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Abstract Neutrino oscillation is deemed as an interesting
physical phenomenon and shows the nonclassical features
made apparently by the Leggett–Garg inequality. The uncer-
tainty principle is one of the fundamental features that dis-
tinguishes the quantum world to its classical counterpart.
And the principle can be depicted in terms of entropy, which
forms the so-called entropic uncertainty relations (EUR). In
this work, the entropic uncertainty relations that are relevant
to the neutrino-flavor states are investigated by comparing
the experimental observation of neutrino oscillations to pre-
dictions. From two different neutrino sources, we analyze
ensembles of reactor and accelerator neutrinos for different
energies, including measurements performed by the Daya
Bay collaboration using detectors at 0.5 and 1.6 km from their
source, and by the MINOS collaboration using a detector with
a 735km distance to the neutrino source. It is found that the
entropy-based uncertainty conditions strengths exhibits non-
monotonic evolutions as the energy increases. We also quan-
tify the systemic quantumness measured by quantum corre-
lation, and derive the intrinsic relationship between quantum
correlation and EUR. Furthermore, we utilize EUR as a cri-
terion to detect entanglement of neutrino-flavor state. Our
results could illustrate the potential applications of neutrino
oscillations on quantum information processing in the weak-
interaction processes.

1 Introduction

The intriguingly physical phenomena of neutrino oscillations
were proposed over half a century ago [1–3]. Subsequently,
some experimental collaboration groups achieved the con-
vincing evidences of the transitions among various neutrino
flavors from the various neutrino sources, including solar

a e-mail: dwang@ahu.edu.cn (corresponding author)
b e-mail: yeliu@ahu.edu.cn
c e-mail: chenjl@nankai.edu.cn

neutrinos [4–6], atmospheric neutrinos [7,8], reactor neutri-
nos [9,10] and accelerator neutrinos [11–14]. In the regime of
three generation neutrinos, neutrinos and antineutrinos can
be simultaneously generated and they are available in the
different kinds of flavors, namely, the electron e, muon μ

and tau τ neutrinos [15]. The interestingly physical details
of neutrinos have been revealed on measuring and analyzing
the refined oscillations parameters [16–19].

Generally, the so-called neutrino oscillation is a physi-
cal process that one flavor can transform to another flavor
in the course of the propagation due to the nonzero mass
and mixing. Vast numbers of promising experiments have
verified such behaviors by utilizing the natural neutrino and
man-made neutrino. Fundamentally, the neutrino oscillations
are the three-flavor oscillations [20]. The three-flavor oscil-
lations can map into the neutrino states, treating them as
the three-mode systems, i.e., the three-qubit quantum sys-
tems [21,22]. For the special cases, the neutrino oscillations
can be also simplified into the effective two-flavor oscilla-
tions. Likewise, the two-flavor oscillations can be consid-
ered as a two-mode system, to that the two-qubit system
[23–27]. According to the normal ordering of the neutrino
mass spectrum (m1 < m2 < m3), the best fit values of neu-
trino oscillations parameters are Δm2

21 = 7.50 × 10−5eV2,
Δm2

31 = 2.457 ×10−3eV2, Δm2
32 = 2.382 × 10−3eV2,

θ12 = 33.48◦, θ23 = 42.3◦ and θ13 = 8.50◦ [28,29].
Neutrinos interact only via weak processes. Hence, com-

