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Abstract Exploring the significant impacts of topological
charge on the holographic phase transitions and conductivity
we start from an Einstein–Maxwell system coupled with a
charged scalar field in Anti-de Sitter spacetime. In our set up,
the corresponding black hole (BH) is chosen to be the topo-
logical AdS one where the pressure is identified with the
cosmological constant (Kubiznak and Mann in JHEP 7:33,
2012), then the AdS BH undergoes the phase transition from
small to large BHs, which is totally similar to the transition
from gas to liquid in the van der Waals theory. Our numer-
ical computation shows that the process of condensation is
favored at finite topological charge, in particular, the phase
transition from small to large BHs in the bulk generates a
mechanism for changing the order of phase transition in the
boundary: the second order phase transitions occur at pres-
sures higher than the critical pressure of the phase transition
from small to large BHs while they become first order at
lower pressures. This property is confirmed with the aid of
holographic free energy. Finally, the frequency dependent
conductivity exhibits an energy gap when the phase transi-
tion is second order and when the phase transition becomes
first order this gap is either reduced or totally lost.

1 Introduction

It is known that the AdS/CFT duality [1] formulated by Mal-
dacena and developed independently by Witten [2] and Gub-
ser, Klebanov and Polyakov [3] in the form of the GKPW
relation has opened up a new direction of connecting gravity
with other branches of physics. At present the GKPW rela-
tion turns out to be a powerful formalism for this purpose. In
this respect, the study of holographic phase transitions has
been developed strongly and gained great successes associ-
ated with superconductors and related topics [4–17]. How-
ever, to our understanding, up to now maybe Ref. [16] was
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solely the one which suggested that the Einstein–Maxwell
system coupled with a charged scalar field in the topological
AdS BH could yield superconductivity. Therefore inspired
by [16], we will investigate systematically in this paper the
holographic phase transitions at finite topological charges.
Our main aim is to look for the new effects which could
emerge when there occurs the phase transition from small to
large BHs in the bulk.

Then let us start from the model of a Abelian Higgs field
and a Maxwell field in the four-dimensional spacetime Ein-
stein gravity. The bulk action reads

S = 1

16πGN

∫
d4x

√−g(R − 6

L2 − 1

4
F2

μν

−∣∣∂μ − iq Aμψ
∣∣2 − m|ψ |2),

where GN is the Newton constant. In the uncondensed phase,
the solutions to Eq. (1) are the Reissner–Nordstrom black
hole (BH)

ds2 = − f (r) dt2 + dr2

f (r)
+ r2dΩ2

2,k, (1)

where

f (r) = k − M

r
+ Q2

r2 + r2

L2 , (2)

and

φ(r) = Q

(
1

r
− 1

r0

)
,

ψ(r) = 0,

here the horizon radius, r0, is the largest solution of the equa-
tion:

f (r0) = k − M

r0
+ Q2

r2
0

+ r2
0

L2 = 0. (3)
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In Eq. (1), dΩ2
2,k is the metric of a two-sphere of radius 1/

√
k

for k > 0. Note that the parameters M and Q are different
from the mass and the charge of BH by corresponding fac-
tors. The Hawking temperature T and entropy of BH are
respectively given by

T = f ′ (r0)

4π
, (4a)

S = πr2
0 . (4b)

It is very interesting to mention that adopting the relation
between pressure P and the cosmological constant of BH

P = − Λ

8π
= 3

8πL2 , (5)

one discovered the total analogy between the small-large BH
phase transition and the liquid–gas phase transition of the
van der Waals theory for k > 0 [11,12] . In this set up M
becomes the enthalpy of the system and k is interpreted as
the measure of a new charge, the topological charge [13,14].
Then the extended first law [15] of BH reads

dM = TdS + ωdε + VdP + φdQ,

where T and S are given in Eq. (4a), ε = 4πk is the topo-
logical charge and its conjugate potential ω = r0/8π , the
pressure P conjugates to the volume V = 4

