃[ρσ ]λν − R̃[ρν]σλ − R̃[σλ]ρν

)

+ 8e2

(
R̃(ρν)λσ − R̃(λσ)ρν + R̃(λν)ρσ − R̃(ρσ)λν

)]
, (A1)

X2λμν = 2d1

[
∇ρ

(
gμν R̃[λρ] − gλν R̂[μρ] + gλρ R̂[μν]

− gμρ R̃[λν]
)

+
(
K ρμ

ρ + Lρμ
ρ

)
R̃[λν]

−
(
K ρλ

ρ + Lρλ
ρ

)
R̂[μν]

+
(
K νλ

ρ + Lνλ
ρ

)
R̂[μρ] −

(
K νμ

ρ + Lνμ
ρ

)
R̃[λρ]

+
(
Kμ

ρ
λ + Lμ

ρ
λ
)
R̂[ρν] −

(
K λ

ρ
μ + Lλ

ρ
μ
)
R̃[ρν]

]

+ 1

2

(
∇ρ + Wρ

)[
d1

(
4R̃[ρν]λμ − 2R̃[λμ]ρν

− R̃[μν]λρ + R̃[λν]μρ − R̃[λρ]μν + R̃[μρ]λν

)

+ 8e2

(
R̃(μν)λρ − R̃(λρ)μν + R̃(νλ)μρ − R̃(ρμ)λν

)]

− 4e1g
λμ∇ρ R̃σ

σρν − 3 (1 − 2a2) T
[λμν]

+ 1

2

(
K λ

σρ + Lλ
σρ

)[
d1

(
4R̃[ρν]σμ − 2R̃[σμ]ρν

− R̃[μν]σρ + R̃[σν]μρ − R̃[σρ]μν + R̃[μρ]σν

)

+ 8e2

(
R̃(μν)σρ − R̃(σρ)μν + R̃(νσ )μρ − R̃(ρμ)σν

)

+ 4d1g
μν R̃[σρ]

]
+ 1

2

(
Kμ

σρ + Lμ
σρ

)

[
d1

(
4R̃[ρν]λσ − 2R̃[λσ ]ρν − R̃[σν]λρ + R̃[λν]σρ − R̃[λρ]σν + R̃[σρ]λν

)

+ 8e2

(
R̃(σν)λρ − R̃(λρ)σν + R̃(νλ)σρ − R̃(σρ)λν

)
− 4d1g

λν R̂[σρ]
]
,

(A2)

in such a way that the correspondence with the canonical
energy–momentum and hypermomentum tensors gives rise
to the field equations:

X1μ
ν = 16πθμ

ν, (A3)

X2λμν = 16π�λμν, (A4)

with L̃ representing the Lagrangian density composed by the
quadratic order corrections.

The computation of the Riemannian divergence of the
Expression (A3) allows the conservation law of the canonical
energy–momentum tensor to be obtained as follows:

16π∇νθμ
ν = 3 (1 − 2a2)

{[
Kλρμ + L [λρ]μ

][
∇νT

[λνρ]

+ (
Kσν

λ + L [σν] λ
)
T [σρν]

]
− R̃λνρμT

[λνρ]
}

+ 1

2
(4e1 + e2)

(
R̃σ

σ
ρν∇μ R̃

λ
λρν

− 2R̃σ
σ

ρν∇ν R̃
λ

λρμ − 2R̃σ
σρμ∇ν R̃

λ
λ

ρν

)

+ d1

{
∇ν R̃λρσμ

[(
3R̃[νσ ]λρ − R̃[λρ]νσ

)

− 1

2

(
R̃[λν]ρσ + R̃[ρσ ]λν + R̃[ρν]σλ + R̃[σλ]ρν

)]

+ R̃λρσμ

[
∇ν

(
3R̃[νσ ]λρ − R̃[λρ]νσ

)

− 1

2
∇ν

(
R̃[λν]ρσ + R̃[ρσ ]λν + R̃[ρν]σλ + R̃[σλ]ρν

)]

