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Abstract A general analysis of possible violation of CP
in processes like T — Kmv, for unpolarized t is pre-
sented. In this paper, we derive the new contributions to
the effective Hamiltonian governs |AS| = 1 semileptonic
tau decays in the framework of two Higgs doublet model
with generic Yukawa structure and Leptoquarks models.
Within these models, we list all operators, in the effec-
tive Hamiltonian and provide analytical expression for their
corresponding Wilson coefficients. Moreover, we analyze
the role of the different contributions, originating from the
scalar, vecor and tensor hadronic currents, in generating
direct CP asymmetry in the decay rate of t~ — K~ 70v,.
We show that non vanishing direct CP asymmetry in the
decay rate of T~ — K 7% can be generated due to
the presence of both, the weak phase in the Wilson coef-
ficient corresponding to the tensor operator and the strong
phase difference resulting from the interference between
the form factors expressing the matrix elements of the vec-
tor and tensor hadronic currents. After taking into account
all relevant constraints, we find that the generated direct
CP asymmetry is of order 10~® which is several orders of
magnitude larger than the standard model prediction. We
show also that, in two Higgs doublet model with generic
Yukawa structure , direct local or non integrated CP vio-
lation can be as large as 0.3 % not far from experimen-
tal possibilities. This kind of asymmetry can be generated
due to the interference between vector and scalar contribu-
tions with different weak phases which is not the case in
the SM.
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1 Introduction

Probably the most evident fail of the Standard Model (SM) is
the absence of a mechanism to explain baryogenesis, even if
all CP violation (CPV) processes measured by now are con-
sistent with SM predictions [1-10]. At the moment CPV has
been observed only in non leptonic decays of kaons, B and
By and recently in D [11]. In the leptonic sector, the quantum
mixing of neutrinos yields a source for generating a complex
phase [12,13]. This phase is necessary for having CPV that
can be measured in v, — v, and v, — v, oscillations which are
experimentally accessible with the Tokai-to-Kamioka (T2K)
experiment [14]. Recently, in Ref. [15], the T2K collabora-
tion has reported a measurement that shows an indication of
CPV in the neutrino sector at 3o confidence level. Particu-
larly, at this confidence level, the reported measurement are in
favor of large enhancement of the neutrino oscillation prob-
ability. The measurement also excludes values of a complex
phase that can lead to a large enhancement of the observed
anti-neutrino oscillation probability at 3o confidence level.
Decays involving leptons like K¢ — 71"y, nta~ete™,
where CPV has been measured can be understood as CPV
in the meson sector. SM predictions for direct CPV in the
leptonic sector tell us that it should be very small so its obser-
vation would be a clear signal of new physics.

Decays like T — Kmv involve at least two kinds of
CPV contributions: direct CPV and the ‘known’ CPV if
neutral kaons are involved. Direct CPV is the same for
TT — Izon’v,, T7 — K’yrovr and so on, because the
transition T — suv; is the same. Notice that if additional
neutral pions are present the conclusions are identical.

Earlier searches by CLEO [16] and Belle Collaborations
[17] for local or nonintegrated CPV in the decay t~ —
Kgm~ v, didn’t find any CPV signal (see the corresponding
section in this article). The integrated CPV has been searched
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by the BaBar collaboration with the result

Mttt — Kgntiv,) =Tt~ = Kgm ;)
Mt — Ksnti) + Tz~ — Kgn~vr)
= —(0.36+0.23+0.11)% €))

exp. __
ACP -

According to the Standard Model (SM) this process occurs
via the T~ — suv; transition and no direct CPV signal is
expected. However due to the CPV in mixing in K¢ — K°
the total signal should be [18-20]

Ao ~ JRe ex =2 (0.166(2))% = 0.332(2)% )

There is a 2.8 sigma discrepancy that may indicate the
presence of direct CPV, absent in the SM. However experi-
mental details as the efficiency in the Kg detection has to be
taken into account properly as was pointed out by Grossman
and Nirin [18]. Any real discrepancy is direct CPV and there-
fore is new physics (NP) and it should be present in related
channels like 7= — K~ 7% and so on. Possible direct
angular integrated CP violation in the modes 1~ — Kgm " v,
and7~ — K~ 7%, hasbeen studied in the literature in Refs.
[19-31] respectively.

In Ref. [21], it was shown that angular integrated direct
CPV asymmetry can not be produced by a simple new scalar
interactions, even if they provide new weak phases. As it is
well known, to have direct CPV one needs two interfering
contributions with different weak and strong phases. In these
decays once the angular integral is done the interfering sig-
nal vanish. However a direct CPV signal may remain if the
angular integration is partial or no integration is done (local
CPV) at all.

Moreover, as shown in Ref. [21], another possibility is
to have nonstandard tensor interactions with non vanishing
weak phases. In this case the interfering vector and tensor
interactions remain after the full angular integration and a
CPV signal is obtained. However in a recent study, it was
shown that this interference is severely suppressed due to the
bounds from the neutron electric dipole moment and D — D
mixing constrains [22].

An estimation of the direct CPV in = — K _novr,
within SM framework showed that the calculated asymmetry
is negligibly small of order 10~'% [27]. This result motivated
further studies of CP violation in this decay mode within the
framework of supersymmetric extension of the SM [29,30].
In minimal supersymmetric extension of the SM with R par-
ity conservation, direct CP asymmetry of order 0(1077) can
be generated through the interference between the vector and
tensor interactions [29]. On the other hand, within super-
symmetric extensions of SM with allowed R parity violating
terms, no direct CP asymmetry in the decay rate can be gen-
erated at tree-level due to the absence of tensor interactions
[30]. In Refs. [26,28,31], it was pointed out that CP viola-
tionin t~ — K ~7%v, can arise in multi Higgs models with
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complex couplings in the quark sector due to the interference
of the vector and scalar quark currents.

The aim of this paper is to analyze how to generate a
C P violation in the semileptonic |[AS| = 1 tau decays in
the integrated and nonintegrated C P asymmetries. We shall
apply these considerations to specific models of New Physics
(NP) such as 2HDM III and in the SM extensions with scalar
leptoquarks. With the presence of new weak phases and new
tensor operator, we analyze the direct CP violating effects in
the decay rate of 7~ — K ~70;,.

This paper is organized as follows. In Sect. 2, we present
the effective Hamiltonian describing semileptonic [AS| =1
tau decays, T~ — suv; transition, in the presence of NP
beyond SM. Based on this Hamiltonian, we derive the gen-
eral expression of the differential decay width of the decay
process T~ — K~ m%v,. Switching off NP contributions to
the differential decay width, we show in Sects. 3 and 4 that
no direct CP asymmetry in the decay rate of = — K~ 7%,
can be generated in the SM at tree-level.

