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Abstract The dynamics of the subatomic fundamental par-
ticles, represented by quantum fields, and their interac-
tions are determined uniquely by the assigned transforma-
tion properties, i.e., the quantum numbers associated with
the underlying symmetry of the model under consideration.
These fields constitute a finite number of group invariant
operators which are assembled to build a polynomial, known
as the Lagrangian of that particular model. The order of the
polynomial is determined by the mass dimension. In this
paper, we have introduced an automated Mathematica®

package, GrIP, that computes the complete set of opera-
tors that form a basis at each such order for a model con-
taining any number of fields transforming under connected
compact groups. The spacetime symmetry is restricted to
the Lorentz group. The first part of the paper is dedicated
to formulating the algorithm of GrIP. In this context, the
detailed and explicit construction of the characters of dif-
ferent representations corresponding to connected compact
groups and respective Haar measures have been discussed
in terms of the coordinates of their respective maximal
torus. In the second part, we have documented the user
manual of GrIP that captures the generic features of the
main program and guides to prepare the input file. We have
attached a sub-program CHaar to compute characters and
Haarmeasures for SU (N ), SO(2N ), SO(2N+1), Sp(2N ).
This program works very efficiently to find out the higher
mass (non-supersymmetric) and canonical (supersymmetric)
dimensional operators relevant to the effective field theory
(EFT). We have demonstrated the working principles with
two examples: the standard model (SM) and the minimal
supersymmetric standard model (MSSM). We have further
highlighted important features of GrIP, e.g., identification of
effective operators leading to specific rare processes linked
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with the violation of baryon and lepton numbers, using sev-
eral beyond standard model (BSM) scenarios. We have also
tabulated a complete set of dimension-6 operators for each
suchmodel. Some of the operators possess rich flavour struc-
tures which are discussed in detail. This work paves the way
towards BSM-EFT.

1 Introduction

Particle physics, an intricate medley between theory and
experiment, aims to provide an accurate description of the
dynamics and interactions of the subatomic particles. The
experimental results are quantified by a set of observables,
e.g., decaywidths and the scattering cross-sections. The sym-
biotic relationship between theory and experiment implies
that each measurement lends credence to some theoretically
calculated number. To calculate the theoretical values of these
observables we need to rely on Feynman vertices which are
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derived from the expanded form of the Lagrangian density.
Therefore, it is the Lagrangian density1 that is the fons et
origoof any justifiable or falsifiable claim thatwe can attempt
to make based on the theory.

Now, this begs a couple of questions, the first being which
terms are allowed in the Lagrangian that would ultimately
determine the characteristics of the interactions and the struc-
ture of the Feynman vertices. The second is whether we can
backtrack further, i.e., are there more rudimentary aspects
below the level of the Lagrangian from which the com-
plete theory can be built procedurally. One can ask if the
Lagrangian is the true genesis of the theory or if we can probe
its anatomy further. The answers to these questions are affir-
mative. There are well-defined, mathematically sound guide-
lines that determine what interactions are allowed and which
ones are not and in a nutshell, these are the interplay of the
conservation and violation of certain symmetries. Also, it is
quite evident that the minimum information that we require
for building a Lagrangian and in turn constructing a model is
the quantum fields representing the particles and their trans-
formation properties guided by the underlying symmetries
of the model. The concept that we endeavour to forge an
understanding of is how to build a full-fledged theoretical
model, whose predictions could be corroborated using inge-
niously designed high energy experiments, using nothing but
this minimal piece of information.

