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Abstract In this paper we study the junction conditions
for a generalised matter distribution in a radiating star. The
internal matter distribution is a composite distribution con-
sisting of barotropic matter, null dust and a null string fluid
in a shear-free spherical spacetime. The external matter dis-
tribution is a combination of a radiation field and a null string
fluid. We find the boundary condition for the composite mat-
ter distribution at the stellar surface which reduces to the
familiar Santos result with barotropic matter. Our result is
extended to higher dimensions. We also find the boundary
condition for the general spherical geometry in the presence
of shear and anisotropy for a generalised matter distribution.

1 Introduction

A substantial amount of work on radiating stars in rela-
tivistic regimes has been undertaken in the standard Santos
[1] framework. This construction addresses the question of
matching a spherically symmetric interior matter distribution
to the exterior radiating Vaidya spacetime across a comov-
ing surface. This approach has been extended to include the
electromagnetic field [2–5], the cosmological constant [6–9],
the presence of nonzero shear [10–12] and dissipative effects
[13–16]. Matching across a comoving surface is important
in modeling a relativistic star in general relativity and in
discussing the evolution of the system. A variety of exact
solutions to the Einstein field equations, with a matter dis-
tribution that has to be necessarily heat conducting, and the
nonlinear boundary condition have been found. Some of the
resulting astrophysical models are given in the recent treat-
ments [17–24]. The problem of matching general hypersur-
faces and junction conditions, containing timelike, spacelike
or null surfaces, was analysed by Mars and Senovilla [25].
The general matching of two spherically symmetric regions
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across a timelike hypersurface was completed by Fayos et
al. [26]. Here we are interested in conditions arising in match-
ing across a comoving surface. Also note that the matching
conditions have been studied in particular modified theo-
ries, for example Olmo and Rubiera-Garcia [27] and Yousaf
[28,29] have considered matching and physical applications
in f (R) gravity theories.

We believe that the resulting boundary conditions, for
our generalised matter distributions, will assist in analysing
the radiative collapse dynamics of spacetimes with spheri-
cal topologies. A recent example with spherical, toroidal and
higher genus topologies in gravitational collapse including
the formation of trapped surfaces was completed by Mena
and Oliveira [30]. Another interesting result is that of Cha-
ran et al. [31] who described charged anisotropic spherical
collapse in the presence of heat flow where the dynamics are
reduced to an ordinary differential equation. In this model
the presence of charge delays the collapse of the star and the
energy conditions are satisfied. The generalised matter dis-
tribution in our work should have interesting consequences
on the physical features of the radiating stellar model.

The matter distribution in the treatment of Santos [1] was
shear-free. Most studies take the interior matter distribution
to be a barotropic fluid. Anisotropic stresses, viscosity and
electromagnetic effects can also be part of the interior energy
momentum tensor. Di Prisco et al. [15] showed that it is possi-
ble to also include null dust in the interior matter distribution
of the star. The exterior of the star is normally taken as the
Vaidya radiating metric with a null dust distribution. Maharaj
et al. [32] proved that generalised exterior atmospheres arise
in radiating stars in the form of the generalised Vaidya metric
with a combination of null dust and a null string fluid. What is
the general matter distribution in the interior of the radiating
star that matches to such a matter combination (i.e. a gener-
alised atmosphere) in the exterior? To answer this question
we require that the interior and exterior matter distributions
be physically relevant and the matching takes place across a
comoving hypersurface. This is the objective of this paper.
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We find that our approach does lead to a result which is a gen-
eralisation of the Santos [1] boundary condition with a clear
physical interpretation. Also previous results are regained as
special cases.

The structure of the paper is as follows. In the follow-
ing section we consider the interior spacetime with a com-
posite matter distribution and derive the Einstein equations
pertaining to this field. In Sect. 3 we consider the exterior
spacetime to be the generalised Vaidya atmosphere and we
derive the relevant field equations for this Type II fluid. In the
following sections we demonstrate the matching conditions
for the two spacetimes and note the differences contained
in the boundary conditions we derived, compared to those
of Santos [1,32]. These are then extended to higher dimen-
sions in Sect. 5 where we demonstrate that the dimension-
ality of spacetime does not affect the final outcome of the
stellar matching. Finally, in Sect. 6 we consider a shearing
and anisotropic interior with a composite matter field and
we obtain the boundary conditions for its matching to the
generalised Vaidya metric. Concluding remarks are made in
Sect. 7.

2 Interior spacetime

We take the interior spacetime M− to be the shear-free
line element. Shear-free fluids are important in the model-
ing of inhomogeneous cosmological processes and radiat-
ing stars in relativistic astrophysics. Spherically symmetric
spacetimes in the absence of shear can be written as

ds2− = −A2dt2 + B2[dr2 + r2(dθ2 + sin2 θdφ2)], (1)

in comoving coordinates (xa) = (t, r, θ, φ). The metric func-
tions A and B depend on both the timelike coordinate t and
the radial coordinate r .

