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Abstract In this paper, we tentatively assign the P.(4312)
tobea D Y. molecular state with quantum number J P — %_,
and calculate its magnetic moment using the QCD sum rule
method in external weak electromagnetic field. Starting with
the two-point correlation function in external electromag-
netic field and expanding it in power of the electromagnetic
interaction Hamiltonian, we extract the magnetic moment
from the linear response to the external electromagnetic field.
The numerical value of the magnetic moment of P.(4312) is
., = 17551

1 Introduction

In Ref. [1], LHCDb collaboration reported the discoveries of
two pentaquark states P.(4380) and P.(4450) in the J/vyp
invariant mass spectrum of the process A, — J/¢YpK.
In 2019, they confirmed the P.(4450) state consisting of
two narrow overlapping peaks P.(4440) and P.(4457),
and observed a new narrow pentaquark state P.(4312) [2].
Following these experimental discoveries, there have been
many theoretical studies concerning these pentaquark states
through various models/methods, such as the meson-baryon
molecular scenario [3-30], the compact five quark states [31—
471, kinematical triangle singularity [48] and so on.

In Ref. [30], we assumed the P.(4312) as a DY molec-
ular state with quantum number %7, and studied the decay
of P.(4312) to J/y¥p and to n.p with the QCD sum rule
method. The QCD sum rule method [49,50] is a nonperturba-
tive analytic formalism firmly entrenched in QCD with min-
imal modeling and has been successfully applied in almost
every aspect of strong interaction physics. In Ref. [51-53],
the QCD sum rule method was extended to calculate the mag-
netic moments of the nucleon and hyperon in the external
field method. In this method, a static electromagnetic field
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is introduced which couples to the quarks and polarizes the
QCD vacuum, and the magnetic moments of hadrons can be
extracted from the linear response to this field. Later, a more
systematic studies was made for the magnetic moments of
the octet baryons [54-57], the decuplet baryons [58-61] and
the p meson [62]. In Refs. [63] and [64], the authors cal-
culated the magnetic moment of Z.(3900) as an axialvector
tetraquark state and an axialvector molecular state, respec-
tively.

In the present work, we extend this method to the investi-
gation of the magnetic moment of the P.(4312) state viewed
as a DX, molecular state with quantum number J* = %_.
Electromagnetic multipole moments are the major and mean-
ingful parameters of hadrons. Analysis of the electromag-
netic multipole moments of the exotic states can help us get
valuable knowledge about the electromagnetic properties of
these states, the charge distributions inside them, their charge
radius and geometric shapes and finally their internal sub-
structures.

The rest of the paper is organized as follows. In Sect. 2,
the sum rule for the magnetic moment of the P.(4312) state
is given. Section 3 is devoted to the numerical analysis and a
short summary is given in Sect. 4. In Appendix B, the spectral
densities are shown.

2 The derivation of the sum rules
The starting point of our calculation is the time-ordered cor-

relation function in the QCD vacuum in the presence of a
constant background electromagnetic field Fy,,,

M(p) =i / dx*e'P*(0 | T[JPe(x)J P (0)] | 0)

=H(O)(p)+l_lf}3(p)FW+~“ , (1)

where
TP (x) = [6(0)iysd ()11 (!, (X) Cypttp () y Fysee ()],
()
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is the interpolating current of P.(4312) considered as a
DX, molecular state with J¥ = %_ with 7 denoting the
matrix transposition on the Dirac spinor indices, C meaning
charge conjugation operator, and a, b, ¢ being color indices.
In the present work, we shall consider the linear response
term, Hf}g (p) F*', from which the magnetic moment will
be extracted.

