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Abstract In this present paper, a slowly rotating stat is
investigated in shift symmetric scalar torsion theory frame-
work using a nondiagonal tetrad that gives an axially symmet-
ric spacetime. We present the general equations for a general
Lagrangian in a spherical symmetric space time and then in
an axially symmetric spacetime. The obtained equations will
allow us to study the behaviour of a specific model at the
center of the star and at large distance. We find that this par-
ticular model affects the behaviour at the center but it is not
case for large value of the radial coordinate r . The integration
of the equations of motion, for different realistic equations
of state (EoS), confirms that the mass, the radius as well as
the moment of inertia are effected by varying the parameters
of the model. Finally, we examine the universal relation of
normalized moment of inertia and the stellar compactness
of neutron star in slow rotation approximation. We showed
that for all values of parameters present in the model leads
to a deviation from GR for all EoS with a relative deviation
below 10%.

1 Introduction

Since the remarkable advance in astrophysical observation in
the last decade, the study of strong gravitational field regime
in alternative theories was becoming more interesting [1–4].
Neutron Stars (NSs) are one of the most compact objects
for testing different theoretical models of gravity. In fact,
the theory of General Relativity (GR) explains very well
the observations at the weak gravitational background [5],
but one can imagine that the theory of GR is a subject of
modification around a NSs. The deviation from GR can be
explored via Gravitational Waves (GWs) signal, from the col-
lision between binary neutron stars (NSs), binary black holes
(BHs) or binary BH-NS, which carry information about the
properties of NSs [6,7].
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The golden era of gravitational-wave astronomy was
launched by the first observation of GWs signal coming from
a binary black hole merger [8,9], at LIGO and Virgo observa-
tories. After two years, the detection of gravitational waves
from a binary neutron star merge GW170817 [10] together
with gamma-ray burst GRB 170817A [11–13] has consid-
erably advanced our understanding in alternative theory of
gravity [14–18]. On August 14, 2019, the LIGO/Virgo Col-
laboration (LVC) announced the detection of GWs sourced
by the collision of a black hole with mass M ≈ 23.2+1.1

−1.0MSun

and a compact object with mass M ≈ 2.59+0.08
−0.09MSun

GW19081 [19], where MSun is solar mass. It is difficult to
identify the nature of this object, whether it is the most mas-
sive NS or the least massive BH, because neither electromag-
netic counterpart nor measurable tidal deformation signature
was imprinted in GW19081-event.

According to mass–radius relation in general relativity,
where the nuclear matter is described by the realistic Equa-
tion of States (EoSs) SLy, FPS [20], Brussels–Montreal–
Skyrme (BSk) [21], the Arnowitt–Deser–Misner (ADM)
mass is lower than the value MMax = 2.5MSun [3]. However,
the Limit of the maximum mass can be broken if we describe
the gravity by a model that belong generalized Proca theo-
ries instead of GR which is due to the nonminimal coupling
βAμAμR + β((∇μAμ)2 − ∇μAν∇ν Aμ), where β is a real
constant, Aμ is the vector field and R is Ricci scalar [22]. The
mass–radius relation for NSs in alternative theory of gravity,
such as: f (R)-gravity where the Ricci scalar is replaced by an
arbitrary function of R in the Hilbert–Einstien (HE) action,
have been extensively studied in the literature [23–28]. In
Ref. [28], many models of f (R)-gravity have been adopted
to discuss the mass–radius diagram for static neutron star
by solving modified Tolman–Oppenheimer–Volkoff (TOV)
equations numerically. For each special function chosen by
the authors, specifics constraint on the model’s parameter
must be imposed to hold the positivity of energy-matter ten-
sor trace T (m) = ρ − 3P , where ρ and P are the energy
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density and the pressure of the matter inside the NS, respec-
tively.

In our present paper, we propose to study a spherical NSs
in scalar-torsion theories of gravity [29–31] in which we con-
sider an arbitrary function F[T, X,Y ] (the details on the
quantities T , X and Y will be illustrated in the next sec-
tion). These theories are based on the formalism of Telepar-
allel equivalent to general relativity (TEGR) [32] and they
are a generalization to modified Teleparallel gravity (F(T )-
gravity) [33–36], scalar-torsion gravity without derivative
coupling [37] or conformally coupled scalar-torsion grav-
ity [38]. The main reason to deal with F[T, X,Y ] theories,
instead of F(R) theories, is that the field equations of grav-
ity are second order differential equations. This will allow
us to avoid Ostrogradsky instability [39] which is related to
presence of extra scalar degree of freedom [40]. Moreover,
modified Teleparallel gravity did not only explain the late
accelerate universe [41,42] but it may also provide an alter-
native to inflation [43,44]. In addition, compact stars was
investigated in the context of the Teleparallel equivalent of
general relativity, for many models of modified Teleparallel
gravity [45–48], to understand the structure and properties
of the observed (or not observed) NSs. However, the conser-
vation equation of relativistic stars in f (T )-modified gravity
coincides with its general relativistic counterpart only for
a tetrad field in the diagonal gauge and a constant torsion
scalar solution, but for a diagonal-off tetrad field the conser-
vation equation is always the same to that in GR [49]. There-
fore, it is interesting to investigate the properties of NSs in
F[T, X,Y ]-theories, by integrating TOV equations in these
theories numerically using different EoSs, and to observe the
deviation from GR for a specific model.

Another important quantity we will take into considera-
tion is the moment of inertia which can be obtained from
the perturbed equations of a slowly rotating star. A slowly
rotating neutron star can be studied by using the perturbative
approach introduced by Hartle in 1967 [50] and the tetrads,
that correspond to axially symmetric spacetime, obtained in
[51]. The estimation of moment of inertia and the mass of
NS will allow us to constraint the equation of state of NSs to
calculate the radius using the mass and moment of inertia of
binary NSs [52]. Since, the modification of gravity effects the
mass and radius of NS, one can expect that alternative theo-
ries of gravity will also effect the moment of inertia as it was
show in Refs. [53–57]. Inspiring from these works, we will
extend our investigation on NS in the frame of F[T, X,Y ]-
theory to a slowly rotating star.