The nonvanishing Einstein tensor components are given
by

G−
00 = 3

Ḃ2

B2 − A2

B2

(
2
B ′′

B
− B ′2

B2 + 4

r

B ′

B

)
, (2a)

G−
01 = − 2

B2

(
B Ḃ ′ − B ′ Ḃ − B Ḃ

A′

A

)
, (2b)

G−
11 = 1

A2

(
−2B B̈ − Ḃ2 + 2B Ḃ

Ȧ

A

)

+ 1

B2

(
B ′2 + 2BB ′ A′

A

+B2 2

r

A′

A
+ BB ′ 2

r

)
, (2c)

G−
22 = −2r2 B B̈

A2 + 2r2B Ḃ
Ȧ

A3 − r2 Ḃ
2

A2

+r
A′

A
+ r

B ′

B
+ r2 A

′′

A

−r2 B
′2

B2 + r2 B
′′

B
, (2d)

G−
33 = sin2 θG−

22, (2e)

for the metric (1). In the above, primes denote differentiation
with respect to the radial coordinate and dots represent time
derivatives.

The energy momentum tensor is taken to be a generalised
imperfect fluid of the form in the interior

T−
ab = (ρ + p)uaub + pgab + qaub + qbua

+εlalb + (μ + P)(lanb + lbna) + Pgab. (3)

In the above, ρ is the energy density, p is the isotropic pres-
sure, u is the four-velocity, q is the heat flow vector, ε is the
energy density of the internal null dust, μ is the null string
energy density and P is the pressure of the internal null
fluid. Since the unit timelike vector u is comoving we have
that uaua = −1 and uaqa = 0 so that

ua = 1

A
δa0, qa = 1

B
qδa1. (4)

Note that the null vectors l and n satisfy

lala = nana = 0, lan
a = −1, (5)

so that

la = 1

A
δa0 + 1

B
δa1, (6)

na = 1

2A
δa0 − 1

2B
δa1. (7)

The null vector l and the timelike vector u are related by

laua = −1. (8)

The nonzero components of the energy momentum tensor
(3) are then

T−
00 = A2(ρ + ε + μ), (9a)

T−
01 = −AB(q + ε), (9b)

T−
11 = B2(p + ε − μ), (9c)

T−
22 = r2B2(p + P), (9d)

T−
33 = sin2 θT22. (9e)

We observe that the matter distribution is a superposition of
a barotropic fluid (with ρ, p and q), null dust (with ε) and a
null string fluid (with μ and P). The treatment of Di Prisco
et al. [15] does not contain the null string distribution for the
stellar interior.

The null string fluid also plays a significant role in the
process of gravitational collapse including diffusive transport
as shown by Husain [33] and Glass and Krisch [34,35]. As far
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as we are aware, the combination of the sources (barotropic
fluid, null dust and null string fluid) in the energy momentum
(3) and (9) has not been considered before in the context of
a radiating star.

The Einstein field equations G−
ab = T−

ab are then given by

ρ + ε + μ = 3Ḃ2

A2B2

− 1

B2

(
2B ′′

B
− B ′2

B2 + 4B ′

r B

)
, (10a)

p + ε − μ = 1

A2

(−2B̈

B
− Ḃ2

B2 + 2 Ȧ Ḃ

AB

)

+ 1

B2

(
B ′2

B2 + 2A′B ′

AB
+ 2A′

r A
+ 2B ′

r B

)
,

(10b)

p + P = − 2B̈

B A2 + 2 Ȧ Ḃ

B A3 − Ḃ2

A2B2 + A′

r AB2

+ B ′

r B3 + A′′

AB2 − B ′2

B4 + B ′′

B3 , (10c)

q + ε = − 2

AB

(
− Ḃ ′

B
+ B ′ Ḃ

B2 + A′

A

Ḃ

B

)
, (10d)

for the shear-free metric. The field equations (10) are a system
of coupled and highly nonlinear partial differential equations
that describe the dynamics of the generalised matter field in
the interior of the radiating star. In the above, the physical
quantities ρ, p, q, ε, μ and P all depend on the coordinates
t and r . An interesting note here is if the heat flux q vanishes
in equation (10d), then there is an explicit expression for the
internal null energy density ε which is a direct consequence
of the generalised matter distribution (3).

3 Exterior spacetime

The spacetime outside a spherically symmetric radiating star
is described by the Vaidya geometry and it defines outgoing
null radiation. The metric is written in terms of the mass of the
radiating body and its Petrov–Pirani–Penrose classification
is type D [36]. The generalisation of the Vaidya spacetime
was given in detail in [37–39] and includes most of the known
solutions of Einstein’s field equations with matter distribu-
tions of a Type II fluid. For the exterior spacetime manifold
M+, the generalised Vaidya metric with (exploding) null
coordinates (v, r, θ, φ) is given as

ds2+ = −
(

1 − 2m(v, r)
r

)
dv2

−2dvdr + r2(dθ2 + sin2 θdφ2). (11)

Here the function m(v, r) describes the above mentioned
Misner-Sharp mass of the star, which is also called the mass

function [40,41]. It gives a measure of the gravitational
energy within a given radius r.