pared to other particles widely exploited in quantum informa-
tion processing, neutrinos exhibit smaller decoherence and
can sustain the coherence over astrophysical length scales.
There could be many importantly potential applications in the
domain of quantum information science. Motivated by this,
various attempts have been made to explore the quantumness
of neutrino system by means of flavor transition probabilities,
including Leggett–Garg inequality [24,30–32], Svetlichny
inequalities [29], quantum discord [23], quantum entangle-
ment [33], and quantum coherence [26]. Moreover, the quan-
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tum information theoretic tools are capable of addressing
some intractable issues in neutrino oscillations, which are
the distinct problem of the neutrinos nature between Dirac
and Majorana fermions [34], and the mass-degeneracy prob-
lem [35]. However, so far, there have been no observations on
entropic uncertainty relations in neutrino systems. Entropic
uncertainty relation gives rise to many potential applications
in the course of quantum information processing [36], includ-
ing entanglement witness, quantum randomness, quantum
metrology, quantum steering, quantum key distribution, and
so on. Exploring the entropic uncertainty relations of neutrino
systems may be open an exciting window to utilize neutrinos
in the domain of quantum information science.

Uncertainty principle is originally put forward by Heisen-
berg, and is viewed as one of the backbones in quantum
mechanics [37]. Importantly, the uncertainty principle vir-
tually provides a threshold of our ability to accurately pre-
dict the measurement outcomes for a pair of incompatible
observables on a given quantum system. Whereafter, Ken-
nard [38] and Robertson [39] derived the uncertainty prin-
ciple ΔP · ΔR ≥ 1

2 〈�| [P, R] |�〉 by utilizing the stan-
dard deviation with respect to two arbitrary non-commuting
observables P and R for the state |�〉. Later, Deutsch con-
jectured the celebrated entropic uncertainty relation (EUR)
in terms of Shannon entropy [40], which was improved by
Kraus [41] and subsequently proved by Maassen and Uffink
[42]. EUR is generalized to the new version in the presence of
a quantum memory, viz., quantum-memory-assisted entropic
uncertainty relation (QMA-EUR) [36,43,44]. Soon after-
wards, many works have made some efforts to improve and
generalize QMA-EUR [45–53]. Furthermore, some promis-
ing experiments have been achieved to demonstrate the
entropic uncertainty relation [54–59].

In this paper, we pay attention to investigate QMA-EUR
in experimentally observed neutrino oscillations. It can be
obtained that the entropic uncertainty for neutrino-flavor
states and the lower bound of uncertainty are non-monotonic
as the energy increases. Quantum correlation for neutrino-
flavor states exhibits strong robustness in the order of km and
is a dependent factor of the lower bound. The result shows
that entropic uncertainty relations can be used as a credible
criterion for quantum entanglement of neutrino-flavor states.

The outline of the paper is organized as follows. In Sect.
2, we first review the fundamental characteristics of neutrino
oscillations and use the tools of quantum information theory
to illuminate the two-flavor mode entangled states. In Sect.
3, we explore QMA-EUR and quantum correlation in exper-
imentally observed neutrino oscillations, and further reveal
the intrinsic relationship between both of them. Finally, we
end up our paper with conclusions and discussions in Sect.
4.

2 Two-flavor neutrino oscillations

The standard neutrinos model is composed of three distinct
neutrino flavors. However, we mainly focus on the energy
and distance on oscillations between two-flavor states with
a two-state approximation [60]. Therefore, in the limit of
relativity, we can analyze the oscillations between two-flavor
states by means of the Bloch sphere formalism [61], which
geometrically corresponds to the space of pure states of a
generic two-level system.

In the limit of two-flavor, the Hamiltonian for neutrino
propagation reads (setting h̄ = c = 1) [31,62,63]

Ĥ =
(
m2

1 + m2
2

4p
+ VC

2
+ VN + p

)
I2×2

+1

2

(
VC − ω cos 2θ ω sin 2θ

ω sin 2θ ω cos 2θ − VC

)

= r · σ

2
+ r0I2×2, (1)

where θ denotes the mixing angle of neutrino vacuum, m1

and m2 stand for the different mass states, respectively.
ω = (m2

2 − m2
1)/2p stands for the oscillation frequency

and p � E is the relativistic neutrino momentum-energy.
Owing to the coherent forward scattering of neutrinos with
electrons (neutrons) in matter, the charged (neutral) current
potential can be expressed by VC(N ) = √