The external electromagnetic field can interact directly
with the quarks inside the hadron and also polarize the
QCD vacuum. As a consequence, the vacuum condensates
involved in the operator product expansion of the correlation
function in the external electromagnetic field F),, are,

e dimension-2 operator,
F JZA%) (3)
e dimension-3 operator,

(01g04vq10) F, “

e dimension-5 operators,

(O|‘?CI|O>F/LV7 <0|ngGMUq|O>F7 €pvap (O|égSGaﬁCI|O)F7

5
e dimension-6 operators,
(013¢10)(0175,1vq10) £, (082G G|0) Fpy, . . ., (6)
e dimension-7 operators,
(01g2GG0)(0170,.vq10) F, (0lgsGo - GqlO) Fyuy, - ..,
(7
e dimension-§ operators,
(014q10)* Fuy. (0lgsgo - Gg10)(0]g0,,q10) .
(01g¢10)(01g8sG 11vq10) F
€uvap (01G910)(01G8sG* q|0)F. . .. (®)

and so on. The new vacuum condensates induced by the exter-
nal electromagnetic field F,,, can be described by introducing
new parameters, x, k and &, called vacuum susceptibilities
as follows,

(01g01vq|0) F = eeq x(01Gq10) Fuy,
(01g8sG Lvql0) F = eeqk (0lgql0) F .,
Guvaﬁwlq_gsGaﬂqm)F = lequ(OIQQIO)Fuv- 9)

In order to express the two-point correlation function (1)
physically, we expand it in powers of the electromagnetic

@ Springer

interaction Hamiltonian H;,; = —iefd4yj§m (M)A (y),
M(p) =i / dx*e¥(0 | TLJ ™ (x) T (0)] | 0)

+i / dx*e'?* (0 | T{J P (x)

x [ / d*yj’ (y)Aﬂ(y)} T} 10) +
(10)

where j7" (y) is the electromagnetic current and A*(y) is
the electromagnetic four-vector.

Inserting two complete sets of physical intermediate states
with the same quantum numbers as the current operator
J e (x) into the second term of (10), we have

d*k 4,
_ 4 g4 ipx Am
II(p) _e/d xd y(zﬂ)4 (2 )46 A*(y)
—i

x> /

PP/ s,s' k2 m k2
x (017 P (x) | PL(K s ))(Pc(k/, s )Ij,im(y)ch(k, $))
x(Pe(k, )| (0)]0), (11)

where the sum " p p; 1s over all possible intermediate
states including the ground state P.(4312) we are interested
in, higher resonances and continuum. One can translate the
coordinates of the operators in (11) to the origin, carry out
the integrals over x and k” and then finds that

d*k
—e/d4 (2 )4 z(p k)\A/l.( )

EE )

(p) =

P. P(’ s,s’
x (0177 ()| P(p. s(PL(p. sHj" (0)| Pe(k, 5))
x(Pc(k, $)|7 7 (0)]0). (12)

The sum ) p, can be divided into three parts, the ground-
ground term, the ground-excited (continuum) term and the
excited (continuum)-excited (continuum) term.
After standard manipulation, the ground-ground term can
be written as
2

H;%(P)FW = ——2AP" 5 2[2mPcMPCGW
4(p _mPL.)
—1
+MPC (p2 _m%)(l)o-l/v\)
mp,
+up, (150“” o’ p)
. Mp,
+2l—(p Yy =p'v") 16] s (13)
mpf

where we make use of the following formulas,

0170 | P(p,s)) = rpu(p,s), (14)
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and

(PL(K', D" (0] Pe(k, s))

v

= ik, S)[FI(Q Y + F2(Q )’“““zzl }u(k 9.

15)

c

withq = k' —k and Q% = —¢>. Ap, and u(k, s) are the pole
residue and Dirac spinor of the P,(4312) state, respectively.
The Lorentz invariant form factors F(Q?) and F»(Q?) are
related to the charge and magnetic form factors by

0*

GC(Q)_Fl(Q)_ F(Q)

Gu(Q% = F1(0H) + Fz(Qz)- (16)

The magnetic moment p p, is given by G 7 (0).