The nonvanishing components of the Einstein tensor are
given by

G+
00 = − 2

r3
(2mmr − mr + rmv) , (12a)

G+
01 = 2mr

r2
, (12b)

G+
22 = −rmrr, (12c)

G+
33 = sin2 θG+

22, (12d)

where we have used mv = ∂m
∂v

and mr = ∂m
∂r . The exterior

energy momentum tensor is defined by

T+
ab = T (n)

ab + T (m)
ab , (13)

which is a superposition of null dust and null string fluids.
We can write

T+
ab = ε̄l̄a l̄b + (μ̄ + P̄)(l̄a n̄b + l̄bn̄a) + P̄gab. (14)

In the above we have

l̄a = δ0
a, n̄a = 1

2

[
1 − 2m(v, r)

r

]
δ0

a + δ1
a,

with l̄cl̄c = n̄cn̄c = 0 and l̄cn̄c = −1. The null vector l̄a

is a double null eigenvector of the energy momentum tensor
(13). The nonzero components of (13) are

T+
00 = ε̄ + μ̄

(
1 − 2m

r

)
, (15a)

T+
01 = μ̄, (15b)

T+
22 = r2P̄, (15c)

T+
33 = sin2 θT+

22. (15d)

In general, T+
ab represents a Type II fluid (see Hawking and

Ellis [42]).
The Einstein field equations G+

ab = T+
ab for the exterior

spacetime manifold M+ are then given by

ε̄ = −2mv

r2
, (16a)

μ̄ = 2mr

r2
, (16b)

P̄ = −mrr

r
. (16c)

In the field equations (16), ε̄ is the energy density of the null
dust radiation, μ̄ is the null string energy density and P̄
is the null string pressure. These are defined in the external
atmosphere of the star. They depend on the coordinates v

and r.
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4 Matching of the two spacetimes

The model for a relativistic, dissipating radiating star was
completed by Santos [1] by analysing the junction conditions
at the stellar surface. The important result that followed was
that the pressure on the boundary of the radiating star should
be nonzero in general, and proportional to the heat flux. This
result was further generalised by Maharaj et al. [32] for an
exterior Type II fluid. The matching of the interior manifold
M− to the exterior manifold M+ across the hypersurface 	

is studied. We provide only the essential steps to highlight the
role played by the null quantities ε, μ and μ̄, normally absent
in other investigations. The background theoretical details of
the junction conditions are provided in the Appendix.

The intrinsic metric to 	 is given by

ds2
	 = −dτ 2 + R2(dθ2 + sin2 θdφ2), (17)

whereR = R(τ ) and coordinates ξ i = (τ, θ, φ). It is impor-
tant to note that the coordinate τ is defined only on 	. The
surface 	 is the boundary of the interior distribution of matter
(1) and in this case is given by

f (r, t) = r − r	 = 0,

where r	 is a constant. The vector orthogonal to 	 is ∂ f
∂χa−

and is given by

∂ f

∂χa−
= (0, 1, 0, 0),

so that the unit vector normal to the surface 	 takes the form

n−
a = [0, B(r	, t), 0, 0]. (18)

For the interior manifold M− the first junction condition
(A.4), for the line elements (1) and (17), yields the following
restrictions

A(r	, t)t̀ = 1, (19a)

r	B(r	, t) = R(τ ), (19b)

where t̀ = dt
dτ

. The extrinsic curvature components K−
i j of 	

can be obtained by using (A.6), (1) and (18) yielding

K−
ττ =

(
− 1

B

A′

A

)
	

, (20a)

K−
θθ = (

r(r B)′
)
	

, (20b)

K−
φφ = sin2 θK−

θθ , (20c)

which are valid on the surface 	.
For the exterior spacetimeM+, the equation of the surface

	 is given by

f (r, v) = r − r	 = 0,

hence the vector orthogonal to 	 is

∂ f

∂χa+
=

(
−dr	

dv
, 1, 0, 0

)
.

The unit normal vector is then

n+
a =

(
1 − 2m

r	
+ 2

dr	
dv

)− 1
2
(

−dr	
dv

, 1, 0, 0

)
, (21)

on 	. The first junction condition (A.4) for the spacetimes
(11) and (17) gives the following

r	 = R(τ ), (22a)(
1 − 2m

r
+ 2

dr
dv

)
	

=
(

1

v̀2

)
	

. (22b)

The unit normal vector (21) can be rewritten, using (22b) in
the following simpler form

n+
a = (−r̀, v̀, 0, 0). (23)

Using (A.6), (11) and the above Eq. (23), we can calculate
the nonvanishing extrinsic curvature components given by

K+
ττ =

( `̀v
v̀

− v̀
m

r2
+ v̀

mr

r

)
	

, (24a)

K+
θθ =

(
v̀

(
1 − 2m

r

)
− rr̀

)
	

, (24b)

K+
φφ = sin2 θK+

θθ , (24c)

which are valid on the surface 	. The first junction con-
dition (A.4) yields the equations (19) and (22), which are
summarised below

A(r	, t)t̀ = 1, (25a)

r	B(r	, t) = R(τ ), (25b)

r	(v) = R(τ ), (25c)(
1 − 2m

r
+ 2

dr
dv

)
	

=
(

1

v̀2

)
	

. (25d)

Since the variable τ was only defined as an intermediate
variable, it can be eliminated from the above equations. Thus,
the necessary and sufficient conditions on the spacetimes for
the validity of the first junction condition (A.4) are

