
Eur. Phys. J. C (2021) 81:323
https://doi.org/10.1140/epjc/s10052-021-09039-2

Regular Article - Theoretical Physics

Coherence and mixedness of neutrino oscillations in a magnetic
field

Podist Kurashvili1,a, Levan Chotorlishvili2,b, Konstantin Kouzakov3,c , Alexander Studenikin4,5,d

1 National Centre for Nuclear Research, Warsaw 00-681, Poland
2 Faculty of Mathematics and Natural Sciences, Tbilisi State University, Chavchavadze av.3, 0128 Tbilisi, Georgia
3 Department of Nuclear Physics and Quantum Theory of Collisions, Faculty of Physics, Lomonosov Moscow State University, Moscow 119991,

Russia
4 Department of Theoretical Physics, Faculty of Physics, Lomonosov Moscow State University, Moscow 119991, Russia
5 Joint Institute for Nuclear Research, Dubna 141980, Moscow Region, Russia

Received: 16 November 2020 / Accepted: 8 March 2021 / Published online: 16 April 2021
© The Author(s) 2021

Abstract The radical departure from classical physics
implies quantum coherence, i.e., coherent superposition
of eigenstates of Hermitian operators. In resource theory,
quantum coherence is a resource for quantum operations.
Typically the stochastic phenomenon induces decoherence
effects. However, in the present work, we prove that nonuni-
tary evolution leads to the generation of quantum coherence
in some cases. Specifically, we consider the neutrino propa-
gation in the dissipative environment, namely in a magnetic
field with a stochastic component, and focus on neutrino
flavour, spin and spin-flavour oscillations. We present exact
analytical results for quantum coherence in neutrino oscilla-
tions quantified in terms of the relative entropy. Starting from
an initial zero coherence state, we observe persistent oscilla-
tions of coherence during the dissipative evolution of an ultra-
high energy neutrino in a random interstellar magnetic field.
We found that after dissipative evolution, the initial spin-
polarized state entirely “thermalizes”, and in the final steady
state, the spin-up/down states have the same probabilities. On
the other hand, neutrino flavour states also “thermalize”, but
the populations of two flavour states do not equate to each
other. The initial flavour still dominates in the final steady
state.

1 Introduction

Up to date, mainly non-relativistic quantum systems were
in the scope of the quantum resource theory [1–10]. How-
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ever, its concepts such as coherence and mixedness are uni-
versal and firmly can be extended to the relativistic quan-
tum systems and neutrinos in particular [11]. Neutrinos host
dichotomic left-right helicity and different lepton flavour
(electron, muon, and tau) and, when propagating, they can
change their type, or oscillate. Neutrino oscillations is an
inherently quantum mechanical phenomenon [12–18] that
exhibits such essentially quantum features as entanglement
[19–25] and can be interpreted in terms of quantum resource
theory. An interesting case of this phenomenon is expected
when neutrinos propagate in the presence of a magnetic field:
neutrinos can change both their flavour and helicity (see, for
instance, Refs. [26,27] and references therein). The indicated
oscillations can serve as a manifestation of new physics,
namely neutrino electromagnetic interactions [28,29], and
can be especially relevant for cosmic neutrinos that propagate
in various astrophysical environments, where nonzero mag-
netic fields are known to exist. Typical examples of this kind
are the solar and supernova neutrino problems. Here, how-
ever, we are interested in the interstellar neutrino problem
[26], where matter effects play a negligible role compared to
the stellar cases.

Before proceeding further, we shortly outline the relation
of the neutrino oscillation problem to the concept of quantum
correlations. The neutrino state can be constructed either on
the flavour or mass basis:

|ν(t)〉 =
∑

α=e,μ,τ

να(t)|να〉 =
∑

j=1,2,3

ν j (t)|ν j 〉. (1)

Vectors of two different bases are connected through the
unitary transformation. Therefore the wave function prop-
agated in time on one basis can be converted into the sec-
ond basis and vice versa. Note that the massive neutrino
states propagate freely in vacuum, but in stellar environments
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their propagation is affected by the interaction with matter.
Depending on the matter density profile, this interaction can
be accounted for by means of well established approaches
(see, for instance, Refs. [30–32]). Using the occupation num-
ber representation for flavour and massive modes (see [15]),
the neutrino state can be presented in the form

|ν(t)〉 = a(t)|100〉 + b(t)|010〉 + c(t)|001〉. (2)

This wave function is the essence of the entangled superpo-
sition of the flavour modes. The entanglement of the system
can be quantified through the flavour entropy [15], which is
the entanglement measure appropriate for the pure but not
for the mixed states (see below).

Magnetic fields generated by the cosmic objects extend
beyond the objects’ size to the regions where the matter den-
sity is very low. Therefore, neutrinos in the interstellar space
can be mainly affected by the neutrino magnetic moment
interaction with a magnetic field that has both deterministic
and stochastic components [33,34]. With regard to the lat-
ter aspect, we admit the pioneering works of Nikolaidis [35]
and of Loreti and Balantekin [36] dedicated to the neutrino
oscillations in noisy magnetic fields and media. In particular,
Loreti and Balantekin derived the Redfield equation for the
neutrino density matrix in a noisy environment. They then
solved the Redfield equation in the Lindblad limit, assuming
that the correlation time of the environment is short. Results
obtained by Loreti and Balantekin correspond to the simplest
case of a two-level problem. This two-level approach was uti-
lized in studies of neutrino conversions in random solar and
supernova magnetic fields [36–40], and the approximation
treatments of the four-level case can be found in Refs. [41–
44].