This paper is constructed as follow: First, we briefly intro-
duce the fundamental concepts of teleparallel gravity and
the general gravitational equations of F[T, X,Y ]-theory in
Sect. 2. Second, in Sect. 3, we derive the generalized TOV
equations of the model and we study the behaviour of the
metric, energy density, pressure and the scalar field at the

center of the star and at large value of the radial coordinate.
In Sect. 4, we calculate the equation of a slowly rotating star
in F[T, X,Y ]-theory, using a particular tetrad, as well as we
define the moment of inertia. Then, we present and discuss
the numerical solutions, mass–radius and mass–moment of
inertia relations of all equations in Sect. 5. Final, we conclude
our we by a conclusion in Sect. 6.

2 Brief review of scalar-torsion theories

In this section we briefly review the fundamental formal-
ism of Teleparallel gravity, the general form of the action
functional and the general dynamical equations field in
F[T, X,Y ]-theories. In teleparallel gravity, the basic vari-
ables are the tetrad eaμ and the spin connection ωa

bμ as well
as we can add a scalar field ϕ to the theory. Note that in our
work we will use the Latin letters a, b, c . . . = {0, 1, 2, 3}
for Lorentz indices, where we define Minkowski metric
ηab with the signature (−,+,+,+), and the Greek indices
μ, ν . . . = {0, 1, 2, 3} for spacetime indices. The Minkowski
is related to the metric gμ,ν , usually used in GR, by

gμν = ηabe
a
μe

b
ν , ηab = gμνe

μ
a e

ν
b, (1)

where

eμ
a e

a
ν = δμ

ν , eμ
a e

b
ν = δba . (2)

In addition, the Lorentz transformation of the tetrad and the
spin connection is given by

eaμ → 	a
be

b
μ (3)

ωa
bμ → 	a

c	
b
dω

c
dμ − 	b

c∂μ	c
a (4)

We will use the classical formulation of teleparallel gravity
in which the spin connection vanishes (Weitzenböck gauge).
Therefore, the theory that we will study depend only on the
scalar field, the tetrad and the matter field. So, the torsion
tensor reads

T a
μν = ∂μe

a
ν − ∂νe

a
μ. (5)

In order to construct the teleparallel theory, we need to define
the scalar torsion

T = S μν
λ T λ

μν, (6)

where S μν
λ is called the supper penitential [34]

2S μν
λ = K μν

λ + δν
λTμ − δ

μ
λ Tν, (7)

with

2K λ
μ ν = T λ

μ ν + T μν
λ − T λ

νμ , (8)
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In this context, the Ricci scalar coincide with the following
expression

R = −T + 2

e
∂μ(eT λ

λν). (9)

where e = det (eaμ) is the determinant of the tetrad field.
Because of the second therm in the left side of this expression,
the resulting field’s equations of a torsion Lagrangian will
be identical to those in GR (This why we call this theory
Teleparallel gravity equivalent to General relativity).

Now, we consider a modified theory of teleparallel grav-
ity with the following shift symmetric action, i.e., when the
functions in the Lagrangian are invariant under the transfor-
mation ϕ → ϕ + const :

S =
∫

d4x e (F[T, X,Y ] + Lm) (10)

where Lm is Lagrangian of matter, X = −1/2∂μϕ∂μϕ

is the kinetic term and Y = gμνT λ
λν∂μϕ is the deriva-

tive coupling term [30]. The action (10) is a sub-set of the
Lagrangian studied in Refs. [33,34] in which they show the
most scalar-torsion theory with second order derivatives that
give field equations of second order. In addition, the gravita-
tional waves propagation speed in this action is constrained to
the speed of light and thus the measurements of the GWs’s
speed by Ligo/Virgo from GW170817 and GRB 170817A
events are satisfied [33].

In order to derive the general equations, we vary the
Eq. (10) with respect to scalar and tetrad fields. By doing
so, we get

δS =
∫

d4x e

((
Tμ
a + Tμ(m)

a

)
δeaμ + δF[T, X,Y ]

δϕ
δϕ

)
,

(11)

where

Tμ
a = 1

e

δ [eF[T, X,Y ]]
δeaμ

, (12)

Tμ(m)
a = 1

e

δ [eLm]

δeaμ
. (13)

In the Eq. (11), we distinct two equations, which should be
vanished, where the first equation is the term proportional to
δeaμ while the second one is the term proportional to δϕ. The
equations corresponding to tetrads field is the first term equal
to zero and it given by [30]

Tμ
a = 4∂λ(FT )S λμ

a

+4e−1∂λ(eS
λμ

a )FT

−4FT T
σ
λa S

μλ
σ − ∂aϕ

(
FX∂μϕ − FY T

μ
)

+FY T
b (

Tμ
ab + Tae

μ
b

)
+e−1∂ν

(
eFY T

b (
eμ
b e

ν
a − eμ

a e
ν
b

))

= Tμ(m)
a , (14)

where FT ≡ ∂F[T, X,Y ]/∂T , FX ≡ ∂F[T, X,Y ]/∂X and
FX ≡ ∂F[T, X,Y ]/∂X . In addition, by imposing the sym-
metry conditions on the energy-momentum of the matter
T [μν](m) = 0, where this tensor is obtained by using the
relation Tμν(m) = ηabeν

bT
μ(m)
a , we writ the antisymmetric

equation as

ηabe[ν
b Tμ]

a = 0. (15)

Similarly, the equation for the scalar field reads:

∇μ J
μ = 0, (16)

where

Jμ = FY T
μ − GX∂μϕ. (17)

Finally, the general equation that determine the spacetime
evolution of fluid is the matter conservation equation:

∇μT
μν(m) = 0, (18)

where

Tμν(m) = (P + ρ) uμuν + gμνP. (19)

The four-vector uμ, ρ and P correspond to velocity vec-
tor, energy density and pressure of the matter present in
the background, respectively. Note that these equations are
very important to study the behaviour of many astrophysi-
cal object like: BHs, NSs, Boson stars…ex and the nature of
dark energy which might be the main reason of the late-time
accelerated expansion of the our universe. But in our work
we will focus only on NSs.