In Sect. 3.1, we derive the analytic expressions of the Wil-
son coefficients up to one loop level originating from the
charged Higgs mediation in 2HDM III. Leptoquarks con-
tributions to these processes are presented in Sect. 3.2. In
Sect. 3.1 also, we give our estimation of the direct CP asym-
metry in the decay rate of t~ — K~ 7%v,. In Sect. 4 we give
our prediction for the local CP violation in the same decay
mode. Finally, in Sect. 5, we give our conclusion.

2 Effective Hamiltonian and the differential decay
width of [AS| = 1 7 decays

In the presence of NP beyond SM, the effective Hamiltonian
governs |AS| = 1 7 decays transition, taking into consider-
ation the parity conservation in the k — 7 matrix elements,
can be expressed as

Gr
_ 2y 2
V2 usz v,

AS,P.T

Hepr = Ci(n) Qi (1), 3)

where V,; is the us Cabibbo—Kobayashi—-Maskawa (CKM)
matrix element and Q; represent the four-fermion local oper-
ators at low energy scale yu >~ m, where

Qv = (Veyut)(5y"u),

0a = (Vryuyst)(Sy*u),

Qs = (vr7)(Su),

Op = (Vryst)(5u),

07 = (vrou (1 + y5)7) (50" u), 4)

with 0, = li[)’;u wv]. The Wilson coefficients, C;, corre-
sponding to the operators Q; can be expressed as

Ci=CcM+c)’, (5)
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where CiS M and CiN P represent SM and NP contributions to
the Wilson coefficients respectively. In order to proceed to
write the amplitude we need to calculate the matrix elements
of the operators in the effective Hamiltonian. For this, we
need to assign the momenta of the particles involved in the
decay process. We express the momenta as

T (pe) = K~ (pi) + 7%(pr) + ve(po). (©6)

The matrix elements of the hadronic currents in the Q; oper-
ators, in Eq. (4), are usually parameterized in terms of par-
ticles momenta and form factors. Due to parity conservation
inthe K — 7 matrix elements we need only to calculate the
matrix element of the vector, scalar and tensor quarks cur-
rents only. The matrix element of the vector quark current
can be expressed as

(K~ 7°15y"ul0) = % ((PK — P f4(8) + (pk + p)" - (s)),
(7)
and
AZ
fo(s) = f” (fo(s) = f1 (), (8)

here s is the invariant mass defined as s = (px + px)? of
the 7 K system and we have defined A% = M% — M2.The
matrix element of the scalar quark current can be obtained
from Eq. (7) by taking the divergence in the usual form and
hence we get

o (M%2 — M?)
K 705ul0) = —K 777
(K lsul0) V2(ms —my)’

2

S < SN )
B \/z(mv - mu) 0 ’

fo(s)

mg, , denote s, u current quark masses. Finally, the matrix
element of the tensor quarks current, (K ~7°|56/"1|0), can
be expressed as [22]

i(pl Py — Py Px)

V2My

(K~ 70500 u|0) = Br(s). (10)

For specific models, like the ones under investigation in this
study, the Wilson coefficients C; can be expressed in terms
of only three independent coefficients. Particularly, in these
models, wehave C4 = —Cy and Cp = Cyg and hence we are
left with only three independent Wilson coefficients, namely
Cy, Cs and Cr. This indicates that, the set of the operators
in Eq. (4), within these models, can be rewritten in terms
of just three independent operators as (vry, LT)(5y"u),
(Ve R7)(5u) and (V0 RT) (50 u) where L, R = 1 F ys.

The total amplitude, A, of 1= — K _novr decay can be
expressed as

GV, C
A= —%{((m — P [ () + (px + pn)"f_m)
X(ﬁ(pu)mLu(pf))
Cs Ak -
+mf0(s)(u(Pu)RM(Pr))

l.(p%p,”, — pypa) Cr

+ MgCy

Bﬂs)(ﬁ(pu)%Ru(pf))} :

The differential decay width is given as

A2 (s, M2, M) (m? — 5)2 A%

dar
— = GE|Vus*ICv * Sew

ds 102473m,s3
(m? + 25)A(s, M2, M%)
x[ : K (|f+(s)—T(s)|2
3mzAY
2(m? —5)° 2 2
+ o TP ) +1SGP |, (11)
smz

where A(x, y, z) is given by A(x, y,z) = x> + y> + 7% —
2xy — 2xz — 2yz, Spw = 1.0194 [32-34] accounts for the
electroweak running down to m, and

. sCs
S(s) = fo(S)<1 + e —mCy Cv)’

3 miCropo (12)

T()=——
() m%+2s MgCy

It should be noted that Eq. (11) above and Eq. (12) of Ref.
[22] are inconsistent only by a factor 1/2 due to the presence
of extra factor 1/ +/2 in the hadronic matrix elements, Eqs.
(7, 9, 10), compared to their corresponding ones listed in
Eq. (10) in Ref. [22]. This is due to the difference of the
final states K~ 7% and K7~ in our work and in Ref. [11]
respectively. In the isospin symmetry limit, the form factors
of 7~ — K~ 7%, are not equal to their corresponding ones
in the decay mode 7= — K%7~v, [35]. Rather, they are
related by a simple Clebsch-Gordan factor 1/+/2 as given
in Egs. (4, 8) in Ref. [35]. These parameterizations had been
adopted in our previous studies in Refs. [29,36].

Non vanishing direct CP asymmetry in the decay rate
requires the presence of two types of phases, the weak CP
violating phases and the strong CP conserving phases. The
weak CP violating phases can be generated in the Wilson
coefficients upon existence of complex couplings. On the
other hand, the strong CP conserving phases originate from
the phases in the form factors expressing the matrix elements
of the hadronic currents.

Breit—-Wigner forms are used to parameterize the con-
tributions of the different resonances dominating the scalar
and vector hadronic currents. As a consequence, form fac-
tors originating from these currents can be expressed as a

@ Springer
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summation of Breit—-Wigner forms. Previous studies of CP
asymmetries in T — Kmv; decays, for instances Refs.
[21,29], adopted the assumption that the form factor Br (s)
has no strong phases. However, this assumption is incorrect
as argued in Ref. [22]. As shown in Refs. [37,38], spin-1 res-
onances can be described equivalently by vector or antisym-
metric tensor fields . Hence the same resonances K *(892)
and the K*(1410) that dominate the Breit-Wigner forms in
S+ (s) will appear in Br(s) as well [22]. It should be noted
that, this conclusion can be derived by analyzing the unitar-
ity relation for the form factors as shown in details in Ref.
[22]. Thus, we conclude that By (s) has a strong phase that
should be taken into account in the calculations of the CP
asymmetry.