In the present work, we propose a mathematically rigorous
formulation of neutrino spin and spin-flavour oscillations in
a noisy magnetic field based on the Lindblad master equa-
tion. The Lindbladian evolution of the open quantum sys-
tem is related to the formation of mixed states. Hence, pure
state measures considered in [15] are irrelevant for quanti-
fying spin-flavour entanglement of mixed states in our case.
We use entanglement measures of mixed states [45] devel-
oped in the quantum resource theory. Specifically, we explore
coherence and mixedness, two cornerstone measures adopted
in the quantum resource theory. We also analyze the trade-
off relation between coherence and mixedness. The formal
mathematical language of quantum resource theory is based
on the free (given) states and operations (local operations and
classical communications) done on these states. In realistic
physical systems, operations are not free, and they consume
a quantum state’s coherence as a resource. In our case, in
particular, the given state is the quantum state of the cosmic
neutrino, for example, emitted after the supernova explosion
or produced in the interactions of high energy protons and
nuclei with cosmic radiation and dust. The operation done on

the state is the neutrino propagation in the interstellar space
and the process is described through the Lindblad channel.
Coherence is the measure of inherently quantum correlations
(correlations that vanish in the classical limit). There are sev-
eral coherence measures, and one of the most reliable and
mathematically robust measures we will use is the relative
entropy, the metric distance between two density matrices.
One of these density matrices is the neutrino density matrix
and the second matrix is its diagonal part. Another proper
coherence measure we will use is the l1 norm of coherence,
which is given by the sum of absolute values of nondiagonal
elements of the neutrino density matrix. Mixedness charac-
terizes how close is the state of the system to the maximally
mixed state (the state with maximally possible entropy). We
note that coherence (specifically, the l1 norm) and mixed-
ness are related to each other through the nontrivial tradeoff
relation that imposes only an upper limit on both quanti-
fiers. Therefore knowing coherence is not enough for know-
ing mixedness, so that both quantities we calculate indepen-
dently. We also note that our present approach recovers in
the limit of zero noise the unitary neutrino evolution [26].
We tackle the problem in the limit of weak noise when the
nonunitary term in the Lindblad equation is smaller than the
unitary one. Under such conditions, the method secures high
accuracy of the solution.

The paper is organized as follows. In Sect. 2, we formu-
late the Lindblad master equation [46] for neutrino evolution
that accounts for the dissipative effect due to a stochastic
magnetic-field component, which can be present in different
neutrino propagation environments, for example, in such as
the interstellar space (see Refs. [34,47]). Then, in Sect. 3,
we outline basic properties of the analytical solution of the
Lindblad master equation for the neutrino density matrix.
The numerical results based on the obtained solution, which
quantify the coherence effects in neutrino oscillations of var-
ious types, are presented and discussed in Sect. 4. The con-
clusions are drawn in Sect. 5. Throughout we use the units
in which h̄ = c = 1, unless otherwise specified.

2 The neutrino evolution equation

We limit ourselves to two neutrino generations and start with
Dirac neutrino helicity basis states |ν1,s=±1〉 and |ν2,s=±1〉
with masses m1 and m2 (m2 > m1). The neutrino left- and
right-handed flavour states are then given by

|νR,L
e 〉 = cos θ |ν1,s=±1〉 + sin θ |ν2,s=±1〉,

|νR,L
μ 〉 = sin θ |ν1,s=±1〉 + cos θ |ν2,s=±1〉, (3)

where θ is the mixing angle and the subscripts e and μ

designate the electron and muon flavours respectively. The
nonzero mixing angle (sin2 θ ≈ 0.3 [48]) is responsible for
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the customary, neutrino flavour oscillations νL
e(μ) ↔ νL

μ(e). In
the presence of a magnetic field, the interaction of neutrino
magnetic moments of diagonal (μ11 and μ22) and transition
(μ12) types with a magnetic field induces the neutrino spin
νL
e(μ) ↔ νR

e(μ) and spin-flavour νL
e(μ) ↔ νR

μ(e) oscillations.
The exact solution of the problem in the case of a constant
magnetic field B can be found in our earlier work [26]. Here,
we wish to take into account the presence of magnetic-field
fluctuations and to develop a general approach based on the
quantum resource theory for the treatment of neutrino flavour,
spin and spin-flavour oscillations.