Weneed to dometiculous scrutiny of the eccentric features
of a general Lagrangian. For the sake of our analysis, we will
treat the Lagrangian as a polynomial of certain spurion vari-
ables which are nothing but the quantum fields representing
the actual particles. Just as we can define the order of a poly-
nomial in terms of the powers of the variables, analogously
we can define the order of the Lagrangian density in terms of
certain parameters associated to the fields. The mass dimen-
sion of the terms of the Lagrangian in natural units (where
c = 1, h̄ = 1 and consequently [L] = [T ] = [M]−1) is cus-
tomarily used to define this order. We restrict ourselves to
d = 3+1 space-time dimensions. Here, the action is defined
as:

S =
∫

d4x L . (1)

Since S is dimensionless ([S ] ≡ 0) and the integration
measure possesses a mass dimension of “−4” ([d4x] ≡ −4),
the Lagrangian density (L ) must have a mass dimension
“+4” ([L ] ≡ 4). This has two significant consequences.
First, this fixes the mass dimensions of bosonic (φ, Aμ) and
fermionic (ψ) fields in 3 + 1 dimensions based on their
kinetic terms.We can also obtain themass dimension for field

1 In what follows we will use the terms Lagrangian and Lagrangian
density interchangeably even though their specific usage depends on
whether we are working with discrete or continuum theories.

strength tensors Fμν using the gauge kinetic terms. Thus to
summarize,

[L ] ≡ 4, [Dμ] ≡ 1 �⇒ [φ] ≡ [Aμ] ≡ 1, [ψ]
≡ 3

2
, [Fμν] ≡ 2. (2)

The second major consequence is that even though we may
add terms of any mass dimension to the Lagrangian density,
they all must be suitablymultiplied by coefficients of suitable
mass dimensions to be successfully accommodated in L .
Thus, a schematic form of the Lagrangian density can be
written as:

L = α(1)O(1) + α(2)O(2) + α(3)O(3) + α(4)O(4)

+α(5)O(5) + α(6)O(6) + · · · , (3)

whereO(i)’s are operators of mass dimension i and α(i)’s are
the coefficients of mass dimension (4 − i). Now, since we
can have operators of mass dimension > 4, this implies that
certain coupling constants will have negative mass dimen-
sions. Then from power counting arguments and taking into
account the issue of superficial renormalizability we divide
the full Lagrangian density into two parts: the renormalizable
Lagrangian and the effective Lagrangian:

L = Lrenorm +
n∑

i=5

Ni∑
j=1

C (i)
j

Λi−4O
(i)
j . (4)

Here, i denotes the mass dimension of the operators and
since there can be more than one operator at a particular
mass dimension, therefore we have a sum over all such oper-
ators (

∑
j ). The total number of operators at a given mass

dimension has been denoted by Ni . Λ has dimensions of
mass and C (i)

j ’s are dimensionless coefficients known as the
Wilson coefficients. The second term on the RHS is called
the effective Lagrangian (LEFT ) [1–4].

Having established the form of the Lagrangian density the
next question is given some quantum fields, can we include
all possible combinations of these fields in the Lagrangian
density or are there certain restrictions. In other words, how
does one fix Ni for a specific theory?

Again, the answer comes from looking at Eq. (1), sinceS
is invariant w.r.t. spacetime symmetry as well as any internal
symmetry (and so does d4x), the Lagrangian densityL must
be invariant as well under the same set of symmetries. We
further demand that the operators must form a complete and
independent set. Below we shall illustrate the role of sym-
metry in restricting the inclusion of arbitrary operators with
a few examples. For a theory consisting only of a real scalar
field φ, the renormalizable Lagrangian is given as:

Lφ = 1

2
(∂μφ)(∂μφ) − V (φ), V (φ) = M 3φ

−1

2
m2φ2 + μ

3!φ
3 + λ

4!φ
4. (5)
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Table 1 Operator classification
for the renormalizable
Lagrangian composed of
scalars, spinors, gauge field
strength tensors, and covariant
derivatives

Category Constitution Operators (for SM)

Scalar Potential φn, n ≤ 4 (φ†φ), (φ†φ)2

Scalar Kinetic Term φ2D2 (Dμφ)†(Dμφ)