In the SM, at tree-level, the Wilson coefficients C; reduces
to

SM _
CS,P,T =0,

M = —c$M =1, (13)
This accounts for the fact that 7= — K _nov,, at tree-level,
can be generated as a result of exchanging single W™ boson
which contributes only to Qy operator. Consequently, the
quantities S(s) and 7' (s) in Eq. (12) reduce to

S(s) = fo(s),

T(s) — 0, (14)

and upon substation in Eq. (11) we get

a _ey, |ZSEWA1/2(S’ Mz Mig) o = o) Nier
ds |gm Froe 102473 mys3
(m2 4+ 25)A(s, M2, M%)
X[ ) @+ fo) P |
3mTAKﬂ

(15)

The decay rate of the process 7 — K‘novt inthe SM, I"'gyy,
can be then obtained upon integrating the previous equation
with respect to the kinematic variable s. Thus we get

_ GElVis*SewA%

Toy =
M 102473m,
xfm% ds(kl/z(s’ Mz, M) (m3 — 5)°
(Mg +My)? s3
(m2 + 25)A(s, M2, M2)
x[ . P+ o] ),
3mrAKn

(16)

The CP asymmetry in total decay rate of = — K 7%, is
given by:

@ Springer

e — K 7%;) =Tt - Kt=z%;)
T I'(t— = K~ 7%,) + T (t+ - K+n%,)

Acp 7)

Clearly, from the expression of I'gys, direct CP asymme-
try in the decay rate will vanish due to the absence of
the weak phase, C‘S,M is real, and also due to the remark
that the form factors f, (s) and fo(s) do not interfere and
hence the relative strong phase essential for CP asymme-
try vanishes. Thus, to generate no vanishing CP asymme-
try in the decay rate within SM, it is essential to consider
higher order terms contributing to the amplitude as done
in Ref. [27]. These terms can be generated from diagrams
with exchanging two W bosons. Thus, the generated asym-
metry is expected to be very small. As shown in Ref. [27],
the resulting CP asymmetry is suppressed by the CKM fac-
tor V;y =~ 1073 and also by a higher order suppression
factor g%/4w My, ~ 1078. As a consequence, the result-
ing CP rate asymmetry is expected to be negligible. In
fact the asymmetry is of order 107!2 as estimated in Ref.
[27].

Integrated direct or local CP violation has been dis-
cussed above. However having somehow the ability to
measure angular distribution one can extract the local
CPV signal [31] and | fy]. The CPV signal is produced
due to the interference between the vector and the scalar
contributions, as long as they contribute with different
weak phases. Additional CPV observables are provided
by triple products, but in that case polarized taus are
needed [25,26,28]. Without considering the exotic tensor
interactions, one finds that the local distribution is given
as

&’r-  GLV2ime ST s s
= - 1— — )2
dsdx  647353/2 IPcllal {|:m% + ( m%)x ]

A4
X [pxCy f1l* + 4’;” ICs fol?

2

A
K
+ \/§7T|PK|Re [CVC§f+fo*]x},

(18)

where the negative sign in ' corresponds to the QED
charge of 7~ lepton, x = cosf and |q] = m (1 —
s/ m%) /2 is the momentum of the K — m system (and of
the neutrino) in the t center of mass. Similarly |px| =
A2(s, m%, m2)/2/s is the kaon (and of the pion)
momentum in the K — w center of mass. The angle 6 is
the scattering angle of kaon with respect to the incom-
. . — —
ing 7, or equivalently the angle between p, and p,,
in the hadronic rest frame. The Local CPV is defined
as
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d’I'* /dsdx — d?I'~ /dsdx
d2r'+/dsdx + d?I'~ /dsdx

Acp(s, x) =

4m2 A% /s [pk |x Im[Cy CE1 Im(f4(5) f5(s))

45 (s +2me|qIx2) [px Cy f4()* + m2 A% |Cs fo()* +4m2 A% /s |pk|x Re(Cy CE) Re(f1(s) fE(s)

Similarly to the sign convention in I' ~, the positive sign in
I'* corresponds to the QED charge of 7. Finally, it should
be remarked that the local CPV, defined in Eq. (19), is dif-
ferent than the forward—backward asymmetry, AFrp(s), that
can be obtained upon integrating d dx over x. Explicitly, it
is defined as [39]

d2r d’r-
f X Tdx _f dx dsdx

d’r- d’r-
fO dx dsdx f—l dx dsdx

Arp(s) = (20)

It is clear that within SM at tree-level, from Eq. (19), the
local CPV is vanishing due to the remark that C § M — 0. This
is not the case of the forward—backward asymmetry Agp (s)
that has non-vanishing term independent of C g M and C %M
[39]. Thus, non-vanishing values of the local CPV can be
used as a probe of physics beyond the SM as we will discuss
in Sect. 4.

3 Integrated CP violation asymmetries

We investigate now the direct CP asymmetry for a gen-
eral new physics model that can contribute to the effec-
tive Hamiltonian in Eq. (3) with Wilson coefficients denoted
by CiN P As can be seen from Egs. (11, 12), the hadronic
form factor fy(s), in S(s), does not interfere with the form
factor f(s). The absence of this interference leads to the
absence of the strong phase difference between their con-
tributions to the decay rate. This phase difference is essen-
tial for generating non vanishing direct CP asymmetry. As a
consequence, and for having non-vanishing direct CP asym-
metry in the decay rate, we are left only with the inter-
ference between Br(s), in T(s), and fo(s) as a possi-
ble source for the required strong phase difference. How-
ever, this interference was estimated to be small due to
Watson’s final-state-interaction theorem [22,40]. Assum-
ing that N P contributions are obtained via integrating out
heavy particles, above the electroweak breaking scale, we
can set Cy P — 0. In this case, the direct CP asym-
metry in total decay rate of T~ — K~ 7%, is given
by:

(19)
ANP G| Vs |*Sew Im CN'P
P 51273m2 Mg T BR(t — Kmvy)
[m3 W32 (s, M2, M%) (m? — 5)
X ds 7
(Mz+Mg)? s
X| f4($)|[Br(s)] sin (84(s) — 87(s)), (21)

where 64 (s), d7(s) are the phases of fi(s) and Br(s).
Estimation of the C P asymmetry in the previous equation
requires information on the form factor f(s) and Br(s).
Empirically, T — mKgv; spectrum can give information
on the form factor f, (s) which is mainly dominated by the
K*(892) resonance [41]. As discussed in Refs. [22,37,38],
spin-1 resonances can be described equivalently by vector or
antisymmetric tensor fields. Thus, both of f5 (s) and Br (s)
can receive contributions from the same resonances, mainly
K*(892) resonance. Considering the moduli of the form fac-
tors f4+(s) and Br(s), inelastic corrections turns to be negli-
gible and the elastic solution of the unitarity relation for the
form factors can be used [22]

f+(s) = f+(0)Q(s),  Br(s) = Br(0)Q2(s), (22)
in terms of the Omnes factor [42]
{ s [ S(S')
Q(s) =exp / } (23)
b4 s'(s" —s)

In the previous equation, the phase shift 4 (s) can be approxi-
mated by a BW phase [22] with parameters as determined in
[41]. As shown in Ref. [22], the modulus of f4 (s), given in
Eq. (45), can reproduce well the experimental fit below the
K*(1410) resonance done in Ref. [41].