Now, we consider the ground-excited (continuum) and
the excited (continuum)-excited (continuum) parts. For each
Lorentz structure in (13), the hadronic representation of the
the second term in (10) is

Apcpp APCPC*
2 2 2 + Z 2 2 2 2
(p mpc) Px (p= — mpc)(p - mPc*)
AP*P*
+Z (17)

mP*)2

where Ap p., Ap, Py and A Py py are constants, and the sym-
bol ) p. means the sum over the excited states and the inte-
gral over continuum. The first term in the above equation
is the ground state pole which contains the desired mag-
netic moment u p,. The second term represents the transition
between the ground sate and the excited states (continuum)
induced by the external electromagnetic field. The last term
is the contributions from pure excited states (continuum).
Making Borel transform, one has

Ap.P, oMb/ M3
M2
—m3, /M3 APCPC* —(m? P mP /M
e R Y (e )
pr Mpr TP
APepr —mi /MG
+27 , (18)

Py

where M 129 is the Borel parameter. It is obvious that the tran-
sition between the ground sate and the excited states (con-
tinuum) gives a contribution which is not suppressed expo-
nentially relative to the ground state. We can approximate the
quantity in the square brackets by a constant. The third term is
suppressed exponentially relative to the ground state and can
be modeled in the usual way by introducing the continuum
model and threshold parameter.

On the other hand, IT(p) can be calculated theoretically
via OPE method at the quark-gluon level. To this end, one
can substitute the interpolating current J % (x) (2) into the
correlation function (1), contract the relevant quark fields by
Wick’s theorem and find

HOPE(P) = —2i6abc€a/b/c//d4x€i”x{)/“)/55$/)(x)yv)/5

XTr(iys) S\ () iys) S (—x)]

X Trlyu Sy () CSeOT ()C (19)

aa’

where S (x) and $?(x), g = u, d are the full charm- and
up (down)-quark propagators, whose expressions are given
in Appendix A. Through dispersion relation, TT?”£ (p) can
be written as

Ol (S)

00
HOPE(P)ZO—MUF/LU/ ds —l—(ﬁ o’
am2 S —
00
+O—MV ﬁ)F;w/ ds ,02(5')2
amz S —Pp
+i(p"y" = p"y") PFu
00
x/ ds p3(s)2 + -, (20)
4mg s=p

where p;(s) = %ImH,.OPE(s),i = 1, 2, 3 are the spectral
densities. We will choose the Lorentz structure i (p"y" —
p"y*) pF,, toobtain our sumrule for the magnetic moment
up. because of its better convergence. The spectral density
p3(s) is given in Appendix B.

Finally, with the help of the quark-hadron duality and the
above discussion, we match the phenomenological side (13)
and the QCD representation (20) for the Lorentz structure

i(pty" —p"y") pFuw
2
_ Ap, up, — 1 a
22 —mp)2 mp ml —p?
o0 o0
—i—/ ds p3(s) +subtract10ns—/ ds 'O3(S)2,
s:" s = amz S — P
2n

where the constant a is introduced to parameterize the con-
tributions of the ground-excited states (continuum) transition
and s(f ¢ is the threshold parameter. Subtracting the contribu-
tions of pure excited states (continuum), one gets

2
Ap, up, — 1 a
2p2 —mp ) mp. mh — p?
Pe
50 s
~+subtractions = / ds&)z. (22)
4m(2, s=p

In order to eliminate the subtractions, it is necessary to make
a Borel transform which can also improve the convergence
of the OPE series and suppress the contributions from the
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excited and continuum states. As a result, we have

P

-1 2 2 5o

R T LA AR M Z/ dse™ M ps (),
2mPCM§ ‘ 4m

(23)

where A = A% and M3 is the Borel parameter.

Pe

3 Numerical analysis

The input parameters needed in numerical analysis are pre-
sented in Table 1. For the vacuum susceptibilities y, « and
&, we take the values y = —(3.15+£ O.3O)GeV’2, Kk =-—0.2
and & = 0.4 determined in the detailed QCD sum rules anal-
ysis of the photon light-cone distribution amplitudes [65].
Besides these parameters, we should determine the working
intervals of the threshold parameter sOPC and the Borel mass
M 123 in which the magnetic moment is stable. The continuum
threshold is related to the square of the mass of the first exited
states having the same quantum number as the interpolating
field and we use the value determined in Ref. [30], while the
Borel parameter is determined by demanding that both the
contributions of the higher states and continuum are suffi-
ciently suppressed and the contributions coming from higher
dimensional operators are small.

We define two quantities, the ratio of the pole contribution
to the total contribution (RP) and the ratio of the highest
dimensional term in the OPE series to the total OPE series

x10°°

Condensates

14 1 1 1 1
2 3 4 5 6 7

M2(GeV?)

