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Abstract Let M be a locally rotationally symmetric space-
time with at least one of the rotation or spatial twist being
non-zero. It is proved that M cannot admit a non-minimal
marginally trapped tube of the form χ = X (t).

1 Introduction

Black holes have become a topical research area over the
last decade. Different numerical and analytical schemes have
been setup to study the local and global dynamics of these
objects, both in the astrophysical and in more abstract con-
texts [1–14]. The local dynamics of these objects can be
tracked by the evolution of their associated horizons, the so-
called dynamical horizon (and more generally, marginally
trappe tubes) developed by Ashtekar and others (see the ref-
erences [2–4]). Their existence and uniqueness in some gen-
eral setting was extensively dealt with in [4] by Ashtekar and
Galloway, which established constraints on the locations and
occurrence of dynamical horizons.

Indeed, relating the causal character of marginally trapped
tubes to explicit physical/geometrical quantities in the space-
times is of huge interest to both mathematical and numeri-
cal relativists. A relatively recent approach to dealing with
spacetimes admitting a unit tangent directing and some pre-
ferred spatial direction normal to the tangent one, seems a
good candidate for such project. This so-called 1 + 1 + 2
formalism [15–18] characterizes a spacetime in a covariant
manner just as the 1+3 formalism, but with new scalar, vec-
tor and tensor quantities defined on the 2-space. The first use
of this formalism to analyze black hole horizons was by Ellis
et al. [19], where considerations were given to an astrophys-
ical collapse scenario. In [20] and [21], Sherif and coauthors
extended the results in [19] to more general spacetimes, both
using an original approach, as well as adapting an approach
by Booth et al. (see [13,14] and references therein), to the

a e-mail: abbasmsherif25@gmail.com (corresponding author)

1 + 1 + 2 covariant variables. A series of established results
were obtained in a relatively easy manner, as well as a couple
of original results like a classifications scheme of marginally
trapped tubes up to diffeomorphisms and causal characters.
For specific examples, the authors considered spacetimes in
the class of locally rotationally symmetric spacetimes with
no rotation and no spatial twist.

In this paper however, the class of locally rotationally sym-
metric spacetimes where at least one of the rotation or spa-
tial twist is non-vanishing is considered. It is shown that for
these spacetimes, any marginally trapped tube of the form
χ = X (t), will have both null expansion scalars (ingoing
and outgoing) vanishing on them.

The paper is structured as follows: in Sect. 2, the 1+1+2
spacetime decomposition method employed in this work is
briefly introduced, and provide some definitions of utility to
this paper is provided. Section 3 states and prove the main
result of the paper, and then in Sect. 4 the paper is concluded
with discussion of the result.

2 Preliminaries

Let (M, gab) be a 4-dimensional spacetime, and to any time-
like congruence, let there be associated a unit vector field
ua tangent to the congruence with uaua = −1. Given any
4-vector Ua in the spacetime, one may split Ua as

Ua = Uua +U 〈a〉,

whereU is the scalar along ua andU 〈a〉 is the projected trace-
free 3-vector [22]. The splitting splits gab into components
associated with the ua and spatial directions as

h b
a ≡ g b

a + uau
b,

where hab project any 3-vector to the 3-space. This naturally
gives rise to two derivatives:
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– The covariant time derivative (which we shall hence-
forth call the dot derivative) along the observers’ con-
gruence. Given any tensor Sa..b

c..d , we have Ṡa..b
c..d ≡

ue∇eSa..b
c..d .

– Fully orthogonally projected covariant derivative D with
the tensor hab, with the total projection carried out on
all the free indices. Given any tensor Sa..b

c..d , we have

DeSa..b
c..d ≡ haf h

p
c...hbgh

q
dh

r
e∇r S

f..g
p..q .

This 1 + 3 splitting of then splits the covariant derivative
of ua as

∇aub = −uaAb + 1

3
habΘ + σab, (1)

where we have defined Aa = u̇a as the acceleration vector,
Θ ≡ Daua as the expansion and σab = D〈bua〉 as the shear
tensor.

The energy momentum tensor decompose as

Tab = ρuaub + 2q(aub) + phab + πab, (2)

where ρ ≡ Tabuaub defines the energy density, the heat
flux is given by qa = −h c

a Tcdu
d , p ≡ (1/3) habTab is the

isotropic pressure and πab is the anisotropic stress tensor.
Suppose there exists a spatial direction ea (with eaea = 1)

which is orthogonal to ua . The metric gab can be split into
terms along the ua and ea directions (the vector field ea splits
the 3-space), as well as on the 2-surface, i.e.

gab = Nab − uaub + eaeb, (3)

where the tensor Nab projects any two vector orthogonal
to ua and ea onto the 2-surface called the sheet (N a

a =
2, uaNab = 0, eaNab = 0). This is the 1 + 1 + 2 split-
ting. This gives rise to the further splitting of the covariant
derivatives along the ea direction and on the 2-surface:

– The hat derivative is the spatial derivative along the
vector field ea : Given a 3-tensor ψ c..d

a..b , we have that
ψ̂ c..d
a..b ≡ e f D f ψ

c..d
a..b .