The effective Hamiltonian of the problem is [26]

Ĥe f f = Ĥvac + ĤB, (4)

where Ĥvac is the vacuum part and the term ĤB describes
the neutrino interaction with a magnetic field. The vacuum
Hamiltonian in the flavour basis (3) has the form

Ĥvac = ων

⎛

⎜⎜⎝

− cos 2θ 0 sin 2θ 0
0 − cos 2θ 0 sin 2θ

sin 2θ 0 cos 2θ 0
0 sin 2θ 0 cos 2θ

⎞

⎟⎟⎠ , (5)

with

ων = Δm2

4Eν

, Δm2 = m2
2 − m2

1, (6)

and Eν being the neutrino energy.
The Hamiltonian of the neutrino interaction with a mag-

netic field in the flavor representation can be presented as
[49]

ĤB =

⎛

⎜⎜⎝

−μ̃eeB‖ μeeB⊥ −μ̃eμB‖ μeμB⊥
μeeB⊥ μ̃eeB‖ μeμB⊥ μ̃eμB‖

−μ̃eμB‖ μeμB⊥ −μ̃μμB‖ μμμB⊥
μeμB⊥ μ̃eμB‖ μμμB⊥ μ̃μμB‖

⎞

⎟⎟⎠ , (7)

where B‖ and B⊥ are the parallel and transverse magnetic-
field components with respect to the neutrino velocity, and the
neutrino magnetic moments μ��′ and μ̃��′ (�, �′ = e, μ) are
related to those in the mass representation μ jk ( j, k = 1, 2)
as follows:

μee = μ11 cos2 θ + μ22 sin2 θ + μ12 sin 2θ,

μeμ = μ12 cos 2θ + 1

2
(μ22 − μ11) sin 2θ,

μμμ = μ11 sin2 θ + μ22 cos2 θ − μ12 sin 2θ, (8)

and

μ̃ee = μ11

γ1
cos2 θ + μ22

γ2
sin2 θ + μ12

γ12
sin 2θ,

μ̃eμ = μ12

γ12
cos 2θ + 1

2

(
μ22

γ2
− μ11

γ1

)
sin 2θ,

μ̃μμ = μ11

γ1
sin2 θ + μ22

γ2
cos2 θ − μ12

γ12
sin 2θ. (9)

Here γ1 and γ2 are the Lorenz factors of the massive neutri-
nos, and

1

γ12
= 1

2

(
1

γ1
+ 1

γ2

)
. (10)

In what follows, we consider the effect of the interstellar
random magnetic field. Following Ref. [26], we neglect the
neutrino interaction with the interstellar matter. This is moti-
vated by the fact that even for the current most stringent upper
limits on neutrino magnetic moments (� 10−12μB [48]) the
strength of this interaction � 10−31 eV appears to be by
many orders of magnitude weaker than the neutrino interac-
tion with both the deterministic and stochastic components of
an interstellar magnetic field. Due to the equivalence between
time and distance travelled by the neutrino, the analysis on
equal footing applies to the time and spatial autocorrelation
functions of the random magnetic field. In addition to the
usual deterministic part B that enters Eq. (7), the interstel-
lar magnetic field has a stochastic component h related to
the cosmic dust. The stochastic field is characterized by the
mean value 〈h(t)〉 = 0 and the correlation function of the
form [36,37,42]

〈hα(t)hβ(0)〉 = δαβηB2 f (t),

where η = 〈h2〉/B2, and the correlator function f (t) takes
the δ-correlator form f (t) = L0δ(t) if the correlation
length L0 is much less than the neutrino oscillation length
Losc [42]. Therefore we can present the correlation function
〈hα(t)hβ(0)〉 as

〈hα(t)hβ(0)〉 = δαβw2

2μ2
ν

δ(t), (11)

where μν is a putative value of the neutrino magnetic moment
and w2 = 2η(μνB)2L0 is the dissipation parameter (see
below). For the interstellar case, one has B 	 3 μG [50],
η ∼ 1 and L0 ∼ 50 pc [33]. Let us note that one can intro-
duce the effective temperature [51] w2 = kBT , which char-
acterizes the swiftness of equilibration (“thermalization”) of
the density matrix of the neutrino propagating in the noisy
interstellar magnetic field. In particular, in the center of M51,
the ratio between stochastic and regular components is on the
order of 10% [33]. This indicates that the stochastic field is
strong enough to cause the “thermalization” process.

To describe the neutrino motion in a fluctuating magnetic
field, we employ the Lindblad master equation, which is
widely used in studies of neutrino quantum decoherence in
different environments and under various experimental con-
ditions (see Ref. [52] and references therein). The density
matrix of the system thus obeys the following equation:

d
̂

dt
= −i

[
Ĥ , ρ̂

]
− w2

2

(

̂V̂ 2 + V̂ 2
̂ − 2V̂ 
̂V̂

)
. (12)
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We analytically solve it in the eigenbasis |ψi=1,2,3,4〉 of the
Hamiltonian Ĥe f f (see Ref. [26] for details). The equation
for the density matrix takes the form

d
nm

dt
= −i(En − Em)
mn − w2

2

∑

q

(

nqV

2
qm + V 2

nq
qn

)

+ w2
∑

q,s

VnqρqsVsm, (13)

where Ei=1,2,3,4 are the eigenenergies of the Hamiltonian
Ĥe f f . The matrix V has the following general form:

Vik = 〈ψi | Î1 ⊗ v̂2 + Î2 ⊗ v̂1 |ψk〉 , (14)

where v̂ is a 2 × 2 matrix, and the subscripts 1, 2 denote the
action of a matrix on the space of the first and second massive
neutrinos, respectively. The matrix v̂ can be expanded into
the basis of 2 × 2 unit matrix and three Pauli matrices:

v̂ = v0 Î + v · σ̂ . (15)

Let us present the density matrix as


̂ =
(


̂(11) 
̂(12)