We turn now to the phase of the form factor f (s), namely
84 (s). Experiments are only sensitive to the modulus of the
form factor. Thus 64 (s) cannot be directly estimated from
experiments. Rather, its extraction can be done with the help
of a fit function that preserves the analytic structure of the
form factor [22]. As a consequence, the fit function used
in [41] cannot be helpful for extracting 5 (s). However, as
argued in Ref. [22], still this fit can be useful in extracting
84 (s). This can be achieved through comparing the phase
from the experimental fit [41] with §4(s) computed using
a BW approximation for the K*(892). To account for the
inelastic contribution 83‘:6] (s) to 64+(s), the authors of Ref.
[22] have added the BW phase for K*(1410) — K*(892)x

@ Springer
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with a coefficient that allows for a similar phase motion in
the vicinity of the K*(1410). This leads to the band shown
in Fig. 2, in Ref. [22], which represents a simple estimation
of inelastic effects. The result is consistent with more refined
estimates along the lines of [43—47]. Up on the assumption
that the inelastic contributions in &7 (s) are of similar size
with an opposite sign, one can take 64 (s) — 87 (s) ~ 283‘:61 (s)
[22].

With the estimation of the form factors following the dis-
cussion above and using BR(tr — K 7’v;) = (433 £
0.15) x 1073 [48], f1(0)|V,s| = 0.2165(4) [48], Br(0)/
f4+(0) = 0.676(27) from lattice QCD [49], particle masses
and couplings from [48], we find that the C P asymmetry can
be estimated as

|ANE| S 14x 1072 Im CP, 24)

An investigation of the limits on Im C7 for general NP
models follow from electric dipole moment (EDM) of the
neutron and D—D mixing was carried in Ref. [22]. In the fol-
lowing we present the derivation of such limits as carried out
in Ref. [22]. At an energy scale A > v, the decay processes
1~ — K~ 7%, receive contribution from a tensor operator.
The operator is originating from the SU (3) x SU (2) x U(1)
gauge-invariant Lagrangian that can be expressed as [22]

L1 = Capea LY j0very €7 G 0" uga + hec., (25)

here a, b, ¢, d are generation indices and i, j are SU(2),
indices. In the preceding equation g7, and Lj, stand for the
quark and lepton SU(2); doublets while ug and eg repre-
sent the charged up-quark and lepton SU (2) 1, singlets respec-
tively. The tensor operator Q1 listed in Eq. (4) is generated
from [22]

Lr = Cym [(GTUWRT)(EU’”RM)
— Vis (G0 RO @0 Ri) | + he., (26)
where R = (1 + ys)/2 and other terms that involve the

charm and top quark have been omitted. Comparing Eq. (4)
and Eq. (26) one finds that

C3321 = —vV2G pVysCr. 27

The renormalization group evolution [50] of the operator
(Touw RT) (o™ Ru), second term in the square bracket in
Eq. (26), can produce via insertion an up-quark EDM d,, (11)
[22]

i _
Lp = _Edu (wyuc™’ysuFy,, (28)
Upon solving the RG following [51-53] one obtains [22]

em; V2 A
du(p) = —5-—5 ImCr(u) log —. (29)
V- "

@ Springer

The last equation above together with the 90% C.L. bound
dy = g4 (Wdy () < 2.9 x 10720 ¢ cm [54,55] can be used
to obtain a strong bound on Im Cr. Thus, for a value A 2,
100 GeV and using and the recent lattice result [56] g% (u =
ur = 2GeV) = —0.233(28) one finds the constraint [22]

IIm C7 (17)| S 1077, (30)

It should be noted that, the above constraint is based on the
assumption that there are no other contributions to d,, that
can cancel the effect of Cr.

Applying the derived constraint on Im Cr (), we get a
model independent prediction of the direct C P asymmetry
as

|AYF] S 0107). 31

Clearly, from the above discussion, NP contributions to the
phases of Cév P are needed to have non-vanishing direct C P
asymmetry. These contributions will be evaluated below for
several NP models.

3.1 CPasymmetry of 7~ — K~ 7%, in 2HDM III.

Two Higgs doublet models(2HDM) are simple extensions
of the SM in which the scalar sector of the SM is enlarged
to contain new scalars [57-62]. Based on the couplings of
the new scalars to quarks and leptons we can classify these
models to several types such as type I, II or III [63]. In the
two Higgs doublet model with generic Yukawa structure or
simply type III (2HDM III), the couplings of the new scalars
to quarks and leptons can be complex [64—66]. As a conse-
quence, these couplings can serve as the source of the weak
CP violating phases essential for generating non vanishing
CP asymmetries. The effect of these new weak phases on
the CP asymmetry in D meson sector have been investigated
in Refs. [67-69]. The resultant direct CP asymmetry in this
model can be enhanced several orders of magnitudes larger
than SM predictions. For instances, a large direct CP asym-
metry of order 1073 can be achieved in the decay mode
DY — Kz~ after taking into account all constraints on
the parameter space of the model [69]. This value is 6 orders
of magnitude larger than the standard model prediction. The
2HDM III is also motivated by its ability to explain some
anomalies in B decays. As shown in Ref. [66], a 2HDM
of type II (like the MSSM at tree-level) cannot explain the
deviations from the SM in tauonic B decays, while 2HDM
III can account for B — Dtv and B — D*tv simultane-
ously [65,70].

The scalar sector of the 2HDM III consists of two Higgs
doublets. The mass eigenstates constructed from these dou-
blets are Hp (heavy CP-even Higgs), ho (light CP-even
Higgs) and Ao (CP-odd Higgs) and H*. In 2HDM III,
the charged Higgs couplings to quarks and leptons can be
expressed as[64,65]
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Fig. 1 Diagrams contributing to the effective Hamiltonian, H.sr, in
Eq. (3) up to one loop-level due to charged Higgs mediation. In the
figures, V can be Z boson or photon or both of them depending on the
fermions A and B. In the case that A and B are t and v,, the other

- + - +
£ = arITERe pys 4 ar L RECT py
mq tan -
r—ﬂ(vTPRT) + h.c.,
(32)
where
+ m d
H* LReff _ - $ e
Fus - SIH'B VIZE B Z Vl]ejz tanﬁ ’
j=1
+ m 2
THERLE _ oo g v_“V12 _ Z VipeiTtanp |, (33)
u -
j=1

Here v, and vy stand for the vacuum expectations values of
the neutral component of the Higgs doublets, tan 8 = v, /vy
and finally V is the CKM matrix. Using the Feynman-rules
given in Eq. (32), we can proceed to derive the relevant Wil-
son coefficients to our investigation. Working in the unitary
gauge and after integrating out the charged Higgs in the dia-