3πr3
0 , the charge

Q conjugates to the potential φ = Q/r0.
In term of ε from Eqs. (3), (4b) and (5), it is easily derived

the isobaric specific heat

CPQε = T

(
∂S

∂T

)
PQε

= 2πr2
0

(
32π2 Pr4

0 +εr2
0 − 4πQ2

)
32π2 Pr4

0 −εr2
0 + 12πQ2

,

which yields the critical values for pressure, temperature and
horizon event radius

Pc = ε2

1536π3Q2 , Tc =
√

6ε3/2

96π3/2Q
, rc = 2

√
6πQ√
ε

, (6)

where, for simplicity we set GN = Q = 1 from now on.
Equation (6) shows that at fixed ε the transition from liquid

to gaz takes place at P ≤ Pc andT ≥ Tc and the bigger values
of ε lead to the smaller values of P .

The present paper is organized as follows. Section 2 deals
with the holographic phase transitions at finite topological
charges and the free energy, respectively. Section 3 is devoted
to the calculations of frequency dependent conductivity in
different phase transitions. The conclusion and outlook are
given in Sect. 4.

2 Holographic phase transitions

A. Basic set up

At first let us set up the frame work for the whole study of
holographic phase transitions. We begin with the following
ansatz

Aμ = (φ (r) , 0, 0, 0) , ψ = ψ (r) , (7)

and at the same time we choose

m2 = − 2

L2 , (8)

which is above the Breitenlohner–Freedman bound [18].
Inserting Eq. (7)) into Eq. (1) we derive the equations of

motion for matter fields

φ′′ + 2

r
+ φ′ − 2ψ2

f
φ = 0, (9)

ψ ′′ +
(

2

r
+ f ′

f

)
ψ ′ +

(
φ2

f 2 + 2

L2 f

)
ψ = 0, (10)

where the prime denotes derivative with respect to r .
For the fields to be regular at horizon we impose the con-

dition

φ (r0) = 0. (11)

Inserting Eq. (11) into Eq. (10), and expand near r → r0, we
arrive at the condition at horizon for scalar field

ψ ′ (r0)

ψ (r0)
= − 1

2πL2T
. (12)

At the AdS boundary, the large r behaviors of φ and ψ take
the form

ψ (r) = ψ1

r
+ ψ2

r2 + · · · (13)

φ (r) = μ − ρ

r
+ · · · , (14)

where μ and ρ are chemical potential and the corresponding
density associated with the expectation value of charge den-
sity, ρ = 〈

J 0
〉
, with a source term in the boundary action of

the form

Sbdy → Sbdy + μ

∫
d4x J 0 (x) .

Due to the holographic duality there are two possibilities
for identifying the sources and condensates of the dual field
theory

– ψ1 is the source which vanishes at infinity

ψ1 = 0, (15)

and ψ2 is condensate ψ2 ∼ 〈O2〉.
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– ψ2 is the source which vanishes at infinity

ψ2 = 0, (16)

and ψ1 is condensate ψ1 ∼ 〈O1〉.

B. Free energy

In order to analyse the order of phase transitions we have
to calculate the holographic free energy. This quantity is
holographically evaluated by calculating the corresponding
on-shell value of the Abelian–Higgs sector of the Euclidean
action. Plugging the ansatz, Eq. (7), into the action, Eq. (1),
we arrive at

SM

=
∫

d4x

[
φ′2 (z)

2
− f (z) ψ ′2 (z) + φ2 (z) ψ2 (z)

z4 f (z)
+ 2ψ2 (z)

z4

]
. (17)

Here we have made a change of variable, z = 1/r , to better
formulate the system of equations of motion for numerical
evaluations and to simplify various expressions.

Applying the boundary condition, Eq. (11), and the Eqs.
(9, 10), we obtain the on-shell value of the Euclidean action

SOS =
∫

1

k

(
φ′(z)ψ(z)

z2

∣∣∣∣
z=0

− f (z)ψ ′(z)ψ(z)

z

∣∣∣∣
z=0

)
d3x

−
∫

1

k

⎛
⎝

z0∫

0

dz
φ2(z)ψ(z)

z4 f (z)

⎞
⎠d3x .