Fermion Kinetic Term ψ2D L̄ p
L

/DL p
L , Q̄ p

L
/DQp

L , ū p
R

/Du p
R, d̄ p

R
/Dd p

R, ē pR /DepR
Gauge Kinetic Term (Fμν)

2 BμνBμν,GaμνGa
μν,W

IμνW I
μν

Yukawa Interaction Term ψ2φ L̄r
LφesR, Q̄r

LφdsR, Q̄r
L φ̃usR

Now, for a theory consisting of a scalar field ρ which
possesses a discrete symmetry ρ → −ρ, the Lagrangian
becomes:

Lρ = 1

2
(∂μρ)(∂μρ) − V (ρ),

V (ρ) = −1

2
m2ρ2 + λ

4!ρ
4. (6)

It is evident that this discrete symmetry (Z2) rules out the
linear and cubic terms as these are no longer invariant. As
a second example, we consider the case of a complex scalar
field and its conjugate which transform under a global U (1)
symmetry:

φ = φ1 + iφ2, φ∗ = φ1 − iφ2; φ → eiθφ,

φ∗ → φ∗e−iθ . (7)

Even in this case, we see that if the Lagrangian has to be
invariant w.r.t the U (1) symmetry we cannot have terms lin-
ear, quadratic or trilinear in only one of the fields. Hence, the
permissible Lagrangian looks like:

Lφ,φ∗ = (∂μφ∗)(∂μφ) − V (φ),

V (φ) = −m2(φ∗φ) + λ(φ∗φ)2. (8)

The situation becomesmore involved ifwehave a gauge sym-
metry and when the number of degrees of freedom (DOF) is
large. Formost cases constructing an independent set of oper-
ators is a painstaking task not only for higher dimensions but
even at the renormalizable level. Let us look at the most pop-
ular model, i.e., the Standard Model (SM) of particle physics
where in addition to spacetime symmetry we also have local
SU (3)C ⊗ SU (2)L ⊗ U (1)Y symmetry, then the renormal-
izable Lagrangian is:

LSM = (Dμφ)†(Dμφ) + 1

2
m2(φ†φ) − λ

4! (φ
†φ)2

−1

4
Bμν Bμν − 1

4
GaμνGa

μν − 1

4
W IμνW I

μν

−i
(
L̄ p
L

/DL p
L + Q̄ p

L
/DQp

L + ū pR /Du pR + d̄ p
R

/Dd p
R

+ē pR /DepR

)

−
(
yrse L̄rLφesR + yrsd Q̄r

LφdsR + yrsu Q̄r
L φ̃usR

)
+ h.c.

(9)

Here, λ, ye, yd , yu are dimensionless couplings while m
is the mass parameter. We can neatly categorize each of
these terms as in Table 1. Different terms, i.e., the opera-
tors in the Lagrangian can have diagrammatic representa-
tions. The operator classes corresponding to the renormal-
izable Lagrangian have been depicted in Fig. 12. We have
shown 2 more invariant operator structures (D4, D2X ) at
mass dimension-4 which are excluded from the Lagrangian
as they are total derivative terms and therefore do not affect
the dynamics. We have also displayed the Feynman dia-
grams representing processes encapsulated in operators of
dimensions-5 and -6 (Figs. 2 and 3). Here, in addition to the
operator classes in which the SM operators can be catego-
rized into, we have also identified the classes which appear
for general theories with fields having spins-0, -1/2, and -1.
The fields under consideration have a dynamical nature. This
is substantiated by the presence of the covariant derivative
(Dμ). The Dμ is a singlet under the internal symmetries but
transforms non-trivially under theLorentz group.Aswe go to
higher mass dimensions, we encounter operators with mul-
tiple derivatives. The presence of Dμ leads to redundancy
in the operator set, see [6,8–10,12]. Essentially, two opera-
tors containing the covariant derivative can be related to each
other through integration by parts (IBP) and removal of a total
derivative from the Lagrangian density. Also, two classes of
operators could be related through the equations of motion
(EOM) of one of the fields, e.g., the operators described by
Fig. 3 (i x) and (x) are related to those described by Fig. 3 (vi)
and (vi i i) respectively through the equation of motion of the
gauge fields. We need to ensure that the operators which
are a part of our set at a given dimension are invariant w.r.t.
spacetime as well as internal symmetries and also form a
complete and independent set, i.e., a basis at a given order of
the polynomial. To do so any IBP and EOM redundancies in
the operator set must be taken care of.