(Adt)	 =
(

1 − 2m

r
+ 2

dr
dv

) 1
2

	

, (26a)

(r B)	 = r	(v). (26b)

Equating the appropriate extrinsic curvature components
(20) and (24), yields the second junction condition (A.5) as
(

− 1

B

A′

A

)
	

=
( `̀v

v̀
− v̀

m

r2
+ v̀

mr

r

)
	

, (27a)

(
r(r B)′

)
	

=
(

v̀

(
1 − 2m

r

)
− rr̀

)
	

. (27b)

We can obtain an expression for m(v) in terms of A and B
only by eliminating r, r̀ and v̀ from Eq. (27b) above. The mass

123



Eur. Phys. J. C (2021) 81 :366 Page 5 of 11 366

function can be written after a long calculation, with the aid
of (25), as

m(v, r) =
[
r B

2

(
1 + r2 Ḃ

2

A2 − 1

B2 (B + r B ′)
)]

	

. (28)

The expression above is interpreted as the total gravitational
mass of the star within the surface 	. From Eqs. (25a), (25b)
and (25c) we have

r̀	 =
(
r Ḃ

A

)
	

,

and substituting the mass function (28) into (27b), using the
expression for ṙ	 above, we get

v̀	 =
(

1 + r
B ′

B
+ r

Ḃ

A

)−1

	

. (29)

Differentiating the above expression with respect to τ and
using (25a), we acquire

`̀v	 =
[

1

A

(
1 + r

B ′

B
+ r

Ḃ

A

)−2

×
(
r
ḂB ′

B2 − r
Ḃ ′

B
+ r

ȦḂ

A
− r

B̈

B

)]
	

. (30)

Upon substituting (28), (29) and (30) into (27a), we obtain
after some lengthy algebra

2
Ḃ′
AB2 − 2

B′ Ḃ
AB3 − 2

A′
A2

Ḃ

B2 = 2
mr

r2
+ 1

A2

(
−2B̈

B

Ḃ2

B2 + 2 Ȧ Ḃ

AB

)

+ 1

B2

(
B′2
B2 + 2A′B′

AB
+ 2A′

r A
+ 2B′

r B

)
. (31)

Simplifying the above, using the field equations (10b) and
(10d), we acquire the result

(p + ε − μ)	 =
(
q + ε − 2

mr

r2

)
	

. (32)

There are three interesting features in equation (32). Firstly,
the appearance of the term containing mr, a new contribution
from the Vaidya mass function, which does not appear in the
treatment of Santos [1]. A similar observation of this feature
was made in [32]. Secondly, the left hand side of the equation
(32) corresponds to p + ε − μ which is the same as the field
equation (10b). Thirdly, the right hand side of (32) contains
the term q+ε which is equivalent to the field equation (10d).
We then have that (32) takes the remarkably simple form

p	 =
(
q + μ − 2

mr

r2

)
	

. (33)

We observe from (16b) that the term 2mr
r2 is the external null

string density which is an added contribution to the junction
condition. Hence we can write the said condition at the stellar
surface 	 in the transparent form

p	 = (q + μ − μ̄)	, (34)

which is our main result. We have established the general
junction condition (34) for the interior shear-free matter dis-
tribution (3) in M− and the exterior generalised Vaidya
atmosphere with the matter distribution (15) in M+.

From (34) we observe that the isotropic pressure p, the
heat flux q, the internal string density μ and the external
string density μ̄ determine the dynamical evolution of a radi-
ating star with outgoing dissipation in the form of a radial
heat flow. The pressure on the stellar surface depends on the
difference μ − μ̄ of the null string densities from M− and
M+, respectively. The important physical observation that
can be made from our analysis is that the internal null string
density μ directly affects the pressure p at the boundary 	.
This physical feature is absent in the treatment of Santos [1]
and Maharaj et al. [32]. If μ − μ̄ > 0 then we obtain higher
values for the pressure on 	. If μ − μ̄ < 0 then we obtain
lower values for the pressure on the boundary. This difference
μ − μ̄ affects the evolution of the radiating star in general
relativity, as well as the rate of gravitational collapse, with
μ−μ̄ ≷ 0 leading to greater/lower pressures at the stellar sur-
face during the collapse process. Further to these notions, the
new result is indeed extensive and may serve as being appli-
cable to physically significant astrophysical frameworks as
the effects of the null fluid string energy densities μ and μ̄

cannot be overlooked. This result may also become appro-
priate for the description of neutrino outflows from highly
compact relativistic stars, post collapse, in which the nona-
diabatic and particle production processes reign in the strong
gravity regime [43]. In light of this, it should be noted that
this generalised model gives significant improvement on the
approaches found in [1,32,44].

A number of previous results are contained in our treat-
ment. When q = μ = μ̄ = 0, then p = 0 on 	 and we
obtain the Schwarzschild exterior geometry. If μ = μ̄ = 0,
then (34) gives p = q on 	, regaining the familiar Santos
[1] junction condition. For the case μ = 0, the boundary
condition yields p = q − μ̄ on 	 which was first found by
Maharaj et al. [32]. Note from (34) that when q = μ−μ̄, then
p = 0 on 	 and the exterior geometry is still described by
the generalised Vaidya spacetime. In addition, when q = 0,
we then have that p = μ−μ̄ on 	 and the interior spacetime
M− does not radiate. In this case, the isotropic pressure is
sustained on the boundary 	 by the null string densities μ

and μ̄.