̂(21) 
̂(22)

)
. (16)

The quadrants 
̂(α) are 2×2 minors of the full density matrix
and can be expanded in terms of the unit and Pauli matrices:


̂(α) = r (α)
0 Î + r(α) · σ̂ , (17)

where the expansion coefficients are defined by

r (α)
i=1,2,3 = 1

2
tr{
̂(α)σ̂i=1,2,3}, r (α)

0 = 1

2
tr
̂(α). (18)

In Eq. (13), the dissipative term contains the following two
matrix terms arising from the combinations of v̂ and 
̂(α):

L̂(α)
1 = v̂2
̂(α) + 
̂(α)v̂2 (19)

and

L̂(α)
2 = v̂
̂(α)v̂ (20)

for the first and second sums, respectively.
We now transform Eqs. (19) and (20) using Eqs. (15)

and (17):

L̂(α)
1 = 2

[(
v2

0 + v2
)
r (α)

0 + 2v0v · r(α)
]
Î

+ 4v0r
(α)
0 v · σ̂ + 2

(
v2

0 + v2
)
r(α) · σ̂ , (21)

and

L̂(α)
2 =

[(
v2

0 + v2
)
r (α)

0 + 2v0v · r(α)
]
Î

+2
[
v0r

(α)
0 + v · r(α)

]
v · σ̂

+
(
v2

0 − v2
)
r(α) · σ̂ . (22)

Summing up Eqs. (21) and (22) with the same weights as
in Eq. (13), one gets the full dissipative term:

L̂(α) = −w2

2
L̂(α)

1 + w2 L̂(α)
2

= 2w2
[
(v · r(α))v · σ̂ − v2r(α) · σ̂

]
. (23)

We also decompose Eq. (23) in the basis of 2 × 2 matrices:

L̂(α) = Λ
(α)
0 Î + �(α) · σ̂ , (24)

where

Λ
(α)
0 = 0, (25)

Λ
(α)
i = 2w2

[
(v · r(α))vi − v2r (α)

i

]
. (26)

Using Eqs. (17), (21), (22), (23), and (13), one gets the
system of equations for the elements of the minor 
̂(11):

d

dt

11(t) = d

dt
[r (11)

0 (t) + r (11)
3 (t)] = Λ

(11)
3 (t), (27)

d

dt

22(t) = d

dt
[r (11)

0 (t) − r (11)
3 (t)] = −Λ

(11)
3 (t), (28)

d

dt

12(t) = d

dt
r (11)
− (t) = −iω12r

(11)
− (t) + Λ

(11)
− (t), (29)

d

dt

21(t) = d

dt
r (11)
+ (t) = −iω21r

(11)
+ (t) + Λ

(11)
+ (t), (30)

where r± = r1 ± ir2, Λ± = Λ1 ±Λ2 and ω12 = E1 − E2 =
−ω21. Note that the sum of the diagonal matrix elements

11(t) + 
22(t) = 2r (11)

0 (t) is time-independent.
The set of equations for another “diagonal” minor, 
̂(22),

is obtained from Eqs. (27)–(30) by changing r (11)
i=0,1,2,3 to

the corresponding r (22)
i=0,1,2,3, and ω12 to ω34. Similarly,


33(t) + 
44(t) = 2r (22)
0 (t) is time-independent, as well as

the complete trace of the density matrix tr
̂(t) = 2[r (11)
0 (t)+

r (22)
0 (t)] = 1.

The system of equations for the minor 
̂(12) is

d

dt

13(t) = d

dt
[r (12)

0 (t) + r (12)
3 (t)]

= −iω13[r (12)
0 (t) + r (12)

3 (t)] + Λ
(12)
3 (t), (31)

d

dt

24(t) = d

dt
[r (12)

0 (t) − r (12)
3 (t)]

= −iω24[r (12)
0 (t) − r (12)

3 (t)] − Λ
(12)
3 (t), (32)

d

dt

14(t) = d

dt
r (12)
− (t) = −iω14r

(12)
− (t) + Λ

(12)
− (t), (33)

d

dt

23(t) = d

dt
r (12)
+ (t) = −iω23r

(12)
+ (t) + Λ

(2)
+ (t). (34)
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Finally, the equations for the matrix elements of 
̂(21) are
obtained from Eqs. (31)–(34) by means of Hermitian conju-
gation.

3 Solution of the master equation

For illustrative purposes we assume that

μ11 = μ22 = μ12 = μν. (35)

Since neutrinos are ultrarelativistic particles, the terms
involving Lorentz factors in Eq. (7) (i.e., the ±μ̃��′ B‖ terms)
can be safely neglected. In what follows, we set B⊥ = B.
The resulting effective Hamiltonian (4) has the following
characteristic equation:

E4 − 2(ω2
ν + 2μ2

νB
2)E2 + ω4

ν = 0. (36)

Its roots are given by

E1,2,3,4 = ∓
(√

ω2
ν + μ2

νB
2 ± μνB

)
, (37)

where the eigenenergies E1,2 (E3,4) correspond to the minus
(plus) sign in front of the brackets. Let us define the energy
splitting ωB due to the presence of a magnetic field:

ωB = E1 − E2 = E3 − E4 = 2μνB. (38)