+ 2

(
∇ν R̃

ν
λρμ R̃

[λρ] + ∇ν R̃λμ R̃
[νλ]

+ R̃ν
λρμ∇ν R̃

[λρ] + R̃λμ∇ν R̃
[νλ] + R̃[σν]∇μ R̃[σν]

.+∇ν R̃λ
ν

μρ R̂
[λρ]+∇ν R̂λμ R̂

[νλ]+R̃λ
ν

μρ∇ν R̂
[λρ]+R̂λμ∇ν R̂

[νλ]

+ R̂[σν]∇μ R̂[σν]

)
+ 1

2
∇μ R̃λρσν

(
3R̃[σν]λρ − R̃[λρ]σν − R̃[λσ ]ρν − R̃[σρ]λν

)}
. (A5)

By taking into account the Expression (A4) and the identity
∇[ρ| R̃λ

λ|μν] = 0 of the homothetic curvature tensor:

16π∇νθμ
ν = 3 (1 − 2a2)

[
Kλρμ + L [λρ]μ

]

[
∇νT

[λνρ] + (
Kσν

λ + L [σν] λ
)
T [σρν]]

− 16π R̃λρσμ�ρλσ
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+ d1

{
∇ν R̃λρσμ

[(
3R̃[νσ ]λρ − R̃[λρ]νσ

)

− 1

2

(
R̃[λν]ρσ + R̃[ρσ ]λν + R̃[ρν]σλ + R̃[σλ]ρν

)]

− R̃λρσμ

[
Wν

(
3R̃[νσ ]λρ − R̃[λρ]νσ

)

− 1

2
Wν

(
R̃[λν]ρσ + R̃[ρσ ]λν + R̃[ρν]σλ + R̃[σλ]ρν

)]

− Nλ
ων R̃λρσμ

[(
3R̃[νσ ]ωρ − R̃[ωρ]νσ

)

− 1

2

(
R̃[ων]ρσ + R̃[ρσ ]ων + R̃[ρν]σω + R̃[σω]ρν

)

+ 2gσρ R̂[ων]
]

− Nρ
ων R̃λρσμ

[(
3R̃[νσ ]λω − R̃[λω]νσ

)

− 1

2

(
R̃[λν]ωσ + R̃[ωσ ]λν + R̃[ων]σλ + R̃[σλ]ων

)

− 2gλσ R̃[ων]
]

+ 2

(
∇ν R̃

ν
λρμ R̃

[λρ] + ∇ν R̃λμ R̃
[νλ] + R̃[σν]∇μ R̃[σν]

+ ∇ν R̃λ
ν

μρ R̂
[λρ] + ∇ν R̂λμ R̂

[νλ] + R̂[σν]∇μ R̂[σν]

)

+ R̃λρσμ

(
N νλ

ν R̃
[ρσ ]−N νρ

ν R̂
[λσ ] + Nσρ

ν R̂
[λν] − Nσλ

ν R̃
[ρν]

+Nλ
ν

ρ R̂[νσ ] − Nρ
ν

λ R̃[νσ ]
)

+ 1

2
∇μ R̃λρσν

(
3R̃[σν]λρ − R̃[λρ]σν − R̃[λσ ]ρν − R̃[σρ]λν

)}
. (A6)

According to the second Bianchi identity in a Weyl–Cartan
space-time, the curvature, torsion and nonmetricity tensors
satisfy:

∇̃[μ| R̃λρ|σν] = T ω [μσ | R̃λρω|ν] + W[μ| R̃λρ|σν], (A7)

where ∇̃μ R̃λρσν = ∇μ R̃λρσν−Nω
λμ R̃ωρσν−Nω

ρμ R̃λωσν−
Nω

σμ R̃λρων − Nω
νμ R̃λρσω. Then, the second order cor-

rections depending on the curvature tensor present in the
divergence of the canonical energy–momentum tensor can
be written in terms of the covariant derivative with respect to
the general affine connection and rearranged by the second
Bianchi identity, which simplifies the expression above in the
following way:

