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Abstract We will show that for exponential type poten-
tials of the form V (¢) ~ e—y(p” IMpi , which are used to depict
quintessential inflation, the solutions whose initial conditions
take place during the slow roll phase in order to describe cor-
rectly the inflationary period, do not belong for large values
of the parameter n to the basin of attraction of the scaling
solution —a solution of the scalar field equation whose energy
density scale as the one of the fluid component of the universe
during radiation or the matter domination period —, meaning
that a late time mechanism to exit this behavior and depict
correctly the current cosmic acceleration is not needed. How-
ever, in such cases, namely n large enough, these potentials
cannot correctly depict the current cosmic acceleration. This
is the reason why the potential must be improved introducing
another parameter -as the one in the well-known Peebles—
Vilenkin quintessential inflation model, which depends on
two parameters, one to describe inflation and the other one
to correctly depict the present accelerated evolution — able to
deal with the late time acceleration of our universe.
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1 Introduction

Quintessence [1-7] is a theory used to reproduce the cur-
rent cosmic acceleration without the need of a cosmological
constant. In quintessence it has been shown that, for expo-
nential potentials V (¢) ~ e~V#/Mrl with y > 2, there exists
a solution whose energy density scales as the one of radi-
ation [8]. Other successful quintessential inflation models
have been found as well with potentials of similar behavior,
such as the one in [9]. And it has recently been proved that for
more general exponential potentials V (¢) ~ e "¢ /Mpl there
also exists an approximate scaling solution [10,11]. Such
solution, termed as scaling solution (see [12] for a detailed
classification of the potentials that lead to scaling solutions),
is important in order to deal with the coincidence problem
because, due to the attractor behavior of the scaling solution,
if the scalar field is at the beginning of radiation in the basin
of attraction of this scaling solution, it evolves as a radiation
fluid. Therefore, since in standard quintessence we have two
fields, the inflaton (which vanishes after releasing its energy
when it oscillates in the deep well of the potential) and the
quintessence scalar field, one can assume initial conditions
for this field which lead it to enter into the basin of attraction
of the scaling solution.

However, so that the universe enters in the late time accel-
erated phase, the quintessence field has to leave the scaling
behavior, which could be done in several ways. Taking into
account that for 0 < y < +/2 during the matter domination
era there exists a tracker solution [2,8,13,14] leading to an
accelerating late time universe, one could add to the potential
the term e 7?/Mpl  with 0 < y < /2. In this situation, it can
be shown that the first term of the potential dominates during
the radiation dominated era and the second term dominates
during the matter dominated one [4]. Alternatively, one could
introduce a non-minimal coupling between the quintessence
field and massive neutrinos, whose effect is to modify the
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potential in the matter domination era [10,11], but in that
case, as we will see, the current cosmic acceleration is due
to an effective cosmological constant.

On the contrary, in quintessential inflation [15-25] there is
only one scalar field — the inflaton — driving the evolution of
the universe by depicting both the early- and late-acceleration
of the universe. Due to the attractor behavior of inflation, the
initial condition of the scalar field has to be taken to belong to
the basin of attraction of the slow roll solution. Then, using a
quintessential inflation model based on the exponential type
potentials proposed in [11], where the authors showed that
there exists an approximately scaling solution, we will show
that for large values of the parameter n at the beginning of
the radiation era the scalar field is not in the basin of attrac-
tion of the scaling solution. In fact, the value of the effective
Equation of State (EoS) parameter for the inflaton field is 1
during the radiation epoch, that is, it does not scale as the
relativistic plasma whose energy density dominates during
this period. As a consequence, in such cases a mechanism
to exit the scaling behavior is not needed. The only thing
needed to reproduce the evolution of the universe, as Pee-
bles and Vilenkin shown in their seminal paper [15], is an
inflationary potential leading to a spectral index (ng) and a
ratio of tensor-to-scalar perturbations (r) entering into the
two dimensional marginalized joint confidence contour at
20 confidence-level (CL) provided by Planck data [26,27]
combined with a quintessence potential which is dominant
at late times in order to correctly depict the current cosmic
acceleration.