Z

external lines, in the figures, to be understood as representing up and
strange quarks. On the other hand when A and B are up and strange
quarks, the other external lines in the figures are simply representing t
and v,

grams in Fig. 1, we find that the relevant Wilson coefficients
at u = mpy scale can be expressed as

m%‘,msm% tan B sin B

+
cf =-
v 2,4 2
2rEmy v Vi ey

1 2 1 12
((=5+s)(—5+3% 8 (x5, Xr,x7)

4’ ramycl
3 2 k(xua -xT)
miy,m
whts

mg V> 3
S us * _dx
X| —— — Vi€ tanﬂ)
1 2
( V4 121 i

8m2, mgm? sin B> 1
- W3vsvf o (( -5 +S§;> 8(xs, Xr, x7)
us -w

2 2
4v o mycy, K
2 3 Xus Xt)
my,mssg,

my V> 3

WV

><< us _ E V;ze;l tanﬂ),
j=1

Uy
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cl* = Lf snp (16712 + 222 F (s, x0)

412m

u s

2mW 52
+3 2 2 f(xusxz)-l_if(xﬁx‘r)

L )
2 3S -xs‘v-x‘[axz

3

<muV* Z * u tanﬂ)

t:
+vmrsmﬁ anﬂ(mﬂ2

*
4” mHVuv

_2mws

v2 2

o
+ —— f(ous xo)

m%v 1 2 4r
B (,_,s)fumxn+~——fum&>

v2e2\2 3
2miy s mg V) v dx
-3 Y%h(xs,xf,xz))(J——Zvu 72tanﬁ)
+AZ+A;/;
+ vmysin B [ 2m3,s2
CH — T ( w w Xyo X
T 47T2m%1V,ZY 31) w f( u Z)
m@(_%+%%)
- s f(xs»xZ)+ L fxxo)
vecy,
2miyy sy (1 1
s <—§+§s )h(xs,xr,xz)

8
+$f(xu, xt)> <M - Z Vi€l tan ﬂ)

_ 2
_UmTSIHIB tanﬂ( ny (1 — %S )f(xust)

472 mHV*S
m2 S2
+3 > 2f(xs,XZ)—ff(xs,xz)

2
3

( u S

8w
h(xsa X¢,Xz) — Tf(xua xr))

1*] el tanﬂ) (34)

where v denotes the Higgs vacuum expectation value which

isdefinedasv = ,/v2 + vd2 =,/ 2”;“’ >~ 174 GeV. The terms

Az and A, represent the contributions to cl S originating
from the exchange of V = Z, y boson between allowed two
lines, A and B, at each vertex of the tree-level diagram medi-
ated by H* exchange. Together, with the box contributions,
the gauge independence results is guaranteed at one loop-
level considered here. The explicit expressions of Az and
A, are listed in the Appendix. The integration loop func-

2

. . . ms
tions are given, in terms of x; = ~—5, a8

H

@ Springer

( ) xilogx;
Xj, Xi, Xp) =
S = =D — ) (i — )
n xjlogx;
(xj — Dxj —x)(xj — xx)
xilogxk
(Xk — Do — xi) (g — xj)
-1 1
k(xi, xj) = m(l - logx; — (x; < Xj)>7
1
f(xi,xj)=m< lngl (Xi<—>xj)>,
x2logx;
h(xi, xj, xg) = % O8%
(i — DG — xj)(x; — xp)
N sz.long
(xj — Dxj —x)(xj — x)
2
l
+ TiCOBk , (35)

(xx — D(xx — x;) (xx — x;)

It should be noted that an investigation of the dependency
of the matrix elements of H — yy through one W* loop
in SM on the choice of the gauge was done in Ref. [71].
The results showed that the calculated matrix elements using
R; gauge and the unitary gauge are explicitly verified to
be different. However, in a subsequent study, it was found
that the unitary gauge is consistent and equivalent to the R,
gauge at the level of S-functions [72]. At higher loops, their
is a possibility that the observed consistency between the two
gauges may breaks down. In this case, their is a demand of
a better understanding of the quantum internal structure of
spontaneously broken gauge theories [72]. In Ref. [73], the
mismatch which was pointed out by S. L. Wu and T. T. Wu
group is resolved by a dedicated calculation of the unitary
gauge. In a recent study in Ref. [74], it was shown that the
unitary gauge is the default gauge for massive gauge bosons.

In order to estimate the contributions of the charged Higgs
to the amplitude of the decay process under consideration
we need to discuss the constraints 1m£osed on the couplings

e appear in the expressions of C; ™ above. The couplings
eflz, and 632 are stringently constrained from flavor changing
neutral current processes, in the down quark sector, due to the
tree-level neutral Higgs exchange [65,66]. On the other hand,
the coupling egz can be strongly constrained upon applying

the naturalness criterion of ’t Hooft to the quark masses that
reads [60]

d . .
|Uu(d)6l.j(u)| < )VUC-KM‘ max [mg; o) ma;wy|  fori < J,

fori>j,
(36)

d
|Uu(d)€ij(u)| < max [mg; ;> Md; ;)]

Clearly, from this bound, egz is severely constrained by
the smallness of the s quark mass. As a result, we can safely
. . . + +

neglect the contributions of the couplings e;i/. to ClH , Cf .
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Other terms, in these Wilson coefficients are real and thus
are not relevant for generating C P asymmetries. Thus to a
good approximation we can write

H*
Cy =~

2 2 2 p2
8my,mgmz sin” Bs; ((
2
3v Vi ¢y cos B
4o my

2

Cw £ U * _u
5 2 k(xuaxr)>(vcs €t Vts 631),
miy,mgsy

1 2
- 5 + 55, ) (x5, X¢, X7)

4vmy sin® B

H* * U * U
CS - V* m2 (Vcs €1+ Vis 631)’
s My cos B
: 2 .2 2
CcH* ~ _ dvm, sin® B (2m3,m3;s;, fux2)
T 7 vam2cos g\ 3022 T z
us""H w

2m%vm12qsﬁ) r 1,
—W<— E + §Sw>h(x.§‘s Xe,X7)

8ma m%l dra
3 f(xlh-xf) +

2 2 1,12
meH(_§+§Sw>

2
3mH S (xg, x0)

f(xS7 XZ))
(Vi €51 + Visel)). (37)

It should be noted that, in the above expressions, we
neglected non relevant real terms. In addition we neglected
terms proportional to €}, which is severely constrained from
the bound in Eq. (36) due to the smallness of the up quark
mass.

Recently, alower bound m g+ = 600 GeV, independent of
tan 8, has been obtained in 2HDM II after taking into account
all relevant results from direct charged and neutral Higgs
boson searches at LEP and the LHC, as well as the most recent
constraints from flavour physics [57]. This bound should be
also respected in 2HDM 111 [65]. Thus, for m g+ = 600 GeV
and tan 8 = 50 we find that

CH ~ =523 x 1076(VE ey + Vi e)),
CH™ ~ —076(V2: ey + ViEed),
CH™ ~ 749 x 1073(VE el + Vi ely), (38)

Clearly, to a good approximation, we can neglect con-
tribution of C"}' “ to the amplitude as it is very small. The
previous equation shows that C §{ = is much larger than C f i.
However, as we discussed before, only C;’ * can generate
non vanishing direct CP asymmetry.