2GFne(n) with the
Fermi coupling constant term GF . σ = (

σx , σy,σz
)

denotes
a two-dimension Pauli matrices vector, I2×2 represents the
2×2 identity matrix. The term r0I2×2 is proportional to I2×2

and can identically affect all flavor states, and thus it almost
entirely never contributes to the oscillations of the different
flavors. For the neutrino with an energy En , the time evo-
lution of the flavor states can be controlled by an unitary
operator Û related to Ĥosc ≡ r · σ/2 expressed as

Û
(
ωn; ti ; t j

) ≡ Û
(
ψn;i j

) = exp

(
−i

∫ ti

t j
Ĥosc (ωn) dt

)

= cos
(
ψn;i j

)
I2×2

− i sin
(
ψn;i j

) (
r̂ (ωn) · σ

)
, (2)

where ωn denotes the oscillation frequency in regard to the
energy En and ψn;i j ≡ |r (ωn)|

(
ti − t j

)
/2 stands for the

accumulated phase in the propagating period from ti to t j
with the energy En . In the limit of neglecting the matter
effects, the accumulated phase ψn;i j is written as

ψn;i j � ωn

2

(
t j − ti

) = 1

4En

(
m2

2 − m2
1

) (
t j − ti

)
. (3)

The evolution of the neutrino is only dependent on the accu-
mulated phase ψn;i j , not the individual times ti and t j . As a
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result, the flavor neutrino states will evolve as

|να (t)〉 = Û
(
ωn; ti ; t j

) |να〉 = aαα (t) |να〉
+ aαβ (t)

∣∣νβ

〉
(4)

in the flavor basis, where α, β = e, μ being associated with
electron- and muon-flavor neutrino states. |να〉 denotes the
flavor state with respect to the initial time t = 0. The prob-
abilities of detecting the neutrino in states |να〉 and

∣∣νβ

〉
are

Pαα = |aαα (t)|2 and Pαβ = ∣∣aαβ (t)
∣∣2, respectively, i.e., the

survival probability να → να and the oscillation probability
να → νβ . And they satisfy Pαα + Pαβ = 1. The occupation
number states of neutrinos are imposed by taking advantage
of the following correspondence [23]

|να〉 ≡ |1〉α ⊗ |0〉β ≡ |10〉 ,∣∣νβ

〉 ≡ |0〉α ⊗ |1〉β ≡ |01〉 . (5)

From the above statements, the flavor states of the neutrino
in principle can be considered as a two-qubit state with form
of

|να (t)〉 = aαα (t) |10〉 + aαβ (t) |01〉 . (6)

3 QMA-EUR and quantum correlation in the
experimentally observed neutrino oscillations

Basically, the QMA-EUR may be clearly explained based
on a guessing game (the uncertainty game). To be explicit,
there exists a pair of legitimate participants (say, Alice and
Bob) in this game. Bob prepares two particles (A and B),
and sends particle A entangled with his quantum memory B
to Alice. After receiving A, Alice measures it by randomly
choosing measurement P or R, and then tells Bob her mea-
suring choice. Based on Alice’s measurement choice, Bob
is able to guess Alice’s measurement results with minimal
deviation limited by the uncertainty’s lower bound.

In the following, let us briefly recall the entropic uncer-
tainty relation with quantum memory (i.e., QMA-EUR),
which can be written by

S (P|B) + S (R|B) ≥ −log2c (P, R) + S (A|B) , (7)

where S (P|B) = S
(
ρ̂PB

) − S
(
ρ̂B

)
is the conditional

von Neumann entropy of the post-measurement state with
ρ̂PB = ∑

i

(∣∣ϕP
i

〉
A

〈
ϕP
i

∣∣ IB)
ρ̂AB

(∣∣ϕP
i

〉
A

〈
ϕP
i

∣∣ IB)
after per-

forming the measurement on particle A by the observable P
with the eigenstates

∣∣ϕP
i

〉
. IB represents an identical opera-

tor in the Hilbert space of B. c (P, R) = max j,k

∣∣∣〈ϕP
j |ψ R

k

〉∣∣∣2

represents the maximal overlap.