– The delta derivative is the projected spatial derivative
on the 2-sheet (projection by the tensor N b

a ), and the
projection is carried out on all the free indices: Given
any 3-tensor ψ c..d

a..b , we have the delta derivative as

δeψ
c..d

a..b ≡ N f
a ..N g

b N c
h ..N d

i N j
e D jψ

h..i
f..g .

Further details for the splitting procedure and all of the
resulting field equations can be found in [16].

Let us now define locally rotationally symmetric space-
times.

Definition 1 A locally rotationally symmetric (LRS) space-
time is a spacetime in which at each point p ∈ M , there exists
a continuous isotropy group generating a multiply transitive
isometry group on M [22]. The general metric of LRS space-
times is given by

ds2 = −A2dt2 + B2dχ2 + F2dy2

+
[(
F D̄

)2 + (Bh)2 − (Ag)2
]
dz2

+
(
A2gdt − B2hdχ

)
dz,

(4)

where A2, B2, F2 are functions of t and χ , D̄2 is a function
of y and k (k fixes the geometry of the 2-surfaces), and g, h
are functions of y.

In the limiting case that g = h = 0 we recover the well
known spherically symmetric LRS II class of spacetimes
which generalizes spherically symmetric solutions to the Ein-
stein field equations.

The complete set of 1 + 1 + 2 covariant scalars fully
describing the LRS class of spacetimes are [16]

{A,Θ, φ,Σ, E,H, ρ, p,Π, Q,Ω, ξ}.
The quantity φ ≡ δaea is the sheet expansion, Σ ≡ σabeaeb

is the scalar associated with the shear tensor σab, E ≡
Eabeaeb is the scalar associated with the electric part of the
Weyl tensor Eab, H ≡ Habeaeb is the scalar associated with
the magnetic part of the Weyl tensor Hab, Π ≡ πabeaeb is
the anisotropic stress scalar, Q ≡ −eaTabub = qaea is the
scalar associated to the heat flux vector qa . The quantities
ξ and Ω are the spatial twist and rotation scalar respec-
tively, which are defined by ξ = (1/2) εabδaeb (where
εab ≡ εabcec = udηdabcdec is the Levi Civita 2-tensor, the
volume element of the 2-surface) and Ω = eaωa (where
ωa = Ωea + Ωa is the rotation vector, with Ωa being the
sheet component of ωa).

The full covariant derivatives of the vector fields ua and
ea are given by [16]

∇aub = −Auaeb + eaeb

(
1

3
Θ + Σ

)
+ Nab

(
1

3
Θ − 1

2
Σ

)

+ Ωεab, (5a)

∇aeb = −Auaub +
(

1

3
Θ + Σ

)
eaub + 1

2
φNab

+ ξεab. (5b)

We also note the useful expression

ûa =
(

1

3
Θ + Σ

)
ea . (6)

The field equations for LRS spacetimes (we are interested
in the case with vanishing cosmological constant) are given
as propagation and evolution of the covariant scalars [16]:
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– Evolution

2

3
Θ̇ − Σ̇ = Aφ − 1

2

(
2

3
Θ − Σ

)2

− 2Ω2 + E

− 1

2
Π − 1

3
(ρ + 3p) , (7a)

φ̇ =
(

2

3
Θ − Σ

) (
A − 1

2
φ

)
+ 2ξΩ

+ Q, (7b)

ξ̇ = −1

2

(
2

3
Θ − Σ

)
ξ

+
(
A − 1

2
φ

)
Ω, (7c)

Ω̇ = Aξ −
(

2

3
Θ − Σ

)
Ω, (7d)

Ḣ = −3ξE − 3

2

(
2

3
Θ − Σ

)
H

+ ΩQ, (7e)

Ė − 1

3
ρ̇ + 1

2
Π̇ = −

(
2

3
Θ − Σ

) (
3

2
E + 1

4
Π

)
+ 1

2
φQ

+ 3ξH + 1

2

(
2

3
Θ − Σ

)
(ρ + p) ,

(7f)

– Propagation

2

3
Θ̂ − Σ̂ = 3

2
φΣ + 2ξΩ + Q, (8a)

φ̂ = −1

2
φ2 +

(
1

3
Θ + Σ

) (
2

3
Θ − Σ

)

+ 2ξ2 − 2

3
ρ − E − 1

2
Π, (8b)