5 Extension to arbitrary dimensions

The calculation of the junction conditions in higher dimen-
sions was done by Bhui et al. [45], Banerjee et al. [46] and
Shah et al. [47] where it was shown that the dimensionality of
the spacetime does not materially alter the results of the usual

123



366 Page 6 of 11 Eur. Phys. J. C (2021) 81 :366

four-dimensional counterpart. In this section, we will show
that the same notion holds for our generalised distributions.

For the interior, we take the N -dimensional shear-free
spacetime metric as

ds2− = −A2dt2 + B2
[
dr2 + r2dΩ2

N−2

]
, (35)

where we have the (N − 2)-sphere

dΩ2
N−2 =

N−2∑
i=1

⎡
⎣i−1∏

j=1

sin2(θ j )

⎤
⎦ (dθi )

2.

The resulting Einstein field equations are thus given by

ρ + ε + μ = (N − 1)(N − 2)

2

Ḃ2

A2B2 − (N − 2)

B2

[
B′′
B

+
(
N − 5

2

)
B′2
B2 + (N − 2)

B′
r B

]
, (36a)

p + ε − μ = (N − 2)

A2

×
[
− B̈

B
−

(
N − 3

2

)
Ḃ2

B2 + Ȧ Ḃ

AB

]

+ (N − 2)

B2

×
[(

N − 3

2

)
B′2
B2 + A′B′

AB
+ A′

r A
+ (N − 3)

B′
r B

]
,

(36b)

p + P = 1

B2

[
A′′
A

+ (N − 3)
B′′
B

+ (N − 3)
A′
r A

+
(

(N − 3)(N − 6)

2

)
B′2
B2

+(N − 3)2 B′
r B

+ (N − 4)
A′B′
AB

]
− (N − 2)

A2

[
B̈

B

+
(
N − 3

2

)
Ḃ2

B2 − Ȧ Ḃ

AB

]
, (36c)

q + ε = − (N − 2)

AB

×
[
− Ḃ′

B
+ B′ Ḃ

B2 + A′
A

Ḃ

B

]
, (36d)

for the spacetime (35).
For the exterior spacetime, we take the generalised Vaidya

metric in N dimensions

ds2+ = −
(

1 − 2m(v, r)
(N − 3)rN−3

)
dv2

−2dvdr + r2dΩ2
N−2, (37)

where we have the (N − 2)-sphere dΩ2
N−2 as before.

The resulting field equations are therefore

ε̄ = − (N − 2)mv

rN−2 , (38a)

μ̄ = (N − 2)mr

rN−2 , (38b)

P̄ = − mrr

rN−3 , (38c)

for the metric (37). When N = 4 we regain the four-
dimensional field equations (16).

The (N −1)-dimensional intrinsic metric to 	 is given by

ds2
	 = −dτ 2 + R2dΩ2

N−2, (39)

where R = R(τ ) and we have coordinates

ξ i = (τ, θ1, θ2, ..., θN−2).

The surface 	 is the boundary of the interior distribution of
matter (35) and is given by

f (r, t) = r − r	 = 0,

where r	 is a constant. The N -dimensional vector orthogonal
to 	 is ∂ f

∂χa−
and is given by

∂ f

∂χa−
= (0, 1, 0, 0, ..., 0),

therefore the unit vector normal to the surface 	 takes the
form

n−
a = [0, B(r	, t), 0, 0, 0, ..., 0]. (40)

The extrinsic curvature components K−
i j of 	 for the inte-

rior spacetime are calculated to be

K−
ττ =

(
− 1

B

A′

A

)
	

, (41a)

K−
θ1θ1

= (
r(r B)′

)
	

, (41b)

K−
θN−2θN−2

=
⎡
⎣N−2∏

j=1

sin2(θ j )

⎤
⎦ K−

θ1θ1
. (41c)

For the exterior Vaidya spacetime, the equation of the sur-
face 	 is given by

f (r, v) = r − r	 = 0,

hence the vector orthogonal to 	 is

∂ f

∂χa+
=

(
−dr	

dv
, 1, 0, 0, ..., 0

)
.

The unit normal vector is then

n+
a =

(
1 − 2m

(N − 3)rN−3
	

+ 2
dr	
dv

)− 1
2

×
(

−dr	
dv

, 1, 0, 0, ..., 0

)
, (42)

on 	.
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The extrinsic curvature components K+
i j of 	 are given

by

K+
ττ =

( `̀v
v̀

− v̀
m

rN−2 + v̀
mr

rN−3

)
	

, (43a)

K+
θ1θ1

=
(

v̀

(
1 − 2mr3−N

(N − 3)

)
− rr̀

)
	

, (43b)

K+
θN−2θN−2

=
⎡
⎣N−2∏

j=1

sin2(θ j )

⎤
⎦ K+

θ1θ1
. (43c)

Thus, the necessary and sufficient conditions on the space-
times for the validity of the first junction condition (A.4) are