And S (A|B) = S
(
ρ̂AB

)−S
(
ρ̂B

)
denotes the conditional

von Neumann entropy of systemic state ρ̂AB with S
(
ρ̂AB

) =
−tr

(
ρ̂AB log2ρ̂AB

)
and ρ̂B = trA

(
ρ̂AB

)
[64].

Next, we recall quantum correlation for a bipartite system.
Here, quantum correlation is measured by quantum discord
(QD), which is given by [65]

QD
(
ρ̂AB

) = I
(
ρ̂AB

) − CC
(
ρ̂AB

)
, (8)

where I
(
ρ̂AB

) = S
(
ρ̂A

) + S
(
ρ̂B

) − S
(
ρ̂AB

)
is the

systemic total correlation, representing the mutual infor-
mation between two subsystems A and B. The quan-
tum mutual information consists of two different parts
(the classical part and the quantum part). The classical
part (classical correlation) is described as CC

(
ρ̂AB

) =
max{∏B

i

} (
S

(
ρ̂B

) − S{∏B
i

} (
ρ̂A|B

))
. The maximum is taken

over the set of all possible positive operator-valued measures

(POVMs)
{∏B

i

}
on the subsystem B and S{∏B

i

} (
ρ̂A|B

) =∑
i pi S

(
ρ̂i
A

)
stands for the averaged conditional entropy of

ρ̂i
A = 1

pi
trAB

(∏B
i ρ̂AB

∏B
i

)
is the post-measurement state

with the corresponding probability pi = trAB
(
ρ̂AB

∏B
i

)
.

Therefore, the quantum part (quantum correlation) is easily
obtained

QD
(
ρ̂AB

) = S
(
ρ̂B

) − S
(
ρ̂AB

)
+ min{∏B

i

}S{∏B
i

} (
ρ̂A|B

)
. (9)

3.1 QMA-EUR and quantum correlation in the muon
neutrino oscillations

Considering the muon neutrino in the initial time t = 0,
the evolutive states for two-flavor neutrino oscillations are
written as

∣∣νμ (t)
〉 = aμτ (t) |ντ 〉 + aμμ (t)

∣∣νμ

〉
, (10)

where the oscillation probabilities for the tau flavor state ντ

corresponds to Pμτ (t) = ∣∣aμτ (t)
∣∣2,

and the survival probabilities for the muon flavor state
νμ is Pμμ (t) = ∣∣aμμ (t)

∣∣2, respectively. The effective
atmospheric Δm2

μμ measured in νμ disappearance experi-
ments is Δm2

μμ = sin2θ12Δm2
31 + cos2θ12Δm2

32 + sin θ13

sin 2θ12 tan θ23Δm2
21 cos Δ [66].

In MINOS and MINOS+ Collaborations, the muon (anti)
neutrino production is based on the proton beams of accel-
erators, and the length of baseline is 735 km and it covers
the energy of 0.5 ∼ 50 GeV. It is clear that the ratio L/E
ranges from 15 km/GeV to 1500 km/GeV. In particular, the
MINOS+ data provide significant additional statistical power
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Fig. 1 The Long-range survival probabilities νμ → νμ (solid line,
blue) as a function of the distance traveled per energy L/E with the
initial muon flavor state. The solid line is theoretical value and the data
of MINOS and MINOS+ Collaborations (blue square) are addressed
from Refs. [17,18]

integrated in the range from 4 to 8 GeV energy over the lower
energy MINOS data. The evolutions of probabilities (survival
probabilities of the muon neutrino oscillation) is plotted as
a function of L/E shown as Fig. 1. In the figure, the exper-
imental result based on the data of MINOS and MINOS+
Collaborations [17,18] and the theoretical result are offered.