The paper is organized as follows. In Sect. 2, we study the
exponential type potentials introduced in [10], we calculate
the reheating temperature of the universe using the mecha-
nism of instant preheating [28,29] (see [30] for more details)
because the potential is very smooth and the gravitational par-
ticle production of neither light nor superheavy particles is
effective for this kind of potentials [31-35]. With this reheat-
ing temperature we compute the evolution of the inflaton field
during the kination regime [36] in order to obtain its initial
conditions at the beginning of the radiation epoch. Finally,
with this initial data we integrate numerically the dynam-
ical system to show that for n sufficiently large (we have
taken the value of n = 10 to carry out the computations) the
dynamics of the inflaton field is completely different to the
one of the scaling solution. Section 3 is devoted to the study
of a viable model of quintessential inflation whose potential
is the combination of an exponential type potential — which
stands for inflation — with a pure exponential potential which
will reproduce the late time acceleration of the universe. To
obtain numerically the value of the parameter on which the
model depends we use the current observation data such as
the red-shift at the beginning of the matter-radiation equal-
ity, the current values of the Hubble rate and the ratio of the
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matter energy density to the critical one. Finally, in Sect. 4
we present the conclusions of our work.

The units used throughout the paper are 7 = ¢ = 1 and
we denote the reduced Planck’s mass by M, =

2.44 x 10'8 GeV.

~

1
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2 A quintessential inflation model

In this work we will consider the same Exponential Inflation-
type potentials studied, for the first time, in [10],

V(p) = Voe "/ Mpl", (1)

where A is a dimensionless parameter and » is an integer.

For this model the power spectrum of scalar perturbations,
its spectral index and the ratio of tensor to scalar perturbations
are given by (see for details of the calculations [11])

Voef)‘(pn/MpI”

= 6—2 _
12”2”2)~2Mp1 n(,02" 2

n—2 n
1 I _ 9
e () e o

and

2n—2
r = 8n2A2 <i) . (4)
M
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~2x 1077, )

An important relation is obtained combining the Egs. (3)
and (4),

" 2n —2
A (1) __r@n-? )
Mp; n@(l —ny) —r)
which leads to the formula for the power spectrum
2V __r2n=2)
n@(=ng)=r)
p=" L ~2x107 (6)
3n2M5,r
p
and, thus,
r(2n—2)
Vo ~ 3m2reGi-mn x 10_9M:l, (7

which for the viable values of n; = 0.9649 (the central value
of the spectral index) and » = 0.02 leads to

Vo ~ 672(1.166) "7 x 107" a4, 8)

Itis important to realize that a way to find theoretically the
possible values of the parameter A is to combine the Eqs. (4)
and (5) to get

n8(1 —ng) —r)\"' /o \n2
(== 7 — . 9
< 2r(n — 1) ) <8n2) ©)
And, using the theoretical values » < 0.1 and ny = 0.9649+

0.0042 (see for instance [26,27]), one can find the candidates
of A at 20 CL. These values have to be checked for the joint
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contour in the plane (ng, ) at 20 CL, when the number of
efolds is approximately between 60 and 75, which is what
happens in quintessential inflation due to the kination phase
[21,37] — the energy density of the scalar field is only kinetic
[36,38] — after the inflationary period.

For this kind of potentials, in order to compute the number
of efolds we need to calculate the main slow-roll parameter

G_Mﬁl ﬁz_kznz o 2n—2
2 \v) 2 \My, ’

whose value at the end of inflation is € gy p = 1, meaning that
at the end of this epoch the field reaches the value ppyp =

(10)

1
2n-2
z)" T My
Then, the number of efolds is given by

1 YEND |
N
Mpl 1) A/ 2¢

B 1 o \*" 2\ 2
" ni(n—2) (M_pl> a (W)

and, thus, combining the Eqgs. (3), (4) and (11) one obtains
the spectral index and the tensor/scalar ratio as a function of
the number of efolds and the parameter A.