Now, the positive thing is that the guiding principle behind
this sequence of steps is not entirely an unfathomable,
esoteric mathematical artifact. In fact, it can be elegantly
described in terms familiar to a physicist [8–12]. The cen-
terpiece of this construction is the Hilbert Series [8–11,14–
16] which can be generated from group theoretic principles.

2 All these diagrams have been generated using JaxoDraw [5].
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Fig. 1 Diagrammatic representation of operator classes at mass
dimension-4 (for 3 + 1 space-time dimensions) or less constituted by
combining spin-0 (φ), spin-1/2 (ψ) and Field Strength Tensor (X ) of
spin-1 fields and the covariant derivative (D). Of these, (i) does not

appear in the case of SMhencewe have highlighted its caption in colour.
Also, the last two structures being total derivative terms are excluded
from the Lagrangian

Before performing phenomenological analysis on any pro-
posed model, the most important task is to write down the
correct Lagrangian. Keeping that in mind we have developed
aMathematica® [17] based package,GrIPwhich autom-
atizes the myriad of steps involved in constructing Group
Invariant Polynomials, i.e., the Lagrangian for any given
model based on the very minimal input, the field content
of the model and their transformation properties. While the
auxiliary notebook given in [9] could compute the Hilbert
Series output of anymass dimension for the StandardModel,
it relied on a fixed set of predefined character functions
and the Haar measures corresponding only to the Standard
Model symmetry groups. With GrIP we have streamlined
and automatized the entire procedure so that the necessary
characters and Haar measures are automatically generated
within the program and there is no dependency on any pre-

defined quantities. This makes our code highly generalizable
and extends its utility to generate results for models where
the internal symmetry is described by the connected compact
groups – SU (N ), SO(2N ), SO(2N + 1), Sp(2N ). We are
sure that GrIP, will be an indispensable addition to the phe-
nomenologist’s EFT toolbox [18] along with other ingenious
computational packages, like CoDEx [19], DsixTools [20],
FlavorKit [21,22],FormFlavor [23],Wilson [24],SMEFT-FR
[25], SMEFTsim [26], SPheno [27,28], WCxf-python [29],
Sym2Int [30] and ECO [31].

We have divided this work into two broad parts. The
first part highlights the theoretical principles behind group
invariant polynomial construction and its necessity in parti-
cle physics model building. To start with, in Sect. 2, we have
outlined the detailed mathematics behind the computation of
the basic ingredients of the Hilbert Series, i.e., the characters
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Fig. 2 Diagrammatic representation of mass dimension-5 (for 3 + 1
space-time dimensions) operator classes constituted by combining spin-
0 (φ), spin-1/2 (ψ) and Field Strength Tensor (X ) of spin-1 fields and
the covariant derivative (D). Only one of these (diagram (i i)) appears

in the case of SM. The other structures with red captions (i), (iii), (iv)
and (v)may appear for other models with different particle content and
symmetry

corresponding to the representations under given groups and
the Haar measures of various groups. We have delineated
the explicit calculations for the connected compact groups
SU (N ), SO(2N ), SO(2N + 1) and Sp(2N ). This is fol-
lowed by a brief discussion on the non-triviality associated
with the Lorentz group. Then in Sect. 3, we have employed
the Hilbert Series [8–11] approach to build the operator sets
for a few known models. We have revisited the Two Higgs
Doublet Model and unveiled the detailed intermediate steps.
Then we have introduced the Pati-SalamModel, etc. and per-
formed a comparative analysis with the existing literature to
underline the power of this method.