To further explore the QMA-EUR and the quantum corre-
lation in experimentally observed muon neutrino oscillations,
the evolutive states for two-flavor neutrino are

ρ̂
μ
AB (t) = ∣∣aμμ (t)

∣∣2 |10〉 〈10| + aμτ (t) a∗
μμ (t) |01〉 〈10|

+ ∣∣aμτ (t)
∣∣2 |01〉 〈01|

+ aμμ (t) a∗
μτ (t) |10〉 〈01| (11)

in the orthonormal basis {|00〉 , |01〉 , |10〉 , |11〉}. Herein,
we choose a pair of spin−1/2 Pauli observables (P, R) =
(σx , σy) as the incompatibility. By some calculations, one can
obtain that the maximal overlap c (P, R) = 1/2. By com-
bining Eq. (7), the entropic uncertainty (Uμ) and the uncer-
tainty’s lower bound of (Uμ

b ) are the left-hand side (LHS) and
right-hand side (RHS) of Eq. (7), which can be described as

Uμ = S
(
ρ̂

μ
PB (t)

) + S
(
ρ̂

μ
RB (t)

) − 2S
(
ρ̂

μ
B (t)

)
= 2

(
Pμμlog2Pμμ + Pμτ log2Pμτ + 1

)
, (12)

Uμ
b = S

(
ρ̂

μ
AB (t)

) − S
(
ρ̂

μ
B (t)

) − log2c (P, R)

= Pμμlog2Pμμ + Pμτ log2Pμτ + 1, (13)

QD
(
ρ̂

μ
AB (t)

) = −Pμμlog2Pμμ − Pμτ log2Pμτ (14)

in terms of the transition probabilities, respectively. As a
result, an interesting and nontrivial result can be obtained
as

Uμ = 2Uμ
b = 2 − 2QD

(
ρ̂

μ
AB (t)

)
. (15)

This equality states that the quantum correlation quantified
by QD is completely responsible for the dynamics of the
entropy-based uncertainty and its lower bound in the physical
process of muon neutrino oscillations. Specifically, the uncer-
tainty is completely anti-correlated with the quantum corre-
lation of two-flavor neutrino states ρ̂

μ
AB (t), i.e., the stronger

quantum correlation will lead to the smaller entropic uncer-
tainty in the current architecture.

In Fig. 2, the QMA-EUR and the quantum discord are
drawn with respect to the ratios L/E for both theoretical and
experimental results. It is seen that the theoretical lines are
periodically oscillating with the same period T = 513.215.
When the ratio at the points L/E = (2n + 1) 256.608 with
integers n ∈ [0, 2], yielding the maximal entangled state
(|01〉 + |10〉)/√2, the entropic uncertainty and the uncer-
tainty’s lower bound coincide, and reach the minimum value
LHS = RHS = 0. In the contrary, the quantum discord is
maximized with the value QD = 1. From viewpoint of quan-
tum resource theory, it implies that more quantum resources
could be harvested with regard to the neutrinos propagation in
the MINOS/MINOS+ experiments. For the ratio at the points
L/E = n × 513.215 with positive integers n ∈ [1, 2], gen-
erating the product state |01〉, the entropic uncertainty and
the lower bound reach the maximum value LHS=RHS=2.
However, the quantum discord is minimized with the value
of QD.