The ’t Hooft naturalness criterion leading to the bounds
in Eq. (36) implies different bounds for ef’j and e}fl. due to
the presence of the CKM element in the first line of Eq. (36)
corresponding to the case i < j. Thus one expects differ-
ent bounds for €}, and €}, as can be seen from Eq. (16)
in Ref. [66]. The authors of Ref. [66] set a bound on €,
after considering all constraints listed in their Tables VII
and VIII. This bound can be read from the first matrix in

Eq. (75) as | 651 |< 3.0 x 10~2. However, the strong bound
| el | <2 x 108 from considering D — D mixing [66]
implies that | €f, 5| |< V2 x 10~*. This can be understood
as in the absence of a symmetry that protect | €, | from
being much smaller than | €3, | and using the same merit of
the "t Hooft naturalness criterion it is unnatural to have | €, |
much suppressed than | €5, |. Thus we obtain

C?i ~ —0.76V/ €5,
CH" ~ 749 x 1073V €. (39)

Knowing that Re(V;s) ~ O(1072) and the bound 2.7 x
1073 <| €% |< 2.0 x 1072 from the process B — tv
[66], it is clearly trivial that the B — tv process sets more
severe bound on €3; compared to the model-independent
EDM bound. Consequently, one expects a strong bound
ImC ;{ * < 105 and after using CKM matrix elements from
Ref. [75], we obtain from Eq. (24)

|AH,] < 01079, (40)

Clearly, the charged Higgs contributions can enhance the
direct CP asymmetry several orders of magnitude larger than
the standard model prediction. However, the estimated CP
asymmetry is still so small to be detected by current or near
future experiments.

32 = — K~ 7%y in Leptoquarks models

Leptoquark particles are scalars or vectors bosons that have
both baryon and lepton number [76,77]. They appear for
instance in grand unified theories (GUTs) [78-80], tech-
nicolor models [81,82] and SUSY models with R-parity
violation. At low energy, Leptoquarks can be described as
an effective four fermion interaction induced by leptoquark
exchange. Several observables have been used to set bounds
on these effective couplings as is the case of D meson decays
[83—85] and K mesons.

Scalar leptoquarks S may couple to both left or right
handed quark chiralities. Let us consider the exchange of
the following scalar leptoquarks:

e S12 withcharge2/3 and SU(3)c xSU(2)L xU(1)y gauge
numbers given as (3, 2, 7/3); and

e the Sy with charge —1/3 and (3, 1, —2/3) gauge num-
bers.

Their Yukawa couplings with SM fermions are given by
Lsy, = URLL; — /5 Or,itaER;1S12 + hec.,
Lsy =5 0nivL], + &5 Uk Eg 150 + h.c., (41)
Here, t; (i = 1,2,3) are the Pauli matrices, QL,. =

(#;,d;), and Ly, = (v;, ;) and for a spinor field ¥, the

@ Springer



368 Page 10 of 15

Eur. Phys. J. C (2021) 81:368

charge conjugation ¥ is defined as Y ; = l')/o)/zl/_/g,L.
The coupling constants fcs’R and 55 R canbein general com-
plex numbers. The Yukawa couplings, in Eq. (41), lead to the
Lagrangians

ﬁl = [KlLiﬁRv,‘L + KQ@,ELTR:I 51/2 +h.c.,
= [—ggﬁmg + b5, + sfgﬁRr,g] So+he., (42)

which is relevant to T — K~ 7% decay with i = 1,2, 3.
These Lagrangians result in diagrams similar to the one
mediated by the charged Higgs in which the Higgs boson is
replaced with the scalar leptoquarks S/, and Sp. After inte-
grating out the leptoquarks, we can obtain the Wilson coef-
ficients C I.[’”, corresponding to the operators Q; in Eq. (4),
as

iR L
C‘I/ :0’ Cé — 23™1i ,
AW2GrVy M5, ,
1
ct=-ci,
LsL L&R
1 _ 5815 1 _ &by
U avaGrvaM T AV2GRVEM,
1
cf = el (43)

We now discuss the constraints imposed on the leptoquark
couplings. For model /1, the couplings |§§§1L3*|, appears in
C {,1 , can be severely constrained from the process K — mvv
[83]. From the results of the analysis carried in Ref. [83], the
bound reads [E5&5¢| < 2x 1075 x (Mg, /[100 GeV])?. Thus,
in model /1, we have Cy = C“iM +Cll ~ C‘§M.

Turning now to the couplings §2Li$1R3* and setting i = 3,
we find that possible constraints can be derived from the
observable t — Kv;. The expected bound on $2L3§‘1R3* =
SxILI £R* which corresponds to the Wilson coefficients of the
four fermion operator that contributes to both t — Kv;
and 1~ — K~ 7%, read Re(656R*) ~ [-0.07,0.04] and
[Im(ELERH| ~ [0.0,0.7] for Ms, = 1 TeV [86]. Thus,
fori = 3 in model 11, we have |Im(Cr)| = |[Im(CL))| ~
[0.0,0.01]. It should be noted that a strong constraint on
|1 m(C%’ )| can be obtained from the EDM of the neutron
noticing that the coupling 521‘351%* can be linked to C33; =
Cy,zsu, defined in Eq. (26), and using the bound given in
Eq. (30). As a consequence,

|Al| S 0107, (44)

similarly to the obtained value in the charged Higgs model.

Regarding model 7, we find that the predicted CP asymme-
try will be the same as in model 7 /. This can be explained as
similar constraints can be imposed on the couplings K%KIL;
from the observable T~ — K~ v; [86] and from the electric

dipole moment (EDM) of the neutron in Eq. (30).

@ Springer

In the scalar leptoquark models discussed above, the
amplitudes of the processes 7~ — K7y, and 7= —
K _novﬂ receive contributions from the couplings EiLl §1R3* =
S‘YLVE gfrandeLeRr = ESI;)M £ R* respectively. These couplings
can be also constrained using the observable T — Kv [87].
However, the obtained bounds turns to be one order of magni-
tude weaker than the bound on § 3£ % = £f; £R* Moreover,
the couplings &5, &5" = &, &% and £5,6 5" = £, &8 can-
not be linked to C3321 = Cy, r4u, defined in Eq. (26), and thus
evade the strong bound given in Eq. (30). Consequently, we
expect a somehow large branching ratios and CP asymme-
tries for the channels 7~ — K‘nove and 7 — K‘novﬂ
compared to their corresponding ones of 1~ — K ~70v,.
Since these couplings contribute to Cs 7 one expects that
the effect on the branching ratios is not much while a large
effect is expected to be seen in the CP asymmetries. With the
only constraints from r — Kv and in the absence of much
stronger constraints, the predicted direct CP asymmetry of
v~ — K 7%, and v~ — K~ 7, can be of order 1073.