(a)

Table 1 Some input parameters needed in the calculations

Parameter Value

(qq) —(0.24 £0.01)% GeV?
(8sq0Gq) (0.8 +£0.1){7¢) GeV?
(87GG) 0.88 +0.25GeV*

me 1.27570023 GeV [66]

me, 4311.9 +£0.775% MeV [2]
AP, 1917913 x 1073 GeV® [30]

(RH), as followings,

s

so¢ “uZ
f4mz dsps(s)e "B
RP = < —,

Jim2 dspy(s)e Vb

Pe s
d=9 >
f::;z dsp§ )(s)e Mz
=— - (24)

5% 4 “ul
f4m% S;O3(S)e

RH

Firstly, we determine the working region of the Mlzg. In
Fig. 1a, we compare the various OPE contributions as func-

tions of M% with ,/sé)" = 4.8GeV. From it one can see
that the OPE has good convergence. Figure 1b shows RP

and RH varying with Ml% at \/SOTC = 4.8GeV. The figure
shows that the requirement RP > 50% (RP > 40%) gives
M3 < 4.3GeV? (M3 < 4.9GeV?).

Figure 2a shows the dependence of the magnetic moment
W p. on the Borel mass Mlzg in the interval of 2Ge V2 <M 129 <

—RP

09 - - —-RH|

0.8 ]
0.7 b

M3 4.3 .
RP 0.50239

. M} 4.9 1
\ RP 0.39771

04r o. ]

0.5

0.2 i

01 b

N
w
o
[$)]
(<)
~

Fig. 1 a denotes the various condensates as functions of Mlz; with / s(f ¢ = 4.8GeV; b represents RP and RH varying with MIZ3 at s(f ¢ =4.8GeV
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6 T
----- s(}gﬁ = 4.7*GeV?
55 sh = 4.8°GeV?| ]
5 - - —SOPC =4.9°GeV?| |

M3 (GeV?)

(a)

$15F 1
14r q
131 q
L N sY, =4.7°GeV?| A

s% = 4.82GeV?
111 0 2 2 ]
- - -sp =4.9°GeV

1 . . . .
4.1 4.2 4.3 4.4 45 4.6 4.7 4.8 4.9

M3 (GeV?)

(b)

Fig. 2 The dependence of the magnetic moment (. p, on Mlzg at three different values of séj ¢

7GeV?. From the figure we can see that 1 p. depends strongly
on Mlzi, and s(;D” as 4GeV? < M% or M% > 5GeV2. In
order to have a larger working interval of the Borel mass
Mlzg, we require RP > 40%. As a result, we limit MIZS from
4.1GeV? to 4.9GeV?2. The result is shown in Fig. 2b, from
which we can read reliably the value of the magnetic moment,
Hp. = 1.75Jj8:}?. Because the hadron’s magnetic moments
contain important information on the charge distributions
inside them, their geometric shapes and finally their quark
configuration. This value can be confronted to the experi-
mental data in the future and tell us whether it is reasonable
to view the P.(4312) as a DX, molecular state with quantum

number J ¥ = %7

4 Conclusion

In this paper, we tentatively assign the P.(4312) tobea DX,
molecular state with quantum number J P — %_, calculate
its magnetic moment using the QCD sum rule method in
the external weak electromagnetic field. Starting with the
two-point correlation function in the external electromag-
netic field and expanding it in power of the electromagnetic
interaction Hamiltonian, we extract the magnetic moment
from the linear response to the external electromagnetic field.
The numerical value of the magnetic moment of the P, (4312)
stateis up, = 1.75J_r8: }? The prediction can be confronted to
the experimental data in the future and give important infor-

mation about the inner structure of the P.(4312) state.
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Appendix A: The quark propagators

The full quark propagators are given as

Gy X o Mg o la9)
S0 = 52 @ T g, 2% T T Y
{qq) Xz
+1Kmq Xéij — @(gququj
2 14 G4
X x _ .gA v
i 153" (8530 Ga)sij — i Tr o (Yo oM )
.‘SijeqF/w Qo Qo ‘SijeqX<q_51>UMUFuv
gy o o) = 2%
Siieq{qq)F
+3ijeq(qCI)F/w
576

x[(k + E)oHVx2 — 2k — E)o M xgxV] + - - - (A1)
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for light quarks, and

d*k —ikx | Ktmg S
(zn)4e k2 2 U
—my

Q
Sij(x):’

gét G;u; (g +mg) + (K+mg)ot?

constant, and 7, j are color indices, eg(y) is the charge of the
heavy (light) quark and F),, is the external electromagnetic
field.