(Adt)	 =
(

1 − 2m

(N − 3)rN−3 + 2
dr
dv

) 1
2

	

, (44a)

(r B)	 = r	(v). (44b)

Equating the appropriate extrinsic curvature components
(41) and (43), yields the second junction condition (A.5) as

(
− 1

B

A′

A

)
	

=
( `̀v

v̀
− v̀

m

rN−2 + v̀
mr

rN−3

)
	

, (45a)

(
r(r B)′

)
	

=
(

v̀

(
1 − 2mr3−N

(N − 3)

)
− rr̀

)
	

. (45b)

Following the same methodology as in the previous section,
we find after a lengthy calculation that the mass function is
given by

m(v, r) = (N − 3)(r B)N−3

×
(
r2 Ḃ2

2A2 − r
B ′

B
− r2 B ′2

2B2

)
, (46)

which is expressed only in terms of the interior potentials.
Using the gravitational mass function in the second junction
condition (45a) yields

(N − 2)

[
− Ḃ ′

AB2 + B ′ Ḃ
AB3 + A′

A2

Ḃ

B2

]

= (N − 2)mr

rN−2 + (N − 2)

A2

[
− B̈

B

−
(
N − 3

2

)
Ḃ2

B2 + Ȧ Ḃ

AB

]

+(N−2)

B2

[(
N−3

2

)
B ′2

B2 + A′B ′

AB
+ A′

r A
+(N−3)

B ′

r B

]
.

(47)

Equation (47) is the higher dimensional generalisation of
(31), to which it reduces when N = 4. This emphasises the
role of the dimension N in the collapse process. This feature
is also illustrated in the work of Mkenyeleye et al. [48] who
showed that naked singularities become covered in higher

dimensions. We can show that (47) reduces to the simpler
form

p	 = (q + μ − μ̄)	 , (48)

where we have utilised the field equations (36b), (36d) and
(38b). It can be seen that the boundary condition (48) is anal-
ogous to its four-dimensional counterpart (34), and there-
fore holds in any dimension greater than four. Note that the
dimension N is contained implicitly in the junction condition
through the pressure p and heat flux q via equations (36b)
and (36d) respectively.

6 Junction conditions with shear and anisotropic
stresses

The junction conditions of Santos [1] have been generalised
to include shear, electromagnetic field, bulk viscosity and
anisotropic stresses [5,49,50]. These models have proved
efficacious as resources for physically viable and tractable
stellar models describing acceleration-free collapse, contrac-
tion from an initial static configuration, expansion-free col-
lapse, gamma-ray bursts and Euclidean stars. Such physi-
cal systems have been analysed within the framework of
extended irreversible thermodynamics to generate temper-
ature profiles for ultra relativistic particles. It is therefore
important to consider radiating structures with the gener-
alised matter distribution (3), extended to include anisotropic
matter, for a general spherically symmetric metric with shear.

In this section, we will present the generalised junction
conditions for a radiating star with nonvanishing shearing
stresses. We will consider the interior spacetime to now be
the general shearing metric, given by

ds2− = −A2dt2 + B2dr2 + Y 2(dθ2 + sin2 θdφ2), (49)

where the metric functions A = A(r, t), B = B(r, t) and
Y = Y (r, t). The fluid four-velocity is comoving as in the
previous case and so ua = 1

A δa0. The kinematical quantities
are

ωab = 0, (50a)

u̇a = A′

A
δa1, (50b)

Θ = 1

A

(
Ḃ

B
+ 2

Ẏ

Y

)
, (50c)

σ 1
1 = σ 2

2 = −1

2
σ 3

3 = 1√
3A

(
Ẏ

Y
− Ḃ

B

)
, (50d)

where ωab is the vorticity tensor, u̇a is the fluid four-
acceleration, Θ is the expansion invariant and σ is the mag-
nitude of the shear. The shear-free line element (1) can be
regained when
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Ẏ

Y
− Ḃ

B
= 0,

using (50d).
The full energy momentum tensor for the above spacetime

is written as

T−
ab = (ρ + p)uaub + pgab + qaub + qbua

+εlalb + (μ + P)(lanb + lbna)

+Pgab + πab, (51)

where the additional tensorial function πab is the anisotropic
stress tensor defined as

πab = Δ

(
nanb − 1

3
hab

)
. (52)

In the above, the quantity Δ = p|| − p⊥ is the degree of
anisotropy. We have that p|| is the radial pressure, p⊥ is the
tangential pressure and na is a unit radial vector defined by

na = 1

B
δa1.

The quantity hab = gab + uaub is the projection tensor. The
isotropic pressure

p = 1

3
(p|| + 2p⊥), (53)

relates the radial pressure and the tangential pressure. The
nonzero components of (51) are thus given by

T−
00 = A2(ρ + ε − μ), (54a)

T−
01 = −AB(q + ε), (54b)

T−
11 = B2

(
p + ε − μ + 2

3
Δ

)
, (54c)

T−
22 = Y 2

(
p + P − 1

3
Δ

)
, (54d)

T−
33 = sin2 θT22, (54e)

where we have utilised (52). We regain the isotropic pressure
p = p|| = p⊥, when Δ = 0.