Moreover, we explore the application of QMA-EUR as
entanglement witness. Quantum entanglement is a vital quan-
tum resource and the basis of many protocols in quan-
tum information processing. Here, we use the concurrence
C

(
ρ̂AB

) = max
{
0,

√
λ1 − √

λ2 − √
λ3 − √

λ4
}

as a mea-
surement of two-flavor neutrino state’s entanglement [67],
and λi represent the eigenvalues of the non-Hermitian matrix
ρ̂AB(σy ⊗ σy) ρ̂∗

AB(σy ⊗ σy) in the decreasing order. In fact,
there exists a criterion as to entanglement detection that the
system consisting of A and B must be entangled when its
conditional von Neumann entropy S (A|B) < 0. In connec-
tion with QMA-EUR in Eq. (7), if the entropy satisfies

S (P|B) + S (R|B) + log2c (P, R)

= 2(Pμμ log2 Pμμ + Pμτ log2 Pμτ ) + 1 < 0, (16)

we can deduce S (A|B) < 0, which is regarded as an indi-
cator that the bipartite neutrino-flavor state is entangled def-
initely.

Consequently, we make use of the sufficient condition
of judging quantum entanglement expressed in Eq. (16) to
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(a)

(b)

Fig. 2 a The entropic uncertainty and the uncertainty’s lower bound
in Eq. (7) in theory (solid line) and experiment (square) with the error
bars in regard to the distance traveled per energy L/E for the initial
μ-flavor state; b The quantum discord quantified by Eq. (9) in theory
and experiment with the error bars in regard to L/E for the initial
μ-flavor state. LHS (solid line, red) denotes the entropic uncertainty
[the left-hand side of Eq. (7)]; RHS (solid line, green) represents the
uncertainty’s lower bound [the right-hand side of Eq. (7)]; QD (solid
line, violet) corresponds to the quantum discord

detect the muon neutrino-flavor state’s entanglement, while
its concurrence has been provided in Fig. 3. From the figure,
it is obvious that the theoretical line of entropy is periodically
oscillating with the period T = 513.215. By some numerical
calculations, it can be obtained that the amount of entropy is
less than zero, i.e., S (P|B) + S (R|B) + log2c (P, R) < 0
in regions of L/E ∈ (110.468 + n × 513.215, 402.746 +
n × 513.215) with the integers n ∈ [0, 2]. It shows that the
entropic estimation can witness the neutrino-flavor state’s
entanglement in muon neutrinos, and the corresponding
region of the concurrence (0.626, 1] can be numerically
obtained, which supports the criterion based on QMA-EUR
can be effectively used to detect the quantum entanglement

Fig. 3 Experimental results for the entanglement witness with respect
to the ratio L/E for the initial muon flavor state. The entropy (solid line,
red) S (P|B)+S (R|B)+log2c (P, R), and the concurrence (solid line,
blue) of neutrino-flavor state in theory and experiment with the error
bars. The magenta solid line denotes the entropy limit (zero value)

in the processing of the muon neutrino oscillations. Due to
the fact that if the entanglement criterion based on QMA-
EUR satisfies, and then the concurrence must be non-zero,
this manifests that the proposed entropy-based criterion is
stronger than the concurrence-based one, and can be viewed
as a reliable tool to detect the entanglement.

3.2 QMA-EUR and quantum correlation in the electron
antineutrino oscillations

We firstly prepare an electron neutrino in the initial time
t = 0, the time evolution of states for the two-flavor neutrino
oscillations are

|νe (t)〉 = aee (t) |νe〉 + aeμ (t)
∣∣νμ

〉
(17)

with the probabilities Pee (t) = |aee (t)|2 and Peμ (t) =∣∣aeμ (t)
∣∣2 for detecting the neutrino in the electron flavor

state νe and the muon flavor state νμ, respectively. In Ref.
[66], the effective atmospheric Δm2

ee measured in νe disap-
pearance experiments is given by Δm2

ee = cos2θ12Δm2
31 +

sin2θ12Δm2
32.