ξ̂ = −φξ +
(

1

3
Θ + Σ

)
Ω, (8c)

Ω̂ = (A − φ) Ω, (8d)

Ĥ = −
(

3E + ρ + p − 1

2
Π

)
Ω − 3φH

− Qξ, (8e)

Ê − 1

3
ρ̂ + 1

2
Π̂ = −3

2
φ

(
E + 1

2
Π

)
− 1

2

(
2

3
Θ − Σ

)
Q

+ 3ΩH (8f)

– Evolution/Propagation

Â − Θ̇ = − (A + φ)A − 1

3
Θ2 + 3

2
Σ2 − 2Ω2

+ 1

2
(ρ + 3p) , (9a)

ρ̇ + Q̂ = −Θ (ρ + p) − (2A + φ) Q

− 3

2
ΣΠ, (9b)

Q̇ + p̂ + Π̂ = −
(
A + 3

2
φ

)
Π −

(
4

3
Θ + Σ

)
Q

− (ρ + p)A, (9c)

– Constraint

H = 3Σξ − (2A − φ) Ω. (10)

Furthermore, given a scalar ψ in LRS spacetimes, the dot
and hat derivatives commute as follows [16]:

ˆ̇ψ − ˙̂
ψ = −Aψ̇ +

(
1

3
Θ + Σ

)
ψ̂. (11)

2.1 Some definitions

We define few useful notions. In the definitions and discus-
sions that are to follow, ka and la are respectively the outward
and inward null normal vector fields to a leaf of such foliation
defined by

ka = 1√
2

(
ua + ea

)
and la = 1√

2

(
ua − ea

)
,

while Θk and Θl are the expansions of the congruences
generated by ka and la respectively.

Definition 2 (Trapped surface) A (future) trapped surface
(TS) is a smooth, connected, closed, spacelike co-dimension
2 submanifold S of M such that the divergences, Θk and
Θl , of the congruences generated by the null normal vector
fields ka and la (ka is the outgoing null normal vector field
and la is the ingoing null normal vector field) respectively
are everywhere negative on S.

Definition 3 (Marginally trapped surface) A marginally
trapped surface (MTS) is a smooth, connected, closed, space-
like co-dimension 2 submanifold S of M such that Θk is
everywhere vanishing on S and Θl is everywhere negative
on S.

In most cases, the definition of a marginally trapped sur-
faces is simply taken to be the case where Θk , vanishes.
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Definition 4 (Marginally trapped tube) A marginally trapped
tube (MTT) is a co-dimension 1 submanifold H of M which
is foliated by MTS.

For more on the above definitions see the following refer-
ences [2–4,11]. In general, the signature of the induced met-
ric on H will vary over H . There are however cases where
the signature is fixed all over H . In such cases a space-
like marginally trapped tube is called a dynamical horizon
(DH), a timelike marginally trapped tube is called a timelike
membrane (TLM), and a null and non-expanding marginally
trapped tube is called an isolated horizon (IH).

3 Result

We first recall some needed results for the proof of the main
result of this paper.

For the LRS spacetimes, the outgoing null expansion,
whose vanishing necessitates trapping, has been calculated
as [20]

Θk = 1√
2

(
2

3
Θ − Σ + φ

)
. (12)

So on any marginally trapped surface foliating the horizon
one has Θk = 0, i.e

2

3
Θ − Σ + φ = 0. (13)

Whether a horizon H is a timelike membrane, a dynam-
ical horizon or an isolated horizon (or in general the causal
character of an marginally trapped tube) can be determined
by the function (see the references [13,20] for more details)

C = LkΘk

LlΘk
, (14)

which is constant, where the operator Ln denotes the Lie
derivative along the vector field na . Note that in general, the
sign of C may vary over the marginally trapped tube, and as
such the tube will have different components with different
causal character (transitioning from spacelike to timelike of
vice versa goes through a null component). However, there
are cases where the sign of C remains fixed over H . In such
a case the MTT is called a dynamical horizon for C > 0,
a timelike membrane and an isolated horizon if C = 0. For
LRS spacetimes (14), we calculate C explicitly as

C = 2
(
ξ2 + 2ξΩ − Ω2

) − (ρ + p + Π) + 2Q

−2
(
Ω2 + ξ2

) + 1
3 (ρ − 3p) + 2E , (15)

where we have notedLkΘk = Θ̇k+Θ̂k andLlΘk = Θ̇k−Θ̂k ,
and used the equations (7a), (7b), (8a) and (8b) to calculate

the dot and hat derivatives of the outgoing null expansion
scalar Θk .