3 Generalized TOV equations

To study a non-rotating neutron star described by spherically
symmetric and static background, we consider the following
metric:

ds2 = − f (r)dt2 + h(r)dr2 + r2(dθ2 + sin2 θdφ2), (20)

where functions f and h depend only on the radial coor-
dinate r . We consider also the energy-momentum tensor
Tμ(m)

ν = diag(−ρ(r), P(r), P(r), P(r)) and we suppose
that the scalar field ϕ(r) depend also only on r . By using
these definitions and substituting the metric (20) in the mat-
ter conservation equation (18), we get

P ′ + f ′

f
(ρ + P) = 0, (21)

where the prime denotation correspond to the first derivative
with respect to r . Due to the new extra degree of freedom
that appear in the tetrad fields, we can have many possibles
combinations to reproduce the metric (20). In this paper, we
will use the following non-diagonal tetrad [49]
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eaμ =

⎛
⎜⎜⎝

√
f (r) 0 0 0

0
√
h(r) sin θ cos φ r cos θ cos φ −r sin θ sin φ

0
√
h(r) sin θ sin φ r cos θ sin φ r sin θ cos φ

0
√
h(r) cos θ −r sin θ 0

⎞
⎟⎟⎠ .

(22)

Note that the off-diagonal tetrad form is obtained from
the product of a diagonal tetrad eμ

a = diag( f (r), h(r), r2,

r2 sin2 θ) and a local Lorentz transformation matrixHwhich
is given by

H =

⎛
⎜⎜⎝

1 0 0 0
0 sin θ cos φ cos θ cos φ − sin θ sin φ

0 sin θ sin φ cos θ sin φ sin θ cos φ

0 cos θ − sin θ 0

⎞
⎟⎟⎠ .(23)

Next, the scalar torsion and it derivative is obtained by insert-
ing the tetrad (22) in it expression (6). Doing so, it follows
that

T =
2

(√
h − 1

)

hr

f ′
f

−
2

(√
h − 1

)2

hr2 , (24)

T ′ = h′
(

2 − √
h
)
f ′

f h2r
+ 2

√
h − 1

hr

(
1

hr
+ f ′

f r
+ f ′2

f 2 + f ′′
f

)

+
4

(√
h − 1

)2

hr3 . (25)

We notice that the Minkowski limit is found when the func-
tions h and f tend to 1, since the scalar torsion vanished at
that limit. Using the tetrad (22), the Eq. (14) are reduced to

− ρ =
r
(
r
(
Fh + ϕ′F ′

Y

) − 4
(√

h − 1
)
F ′
T + 2FYϕ′

)
− 4

(√
h − 1

)
FT

hr2 + FYϕ′′

h

+
f ′

(
r FYϕ′ − 4

(√
h − 1

)
FT

)

2 f hr
− h′ (r FYϕ′ + 4FT

)
2h2r

, (26)

P = −
4

(√
h − 1

)
FT − r

(
ϕ′

(
r FXϕ′ − 2

(√
h − 2

)
FY

)
+ Fhr

)

hr2 +
f ′

(
r FYϕ′ − 2

(√
h − 2

)
FT

)

f hr
, (27)

P =
r
(
ϕ′

(
r F ′

Y −
(√

h − 2
)
FY

)
+ Fhr − 2

(√
h − 1

)
F ′
T

)
+ 2

(√
h − 1

)2
FT

hr2 + FYϕ′′

h
−

(
f ′)2

FT
2 f 2h

+
f ′

(
−4

√
hFT + 2r F ′

T + r FYϕ′ + 6FT
)

2 f hr
+ f ′′FT

f h
− h′

(
f ′FT
2 f h2 + r FYϕ′ + 2FT

2h2r

)
. (28)

We would like to mention that the three equations are not
independent where the third equation can be obtained by
using the Eqs. (26), (27) and (21). Therefore, we need two
equations from these equations and thus we will consider
only the Eqs. (26) and (27), in the following. In addition, since

the vector Jμ = (0,− f ′FY
2 f − −2

√
hFY+r FXϕ′+2FY

r , 0, 0), the

equation of scalar field is given by

r2
(
f ′)2

FY
4 f 2 − r2 f ′′FY

2 f

+rh′ (r FXϕ′ + 2FY
)

2h

−r
(
−2

(√
h − 1

)
F ′
Y + rϕ′F ′

X + 2FXϕ′)

+2
(√

h − 1
)
F ′
Y

+ f ′

2 f

(
r2FY h′

2h
− r2 (

F ′
Y + FXϕ′) + 2r

(√
h − 2

)
FY

)

−r2FXϕ′′ = 0. (29)

We have four nonlinear deferential equations to determine
the variation of four functions with respect to the radial coor-
dinate r . In order to determine the numerical solutions, we
need the expression of the function F , the explicit form of
the equation of state P(ρ) as well as initial conditions on the
functions f , h, ρ and ϕ. In this paper, we will use the ana-
lytic expressions of EoS for a realistic NSs, which has been
derived in Refs. [20,21]. In this Refs, they introduce the vari-
ables ξ = log10(ρ/g cm−3) and ζ = log10(P/g cm−3) to
express the parametrization of P(ρ) and it is given by

ζ = a1 + a2ξ + a3ξ3

(a4ξ + 1)
d (a5(ξ − a6))

+(a7 + a8ξ)d (a9(a10 − ξ)) + (a11 + a12ξ)d (a13(a14 − ξ))

+(a15 + a16ξ)d (a17(a18 − ξ))

+ a19

a2
20(a21 − ξ)2 + 1

+ a22

a2
23(a24 − ξ)2 + 1

, (30)

where

d(x) = 1

ex + 1
. (31)