In Fig. 4, we provide the evolution relation of survival
probabilities versus the ratio L/E , with the experimental
results and the theoretical predictions. Therein, the experi-
mental data we adopted is from the Daya Bay neutrino exper-
iments [19], and explicitly EH1, EH2 and EH3 stand for all
the measurement positions of the Daya Bay collaboration,
where they take advantage of β decay to generate the elec-
tron antineutrino source with different baselines and ener-
gies. They utilized the Daya Bay Reactor Neutrino Experi-
ment to detect the electron antineutrino disappearance, the
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Fig. 4 The survival probabilities νe → νe (solid line, blue) versus the
distance traveled per energy L/E with the initial electron flavor state.
The solid line is theoretical value and the data of Daya Bay Collaboration
in three different underground experimental halls (EH1: square; EH2:
upper triangle; EH3: circle) are taken from Ref. [19]

energy in the experiment ranges from 1 MeV to 8 MeV. It
shows that the effective L/E is with [0, 1] km/MeV. As can
be seen in Fig. 4, for the short-range oscillations (with the
current ratios L/E) in the Daya Bay experiment, the survival
probabilities of finding the electron flavor state νe is more
than 0.9 all the time. For L/E ≈ 0.5, the survival prob-
ability comes to the minimum value. Correspondingly, the
oscillation probability of detecting other flavor state reaches
the maximum value.

In order to investigate the QMA-EUR and the quan-
tum correlation in experimentally observed electron neutrino
oscillations, the time evolutive states for the initial electron
flavor state are given by

ρ̂e
AB (t) = |aee (t)|2 |10〉 〈10| + aee (t) a∗

eμ (t) |10〉 〈01|
+ ∣∣aeμ (t)

∣∣2 |01〉 〈01|
+ aeμ (t) a∗

ee (t) |01〉 〈10| (18)

in the orthonormal basis {|00〉 , |01〉 , |10〉 , |11〉}. According
to Eqs. (7) and (9), the entropic uncertainty, the uncertainty’s
lower bound and quantum correlation are analytically derived
as

Ue = S
(
ρ̂e
PB (t)

) + S
(
ρ̂e
RB (t)

) − 2S
(
ρ̂e
B (t)

)
= 2

(
Peelog2Pee + Peμlog2Peμ + 1

)
, (19)

Ue
b = S

(
ρ̂e
AB (t)

) − S
(
ρ̂e
B (t)

) − log2c (P, R)

= Peelog2Pee + Peμlog2Peμ + 1, (20)

and

QD
(
ρ̂e
AB (t)

) = −Peelog2Pee − Peμlog2Peμ. (21)

(a)

(b)

Fig. 5 The entropic uncertainty in Eq. (7), the uncertainty’s lower
bound in Eq. (7) and the quantum discord in Eq. (9) in theory and
experiment with the error bars in regard to the distance traveled per
energy L/E for the initial electron flavor state. LHS (solid line, red)
denotes the entropic uncertainty [the left-hand side of Eq. (7)]; RHS
(solid line, green) is the uncertainty’s lower bound [the right-hand side
of Eq. (7)]; QD (solid line, violet) is the quantum discord

Upon the above equations, it is easy to obtain

Ue = 2Ue
b = 2 − 2QD

(
ρ̂e
AB (t)

)
(22)

for the electron neutrino oscillations. In terms of this rela-
tion, we attain that the entropic uncertainty and its bound are
fully opposite to the systemic quantum correlation, which is
essentially the same as that statement previously concluded
in the μ neutrino oscillations.

In Fig. 5a, we observe the QMA-EUR when perform-
ing the measurements σx and σy in experimental electron
neutrino oscillations by the data adopted from the Daya
Bay neutrino experiment. From the figure, it shows that the
experimental results are well consistent with the theoretical
predictions within the error bars, and we compute that the
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Fig. 6 Experimental results for the entanglement witness with respect
to the ratio L/E for the initial electron flavor state. The entropy (solid
line, red) S (P|B) + S (R|B) + log2c (P, R), the concurrence (solid
line, blue) of neutrino-flavor state in theory and experiment with the
error bars