Substituting the asymptotic behaviors of φ and ψ into the
above action we get

SOS =
∫

1

k

(
μρ

2
+ 3ψ1ψ2

L2 +
(

ψ2
1

zL2

)

z=0

)
d3x

−
∫

1

k

⎛
⎝

z0∫

0

dz
φ2 (z) ψ2 (z)

z4 f (z)

⎞
⎠ d3x .

The divergence term in the foregoing expression will be
removed by adding the counter term [8]

Sc = − 1

kL2

∫
d3x

(√−hψ2(z)
)
z=0

,

where h is the determinant of the induced metric on the AdS
boundary. With the aid of the asymptotic behavior of ψ it is
easily found that

Sc = − 1

kL2

∫
d3x

[
2ψ1ψ2 +

(
ψ2

1

z

)

z=0

]
.

The renormalised free energy of the boundary field theory is
obtained

Ω1 = −T (SOS + Sc)

= V2

⎡
⎣−μρ

2
− O1O2

L2 +
z0∫

0

dz
ψ2 (z) φ2 (z)

z4 f (z)

⎤
⎦ , (18)

which corresponds to the O1 quantization , V2 is the volume
of two-sphere with radius 1/

√
k.

Analogously, the renormalised free energy in O2 quanti-
zation reads

Ω2 = V2

⎡
⎣−μρ

2
+ O1O2

L2 +
z0∫

0

dz
ψ2 (z) φ2 (z)

z4 f (z)

⎤
⎦ , (19)

which is the Legendre transform of Ω1. From Eqs. (18) and
(19), it is clear that

1

V2

∂Ω1

∂O1
= −O2,

1

V2

∂Ω2

∂O2
= O1,

implying that the local extrema of Ω1(Ω2) locates at vanish-
ing O2 (O1). This is exactly what we assumed that only one
of ψ1 and ψ2 is non-vanishing for physical solutions.

The free energy corresponding to non-condensed state
reads

Ω0

V2
= μ2z0

2
. (20)

From Eq. (20), we get the free energy difference

�Ωi

V2
= Ωi

V2
− μ2z0

2
( i = 1 , 2 ) . (21)

This is our expected result.

C. Numerical results

In this subsection we focus on the impacts of the topo-
logical charge in the holographic phase transitions. To this
end, let us proceed to the numerical calculation which will
be implemented in the following cases:

1. ε = 4π, L = 1

The scalar condensation is plotted in Fig. 1, where the
onset of second order phase transitions occur at Tc = 0.113μ

and 0.050μ, respectively.
After fitting the curves in Fig. 1 near T → Tc, we obtain

approximately the expressions

〈O1〉
Tc

=
√

2ψ1

Tc
≈ 11.318

(
1 − T

Tc

)1/2

,
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Fig. 1 The condensation of
〉O1〉 (a) and 〉O2〉 (b)

as T → Tc = 0.113μ and

√〈O2〉
Tc

=
√√

2ψ2

Tc
≈ 32.966

(
1 − T

Tc

)1/2

.

as T → Tc = 0.050μ.
Figure 1 and the foregoing expressions characterise one

of the typical properties of superconductors in mean-field
approximation. It is worth to note that the phase transition
takes place at L = 1, corresponding to pressure PL=1 =(

3
8πL2

)
L=1

which is bigger than the critical pressure Pc =(
3

8πL2

)
L=6

given in Eq. (6).

Now let the pressure decrease to lower values which cor-
responds to bigger values of L . In Fig. 2a, b are shown the
phase diagrams for L =1, 4, 6, and 9. It is clear that at criti-

cal pressure Pc =
(

3
8πL2

)
L=6

, the first order phase transition

begins to appear.
In order to confirm exactly the exhibition of first order

phase transitions let us calculate numerically the free energy
difference, Eq. (21), between the condensed and uncon-
densed phases for O1 and O2, respectively. They are plot-
ted in Fig. 3a, b which indicate that at L = 6, 9 the free
energy difference is not analytical at corresponding critical
temperatures.