The parameters ai can be found in Ref. [20] for the SLy and
FPS and in [21] for the BSk19, BSk20 and BSk21. However,
the coefficients of our EoS’s parametrization is a bit different
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from those in these literature like: for SLy and FPS, we have
a19...24 = 0 and for BSk19, BSk20 and BSk21 the notations in
[21] are found by performing the transformations a10 → a6

and a11...24 → a10...23 [22]. In order to be able to solve the
equations and study the asymptotical behaviour at the center
of the star and at infinity, we consider a particular function
of F . The simplest model in the F(T, X,Y )-theories is to
consider a linear function as:

F = κ

2
T + γY + αX, (32)

where κ = c4/(8πG) (G is Newton constant and c is the
speed of light), γ and α are real constant. In this case, the
fields equations read

ρ = αr2
(
ϕ′)2 + 2(h − 1)κ − 4γ

√
hrϕ′

2hr2

+h′ (2κ + γ rϕ′)
2h2r

− γ ϕ′′

h
, (33)

P = αr2
(
ϕ′)2 − 2hκ + 2κ + 4γ rϕ′

2hr2

+ f ′ (2κ + γ rϕ′)
2 f hr

, (34)

0 = αϕ′′ + γ f ′′

2 f
+ 2γ

r2 − 2γ
√
h

r2 − γ
(
f ′)2

4 f 2

+2αϕ′

r
+ f ′

(
αϕ′

2 f
− γ

√
h

f r
+ 2γ

f r

)

+h′
(

−αϕ′

2h
− γ f ′

4 f h
− γ

hr

)
. (35)

To simplify these equations, we first solve the Eq. (34) for
f ′ to obtain

f ′

f
= −αr2

(
ϕ′)2 + 2hκ + 2hPr2 − 2κ − 4γ rϕ′

r (2κ + γ rϕ′)
. (36)

Second we replace the obtained f ′ and its derivative in the
Eqs. (33) and (34) and then by solving the resulting equations
for h′ and ϕ′′, we found

h′

h
= 1

κr
(
2ακ − 3γ 2

)
(2κ + γ rϕ′)

(
2γ 4

√
hr2 (

ϕ′)2

+2γ 3rϕ′ (4
√
hκ + h

(
−κ + Pr2 + ρr2

)
− 3κ

)

+γ 2κ
(

6κ − 4h3/2
(
κ + Pr2

)
− 4

√
hκ

+2h
(
κ + 5Pr2 + 2ρr2

)
− α

(
2
√
h + 3

)
r2 (

ϕ′)2
)

+2γ καrϕ′ (2κ − 4
√
hκ + h

(
2κ + Pr2 − ρr2

))

+2ακ2
(
αr2 (

ϕ′)2 − 2
(
−hκ + hρr2 + κ

)))
,

(37)

ϕ′′ = 1

κr2
(
3γ 2 − 2ακ

) (
γ 3

√
hr2 (

ϕ′)2 − γ 2rϕ′ (2
√
hκ

+h
(
κ − Pr2 − ρr2

)
+ 3κ

)

+γ
√
hκ

(√
h

(
4κ + 5Pr2 − ρr2

)

−2h
(
κ + Pr2

)
− 2κ − αr2 (

ϕ′)2
)

+ακrϕ′ (h (
2κ + Pr2 − ρr2

)
+ 2κ

))
. (38)

However, since in the case γ = √
2ακ/3 the coefficients of h′

and ϕ′ in Eq. (33) correspond to those in Eq. (34), we can not
obtain these equations which means that there is no solution
for this system of equations. An other important equation
which is derived by using the Eq. (36) to eliminate f ′ from
Eq. (21). Doing so, it follow that

P ′ = 2hPr2 − αr2
(
ϕ′)2 − 4γ rϕ′ + 2hκ − 2κ

2r (2κ + γ rϕ′)
(P + ρ) .

(39)

As we can see the equation is different from that in GR due
to the coupling constants of the model. Therefore, we can
say that the pressure of the stellar structure is modified by
the scalar field and the torsion and thus one can expect that
the mass and the radius will be different from those in GR.
Now, in order to avoid the irregularity at the center (r = 0)
of NSs, we must impose the boundary conditions P ′(0) =
ρ′(0) = f ′(0) = h′(0) = ϕ′(0) = 0. In this case, we can
express the solutions around r = 0, as

P(r) = Pc +
∞∑
i=2

Pir
i , ρ(r) = ρc +

∞∑
i=2

ρi r
i ,

h(r) = 1 +
∞∑
i=2

hir
i ,

f (r) = fc +
∞∑
i=2

fi r
i , ϕ(r) = ϕc +

∞∑
i=2

ϕi r
i , (40)

where Pc, ρc, fc, ϕc, Pi , ρi , fi , hi and ϕi are constants and
the subscript c means the value of each function at the center
of the Neutron star. In this development, we have chosen the
condition h(0) = 1 to have regular solutions at the center of
the star as well as ϕc can be replaced by zero since the model
we chose is shift symmetric about the scalar field (either ϕc is
vanished or not the behaviour of the metric, ϕ′, ρ and P stand
the same). And the constant ρc, which is the central density
of NSs, is related to the pressure Pc through the equation of
state Pc(ρc). If we insert the series (40) in the Eqs. (36), (37),
(38) and (18), it follows that

f (r) = fc

(
1 +

(
ρc

(
ακ − 2γ 2

) − 3Pc
(
γ 2 − ακ

))
3κ

(
2ακ − 3γ 2

) r2

)
+ O(r3),

(41)
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h(r) = 1 + 2γ 2ρc − 2ακρc + 3γ 2Pc
9γ 2κ − 6ακ2 r2 + O(r3), (42)

ϕ′(r) = 2γ (ρc − 3Pc)

6ακ − 9γ 2 r + O(r3), (43)

P(r) = Pc + (Pc + ρc)
(
ρc

(
2γ 2 − ακ

) + 3Pc
(
γ 2 − ακ

))
6κ

(
2ακ − 3γ 2

) r2 + O(r3).