On the other hand, since inflation ends at ¢pyp =

Y

1
(#) "M pl, When the effective Equation of State (EoS)

parameter is equal to —1 /3, meaning that gb%ND = V(¢END),
the energy density at the end of inflation is

3
P, END = EV((PEND)
2\ s

n—1 (-2 \2n—2
—on2(1166) e H32) T 10~ ar, (12)

and the corresponding value of the Hubble rate is given by

/3 wt _i(_2_\ZZ
HEND = Eﬂ(ll66)2ﬁﬂle 2<n212> X 1075Mplv
(13)

which will constrain very much the values of the parameter A
because in all viable inflationary models at the end of inflation
the value of the Hubble rate is of the order of 10~°M ol [39].
In fact, when (13) is of the order 107°M pl one gets

N (Z/nZ)n/Z
[In(3072(1.166)(n—1/myjn—1"

Then, to perform numerical calculations, throughout the
paper we will use the values of » = 10 and r = 0.02 and,
thus, for A = 4.1 x 10710 we have obtained approximately
67.4 efolds, which is a viable value in quintessential inflation.
Note that the only constraint for r is » < 0.1 and, therefore,
we have been able to use the value which enables Eqgs. (9)
and (14) to be compatible one to another, which turns out to
be r = 0.02 for n = 10. With these values, if the particles

(14)

are created via instant preheating [28,29] — which seems the
best mechanism due to the smoothness of the potential — we
have to obtain the Enhanced Symmetry Point (EPS), which is
the value of the field at which its temporal derivative is max-
imum. In our case, taking initial conditions during the slow
roll period (recall that the slow roll solution is an attractor,
so the evolution of the inflation field is the same for all initial
conditions in the basin of attraction of the slow roll solution)
we have obtained by integrating numerically the dynami-
cal system that approximately ¢, = 2.9 X 10_6M§l at
Omax = 3TMp,.

After this, we have to find out the moment when kination
starts, which could be chosen at the moment when the effec-
tive EoS parameter is very close to 1. Assuming for instance
that kination starts at w.rr = 0.99, we have numerically
obtained @iy = 47Mp; and ¢@pip = 5.6 X 10’9M§l, and
hence Hyj;, = 2.3 x 10’9Mp1.

On the other hand, since in instant preheating the effective
mass of the quantum field x field coupled with the inflaton
@ is given by g(¢ — @max), Where g is the dimensionless
coupling constant, at the beginning of kination the energy
density of the created superheavy particles is given by

Amax
Py kin = g((pkin - (ﬂmax)nx,max (a_)

kin

3
— 10gM i s (“’"—> , (15)
Akin
where the density of produced particles is [29]
32 .3/2
pomar = S0 2 1.99 % 107112, (16)
and
3 .
<a'ﬂ> — o3 i Hd:
Akin
in H
= ¢ omax §99 = 12 % 10712 (17)

has been calculated numerically.
Then, at the beginning of the kination regime we have

Py.kin = 2.39 x 1077¢*2 M7, and

Pykin = 1.59 x 10717 M7}, (18)

and, denoting by I" the decay rate — the superheavy particles
must decay into lighter ones in order to obtain a relativistic
plasma needed to match with the hot Friedmann universe —,

3
: Hiee _ I _ ( Gkin 3 3
using that s = T = (am) and taking into account

that the inflaton field ¢ is nearly frozen during kination, we
get

Py.dec =30*M3 and  py gec = 1.04 x 107 ¢%2M) T,
(19)
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In addition, in order to avoid a second inflationary phase
we have to impose that the decay takes place before the end
of the kination [29] (see also [40] for a detailed explanation),
i.e., we have to assume py dec < Py, dec, Which leads to the
following constraint,

[ >347x 107452 M . (20)

Then, following for example Section II of [40], the reheat-
ing temperature is given by

Th_( 30 )1/4/)1/4 [ Py.dec
' n'zgrh x.dec Py,dec

1/4
434 x 107 Hgl5/8 My / M 21
>4, g T ls (21)

where g, = 106.75 are the degrees of freedom for the Stan-
dard Model.