16π∇νθμ
ν = 3 (1 − 2a2)

[
Kλρμ + L [λρ]μ

]

[
∇νT

[λνρ] + (
Kσν

λ + L [σν] λ
)
T [σρν]]

− 16π R̃λρσμ�ρλσ

+ 2d1

[
R̃[λρ]

(
∇ν R̃

ν
λρμ + ∇λ R̃ρμ + ∇μ R̃[λρ]

+ N ν
λρ R̃νμ − N ν

λσ R̃
σ

νρμ − Nσ
νρ R̃

ν
λσμ

− N ν
σν R̃

σ
ρλμ

)

+ R̂[λρ]
(

∇ν R̃λ
ν

μρ + ∇λ R̂ρμ + ∇μ R̂[λρ]

+ N ν
λρ R̂νμ − N ν

λσ R̃ν
σ

μρ − Nσ
νρ R̃λ

ν
μσ

− N ν
σν R̃ρ

σ
μλ

)

+ 1

2

(
Kλρμ + L [λρ]μ

)
R̃[λω]σν

(
R̃[σω]ν

ρ − 2R̃[σν]ω
ρ
)]

.

(A8)

The same procedure can be considered for the simplifica-
tion of the second order corrections depending on the Ricci
and co-Ricci tensors, which satisfy their own contracted ver-
sions of the second Bianchi identity:

∇̃ν R̃
ν

λρμ + ∇̃μ R̃λρ − ∇̃ρ R̃λμ

= T σ
νρ R̃

ν
λσμ + T σ

μν R̃
ν

λσρ + T σ
μρ R̃λσ , (A9)

∇̃ν R̃λ
ν

μρ + ∇̃μ R̂λρ − ∇̃ρ R̂λμ

= T σ
νρ R̃λ

ν
μσ + T σ

μν R̃λ
ν

ρσ + T σ
μρ R̂λσ , (A10)

and give rise to the following compact expression:

16π∇νθμ
ν = 3 (1 − 2a2)

[
Kλρμ + L [λρ]μ

]

[
∇νT

[λνρ] + (
Kσν

λ + L [σν] λ
)
T [σρν]]

− 16π R̃λρσμ�ρλσ

+ 2d1
(
Kλρμ + L [λρ]μ

)

[
R̃ρ

σω
λ R̃[σω] + R̃λ

σ R̃
[ρσ ] + R̃σ

ρλ
ω R̂

[σω] + R̂λ
σ R̂

[ρσ ]
]

+ d1
(
Kλρμ + L [λρ]μ

)
R̃[λω]σν

(
R̃[σω]ν

ρ − 2R̃[σν]ω
ρ
)

.

(A11)

In any case, the existing correspondence between the canon-
ical energy–momentum tensor and the geometric corrections
provided by the field equation (A3) displays an antisymmet-
ric component of the canonical energy–momentum tensor:

θ [μν] = 3 (1 − 2a2)

{
∇λT

[μλν] + 1

2
[(
Kλρ

μ + L [λρ] μ
)
T [λνρ] − (

Kλρ
ν + L [λρ] ν

)
T [λμρ]]

}

+ d1

4

[
R̃λρσ

μ
(

4R̃[νσ ]λρ + R̃[λν]σρ + R̃[ρν]λρ
)

− R̃λρσ
ν
(

4R̃[μσ ]λρ + R̃[λμ]σρ + R̃[ρμ]λρ
)

+ 8
(
R̃[λρ] R̃[ν

λρ
μ] + R̂[λρ] R̃λ

[νμ]
ρ

)

+ 4
(
R̃λ

[μ R̃ν]λ + R̂λ
[μ R̂ν]λ)]

, (A12)

which allows us to obtain the final expression of the conser-
vation law of the canonical energy–momentum tensor:

∇νθμ
ν + (

Kλρμ + L [λρ]μ
)
θ [ρλ] + R̃λρσμ�ρλσ = 0.

(A13)
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