The Einstein field equations, with shear and anisotropic
pressures, are therefore

ρ + ε − μ = 2

A2

ḂẎ

BY
+ 1

Y 2 + 1

A2

Ẏ 2

Y 2

− 1

B2

(
2
Y ′′

Y
+ Y ′2

Y 2 − 2
B ′Y ′

BY

)
, (55a)

p + ε − μ + 2

3
Δ = 1

A2

(
−2

Ÿ

Y
− Ẏ 2

Y 2

+2
ȦẎ

AY

)
+ 1

B2

(
Y ′2

Y 2 + 2
A′Y ′

AY

)
− 1

Y 2 ,

(55b)

p + P − 1

3
Δ = − 1

A2

(
B̈

B
− Ȧ Ḃ

AB
+ ḂẎ

BY
− ȦẎ

AY
+ Ÿ

Y

)

+ 1

B2

(
A′′

A
− A′B ′

AB
+ A′Y ′

AY
− B ′Y ′

BY
+ Y ′′

Y

)
,

(55c)

q + ε = − 2

AB

(
− Ẏ ′

Y
+ ḂY ′

BY
+ A′Ẏ

AY

)
, (55d)

for the general spherically symmetric metric (49).
The exterior spacetime will again be the generalised

Vaidya radiating metric

ds2+ = −
(

1 − 2m(v, r)
r

)
dv2

−2dvdr + r2(dθ2 + sin2 θdφ2). (56)

Utilising the same approach as that given in Sect. 4 the nec-
essary and sufficient conditions for the validity of the first
junction condition (A.4) on the two spacetimes is

(Adt)	 =
(

1 − 2m

r
+ 2

dr
dv

) 1
2

	

dv, (57a)

Y	 = r	, (57b)

The second junction condition (A.5) gives the following nec-
essary and sufficient conditions on the two spacetime mani-
folds(

− 1

B

A′

A

)
	

=
( `̀v

v̀
− v̀

m

r2
+ v̀

mr

r

)
	

, (58a)

(
YY ′

B

)
	

=
(

v̀

(
1 − 2m

r

)
− rr̀

)
	

. (58b)

The gravitational mass function of the radiating star m(v, r)
can be obtained by eliminating v, v̀ and r̀ from Eq. (58b)
above. It is given by

m(v, r) =
[
Y

2

(
1 + Ẏ 2

A2 − Y ′2

B2

)]
	

, (59)

and is expressed only in terms of the metric potentials A, B
and Y . Following the modus operandi of the previous sec-
tions, we finally arrive at the following condition at the stellar
surface
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2Ẏ ′

ABY
− 2

ḂY ′

AB2Y
− 2

A′Ẏ
A2BY

= 2
mr

r2

+ 1

A2

(
−2

Ÿ

Y
− Ẏ 2

Y 2 +2
ȦẎ

AY

)
+ 1

B2

(
Y ′2

Y 2 +2
A′Y ′

AY

)
− 1

Y 2 .

(60)

Observe that the result (60) is a shearing generalisation of the
shear-free equation (31) to which it reduces to when σ = 0.
On simplifying (60), we arrive at
(
p + ε − μ + 2

3
Δ

)
	

=
(
q + ε − 2

mr

r2

)
	

,

where we have utilised the field equations (55b) and (55d).
The above then reduces to

p
∣∣
	

=
(
q + μ − μ̄ − 2

3
Δ

)
	

. (61)

Here we note the presence of the anisotropy term Δ = p|| −
p⊥. The isotropic pressure is balanced by the interior heat
flux q, and null string energy density μ, the exterior null
string density μ̄ and the anisotropy Δ. The Eqs. (57), (59)
and (61) are the most general conditions for matching the
interior M− to the exterior M+ across a comoving surface
	.

We can state our result as follows:

Theorem Consider two four-dimensional spacetime mani-
folds M± connected by the hypersurface 	. The interior
spacetimeM− is described by the general spherically sym-
metric metric with a matter field containing a combination of
a barotropic fluid, null dust and a null string fluid. The exte-
rior spacetime M+ is described by the generalised Vaidya
metric containing null dust and a null string fluid. The bound-
ary condition at the stellar surface 	 is then

p
∣∣
	

=
(
q + μ − μ̄ − 2

3
Δ

)
	

,

relating the isotropic pressure p to the heat flux q, the
anisotropyΔ, the internal null string densityμ and the exter-
nal null string density μ̄.

It is important to emphasise that this theorem holds in
the presence of both shear and anisotropy for a generalised
composite matter distribution.

Analogous to the points presented in Sect. 4, several pre-
vious results are contained in the boundary condition (61).
When Δ = 0, and the spacetime is shear-free, Eq. (61)
reduces to the expression for (32) given by

(p)	 = (q + μ − μ̄)	 .

Other possible combinations of the matter variables q, μ, μ̄

and Δ, are presented in Table 1.