(44)

We observe the constants γ effects the behavior of these
function at center of the stars and thus our model deviates
from GR for non vanishing value of γ . In fact, when γ = 0 or
α = 0 the behaviour of GR at the center of star is recovered
but the deviation from GR is due to γ since the coupling
constant α can be absorbed by rescaling the scalar field as
we will see in Sect. 5. According to Ref. [58], for a physically
acceptable stellar solution it is important to take into account
the condition P ′′(r) < 0, which leads us to the conditions:

For ϕ′ < 0

If 0 < ρc < 3Pc, then
γ√
α κ

< −
√

3Pc + ρc

3Pc + 2ρc
< 0 or

0 <
γ√
α κ

<

√
2

3
, (45)

If 0 < 3Pc < ρc, then −
√

3Pc + ρc

3Pc + 2ρc
<

γ√
α κ

< 0 or

γ√
α κ

>

√
2

3
. (46)

For ϕ′ > 0

If 0 < ρc < 3Pc, then −
√

2

3
<

γ√
α κ

< 0 or

γ√
α κ

>

√
3Pc + ρc

3Pc + 2ρc
(47)

If 0 < 3Pc < ρc, then
γ√
α κ

< −
√

2

3
or

0 <
γ√
α κ

<

√
3Pc + ρc

3Pc + 2ρc
. (48)

Where in the both cases we assumed that γ /
√

α κ 	= 0.
Furthermore, outside the stars (P(r) and ρ(r) are van-

ished) and at spatial infinity r → ∞, we demand asymp-
totically flat solution and ϕ 
 0, where the gravitational
field is weak. By using the Eqs. (26), (27) and (29) and by
expanding the functions h and ϕ as: h(r) = 1 + δh(r) and
ϕ′(r) = δϕ(r) (δh(r) << 1 and (δϕ(r) << 1), we get the
asymptotic behavior

h(r)=1− 2M

r
, ϕ′(r) = ϕ′∞

r2 , f (r) = f∞e
2(Aγ+Mκ)

rκ ,

(49)

where M , A and f∞ are constants of integration. Indeed,
the constant M is the physical mass of the NS measured by
an observer at infinity and it is called the Arnowitt–Deser–
Misner (ADM) mass. Note that: the constant f∞ can be used
to rescale the time coordinate as t → f∞t , the constant A
must be vanish in order to recover the Newtonian limit and
ϕ′∞ can have the particular value −γ M/(γ 2 + ακ), if we
impose that Jr = 0.

4 Slowly rotating neutron star

To see more deviations from GR, we will study the equations
of the approximate metric of a slowly rotating star for the
particular model presented in the last section. In this section,
we propose a generalization to the metric (20) by considering
further stationary and axisymmetric spacetimes as well as
we assume that the perturbed scalar field is vanished. The
standard form of such metric is given by [53]

ds2 = − f (r)dt2 + h(r)dr2 + r2(dθ2 + sin2 θdφ2)

+2ω(r, θ)r2 sin2 θdφdt + O
(
�2

)
, (50)

where ω(r, θ) is the angular velocity resulting from a free
falling of a particle from infinity to the point (r, θ) and it
can be called the rate of rotational of the inertial frame at
(r, θ) [50]. In addition, this angular velocity is at the same
order of the angular velocity of the fluid present in the star
� = uφ/ut which is small enough to not effect the variation
of the metric, the pressure and the energy density e.i., the
condition on � can be described as �rs � c (rs is the star’s
radius). The velocity � is defined such that uμuμ = −1 is
verified and thus the components of the vector uμ is given by

uμ = 1√
f (t) + 2�ω(r, θ)r2 sin2 θ + �2r2 sin2 θ

(1, 0, 0, �)

(51)

≈ 1√
f (t)

(
1 − �ω(r, θ)r2 sin2 θ, 0, 0, �

)
+ O(�2).

(52)

Since we are working in teleparallel gravity frame, one must
define a tetrad field that give us the metric (50). To do so, we
use the tetrad which is obtained by solving the equations that
enforce the relations ηabeμ

a eν
b = 0 for μ 	= ν and {μ, ν} 	=

{0, 3}. We will also use the antisymmetric equations resulting
from the violation of Lorentz symmetry, after extracting the
perturbed equations. Let’s start by performing a perturbation
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as: eaμ = eaμ + δeaμ, where eaμ correspond to (22) and δeaμ is
chosen as

δeaμ =

⎛
⎜⎜⎜⎝

0 0 0 r2 sin2(θ)σ (r,θ)√
f (r)

−r sin(θ) sin(φ)(σ (r, θ) + ω(r, θ)) 0 0 0
r sin(θ) cos(φ)(σ (r, θ) + ω(r, θ)) 0 0 0
0 0 0 0

⎞
⎟⎟⎟⎠

+O(�2), (53)

where σ(r, θ) is a arbitrary function of r and θ . Like in the
last section, where the non-perturbed tetrad can be derived
by using the matrix H and the diagonal tetrad, δeaμ can also
be found as follow

δeaμ = H.

⎛
⎜⎜⎜⎝

0 0 0 r2 sin2(θ)σ (r,θ)√
f (r)

0 0 0 0
0 0 0 0
r(σ (r, θ) + ω(r, θ)) 0 0 0

⎞
⎟⎟⎟⎠ + O(�2).

(54)

The equations of a slowly rotating stars is derived by
inserting the metric (50) and its corresponding tetrad in
the Eq. (14). At the first order perturbation, the only non-
vanishing components are

f 1/2

FT h1/2r4 ∂r

[
r4FT ∂rω

f 1/2h1/2

]

+ 1

r2 sin3 θ
∂θ

[
sin3 θ(∂θω)

]

− (� + ω)(P + ρ)

κ
− h−1/2(FYϕ′ − 2F ′

T )ω

κr
= 0, (55)

f 1/2

FT h1/2r4 ∂r

[
r4FT ∂rω

f 1/2h1/2

]

+ 1

r2 sin3 θ
∂θ

[
sin3 θ(∂θω)

]

− (� + ω)(P + ρ)

κ
+ h−1/2(FYϕ′ − 2F ′

T )σ

κr
= 0.