And, from the bound (20), we get the maximum value of
the reheating temperature as

Trn < 1.01 x 1077 g%4 M, = 2.45 x 101 ¢%/* GeV. (22)

On the other hand, as we have already explained, the decay
must be before the end of the kination phase, meaning that
I' < Hyin =23 x 10’9Mp1,whichleads to the lower bound

Trn > 6.27 x 1072158 M, = 1.53 x 10'%15/% Gev.
(23)

Moreover, to preserve the BBN success the reheating temper-
ature has to be approximately constrained between 1 MeV
and 10° GeV [41], so we get the bound

3.08 x 10712 < ¢ < 0.23. (24)

Finally, to fix the reheating temperature we choose the
following compatible values of the parameters, g = 1072
and T = 10712 pl» obtaining a reheating temperature of

Ton =772 x 10712 M, = 1.88 x 107 GeV. (25)
2.1 Dynamical evolution of the scalar field

Next, we want to calculate the value of the scalar field and its
derivative at the reheating time. Analytical calculations can
be done disregarding the potential during kination because
during this epoch the potential energy of the field is negligi-
ble. Then, since during kination one has a & "3 —= H =
A using the Friedmann equation the dynamics in this regime

3t
will be

S N
2 3t2
t
- QO(I) = Qkin + \/jMpl In (_) . (26)
3 Tkin
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Thus, at the reheating time, i.e., at the beginning of the
radiation phase, one has

Hkm
@rih = Pkin + Mpl In . 27

And, using that at the reheating time (i.e., when the energy
density of the scalar field and the one of the relativistic plasma

coincide) the Hubble rate is given by H’ h = 321"1;5' , one gets
H,
= Qkin + [Mpl In| — kin and
s grh T
M,,l
: 28
oo =073, 28)

where we have used that the energy density and the tem-
perature are related via the formula p,, = ’31—(2) 8rh Tr4h, where
the number of degrees of freedom for the Standard Model is
grn = 106.75 [42].

As we have already commented, we will take as the reheat-
ing temperature 7,, = 2 x 10~/ GeV. Then, at the beginning
of the radiation era we will have

Qi ZTL3Mpr G =499 x 1072M7). (29)

To calculate the value of the field and its derivative at the
matter-radiation equality, namely ¢., and ¢.,, we continue
assuming that the potential is negligible (this situation has
to be verified numerically integrating the full dynamical sys-
tem, which we will show in the next subsection), i.e., we are
assuming that the effective EoS parameter of the field w, =
(@22 — V)/(@*/2 + V) = 1, namely that the field never
reaches the basin of attraction of the scaling solution (which
will be proved numerically in the next subsection), which
should have during the radiation epoch an effective EoS
parameter equal to 1/3 because it scales as a radiation fluid.

Now, we consider the central values obtained in [43] (see
the second column in Table 4 of [43]) of the red-shift at the
matter-radiation equality z., = 3363, the present value of the
ratio of the matter energy density to the critical one £2,, o =
0.308, and Hy = 67.81 Km/sec/Mpc = 5.94 x 10_61Mp;.
Then, the present value of the matter energy density is p,, 0 =
3Hy M3 Qmo = 3.26 x 107'2'M7, and at the matter-
radiation equality we will have ,oeq = 2pm.o(l + Zeq)3 =
2.48 x 10~ HOM;‘)Z = 8.8 x 10~ 'eV*. Now, using the rela-
tion at the matter-radiation equality po; = 73 ggq T4 with
geq = 3.36 (see [42]), we get T,, = 3.25 x 10~ 28M,,, =
7.81 x 10710 GeV. Thus, solving the dynamical equation

¢+ 2%(/') = 0, one obtains
2H,y
3H,y

2
Peq = Yrh + 2\/;Mpl (1 -
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1/4
geq Teq
' b 8rh Trh

= o + 2[ My =72.9M,. (30)

trh eq
H,
feg 3 Mpi ‘q\/
1/4
=T |8 (g“’> T ~ 128 x 1077 eV2, (31)
9 5 8rh Ty

where once again we have used that 7, = 2 x 107 GeV.