2. ε = 16π and L = 0.5, 1.5, 2
Next we consider the case when the topological charge

takes bigger value. The phase diagrams plotted In Fig. 4 tell
that at L ≥ 1.5 the first order phase transitions emerge.

Figure 4 demonstrate again that the first order phase tran-

sitions always emerge at critical pressure Pc =
(

3
8πL2

)
L=1,5

and moreover when the topological charge gets bigger values
the first order phase transitions manifest at higher pressures.
The existence of the first order phase transitions in Fig. 4 are
confirmed again in Fig. 5 the free energy is not analytical at
corresponding temperatures.

3 Conductivity

Let us finally proceed to the conductivity of superconductor
in the dual CFT as a function of frequency. For this purpose,
we must solve the equation for the fluctuations of the vector
potential Ax (r, t) in the bulk. Let this potential take the form

Ax (r, t) = Ax (r) exp (−iωt) ,

from which we get the equation of Ax (r) in our set up

A′′
x (r) + f ′

f
A′

x (r) +
(

ω2

f 2 − 2ψ2

f

)
Ax (r) = 0, (22)

which is rewritten in new variable z = 1/r as

A′′
x (z) +

(
2

z
+ f ′

f

)
A′

x (z)

+
(

ω2

z4 f 2 − 2ψ2

z4 f

)
Ax (z) = 0, (23)

where ψ was solved in Sect. 2. In order to determine the
solution to Eqs. (22, 23) we need two boundary conditions.
The first one is given by the on going condition at horizon

Ax (r) ∼ (r − r0)
−iω/4πT + · · · (24)

and the second boundary condition is set at large r . To do
this, Ax is expanded in term of z near z → 0. This gives

Ax (z) = ax + zbx + · · · (25)

Therefore the second boundary condition is

Ax (0) = ax . (26)

The AdS/CFT duality dictionary tells that bx determines the
boundary current jx = bx . Then the Ohm law gives us the
conductivity

σ (ω) = jx
Ex

= − ibx
ωax

. (27)

Equation (27) requires us to solve the differential equation
(22, 23) based on two boundary conditions (24) and (25).The
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Fig. 2 For L < 6 the phase
transitions are second order
while for L ≥ 6 the first order
phase transitions begin to exhibit
for O1 (up) and O2 (down)

Fig. 3 The free energy
difference is not analytical at
corresponding critical
temperatures. a (b) corresponds
to O1 (O2)

Fig. 4 For L < 1.5 phase
transition is second order. It
turns out to be first order at
L = 1.5. See O1 (up) and O2
(down)

Fig. 5 The free energy
difference calculated for O1
quantization (up) and O2
quantization (down) it is not
analytical at corresponding
critical temperatures
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Fig. 6 The evolution of Re σ (ω) versus ω/T at ε = 4π, Q = L = 1 for O1 (a) and O2 (b). Each graph, from left to right, is plotted for T/Tc =
0.9, 0.7, 0.5, 0.3, 0.1 and 0.02 respectively

Fig. 7 The evolution of Re σ (ω) versus ω/T at ε = 4π, Q = 1, L = 9 for O1 (a) and O2 (b). Each graph, from left to right, is plotted for the
cases T/Tc = 0.7, 0.5, 0.3, 0.1 and 0.02 respectively

numerical computation provides the graphs of the frequency
dependent conductivity corresponding respectively to the
phase diagrams given in subsection C . They are presented
in accordance with different items in subsection C :

1. ε = 4π, Q = 1, L = 1, and 9
We plot the real part of frequency dependent conductiv-

ity Reσ (ω) derived from the numerical calculations of Eqs.
(22, 23) at Q = k = L = 1 in Fig. 6a, b which exhibit
a gap determined by condensate and, furthermore Reσ (ω)

contains a delta function which is recognized from the imag-
inary part Imσ (ω) having a pole at ω = 0 (it is not shows up
here). Therefore the real part and imaginary part of ω = 0 are
related by the Kramers–Kronig relations. At L = 9 we have
correspondingly Fig. 7a, b which tell that the foregoing gap
disappears. This means that the superconductivity is totally
lost.