(56)

These two equations are equivalent when FYϕ′ − 2F ′
T =

0 or when ω = −σ and, in both cases, we can deal only
with Eq. (55). The first case has similar to those in GR and
the Lagrangian is also equivalent to R since the solution to
FYϕ′ − 2F ′

T = 0 for any function F is F = T + H(X) ≡
R + H(X), where H is an arbitrary function. In the second
case, the resulting tetrad is equivalent to that in Ref. [51]
where the authors considered it as a good tetrad that solves the
antisymmetric field. Note that even we use the diagonal and
the perturbed tetrad with a non-vanishing spin connection,
we will have the same equations as it reported in Ref. [51].

Now, to study the star’s angular momentum J , we will
work with the special function of model studied in the last

section. We can also simplify this equation by defining the
function ω = 1 + (ω/�) expanding ω as [50]

ω = −
∞∑
l=1

ωl

(
1

sin θ

dPl
dθ

)
, (57)

where Pl are Legendre polynomials and l is integer number.
Substituting the expressions (32) and (57) in (55), we obtain:

f 1/2

h1/2r4 ∂r

[
r4∂rωl

f 1/2h1/2

]

+ (l(l + 1) − 2)

r2 ωl − 2ωl (P + ρ)

κ

−γ h−1/2ϕ′

κr
(ωl − 1) = 0. (58)

In order to have the asymptotic behavior ωl = 1 + 2I/r3

(where I = J/� is the inertial momentum), when r → ∞,
we impose that l = 1 which means that ω depend only on the
radial coordinate r . By doing so and by using the asymptotic
behaviors (49), the analytical solution of Eqs. (58), at large
value of r , reads

ω = 1 − C 6
(ϕ∞γ

κ

)3/2
B3

[
2

(ϕ∞γ

κ

)3/2
]

, (59)

≈ 1 − C
(ϕ∞γ

κ r

)3
, (60)

where C is a constant of integration and Bn (n is an integer)
is the modified Bessel function of the first kind. Thus, in this
case 2 I = C (ϕ∞γ /κ)3 since the inertial momentum is the
term propositional to 2/r3. At the center of neutron star, the
regularity of the function ω should be satisfied e.i., ω′ = 0 for
r = 0, and ωc = ω(0) is determined numerically to ensure
ω(r → ∞) = 1. Therefore, using this initial conditions and
the asymptotic from of ω, it follows that

I = 1

3κ

∫ rs

0

h1/2

f 1/2 (P + ρ)r4ωdr + γ

6κ

∫ ∞
0

r3

f 1/2 ϕ′(ω − 1)dr.

(61)

where the inertial momentum of the star can be studied inde-
pendently from its angular velocity. We can also extract the
approximate behavior of ω at the center, where it is calculated
by

ω = ωc+ ρ(0)
(
γ 2+ωc

(
6ακ−8γ 2

))−3P(0)
(
γ 2 + ωc

(
4γ 2−2ακ

))
9κ

(
2ακ − 3γ 2

) r2.

(62)

We observe that the constant γ affect the variation of angular
velocity at the center, so a deviation from GR is expected to
happen where GR is recovered by setting γ = 0. We will
use the approximation (62), as initial conditions at r = 0, to
avoid numerical instability. In fact, we integrate the Eq. (58)
from the center of the star, using the Eq. (62) with an arbitrary

123



448 Page 8 of 13 Eur. Phys. J. C (2021) 81 :448

Fig. 1 Left graph: For FPS EoS and different value of γ , we plot the
variation of energy density ρ/ρ0 (with solid curves), P/ρ0 (with dashed
curves) and ϕs (with dotted curves) as function of s. The vertical lines
in the small graph represent the radius of NSs for γ = 0 (GR) (solid

line), γ = 0.4 (dashed line) and γ = 0.5 (dotted line). Right graph:
For the same EoS, we plot also the metrics h (with solid lines), f (with
dashed curves) and ω/� (with dotted curves) as function of s in the
right graph

Fig. 2 The mass–radius (left graph) and mass–central (right graph) density relations of NS using the EoSs: FPS, SLy, BSk19, BSk20 and BSk21
for: γ = 0 (solid lines), γ = 0.4 (Dashed lines), γ = 0.5 (dotdashed lines)

value of ωc, to the surface of the star r = rs , then, at Large
value of r , we solve the Eq. (58) by imposing the condition
ω(r � rs) ≈ 1 − 2I/r . Next, we look for the values ωc

and I in which ω and its radial derivative are continues at the
surface. To do so, we define the quantities [57]

u(r) = r4

√
f (r)

√
h(r)

ω′(r), (63)

χ(r) = 1√
f (r)

√
h(r)

ω(r). (64)

These definitions will allow us to rewrite the Eq. (62) to two
first order equations as

χ ′(r) = u(r)

r4 − 1

2
χ(r)

(
f ′(r)
f (r)

+ h′(r)
h(r)

)
, (65)

u′(r) = 2r4h(r)χ(r)(P(r) + ρ(r))

κ

−ϕ′(r)
(

2γ r3

κ
√

f (r)
− 2γ r3√h(r)χ(r)

κ

)
. (66)
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Fig. 3 The variation of the moment of iner-
tia as function of the NS mass for γ =
{0 (solid lines), 0.4 (dashed lines), 0.5 (dotdashed lines)} using
the EoSs: FPS, SLy, BSk19, BSk20 and BSk21

In GR, the solution to the function u is a constant at the
exterior of the star where this constant correspond to the
moment of inertia, but for non vanishing scalar fieldu become
constant when r → ∞.