Finally, we discuss the possibility of having constraint
on the Im Cr, in the leptoquark models discussed in this
work, from the process B — tv. Recall that, the process
B — tv can be generated through b — utv transition.
In model /1, the transition originates at tree-level from the
exchanging of the scalar leptoquark Sg. The relevant product
of the leptoquark couplings to the amplitude of B — tv
decay is $3Li* é{g. Consequently, the constraints from B —
Tv process are expected to be imposed on 531‘1.* §1R3 which is
irrelevantto r — K~ process that receives contributions
from sle.glR;‘ as we have shown above. Regarding model I,
firstline in Eq. (42), the b — utv transition can be generated
at tree-level from the exchanging of the scalar leptoquark
S1/2. In this case, the relevant leptoquark couplings to the
amplitude of B — tv decay are Kg*/c ﬁ Again, the expected
constraints from B — tv process on K3R3*K1Li are irrelevant

to t — K~ 7% process that receives contributions from

R, Lx
Ka3Kyi -

4 Nonintegrated CP violation asymmetries

Searches for local CPV signal have been done by Cleo [16]
and Belle [17] collaborations to obtain bounds on new generic
scalar mediators like the ones considered here. Belle collabo-
ration is one order of magnitude more precise. They parame-
terized new physics with ng >~ Cg by doing the replacement
Jfo = [1 — nss/(my(mg — my))] fo. No local CPV signal
was found and a bound of |Im (ng)| =~ [Im (Cs)| < 0.013
was obtained. Recall that within SM, at tree-level, C §M =0
which is not the case in some beyond SM physics that have
been investigated in the previous section. In the case of
2HDM 111, and using Eq. (39), this bound results in the con-
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straints |Im (e5;)| < 0.4. On the other hand and in the case of
scalar Leptoquark, the bound |Im (ng)| 2~ |Im (Cg)| < 0.013
will lead to a weaker bound on |Im (Cé’”)l compared to
that one obtained from the electric dipole moment (EDM)
of the neutron in Eq. (30) as, from Egs. (30, 43), we have
IIm (C§')) < 4% 1075,

We proceed now to calculate the local CPV given
in Eq. (19) within 2HDM III discussed above. Includ-
ing charged Higgs contributions to the Wilson coefficients
Cy and Cg in Eq. (19) can be done via the replacement
Cv — CM ~1,Cs — 14 CHs/(memy) ~ 1 —
0.76V,* €4 s/(mmy). For a value of Im(e}) <2 x 1072
that satisfies the strongest bound from B — tv process we
find that Im(Cs) < 3.6 x 1073 x s.

We turn now to the form factors f. (s) and fo(s) required
to the calculation of the local CPV. Recall that a discussion
about the form factor f4 (s) has been presented in the pre-
ceding section. So we are left here to discuss the scalar form
factor fj. While the phase of f was measured by the LASS
collaboration [88,89] its magnitude can be obtained by using
dispersion relations [43] but uncertainties in the input infor-
mation avoid a precise prediction. In fact decays as the one we
are interested in here should provide experimental informa-
tion about fy, once the angular distribution can be measured
[31]. For our purpose of an estimation of the local CPV the
form factor fy can be parameterized, in terms of a superpo-
sition of Breit—Wigner resonances following Refs. [23,41]
as

fols) = x———— BW (K*(700))

Mk (700
+y ———— BW(K*(1430))

Mk (1430)

BW(R) = my
Cm% —s+isTr(s)
b ( ) 2J+1
m S
Cr(s) = Tor & (p’(’mz)) (45)
R

with p = |pxl. x = 2.28 and y = 1.92¢*9%. Breit-
Wigner parameters are m KE(700) = 878(23)4_'2?, r KE(700) =
499(52)13), mys(1430) = 1425 and T'gx1430) = 270. The
spin of the resonance is J and all masses and widths are
expressed in MeV [8—10]. With all this in hand, we present
a typical graphical representation of the local CPV in Fig. 2.
Clearly, from Fig. 2, values as large as 0.3 % can be obtained.
Due to the strong constraints

5 Conclusion

In this paper we have derived the contributions to the effec-
tive Hamiltonian governing the semileptonic |[AS| = 1 tau

decays in 2HDM III and models with scalar Leptoquarks.
We have discussed the imposed constraints on the elements
in the parameter space of the model relevant to the decay
channel 7= — K 7 %;. In addition, we have analyzed the
role of the different contributions, originating from the scalar,
vector and tensor hadronic currents, in generating direct CP
asymmetry in the decay rate of 7~ — K~ 7%v,.

We have shown that non vanishing direct CP asymme-
try in the decay rate of 1~ — K~ 7%, can be generated
in the model due to the presence of the weak phase in the
Wilson coefficient C ’TV P and due to the strong phase differ-
ence resulting from the interference between the form factors
Br(s),and f4 (s). After taking into account the relevant con-
straints we found that the resultant CP asymmetry can be of
order 1078 in both models. The asymmetry is so tiny to be
probed even in near future experiments.

In this work we have also studied another observable
related to the CP violation, namely the local CPV. This kind of
asymmetry can be generated if there is interference between
vector and scalar contributions, as long as they contribute
with different weak phases which is not the case in the SM.
In the 2HDM III we studied in this work, we have found
that, direct local CPV can be as large as 0.3 % not far from
experimental possibilities.
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Appendix A

The quantities Az and A, can be expressed as

H

Yt ad +ayt

Ay =ay +a%H +a%H +a,
A, = a)'fs +aj'fH +a}S,H +a;H, (A1)

Here, a(}B denotes the contribution from Feynman dia-
gram where the gauge boson V = Z,y connect the two
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Fig. 2 Local CPV, in units of s 1 . . . .
1073 as a function of s and | L1 /\
x = cos @ and the same but for \
x=-1 A\ ; > ~ 0
- o 2
|
.-l ]
g ©
-1 &
S @)
/ < -2 ]
< ] 2
\ =3r 1
L ] 3 0.4 0.6 0.8 1.0 12
1.0 1.2
, 5(Gev?)
s(GeV )
. . 2
11ne§ A and Biat one vertex of the tree-level djallggram +(3- mig Bo (m2 + m2 + 5, m%. m3)
mediated by H= exchange. The results of each aj;” can my

be written in terms of Passarino—Veltman (PV) functions
where the sum of the divergent parts, of some of these
functions, in the total amplitude vanishes. In the follow-

+2,BO(0 mu’ ZZ)>’