This energy value determines the characteristic frequency
scale of neutrino spin oscillations, while that for flavor oscil-
lations is represented by the modified frequency

ωN = ω31 + ω42

2
=

√
ω2

ν + μ2
νB

2. (39)

Consider now the system of equations for the minor 
̂(11).
One can rewrite Eqs. (27)–(30) as

d

dτ
r (11)

0 (τ ) = 0, (40)

d

dτ
r (11)
+ (τ ) =

(v+v−
2

− v2
3 − iω̄

)
r (11)
+ (τ ) + v2+

2
r (11)
− (τ )

+ v+v3r
(11)
3 (τ ), (41)

d

dτ
r (11)
− (τ ) = v2−

2
r (11)
+ (τ ) +

(
−v+v−

2
− v2

3 + iω̄
)
r (11)
− (τ )

+ v−v3r
(11)
3 (τ ), (42)

d

dτ
r3(τ ) = v−v3

2
r (11)
+ (τ ) + v+v3

2
r (11)
− (τ )

− v+v−r (11)
3 (τ ), (43)

where v± = v1 ± iv2 and we introduced the reduced
time variable τ = 2w2t and the reduced frequency ω̄ =
ω12/2w2 = μνB/w2 = ω̄B .

The relevant components of the matrix v̂ are expressed
by a three-dimensional vector v [as can be seen above, the

component v0 is no longer relevant because it does not appear
in the final expression for the dissipative term in Eq. (23)],
which can be parametrized as

v = (v cos ϕ sin β, v sin ϕ cos ϕ, v cos β), (44)

where ϕ and β are some angle parameters. Since the norm v

appears in the combination with w2, it can be included in the
definition of the latter parameter and set to v = 1. We also
assume the matrix v̂ to be real, setting ϕ = 0, and hence

v = (sin β, 0, cos β). (45)

Using r (11)
1,2 instead of r (11)

± in Eqs. (40)–(43), we get

d

dτ
r (11)

0 = 0, (46)

d

dτ
r (11)

1 = −r (11)
1 cos2 β + r (11)

2 ω̄B + r (11)
3 sin β cos β,

(47)

d

dτ
r (11)

2 = −r (11)
1 ω̄B − r (11)

2 cos2 β, (48)

d

dτ
r (11)

3 = r (11)
1 sin β cos β − r (11)

3 sin2 β. (49)

The system of equations for the variables r (22)
i=0,1,2,3(t) is

obtained in a similar manner.
In the case of the minor 
̂(12) we deduce from Eqs. (31)–

(34):

d

dτ
r (12)

0 = −iω̄+r (12)
0 − iω̄−r (12)

3 , (50)

d

dτ
r (12)

1 = (− cos2 β − iω̄+)r (12)
1 + ω̄0r

(12)
2

+ r (12)
3 sin β cos β, (51)

d

dτ
r (12)

2 = −ω̄0r
(12)
1 + (− cos2 β − iω̄+)r (12)

2 , (52)

d

dτ
r (12)

3 = −iω̄−r (12)
0 + r (12)

1 sin β cos β

− (iω̄+ + sin2 β)r (12)
3 . (53)

The reduced frequencies are given by

ω̄0 = ω̄12 + ω̄34

2
= ω̄B, (54)

ω̄± = ω̄31 ± ω̄42

2
= ω̄N ± ω̄N

2
, (55)

where ω̄i j = ωi j/2w2 and ω̄N = ωN/2w2. Utilizing the
substitution

r (12)
i (τ ) = e−iω̄N τ R(12)

i (τ ) (56)

in Eqs. (50)–(53) and taking into account Eqs. (54) and (55),
we find that functions R(12)

i (τ ) obey exactly the same system
of equations as that given by Eqs. (46)–(49).
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In Eqs. (46)–(49) the first equation is trivial and therefore
the solution of the system requires diagonalization of the 3×3
matrix

M(1)
3 =

⎛

⎝
− cos2 β ω̄B sin β cos β

−ω̄B − cos2 β 0
sin β cos β 0 − sin2 β

⎞

⎠ . (57)

The general solution to the system is a sum of exponents:

r (11)
i (τ ) =

3∑

k=1

Cike
ζkτ , (58)

where ζi are the eigenvalues of the matrix (57). The integra-
tion constants are given by the following expressions:

Ci1 = B0iζ2ζ3 − B1i (ζ2 + ζ3) + B2i

(ζ1 − ζ2)(ζ1 − ζ3)
, (59)

Ci2 = B0iζ1ζ3 − B1i (ζ1 + ζ3) + B2i

(ζ2 − ζ1)(ζ2 − ζ3)
, (60)

Ci3 = B0iζ1ζ2 − B1i (ζ1 + ζ2) + B2i

(ζ3 − ζ1)(ζ3 − ζ2)
, (61)

where

B0i = r (11)
i (0), (62)

B1i =
∑

k

M(1)
3 ikr

(11)
k (0), (63)

B2i =
∑

kl

M(1)
3 ikM(1)

3 klr
(11)
l (0). (64)

The characteristic equation for the system of Eqs. (46)–
(49) is

ζ 3 + (2 − sin2 β)ζ 2 + (ω̄2
B + cos2 β)ζ + ω̄2

B sin2 β = 0.