2. ε = 16π, Q = 1, L = 0.5, and 2
Corresponding to L = 0.5 we depict the graphs in Fig. 8a,

b which prove clearly that the gap is really reduced even when
the phase transition is second order, this implies that a mixture
of normal and conductive states emerges. At L = 2 the gap
totally disappears as seen in Fig. 9a, b, the superconductivity
is totally lost. Thus, the conductivity of superconductor is
greatly affected by topological charge. These features are
similar to those of some strongly coupled superconductors
[19–21].

4 Conclusion and discussion

Before summarizing this paper it is worth to emphasize again
that the existence of the topological charge leads to the phase
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Fig. 8 The evolutions of Re σ (ω)versus ω/T at ε = 16π, L = 0.5 for O1 (a) and O2 (b). Each graph, from left to right, is plotted for the cases
T/Tc = 0.7, 0.5, 0.3, 0.1 and 0.02 respectively

Fig. 9 The evolution of Re σ (ω) versus ω/T at ε = 16π, L = 2 for O1 (a) andO2 (b). Each graph, from left to right, is plotted for the cases
T/Tc = 0.7, 0.5, 0.3, 0.1 and 0.02 respectively

transitions from small to large BHs which totally similar the
phase transition from liquid to gas in the van der Waals theory.
Within this framework we studied the significant impact of
the topological charge on the holographic phase transitions
and what we obtained can be brefly written as follows.

1. The phase transition from small to large BHs in the
bulk created a mechanism for changing the holographic phase
transitions from second order to first order in the boudary. In
other words, the holographic phase transitions in the bound-
ary are closely associated with the phase transition from liq-
uid to gaz in the van der Waals theory. This effect was con-
firmed by the free energy difference.

2. When the phase transitions are second order the fre-
quency dependent conductivity σ(ω) exhibits an energy gap
and, moreover, its real and imaginary parts fulfill the Kramers
- Kronig relation while the phase transition becomes first

order the gap is either reduced or totally lost. Our set up pro-
vides a new types of holographic superconductivity in which
the topological charge plays the crucial role. The forego-
ing results exactly express the novelty of our paper, they do
not exist for BHs without topological charge. Therefore they
express the significant impacts of topological charge.

It is very interesting to remark that there exists a formal
analogy between our present paper and Ref. [9] although our
starting points are different, namely,

The holographic phase transitions studied in our paper
is associated with the transition from small to large BHs in
the bulk while in Ref. [9] the holographic phase transitions
is associated with the Hawking–Page transition in the bulk
because the AdS-soliton decays into AdS BH via Hawking–
Page transition.
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We start from the charged AdS BH in four dimensional
spacetime with finite topological charge while Ref. [9] started
from the AdS-soliton in five dimensional spacetime without
topological charge, as a consequence, the holographic tran-
sition is solely second order.

The analogous effect was also presented in other papers,
for example, Refs. [6,7] with different mechanisms. In Ref.
[7] the charged scalar field is forced to condense by another
neutral scalar field and in Ref. [6] the nonlinear interaction
of charged scalar field was employed F = ∑4

2 ci |ψ |i .
One found that first order phase transitions occurred for

c4 ≥ 1 and, moreover, the gap becomes narrower as c4

increases from 0 to 1.
Reference [22] dealing with the unbalanced Stackel-

berg holographic superconductors the authors showed that
depending on the values of the Stackelberg model’s param-
eters the phase transitions also change from second to first
order and, at the same time, the conductivity gaps are affected
strongly.

Last but not least it is clear that the results found above
allows us to have a better understanding on the physical
meaning of topological charge. In this regard, we need to
explore more and more the the impacts of this charge on var-
ious physical processes. The backreaction of matter fields
will be the subject of our next research.
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