_memztan B(1 = 253) (s." gr* +gr"g1’)

ing we show only dominant terms where, in the coeffi- z 1672V, (s _mz :)
cients of each PV functions, terms proportional to m,,, my, 5 S s s
s and m, can be neglected compared to the terms  pro- X<72mHC0 (s mig, s miy 5, mz, mg, mi;)
portional to mz and my. Defining g = (FH LRefl)*, 2
H HE RL eff\* 1 2 +l+me+m+€m,m2
gx = (i e)g£=——+sw,fq=s 8 = < mz)(’(” Hmz)
122 u _ _22 _ 2
3 = 3% 8k = —38. 81 = —3 + 38, and g = 155 we s oy mEmEo o,
find that the different contrlbutlons to A z can be expressed —5Bo (0, m5, m7z) — === By (my, my, m7)
as 1
+—Ag (m% ),
mzz 0( Z)
A my mZZ tanﬁ (gLH + gRH)
2 = gy (s —m2) (s —m2.)
us my m7 tan B Am? H s u us T H*
“Z = T en2 V*(—z)msngLgL 2 2 2 2 2 2 2
TSV Vs \§ — Mg x| 4 mrmZgLT—I—(mr—s) gr’ Co(O,s,mT,mZ,O,mr)
H, s, u 2, 2 2 2
+8r7ER8R ]Bo (3 +my, —s.m,my) +4m2 g7 By (s,0,m?)
Lo o 2 2 2
+|:gLHgL" (3 sgr’ —4m§gLs) +§(3mr +s = 8SgRT)BO(mr* mgz, mr)
2(S - m%) T
+er" gr" (3581 —4m] 8RS):|BO (m?, m?, m%) +7mz gr Ao (m%)
2 2
+4s[gr" g1 gr* + g™ gL gr"]Bo (0. m}. m%) —4(s —m?)gr" By (0,0, m%)
H H 2 2 1
+82(gR gr" —g1"8L") (81" — gr") Bo (0. mg, m7) —5 (s =m2)Bo (0, mé,mi)),
S H s H, 2
—mj(gL gL"gr’ +gr" gL’ gr")Ao(my) o memztan (1 —252) (7 + gr™)
z a; =
3272V mZ (s— %#) (s —m2)
+[4m§mzz(gLHgLsgL” +gr" gr"gr") i
X <|:m%m%1 - Emzz (m% +s):|Bo (m%, mZZ,m%)

+4s? (g0 g1 gr* + gR”gL“gR”)]
+2[m% (m%_, - mZZ) gLt —s (m%i +m22) gR’]

xCo (m mz,m +m;, —s,m?,mzz,mz)),
' B By (s, my, m3) = 3 (s —m?)

wn . memztanp(1—2s5) (1" g1 + gr"gr")

ayt ~
z 1672V (s —m?,.) x[mZBo (0, m%, m?) — 4ggr™ Ao (mz)]
2 2 2 2 1 2
(=0 044 20 ) - mz 20 (m2) Sty = m2)Co (0,52 iy ) ).
3
+=By (m%, m2, mZZ) + (Zmil — 4m2z) (A2)

2
><C0(m m +m + s, m +4m + 2s, m mzz,m%_,)
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n . memytan Bl —2s2) (gr" + gr™)

4z = 82720 Vi (s — m%) (s — mili)
x <2[m ) (m 0, mH) + (s mzH mzmzH +m2mzz)
xCop (0 s, m ,0, mZ,m%I)]
1
,mT[m% (mZZ - m%l,) + s (m%, +m22) ]Bo (s,m%,, mzz)
z
1
(s = m?) Ao (mzz)), (A3)
mz
where we have used g; — gp = —%. Turning now to the

contributions to A,, we find that

oH e vtan B (g " + gr™)
v 127 V)5, (s — mlzqi)

x (Bo (s.0,m%;) — 2By (m?, 0, m3)

—2mHC0(m m sOm m%)),

aemevtan B (g” + gr™)
a =
v O V2 (s - m%#)

X (sCO (mf

+By (my, 0, m}) )

2 , =S, m ,0,m )—l—Bo(m?,O,m?)

g _ _Qemzvianp (g™ + gr™)
v 67 Vi, (s - m%_li)

X(Zm%_]C()( , 8,28, m , 0, mH)+3Bo (.0, mH)

—4By (2s, m%{, m,%) + 2By (m,%, 0, mﬁ) ),

en . Qemevtan B (g™ +gr™)
4 Vi (s ) ( m%{i)

(2( ;‘—smH)Co (O s, m2 m%,m%,,O)

+ (m% +5) Bo (s, 0, m%_])

25 By (m2. 0, m?) ) (A4)

The loop function Ag(m?) is defined as

1672u*4 [ d%k 1
Agm?) = == _
i Q)4 k2 — m?
2
—m2[0+1—1n<’"—2)], (A3)
"w

where w is the renormalization scale, m? = m? — ie and

D =2/(4—d)—yg+In(4m). Concerning the loop function
BO(ZZ, m2, nz), it is defined as

167244 dk 1
Bo(p*, m*, n?) = ]

i Qm)d (& = m®)[(k + p)? — i?]
1 2 2 2
=D7/ dx 1n[—x(l—x)p +xn°+ (1 —x)m ]7
0

2
(A0)

. 2 2
Defining mj = " and nj = % we find that
n12
Bo(¢*, m*,n*) = D — m( )+2
u?z
—/=A(l,m?,n ){sm [ L(l—t—m%—n%)]
4m%

+sin”! [\/5(1 - mg)]}

1 n?
+§(1 +n% — m%) In <—£2>,

my

(A7)

when A (1, m%, n%) < 0.Onthe other hand, when A (1, m%, n%)

> () we have
m2
Bo(*,m*,n*) = D —In (—2) +2
n

1
_ /k(l,m%,n%){ln[ | (1 m = nd)

L

1
+ —zx(l,m%,nﬁ)]
4my

[ 1
+1In — (1 +n%—m?
|: 4n%( 14 l)
+ L)L(I,n%,m%)]—iﬂ}
4n%
1 n?
(1 2 _mH (L),
+2( + 1y me) n(m%
(A8)

For some special cases of BO(ZZ, m2, nz), we find that

n2
—In ﬁ +2
2 2
_'_(L_l)ln( —m—2> ifm2<n2,
m2 n
n2
—1In ﬁ +2
2 2
G- e
m n
m2
(G
+ n’ In "
m>—n?  \m?)’
Ao(m?) — Ao(?)

Bo(0,m*, n*) = :
m2 — n2

Ag(m?)
m2

Bo(m?,0,n*) = D

Bo(m?,0,n*) = D

Bo(0,m?,n*) = D

Bo(m?,0,m?) = 1+ (A9)
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2

Finally, the loop function C (m%, Ke, m% 22, m?, n?) can be defined as

Co(pi. (p1+ p2)*. p3. €%, m* n?)
_ lem?utd d%%
i / (2m)d

1

B (K + pr2 — D[k — p)?— 2] ]

(A10)

where p]2 = m% p% = m% and (p; + p2)? = «?. After Feynman
parameterization and shifting the loop momentum & to absorb the terms
linear in k one can proceed to obtain the final result of the integration.
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