(65)

It has three roots: the one (ζ3) is always real and the other
two are complex conjugate to each other (ζ1 = ζ ∗

2 ).
Let us briefly outline properties of the solution in the two

limiting cases β = 0 and π/2. In the β = 0 case, the matrix
v̂ has a diagonal form, v̂ = σ̂z . The roots of the characteristic
equation (65) are given by ζ1,2 = −1±iω̄B and ζ3 = 0. From
Eqs. (46)–(49) it follows that the “longitudinal” component
r (11)

3 is time-independent and the “transverse” components

r (11)
1 and r (11)

2 decay as ∝ e−τ , oscillating with frequency
ω̄B . If one sets them zero in the initial moment of time τ = 0
the density matrix remains constant and diagonal for all times
τ > 0. In the β = π/2 case, the real root of the characteristic
equation (65) is ζ3 = −1, and the other two are purely imag-
inary: ζ1,2 = ±iω̄B . The “longitudinal” component decays,
r (11)

3 (τ ) ∝ e−τ , and the “transverse” components r (11)
1 and

r (11)
2 oscillate with frequency ω̄B .

When 0 < β < π/2, the solution is more involved. Fig-
ure 1 shows the dependence of the real root ζ3 on the angle

0 π/4 π/2
β

-1

-0.8

-0.6

-0.4

-0.2

0

ζ 3

ω
B
 = 0.6

ω
B
 = 1.0

ω
B
 = 2.0

ω
B
 = 5.0

Fig. 1 The real root of the cubic equation (65) as a function of
angular parameter β for different values of the reduced frequency
ω̄B = ωB/2w2

0 2 4 6 8 10

ω
B
 = ω

B
/2w

2

-0.8

-0.6

-0.4

-0.2

0

ζ 3

β = π/3
β = π/4
β = π/6

Fig. 2 The real root of the cubic equation (65) as a function of the
reduced frequency ω̄B for particular values of the angle β. Each β is
characterized by the asymptotic value of ζ3

β. One can see that ζ3 monotonically decreases from 0 to −1
with increasing β from 0 to π/2, and the indicated decrease
is faster for larger ω̄B values. This means that the dissipation
effect associated with the ζ3 term in Eq. (58) is stronger for
larger values of β and ω̄B . From Fig. 2 it can be seen that at a
fixed value of β the real root ζ3 drops from 0 to some asymp-
totic value with increasing ω̄B . In agreement with Fig. 1, the
modulus of the asymptotic value is larger for larger β. This
observation is opposite to the behavior of the real part of
two complex roots ζ1,2 shown in Fig. 3. As follows from the
results presented in Fig. 3, the dissipation effect associated
with the ζ1,2 terms in Eq. (58) appears to be weaker for larger
values of β and ω̄B , in contrast to the ζ3 case.

The behavior of the imaginary parts of the complex roots
ζ1,2 as functions of ω̄B is shown in Fig. 4. It can be seen that
the modulus of the imaginary parts grows with increasing
ω̄B and the curves corresponding to distinct β values merge
to nearly a linear function at large values of ω̄B . The propor-
tionality coefficient asymptotically approaches unity. Note
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Fig. 3 The real part of the two complex roots of the cubic equation (65)
as a function of the reduced frequency ω̄B for particular values of the
angle β
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Fig. 4 The modulus of the imaginary parts of two complex roots of
the cubic equation (65) as a function of the reduced frequency ω̄B for
selected β values. The curves corresponding to different values of the
angle β merge when ω̄B is large

that, as discussed above, the dependence is exactly linear for
β = 0, π/2.

The Lindblad equation parameter w2 characterizes the
strength of the dissipation effects and is usually equal to
some fraction of the energy of particle interaction with a
magnetic field. In our case, this fraction is determined by
w2/μνB = 1/ω̄B . Figure 5 shows the time evolution of the
density-matrix component r (11)

3 for an intermediate value of
β, namely β = π/4. The result of the calculation demon-
strates that the functions r (11)

3 (τ ) for two different frequen-
cies, ω̄B = 5 and 10, decay at the same rate. This feature
agrees with the results presented in Figs. 2 and 3. The behav-
iors of time evolution of r (11)

3 at a fixed ω̄B value for different
values of β is shown in Fig. 6. It is clearly seen that the dissi-
pation effect is β-dependent and is stronger for larger β. This
observation is in line with results in Fig. 2, but not with those
in Fig. 3. It points out that the decay of the r (11)

3 (τ ) func-

0 1 2 3 4 5 6 7

τ = 2w2t

0

0.1

0.2

0.3

0.4

0.5

r
3

(
1
1
)
(

τ)

ω
B
 = 5

ω
B
 = 10

β = π/4

Fig. 5 The function r (11)
3 (τ ) for two different values of the reduced

frequency ω̄ and a fixed value β = π/4. The initial conditions are
r (11)

0 (0) = 1/2, r (11)
± (0) = 0, r (11)

3 (0) = 1/2, meaning that 

(11)
11 (0) =

1 and ρ
(11)
12 = ρ

(11)
21 = ρ

(11)
22 = 0. The results are in line with the

asymptotic behaviors of ζ3 and Re(ζ1,2) in Figs. 2 and 3 respectively

0 2 4 6 8 10

τ = 2 w2 t

0

0.1

0.2

0.3

0.4

0.5

r
3

(
1
1
)
(

τ)
β = π/6
β = π/4
β = π/3

ω
B
 = 10

Fig. 6 Time dependence of the density-matrix component r (11)
3 for the

reduced frequency ω̄ = μνB/2w2 = 10 and three different values of
the angular parameter β. The initial conditions are the same as in Fig. 5

tion is dominated by the ζ3 term rather than the ζ1,2 terms in
Eq. (58).