5 Numerical results

In this section, we will present our numerical results obtained
by solving the Eqs. (33), (34), (35), (63) and (64). Our
numerical integration is performed by considering that κ =
c4/(8πG) and by following the method used in Ref. [3],
where they defined the dimensionless quantities:

y = ρ

ρ0
, z = P

ρ0c2 , s = Ln
r

r0
, (67)

where

ρ0 = mnn0 = 1.6749 × 1014 g cm−3,

r0 = c√
Gρ0

= 89.664 km. (68)

Heremn = 1.6749×10−24g and n0 = 0.1 f m−1 are the neu-
tron mass and he typical number density of NSs, respectively.
We also define the rescaled scalar field and the constant γ as:

ϕ =
√

κ

α
ϕ, γ = γ√

ακ
. (69)

Now, we suppose two solutions which are the inside and
outside of the star. If we integrate the equations of motion
with respect to s, instead of the radial coordinate r , from
s = −10 to the surface of the stars, we obtain the internal

solution and if we integrate from the surface to large value of
s, where we assume that outside the star P = 0 and ρ = 0, we
get the external solution. Moreover, in our model the radius is
determined numerically by the condition P(rs) ≈ 10−11ρ0

as well as we impose fin(rs) = fout (rs), hin(rs) = hout (rs)
and ϕ′

in(rs) = ϕ′
out (rs) to insure the continuity of the metric

and scalar field. The initial conditions are chosen to satisfy
the regularity at the center (ρ(r = 0) = ρc, h(r = 0) = 1
and ϕ′(r = 0) = 0)), continuity the metric, scalar field and
its derivatives at the surface as well as the flatness at infinity
( f (r = ∞) = 1, h(r = ∞) = 1 and ϕ′(r = 0) = 0)). To
insure these, we use the asymptotic behaviors of each func-
tion as initial conditions. Therefor, we are left with only two
free parameters which are γ and ρc. Next, we solve the sys-
tem of Eqs. (63) and (64), as it is explained in the last section,
with help of the numerical result of the nonperturbed metric
and the scalar field. As an example, we show, in Fig. 1, the
variation of the perturbed and non-perturbed metric as well
as the energy density ρ with respect to s for a neutron star
with M = 1.5MSun and FPS EoS using three different values
γ . We can see the functions ω/�, P , ρ and f deviate sig-
nificantly from those of GR at the center of the star, become
slightly different from GR’s function that when r (or s) is
close to the surface and they become identical when s → ∞.
The function h has the same characteristic at the surface and
at s → ∞ but h → 1 when r → 0 (e.i.s → −∞) for all
values of γ . We observe also that the central density decrease
and the radius increase when γ goes from 0 to 0.5. Finally,
ω/� tend to 0 faster than the f − 1 and h − 1 do, since we
have showed that asymptotical behavior are: ω/� ∼ 1/r3

but h − 1 ∼ f − 1 ∼ 1/r when r → ∞. Finally, we note
scalar field gradient increase from the zero, at the center, until
it arrive to a maximum (depending on γ ) when r is close to
the radius of the star. Then, radial derivative of the scalar field
starts to decease to zero as we expected in Sect. 4.

In order to compare our model with GR, which can be
defined by γ = 0 and c = 0, we plot mass–radius relation
in Fig. 2 for different realistic equation of state and for the
value γ = {0, 0.4, 0.5}, by varying ρc from 2ρ0 to 25ρ0. We
observe that the maximum mass increases when γ increases
for the five equations of state where the value of the maximum
mass depend on the EoS and γ . We observe also that the
maximum of the mass can exceed the value 2MSun , where
MSun is the mass of the sun, for the FPS and BSk19 EoSs in
the case of γ = {0.4, 0.5} which may explain the observation
the pulsar PSR J1614-2230 [59]. Furthermore, the NS mass
can also exceed the value 2.5MSun , which is the mass of the
compact object calculated from the GW190814 event, for
SLy, BSk20 and BSk21. In Fig. 2, we plot also the variation
of NS mass with respect the central density for the same
values of γ and the same EoSs used in Fig. 2. We notice that
the deviation from GR become important for high central
density. These differences are important to get a deviation
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Fig. 4 The normalized moment of inertia, I/(Mr2
s ) (left graph) and

I/M3 (right graph), as a function of the stellar compactness C for
the same EoS and parameters used in Fig. 4. We plot also the best
fit of the normalized moment of inertia-compactness relations for:

γ = {0 (solid lines), 0.4 (Dashed lines), 0.5 (dotdashed lines)}. We
plot also deviations of the polynomial fits and the data Abs(1− I/I f i t )
in the bottom of the two graphs

Table 1 The fitting coefficients
that appear in Eqs. (70) and (71)
for GR and our model

A1 A2 A4 B1 B2 B3 A4

GR 0.205 0.848 1.286 0.908 0.182 0.005142 − 0.0003680

γ = 0.4 0.174 0.738 − 1.286 0.537 0.236 -0.003934 − 0.0000424

γ = 0.5 0.153 0.636 − 1.848 0.316 0.258 − 0.008756 0.0001302

from GR at the perturbed level since the Eq. (62) depend on
the nonperturbed metric and the scalar field.

We show in Fig. 3 the variation of the moment of inertia
I with respect the mass of NS by following the same steps
outlined for the mass–radius relation. Note that the quantity
I is multiplied by c2/G in order to obtain the dimension
of moment of inertia which is g cm2. We observe the effect
of the coupling constant γ , for different equation of state,
is important when central density is higher. In other words,
the deviation from GR becomes important when the central
density is higher like we highlighted in our discussion of
the mass-radius relation. We observe also a maximum of
moment of inertia for each case, where the lower γ gives
bigger maximum but it is the opposite for FPS EoS.