(Peq = @rh

2.2 Numerical simulation during radiation

To show numerically that during radiation the scalar field is
not in the basin of attraction of the scaling solution, first of
all we calculate the value of the red-shift at the beginning of
the radiation epoch

1/4
ao ap de Pr,rh
1+Zrh=_=__q=(1+zeq)< )
Arh Qeg Arh r.eq

grh) 1/ Trh

- (32)

- (1 + Zeq) < T
eq

8eq
where we have used that o .y = o7 ( ) Then, for the

reheating temperature 7, = 2 X 107 GeV, we get 7, =
—1+1.90 x 10%°,

Moreover, at the beginning of radiation the energy density
of the matter will be

aeq 3 Pr,rh 3/4
Pm,rh = Pm,eq an = Pm,eq ,0_
r r.eq

2 3/4
% 8rh 3
= 30 geq ( :q) TrhTeq
=77 x 1013 GeV?, (33)

where we have used that 0 e = Pr.eq = Peq /2.
In this way, the dynamical equations after the beginning of
the radiation can be easily obtained using as a time variable
—In(1+72)
radiation and matter respectively as functions of N, we get

=In ( ;—0) Recasting the energy density of

arp\* _
pr@ = pron (2) = pr(N) = prone* ™= 34y
and

arp\3 _
Pm (@) = Pm.rh (%) = pn(N) = pm,rhe3(th N),

(35)
where N, denotes the value of the time N at the begin-

ning of radiation and, as we have already obtained, p,, 1 =
7.7 x 1013 GeV* and p,.,;, = 4.4 x 10°° GeV*.

To obtain the dynamical system for this scalar field model,
we will introduce the dimensionless variables
@ @
x=—— and y= ,
My, KMp

(36)

where K is a parameter that we will choose accurately in
order to ease the numerical calculations. So, taking into
account the conservation equation ¢ +3H¢ + V, = 0, one
arrives at the following dynamical system,

_x/ = l_
hy (37)
where the prime is the derivative with respect to N, H = %

and V = # It is not difficult to see that one can write

pl

= 1 y2 _ _ _
H—ﬁ\/g‘i‘v(x)‘Fpr(N)‘i‘pm(N)’ (38)

where we have defined the dimensionless energy densities as

or = KZM; and o, = Kzle~

Next, to integrate from the beginning of radiation up to the
matter-radiation equality, i.e., from N,;, = —50.57 to Ny =
—8.121, we will choose K M,; = 10717GeV?, yielding

pr(N) = 4.4 x 10844 Nm=N)
om(N) = 7.7 x 10%7 >N =N) (39)

and
(40)

Finally, we use the initial conditions for the field as
xrp = 71.3 and y,;, = 2.97 x 1032 (they have been obtained
in the Eq. (29). Note that we could also have used the initial
conditions in N,; computed in (30) and (31), but the assump-
tions applied in this calculus might not be valid at all when
including a new exponential term as done in next section.
By integrating numerically the dynamical system, we con-
clude that, for values of the parameter n greater enough, the
value of the EoS parameter w, remains 1 during radiation,
namely between N,;, and N,4, thus proving that the inflaton
field does not belong to the basin of attraction of the scaling
solution in these cases.

3 A viable model

To depict the late time acceleration, we have to modify the
original potential because it cannot explain the current obser-
vational data (for the potential (1), at the present time the
. _ Lo . . .
density parameter 2, = SHOT, is far from its observational

value, namely 0.7). For this reagon and following the spirit of
the Peebles—Vilenkin model [15], to match with the current

@ Springer
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observational data we have to introduce a new parameter M
with units of mass which must be calculated numerically. In
our case, we will consider the following modification of the
potential (1) by introducing a new exponential term contain-
ing the parameter M,

Vip) = Ve M"/Mpl" 4 ppte=ve/Mpr 41)

with 0 < ¥ < +/2 in order to obtain that at late times the
solution is in the basin of attraction of the tracker solution [13,
14], which evolves as a fluid with effective EoS parameter
Weff = %2 — 1 (see [44] for a detailed deduction of the
tracker solution).