4 Neutrino oscillations’ probability, coherence and
mixedness

Coherence is a hardwired feature of quantum systems, a key
ingredient in versatile applications. The resource theory of
quantum coherence exploits ideas of optimal consumption of
resources and proper management of costs. The free states
and free operations require per se zero costs. However, free
resources are not enough for quantum information protocols.
Rather briefly, we recall the underlying formalism of resource
theory.
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Let Â be the set of free states (i.e., the initial neutrino
density matrix Â ≡ 
(0) and Q̂ the set of free quan-
tum operations (i.e., Lindbladian propagation L̂ ≡ Q̂ and

(t) = L̂(
(0))). In the resource theory one always implies

that the following criteria hold: Q̂n

(
Ân

)
∈ Â for ∀Ân ∈ Â

and ∀Q̂n ∈ Q̂. In the entanglement theory, typically Â is
the set of separable states and Q̂ are local operations and
classical communications. In the realistic physical systems
operations, Q̂ can be provided at a low cost but not for free.
Nevertheless, for the open quantum systems, we do not count
resources supplied from the environment. Below, we propose
the basis-dependent rigorous formulation of resource theory
of coherence for neutrino flavour, spin and spin-flavour oscil-
lations. We exploit the incoherent states În as a free state, and
a magnetic field we exploit as a source of operations for gen-

erating the coherence Q̂n

(
În

)
/∈ Î.

Coherence is a resource because it enables performing
operations not allowed in an incoherent system. Coherence
is related to the non-diagonal matrix elements of the density
matrix. One can define coherence as an antithesis of the inco-
herent states. The state is termed as incoherent if it is diagonal
in a preferred basis |i〉 (i. e., in the energy eigenbasis):


̂ =
∑

pi |i〉〈i |, (66)

where pi are probabilities. Any state which cannot be written
in the form of Eq. (66) we term coherent state. One can quan-
tify coherence through the following expression [2,53,54]

C = 2N

N − 2

∑

i, j>i

|
i j |2, (67)

where N is the dimension of the Hilbert space. In the most
general form, incoherent dissipative evolution of the system
can be described via trace-preserving map:

P [

̂
] =

∑

n

K̂n 
̂K̂
†
n , (68)

where K̂n, K̂ †
n are Kraus operators. Incoherent operation

cannot generate coherence, meaning that C (P [

̂
])

� C (

̂
)
.

However, we note that we consider a specific type of Lind-
bladian evolution. In our case, a magnetic field influences
not only the spin of the neutrino but also its flavor (due to a
nonzero neutrino transition magnetic moment μeμ). There-
fore, spin-flavor transitions in our evolution scheme may lead
to the generation of coherence in the system.

Suppose that at the initial moment of time t = 0 the neu-
trino is in the active, left-handed electron-flavor state

∣∣νL
e

〉
.

The neutrino oscillations are typically characterized by the
probabilities of the corresponding transitions PνLe →νLμ

(t) (fla-
vor), PνLe →νR

e
(t) (spin), and PνLe →νR

μ
(t) (spin-flavor), and by

the survival probability PνLe →νLe
(t). These probabilities can

be expressed in terms of the neutrino density matrix 
̂(t) as

4 60 2 8 10 12 14 16 18 20

τ = 2w2t

0

0.2

0.4

0.6

0.8

ρ d
n
n

ρ
d11

ρ
d22

Fig. 7 The time dependence of ρd22 and ρd11 when β = π/6, ω̄B = 10
and μνB/ων = 5. In the initial moment of time ρd22(0) = 1 and all
other elements of the density matrix 
̂(0) in the flavor representation
are zero

follows:

PνLe →νLe
(t) = tr

{

̂(t)

∣∣∣νL
e

〉 〈
νL
e

∣∣∣
}

= ρd22(t), (69)

PνLe →νLμ
(t) = tr

{

̂(t)

∣∣∣νL
μ

〉 〈
νL
μ

∣∣∣
}

= ρd44(t), (70)

PνLe →νR
e
(t) = tr

{

̂(t)

∣∣∣νR
e

〉 〈
νR
e

∣∣∣
}

= ρd11(t), (71)

PνLe →νR
μ
(t) = tr

{

̂(t)

∣∣∣νR
μ

〉 〈
νR
μ

∣∣∣
}

= ρd33(t), (72)

where ρdnn are diagonal elements of the neutrino density
matrix 
̂(t) in the flavor basis (3). The initial density matrix

̂(0) contains only the left-handed electron neutrino, mean-
ing that 
̂(0) = ρd22(0)|νL

e 〉〈νL
e |, with ρd22(0) = 1.