There are two universality relations of normalizations
of inertia-momentum as function of the compactness C =
(G/c2)M/rs . The first relation is suggested for the first time
in [60], and extensively studied by Breu and Rezzolla [61].
These latter suggest a fourth polynomial with vanishing sec-
ond and third order terms relation between the normalized
moment of inertia I/(Mr2

s ) and compactness and it is written
as:

I

Mr2
s

= A1 + A2C + A4C
4, (70)

where the coefficients A1, A2 and A4 are constant determined
by fitting this form with our results. The second one is a
fourth polynomial relation between I/M3 the inverse of the
completeness, so the relation can be written as [61]

I

M3 = B1C
−1 + B2C

−2 + B3C
−3 + B4C

−4. (71)

The numerical values for the fitting coefficients A1 . . . B4

are given in Table 1, where the coefficient are different from
those we found in the Literature [54,56] because we did not
use the same EoS. In Fig. 4, we show the variation of I/M3

(right graph) and I/(Mr2
s ) (left graph) as function of C with

equal number of points for the same values of the parame-
ters and equations of state in Fig. 3. When γ = {0.4, 0.5}
the normalized moment of inertia is lower than GR for the
same compactness value due to the significant deviation of
I , M and rs in our model from GR. In addition, we observe
that the blue points, which correspond to the FPS EoS, are
above the best fit curve when γ = {0.4, 0.5} and C � 0.1.
We plot also the best fit of I for different value of γ as
well as we show the relative deviation Abs(1 − I/I f i t ) of
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the data points from the fitting curve. We notice that the
deviation is always under 10% and it is under 5% when
0.08 � C � 0.3 and therefore the representations (70) and
(71) can be good functions to describe the behavior of the
moment of inertia as function of the compactness for GR
and our model.

6 Conclusion

This paper is devoted to studying a slowly rotating neutron
star in the frame of scalar torsion theory for different real-
istic equations of state. We derived the general equations of
motion that describe a spherical symmetric and static neutron
star where the gravity is described by the Lagrangian (10).
The non diagonal tetrad, which corresponds to the spheri-
cal symmetric metric, was used to extract the general equa-
tions. By following the same steps we extend our study to a
slowly rotating neutron star with an arbitrary angular veloc-
ity � using the tetrad (53). However, we showed that the
second order differential equation of the function ω is inde-
pendent from � and thus moment of inertia of NS can be
found without its velocity. In order to see the behaviour of
mass, radius and moment of inertia, we suppose a particular
case F = (κ/2)T + γY + cX where the GR is found by
setting c = 0 and γ = 0 or by considering a vanishing scalar
field.

In addition, a particular case of scalar torsion theory has
been studied in details at the center of the star where we
showed the effect of the parameters γ and c on the perturbed
and non-perturbed metric, the scalar field, the energy density
as well as the pressure but these parameters has no effect
on them when r → ∞. Therefore, according to TOV equa-
tions, the deviation of the particular model from GR hap-
pens when γ is different from zero at the center of the star
and they become identical to GR at infinity. To confirm this,
we numerically integrate all the equations from r = 0 to
r = ∞ for γ = {0, 0.4, 0.5} and for the EoSs FPS, SLy,
BSk19, BSk20, BSk21. Then, we show the mass-radius and
moment of inertia-compactness relations where we found
that the deviation from GR become important at high den-
sity. We found also the moment of inertia and mass has a
maximum which depend on the parameter γ and the equa-
tion of stat. We have also showed that our model is well
fitted with universal relations (70) and (71) in which the rel-
ative deviation is lower than 10% for the value of γ that we
chose.

Finally, scalar-torsion theory might be an alternative the-
ory that can describe strong gravity with NS as a source.
Therefore, it would be interesting to investigate more prop-
erties of NS Like: studying the ghost and Laplacian stabil-
ity, calculating the axial and polar quasi-normal modes or
moment of inertia for a rapidly rotating neutron star, in scalar-

torsion theories. But we leave these issues for future works
and publications.
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A The equations of motion in terms of the new variables

Substituting the variables (67) and (69) in the Eqs. (36), (37),
(38) and (21), it follows that:

f,s
f

= −2 + 4γ ϕ,s + ϕ2
,s − 2h

(
8π ze2s + 1

)
2 + γ ϕ,s

(72)

h,s

h
= 1(

3γ 2 − 2
) (

γ ϕ,s + 2
)

(
2h

(
γ ϕ,s

(
−γ 2 + 8π

(
γ 2 + 1

)
ze2s

+8π
(
γ 2 − 1

)
ye2s + 2

)

+γ 2 + 40πγ 2ze2s + 16π
(
γ 2 − 1

)
ye2s + 2

)

+2γ
√
h

(
γ

(
γ 2 − 1

)
ϕ2

,s + 4
(
γ 2 − 1

)
ϕ,s

−2γ ) −
(

3γ 2 − 2
) (

2γ ϕ,s + ϕ2
,s − 2

)

−4γ 2h3/2
(

8π ze2s + 1
))

, (73)

ϕ,ss = 1

3γ 2 − 2

(
h

(
ϕ,s

(
−γ 2 + 8π

(
γ 2 + 1

)
ze2s

+8π
(
γ 2 − 1

)
ρe2s + 2

)

+4γ
(

10π ze2s − 2πye2s + 1
))

+γ
√
h

((
γ 2 − 1

)
ϕ2

,s − 2γ ϕ,s − 2
)

+
(

2 − 3γ 2
)

ϕ,s − 2γ h3/2
(

8π ze2s + 1
))

, (74)

y,s = − (y + z)
(−4γ ϕ,s − ϕ2

,s + 2
(
8πhe2s z + h − 1

))
2 ∂z

∂y

(
γ ϕ,s + 2

) ,

(75)
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where the notation “, s” and “, ss” represent the first and
second derivative with respect to s, respectively, where the
relation between s and r variables is: d/dr = esd/ds and
thus d2/dr2 = e2s(d2/ds2−(d/ds)2). Using the same, steps
the Eqs. (63) and (64) become

χ,s = e−3su − χ
(
h f,s + f h,s

)
2 f h

, (76)

u,s = 2γ e3s
(√

hχ − 1√
f

)
ϕ,s + 16πhe5sχ(y + z). (77)

Note that these equations can be integrated after resolving
numerically the equations of the function f , h and ϕ.
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