4 k2 — mQ)z Appendix B: The spectral densities
2 2
+ tes SG> 8ijmg ¢ 2+ mg ;Z In this appendix, we will give the explicit expression of the
(k= =mp) spectral density p3(s).
.. F jzay y2ax
+6uei v @ (k+zZ§) + (f;mg)o L } p3(s) = p=D 4 pli=I )
—m d=5 d=6 d= d=8
¢ ) +05' () + £ () + 03" () + 05V ()
‘ +05' = (s), (BI)
for heavy quarks. In these expressions ¢ = % and A? are .
the Gell-Mann matrix, g is the strong interaction coupling ~ With
Amax
pédiz) (s) = 12288 et f da/ 2b4(1 a— b)4(m%(a + b) — abs)’
Amin min
Amax I—a 1
+3O72n8 / da/b db—(l —a —b)*(m>(a + b) — abs)?, (B2)
Amin
pl=(s) = 0, (B3)
_ Ol 0| amaA
Pl (s) = 384‘1‘16 / — L (1 —a— by m(a +b) - abs)
Amin bimin
2 a 1—a
0 0 max 1
_% daf db—(1 —a = b (mi(a+b) — abs), (B4)
Amin min
(i=6) m} (01g2GGI0) / / :
= l—a—-»b
Py = " ses ), Y, b2( a—b)
0 GG 0 amax
mclgggng f / db—(l —a—b)(m2(a+b) — abs)
Amin min
01g2GG|0) [mer 1-a
%/ da/ db—2(1 —a — b)*(m(a + b) — abs)
Amin bumin
m{0|g;GG|0) “m‘”
clzfggﬂi;' f / db 3(1 —a—b)*(m2(a +b) — abs)
Amin bimin
mc{0|gzGG|0) "m“
+ “853”8' / / z(l—a—b) 2(a +2b)(m2(a + b) — abs)
Amin bimin
(01g2GG|0) ([ amax 1-a
+%§6Wf da/ dbﬁ(l —a—b)’a+b). (BS)
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2 - a 1—a
(0 - Gq0 max 1
P (5) = m;(0|g;go - Gg I)/ da/ bl (1—a—b)
5127—[6 Amin bmin
2 = a,
O . G O max
_m(0|gsgo - GqO|) / f db—(l—a—b)3
7687'[6 Amin bmin
2 = a 1—a
0 - GqO|) [max
_mg{0lgsqo - GqO0l) da/ db(l —a — b)
2567[6 Amin bpin
2 P a,
m(0|gsqo - GqOl) /’" / 2
db l1—a-5>b B6
+ 256]-[6 amtn bmin ( ¢ ) ( )
(d 8)( )= mc(2/< 0|qq|0 /“mw f
5767[ Amin min
_me (01g¢10)? /“’”‘” / (B7)
1447-[4 Amin bpin
P49 () = m¢(014410)(0lgs GG|0) / 1L @ = buin)’
2764870 M3, o as — m2)b2 .
m2(013¢10) (0|g>GG|0) / g (L= @ = bnin)?
921670 amin (as — m2)byin
~ mZ(013¢10)(0lgZGG|0) / a8 =@ = bui)
92167° Gmin (as — m%)
m?(01G¢10)(0|g>GG|0) /“""” daa(l—a— bmin)?
460870 M3, i (as —m2)b2 .
m2(013¢10) (01g2GG|0) / 180 = a = bpin)?
153670 amin (as — m2)bmin
L 013410/ (0187 GG0) / a0 =@ = bnin) B8)
307276 i (as —m2)
) 1+ 1—“’”3
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4m?2
1=y 1-=¢

amz
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