The neutrino transition probabilities (69)–(72) in an inter-
stellar magnetic field are shown in Figs. 7 and 8 for the case
of an ultra-high energy neutrino (Eν ∼ 10 ZeV) with a mag-
netic moment μν ∼ 10−12μB . As we can see, the spin-up
and spin-down states of both flavors “thermalize”, leading
to an unpolarized steady state. On the other hand, we see a
clear dominance of the electron neutrino in the final steady
state: ρd11(t) + ρd22(t) > ρd33(t) + ρd44(t). This domi-
nance reflects the memory of the system about the initial
neutrino flavor. In the case of the initial muon neutrino state
(not shown), i.e., 
̂(0) = ρ44(0)|νL

μ 〉〈νL
μ |, with ρ44(0) = 1,

we find the same memory effect of the initial neutrino flavor.
We now wish to quantify coherence of neutrino oscilla-

tions. For this purpose we employ two different proper mea-
sures of coherence [2]. Namely we use (i) the relative entropy
as an entropic measure of coherence and (ii) the l1 norm of
coherence [55,56]:

C (

̂(t)|
̂d(t)

) = tr
{

̂(t) ln 
̂(t) − 
̂(t) ln 
̂d(t)

}
,

Cl1(
̂) =
∑

i �= j

|
̂i j |. (73)
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Fig. 8 The same as in Fig. 7, but for ρd44 and ρd33
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Fig. 9 The time dependence of eigenvalues ρnn of the density matrix

̂ when β = π/6, ω̄B = μνB/w2 = 10 and μνB/ων = 5

Here 
̂d(t) is the diagonal part of 
̂(t) in the flavor
basis (3), i.e., 
̂d = diag(ρd11, ρd22, ρd33, ρd44). Further,
we use mixedness [57,58]

M(
̂(t)) = d

d − 1

(
1 − tr
̂2

)
, (74)

where in our case d = 4, and study the tradeoff relation
between the l1 norm of coherence and mixedness [58]:

C2
l1
(
̂)

(d − 1)2 + M(
̂(t)) � 1. (75)

For computing the coherence, mixedness and trade-
off relation, we exploit the spectral expansion 
̂(t) =∑
n

ρnn|n〉〈n|, where |n〉 and ρnn are eigenvectors and eigen-

values of the time-evolved density matrix and

ln 
̂(t) =
∑

n

ln(ρnn)|n〉〈n|.

Figure 9 shows the time evolution of the eigenvalues of the
density matrix sorted in decreasing order of magnitude. As
can be seen, in its eigenbasis, the density matrix has the form
of an effective two-level system.
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τ = 2w2t
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0.2

0.4
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Tradeoff for C
l1

Mixedness M(ρ^)
Coherence C(ρ^|ρ^

d
)/(d-1)

2

Coherence C
l1
(ρ^)/(d-1)2

Fig. 10 The time dependence of coherence, mixedness and their trade-
off when β = π/6, ω̄B = μνB/w2 = 10 and μνB/ων = 5

The numerical results for the coherence (73), mixed-
ness (74) and their trade off relation (75) are shown in Fig. 10.
The coherence, quantified in terms of the relative entropy,
exhibits an interesting behavior with time. Starting from a
zero initial value it reaches a maximal value and, after decay-
ing, it goes into a persistent steady-state oscillation regime.
We see that the tradeoff relation holds and that the l1 norm
of coherence also exhibits steady-state oscillations.

Thus, we found that after dissipative evolution, the initial
spin-polarized state entirely “thermalizes”, and in the final
steady state, the spin-up/down states have the same popu-
lations. On the other hand, the flavor states also “thermal-
ize”. However, the populations of two flavor states do not
equate to each other. The initial flavor still dominates in the
steady state, and coherence expressed in terms of an entropy
measure exhibits persistent oscillations from zero to some
constant value which is less than unity.

5 Conclusions

Traditionally optical photons and electromagnetic interaction
were the primary sources for astronomers to study the dis-
tant universe. However, after technological progress achieved
during the last few decades, using messengers of other funda-
mental interactions in the multimessenger astronomy became
experimentally feasible [59]. Exploiting neutrino beams for
these purposes is one of the most promising developments.
Owing to the weak interaction with matter, neutrino beams
have the advantage to penetrate the areas where electromag-
netic waves are damped. Their propagation is characterized
by the flavor, spin, and spin-flavor oscillations, which are
essentially due to the superposition of neutrino states with
different masses and helicities. Therefore the phenomenon
of quantum coherence plays an essential role in the multi-
messenger astronomy. When the cosmic neutrino beam tra-
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verses dissipative interstellar space, the superposition of the
different flavor and spin states converts to the mixed state
described by the neutrino density matrix. In the present work,
we studied the coupling of the neutrino spin with a random
interstellar magnetic field and developed a framework for
treating and quantifying the dissipation and coherence effects
in neutrino propagation and oscillations. The stochastic field
“thermalizes” the spin state and, due to the spin-flavor chan-
nel, impacts the flavor states as well. We observed that the
system never “thermalizes” to the absolutely mixed state.
Tradeoff theorem holds, and coherence is preserved in the
final steady state. We expect that our results might be use-
ful in the multimessenger astrophysics, in particular, in the
case of ultrahigh energy neutrinos as messengers. Finally, we
note that persistent spin-flavor coherence may be important
for neutrino quantum information protocols, for example,
such as neutrino-based interstellar communication [60], in
the foreseeable future.
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