The ingoing null expansion scalar was also calculated in
[20] as

Θl = 1√
2

(
2

3
Θ − Σ − φ

)
. (16)

We now provide the following definition:

Definition 5 Let M be a spacetime manifold. A 2-surface S
in M is called minimally trapped if both the outgoing null
expansion scalar Θk and the ingoing null expansion scalar
Θl vanish everywhere on S. An marginally trapped tube H
will be called minimal if it is foliated by minimally trapped
2-surfaces.

3.1 Main result

We now state and prove the result of this paper.

Theorem 1 An LRS spacetime in which at least one of the
rotation or spatial twist is non-vanishing, cannot admit a
non-minimal marginally trapped tube of the form χ = X (t).

Proof It was shown in [23] that, for any scalar ψ in LRS
spacetime, the dot and hat derivatives satisfy the relation

Ωψ̇ = ξψ̂. (17)

This relation was used to obtain the following explicit alge-
braic expressions for φ and Q, obtained through the employ-
ment of the commutation relation (11):

φ = Ω

ξ

(
2

3
Θ − Σ

)
, (18a)

Q = − Ωξ(
Ω2 + ξ2

) (ρ + p + Π) . (18b)

Let H be an marginally trapped tube in M foliated by
marginally trapped surfaces. We will show that if either one
of Ω and ξ is non-zero on H , then either (2/3) Θ − Σ =
0 �⇒ φ = 0 or φ = 0 �⇒ (2/3) Θ − Σ = 0, in which
case H is minimal.

Suppose we have that Ω = 0 and ξ 
= 0. Then, from
(18a) we have that φ = 0, in which case we must have
(2/3) Θ − Σ = 0. Hence, H is minimal. On the other hand,
if Ω 
= 0 and ξ = 0, then (18a) gives

Ω

(
2

3
Θ − Σ

)
= 0.

Since Ω 
= 0, we must have (2/3) Θ − Σ = 0, in which
case φ = 0. Hence H is also minimal.
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Now, consider the case in which Ω 
= 0 and ξ 
= 0. Then,
on the horizon (18a) becomes (using (13))

φ

(
Ω

ξ
+ 1

)
= 0. (19)

We know that φ 
= 0, since otherwise H would be minimal.
Therefore we must instead have that
Ω

ξ
= −1. (20)

We also know that, in LRS spacetimes with simultaneous
rotation and spatial twist, the existence of homothetic Killing
vectors in the plane spanned by the unit tangent direction and
the preferred spatial direction is guaranteed by Theorem 1. of
[23]. Therefore H also admits a homothetic Killing vector.
The condition for H to be null is that Ω/ξ = ±1, clearly
satisfied by H according to (20), which implies that H is a
Killing horizon (see the reference [23] for more discussion).
However, since H is null, one must have C = 0, which, from
(15) gives

2
(
ξ2 + 2ξΩ − Ω2

)
− (ρ + p + Π) + 2Q = 0 (21)

Substituting (20) into (21) and (18b) and simplifying, (21)
reduces to ξ2 = 0 �⇒ ξ = 0 (or Ω2 = 0 �⇒ Ω = 0).
The cases ξ = 0 and Ω = 0 have already been shown to
yield a minimal H . The result therefore follows. ��

4 Discussion

The result of Theorem 1 severely constrains the spacetimes
with locally rotational symmetry that can admit dynamical
horizons and timelike membranes. In particular, Theorem 1
tells us that, for spacetimes with locally rotational symme-
try where all vector and tensor quantities vanish identically,
rotation and spatial twist are obstacles to the existence of
truly dynamical black holes. Hence, only the class II of these
spacetimes with Ω = 0 and ξ = 0 admit such horizons. Well
known examples of this class include the Lemaitre–Tolman–
Bondi (LTB) solution, Schwarzschild spacetime (although
the MTT here, a null horizon, is minimal since both expan-
sion scalars are identically zero), the Oppenheimer–Snyder
(OS) dust solution and the Robertson–Walker (RW) solution.
(The LTB and RW solutions, for example, contain dynamical
horizons foliated by non-minimal MOTS, and the OS dust
collapse contains timelike membranes, also foliated by non-
minimal MOTS. (These were recently studied in context of
the 1+1+2 formulation [20].)

While this itself does not expound on physical applica-
tion of the obtained result, it certainly adds to the growing
literature on the existence problem for dynamical horizons
in particular.

In the numerical context, the coordinate dependence of
(4) already restricts the possible solutions in the LRS class

of spacetimes that could be useful in modelling mergers.
The result of this work appears to verify this, and rules out
many LRS solutions which could possibly be used to model
black hole mergers. Two important subclasses are the spa-
tially homogeneous LRS III class of spacetimes with ξ 
= 0
and Ω and the LRS I solutions with ξ = 0 and Ω 
= 0. A
known example of the latter is the Gödel rotating solution.

An immediate problem to consider would be the rigidity
of the result of this paper, under perturbations, where one has
an LRS background.
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