Remark 1 An important remark is in order. Our potential
slightly differs from the one used in [10,11]

Vip) = Vo /M 1 (5, — 3py)eP oMo, 42)

where p, = p,eP?/Mrl is the neutrino energy density with
constant bare mass m, and > 0 is the non-minimal cou-
pling of neutrinos with the inflaton field (see for details [11]),
which has a minimum where inflation ends its evolution, thus
acting as an effective cosmological constant which stands
for the current cosmic acceleration. In contrast, our poten-
tial does not have a minimum and the scalar field continues
rolling down the potential as happens in quintessential infla-
tion.

On the other hand, in our case we can also justify our
choice considering that the inflaton field is non-minimally
coupled with neutrinos but with a negative coupling con-
stant, namely 8 = —y < 0. Therefore, M* = 5, —3p,
and the effective mass of neutrinos is given by m, .7 (¢) =
mye~Y?/Mpl_which tends to zero for large values of the field.
Hence, neutrinos become relativistic, contrary to what hap-
pens when B is positive, where the neutrinos acquire a heavy
mass becoming non-relativistic particles. Finally, to match
with the current observational data, M* = Oy — 3py must
be very small compared to the Planck’s energy density. In
fact, for n = 10 and y = 1 we have numerically obtained
M* ~ 107 MeV*.

Now we have to solve the dynamical system (37) with ini-
tial conditions at the beginning of the radiation era. Choosing
K = Hy (the present value of the Hubble rate), the ini-
tial conditions become x,;, = 71.3 and y,;, = 8.57 x 1038,
With this choice of the constant K, note that in order obtain
of the parameter M one has to simply impose the value of
H = H(N)/Hytobe l at N = 0.

3.1 Numerical calculations
Choosing for instance y = 1, integrating the dynamical sys-
tem and imposing that H(0) = 1, we have obtained, in the

case n = 10, M = 1.94 x 10~! MeV. Thus, looking at for-
mula (8), werealize that during the slow roll phase (¢ ~ M ;)

@ Springer
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— O (N)
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Qpm (N)
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Fig. 1 The density parameters 2, = ﬁ (orange curve), 2, =
pl
pr ) inati
T M,Z;/ (blue curve) and 2, = 32 M,z;/ (green curve), from kination to

future times. To perform numerical calculations we have taken n = 10
andy =1

Weff
1.0

0.5-

N

-70 -60 -50 -40 -30 -20 -10

-1.0-

Fig. 2 The effective Equation of State parameter w,yy, from kination
to future times, for n = 10 and y = 1. As one can see in the picture,
after kination the universe enters in a large period of time where radi-
ation dominate. Then, after the matter-radiation equality, the universe
becomes matter-dominated and, finally, near the present, it enters in a
new accelerated phase where w, s approaches % —-1= —%, that is, it
has the same effective EoS parameter as the tracker solution, meaning
that the solution is in the basin of attraction of the tracker one

the second term of the potential (41) is sub-leading, that is,
the responsible for inflation is the first term. On the contrary,
for large values of the inflaton field ¢ (¢ ~ 70M ), the sec-
ond term of the potential is dominant, meaning that it is the
responsible for quintessence.

On the other hand, in Fig. 1 we show the evolution of the
Q’s for radiation, matter and the scalar field. One can see
that the energy density of the scalar field is dominant at the
present time and future. Moreover, in Fig. 2 one can deduce
that the universe is accelerating because the effective EoS
parameter is at the present time and future less than —1/3.
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4 Concluding remarks

We have shown that in quintessential inflation with expo-

nential type potentials V ~ e MMy for large values of

the parameter n the solutions obtained from initial condi-
tions during the slow roll regime do not enter in the basin of
attraction of the scaling solution.

In addition, we have seen that these potentials only depict
the inflationary period. So, to obtain the current cosmic accel-
eration and describing all the evolution of the universe, we
need to combine them with a quintessential potential. In our
work, we have chosen as a quintessential potential an expo-
nential potential of the type e~ 7#/Mr with 0 < y < +/2in
order that at late times the solution is in the basin of attraction
of the tracker solution, thus depicting a late time accelerated
universe.
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