7 Discussion

In this paper we derived the junction conditions for a radi-
ating star with a composite matter distribution. We made
the requirement that the interior and exterior fluid distri-
butions be physically tractable and that the matching takes
place across a comoving hypersurface. A shear-free interior
spacetime with a composite matter distribution was matched
smoothly to an exterior radiating geometry which is the gen-
eralised Vaidya atmosphere. It was found that our approach
leads to the result

p	 = (q + μ − μ̄)	, (62)

which is a generalisation of the Santos [1] boundary condi-
tion, as well as the condition derived by Maharaj et al. [32],
with a clear physical interpretation. The pressure at the sur-
face of the radiating star depends on the magnitude of the heat
flux q as well as the difference μ− μ̄ of the null string densi-
ties from the two manifolds M− and M+, respectively. The
junction condition (62) above is, as far as we aware, a new
result and may become applicable to physically important
astrophysical scenarios as the effects of the two null string
energy densities μ and μ̄ are now included in the dynamics.
These results were extended to arbitrary dimensions in the
absence of shear, and boundary condition (62) holds for all
dimensions greater than four. Finally, the general junction
condition on the surface of a relativistic radiating star having
an interior stellar fluid with nonzero shear and anisotropic
stresses was presented. It was shown that the matching of the
interior spacetime geometry to that of the generalised Vaidya
exterior on the stellar boundary yielded

p
∣∣
	

=
(
q + μ − μ̄ − 2

3
Δ

)
	

. (63)

This is an important result which highlights the effects of the
heat flux q, the two null string density components μ and μ̄

(pertaining to the internal matter of the star and the external
atmosphere, respectively), as well as the degree of anisotropy
Δ, on the internal dynamics. The boundary condition (63)
holds for a general spherical spacetime in general relativity.

In order to gauge and study the dynamical evolution of
a relativistic radiating star with a composite matter distribu-
tion, the boundary condition needs to be solved for the mat-
ter variables. Both conditions (62) and (63) constitute new
differential equations which are consistency equations, and
need to be solved on the surface 	 in order to yield radiat-
ing models. Particular solutions have been found in the past
for barotropic matter distributions, see e.g. the model of de
Oliveira and Santos [2]. We now have to include the gen-
eralised matter distribution (51) to generate a solution. This
will be the basis for future work.
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Table 1 Isotropic pressure values on the surface 	

Heat flux Internal null string density External null string density Degree of anisotropy Isotropic pressure
q μ μ̄ Δ p

∣∣
	

Nonzero Nonzero Nonzero 0 q + μ − μ̄

0 0 0 Nonzero − 2
3 Δ

Nonzero 0 0 Nonzero q − 2
3 Δ

0 Nonzero 0 Nonzero μ − 2
3 Δ

0 0 Nonzero Nonzero −μ̄ − 2
3 Δ

Nonzero 0 Nonzero Nonzero q − μ̄ − 2
3 Δ

Nonzero Nonzero 0 Nonzero q + μ − 2
3 Δ

0 Nonzero Nonzero Nonzero μ − μ̄ − 2
3 Δ

Appendix A: Junction conditions

Junction conditions have been extensively analysed to study
astrophysical objects in general relativity. Consider two four-
dimensional (bulk) spacetime manifolds M± with oriented
boundaries 	± such that there exists a diffeomorphism
between 	− and 	+. Each is endowed with symmetric, non-
degenerate, smooth metric tensor fields g±. Upon success-
ful matching, the resulting spacetime (M , g) is the disjoint
union of the spacetimes M± with points on their oriented
boundaries 	± such that the junction conditions are satisfied
[51]. Individual points on M± are labelled by {xa±} where
a ∈ {0, . . . , 3}. Let gi j be the intrinsic metric to 	± so that

ds2
	± = gi j dξ i dξ j . (A.1)

The intrinsic coordinates to 	± are given by {ξ i±} where
i ∈ {1, . . . , 3}. The two embeddings are given by the maps

Ψ ± : 	 −→ M±, (A.2a)

ξ i �→ xa± = Ψ i±(ξ i ), (A.2b)

such that 	± ≡ Ψ ±(	) ⊂ M±. The diffeomorphism from
	+ to 	− is Ψ − ◦ Ψ +−1. The metrics in the regions M±
are of the form

ds2± = gabdχa±dχb±, (A.3)

where χa± are the coordinates in M± with a ∈ {0, . . . , 3}.
The requirement here is that the metrics (A.1) and (A.3)
match smoothly across 	±. This generates the first junction
condition

(ds2−)	− = (ds2+)	+ = ds2
	, (A.4)

which implies that 	− ≡ 	+, hence from here on both
boundaries 	± can be represented by 	 which is embedded
in a bulk spacetime. The above condition (A.4) is also referred
to as the first fundamental form. The coordinates of 	 on the
spacetimes M± are consequently given by χa± = χa±(ξ i±).
The second junction condition is acquired by requiring the

continuity of the extrinsic curvature ofM± across the bound-
ary 	. This results in

K−
i j = K+

i j , (A.5)

where

K±
i j ≡ −n±

a
∂2χa±

∂ξ i±∂ξ
j
±

− n±
a Γ a

bc
∂χb±
∂ξ i±

∂χc±
∂ξ

j
±

. (A.6)

The above condition is called the second fundamental form
where n±

a (χb±) are components of the vector normal to 	.
The junction conditions (A.4) and (A.5) are homologous with
those generated by [52,53].
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