goodness of fit is χ2/NDF = 25.17/33 with respect to the
entropic uncertainty, which corresponds to that p-value is
equal to 0.83. The time evolution of the entropic uncertainty
always keeps in step with the lower bound of uncertainty,
which first increases and then decreases with the growing
ratio L/E . With respect to the ratio at the point L/E = 0
and L/E = 1, the neutrino-flavor states are the maxi-
mally mixed states without entanglement. Consequently, the
entropic uncertainty and the lower bound become the maxi-
mum value LHS=2 and RHS=1, respectively. The neutrino-
flavor state at around the point L/E = 0.5, the uncertainty
and the lower bound reach the minimum value 1.1274 and
0.5637, respectively. The small entropic uncertainty implies
that the prediction of the measuring outcomes is relatively
precise. Whereas, it displays that the quantum discord first
increases and subsequently reduces with the ratio. It is obvi-
ous that the entropy-based uncertainty is oppositely associ-
ated with quantum correlation (i.e., QD), which supports our
derivation in Eq. (22).

Moreover, we explore the application of QMA-EUR as
entanglement witness. According to the criterion of entan-
glement detection S (A|B) < 0, the entropy satisfies

2(Pee log2 Pee + Peμ log2 Peμ) + 1 < 0, (23)

then we can conclude that the bipartite neutrino-flavor state
is entangled definitely in the current architecture.

We draw the entropy S (P|B) + S (R|B) + log2c (P, R)

and the electron neutrino-flavor state’s concurrence as a func-
tion of the ratio L/E in Fig. 6. From the figure, it is appar-
ent that the experimental results are compatible with the
theoretical predictions within the error bars, by calculating
χ2/NDF = 21.80/33 and the corresponding p-value of 0.93.

As to the ratio L/E in the region [0, 1], the neutrino-flavor
state’s concurrence can be always detected except for the
points L/E = 0, however, the entropy is larger than zero.
It shows that the entropy estimation is ineffective to detect
the entanglement in electron antineutrino oscillations. This
result can be interpreted as that the large survival probabili-
ties of finding the electron flavor states lead to the relatively
small concurrence. Thus, it is difficult to detect entanglement
by using the entropic uncertainty relations.

4 Conclusions

In this paper, quantum-memory-assisted entropic uncertainty
relation and quantum correlation have been investigated in
neutrino oscillations with an initial muon or electron neu-
trino. To be specific, the entropic uncertainty, the lower
bound of uncertainty and the systemic quantum correla-
tion have been analyzed in experimentally observed neu-
trino oscillations from two different neutrino sources, i.e.,
MINOS/MINOS+ and Daya Bay collaborations. It is found
that the uncertainty and the lower bound is non-monotonic as
the energy increases. Notably, they exhibit the periodically
oscillating evolutions in muon neutrino oscillations. Remark-
ably, we have disclosed the intrinsic relationships among the
entropic uncertainty, its lower bound and quantum correla-
tion, and proved that the quantum correlation is uniquely
responsible for the dynamics of both the entropic uncertainty
and its lower bound in neutrino systems, obtaining that the
uncertainty and its bound are fully anti-correlated with QD.

Moreover, we explore the application of the entropic
uncertainty relations on entanglement witness, it can witness
the neutrino-flavor state’s entanglement in muon neutrino
oscillations in the regions of L/E ∈ (110.468+n×513.215,

402.746+n×513.215) with n ∈ [0, 2], and this never occurs
in antielectron neutrino oscillations. The survival probabili-
ties of finding the electron flavor state is more than 0.9 all the
time, which leads to relatively small entanglement compared
to the muon neutrino oscillations. Therefore, the entropic
uncertainty relation is ineffective to detect the entanglement
in electron antineutrino oscillations within the current frame-
work. It is obtained that the entropic uncertainty relations
can be treated as the reliable entanglement witness for the
muon neutrino oscillations in the practical experiments of
neutrino oscillations. Therefore, we argue that our investiga-
tions could shed light on quantum measurement estimation
and be applicable in the further quantum information science
with neutrinos.
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