The second half of this work sheds light on the salient fea-
tures of GrIP. We start with Sect. 5 where we have described
the chronological steps to elaborate (i) the installation of the
package, (ii) preparation of a general input file and interfac-
ing it with the main program, and (iii) generating specific as
well as generic output in the form of operators of different
mass dimensions. We have provided specific illustrations in
Sect. 6 using two example models: the Standard Model and
the Minimal Supersymmetric Standard Model. We have also

drawn attention towards certain GrIP functions that help us
to filter out the operators leading to rare processes.

In Sect. 7 we have discussed the bottom-up approach to
formulate Effective Field Theory [1–4] and further paved
the way to construct Beyond Standard Model Effective Field
Theory (BSM-EFT).Wehave demonstrated this idea through
a few examples where SM is extended by different choices
of infrared degrees of freedoms (IR-DOFs). For each such
scenario, we have computed the additional (beyond the SM-
EFT ones) operators of dimensions-5 and -6 using GrIP.
We have also outlined other possible features of this code
to generate unique effective operators based on the specific
phenomenological demands. Our program GrIP provides
the operators for arbitrary number of fermion flavours (N f )

keeping the provision to analyse the explicit flavour depen-
dence. In Sect. 8,we have reasoned the origin of different N f -
dependent factors that appear for similar structures across
various phenomenological models. We have also tabulated
the operator sets for a few more models and some necessary
group-theoretic information in the appendices.
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Fig. 3 Diagrammatic representation of mass dimension-6 (for 3 + 1
space-time dimensions) SM operators classes constituted by combining
spin-0 (φ), spin-1/2 (ψ) and Field Strength Tensor (X ) of spin-1 fields
and the covariant derivative (D). Operators described by (ix) and (x) are
related to (vi) and (vi i i) respectively through the equation of motion
of the gauge fields. Based on which terms are included in the operator

set we have two popular operator bases. The Warsaw basis [6] includes
the operator classes (i) − (vi i i) and forms a complete set. While, the
SILH [7] basis trades off (i i), (vi)− (vi i i) (the operators composed of
fermionic fields) in favour of (ix) and (x), This forms an under-complete
set

2 Hilbert series: the underlying theoretical framework
for GrIP

The object of our inquiry in this section is the Hilbert Series
(HS) method [8–13,15,32,33] based on which GrIP has
been developed. In the context of particle physics models,
we can define a set of quantum fields representing particles

that posses certain transformation properties under the sym-
metries of the model. The Hilbert Series is an infinite series
consisting of all possible symmetry group invariant clusters
of the quantum fields and is built on two necessary ingre-
dients: (i) the Plethystic Exponential (PE) and (ii) the Haar
measure. The relevant generic form of the Hilbert Series is
given as [8,9,11,13,15]:
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H [ϕ] =
n∏
j=1

∫
G j

dμ j︸︷︷︸
HaarMeasure

PE[ϕ, R]︸ ︷︷ ︸
Plethystic Exponential

, (10)

where ϕ is a spurion variable that represents either a scalar
(φ) or a fermion (ψ), or a gauge field (Aμ).With the aid of the
Haar measure, the PEs are integrated on the symmetry group
space. The Plethystic Exponentials for fields having integer
and half-integer spins can be depicted as [8,9,11,13,15]:

PE[φ, R] = exp

[ ∞∑
r=1

φrχR(zrj )

r

]
, (11)

PE[ψ, R] = exp

[ ∞∑
r=1

(−1)r+1
ψrχR(zrj )

r

]
, (12)

respectively. Here, R denotes the representation of the sym-
metry group G j under which the fields (φ,ψ) transform and
χR(zrj ) the corresponding “Weyl” character.

We are specifically interested in studying the represen-
tations of connected compact Lie groups which encapsu-
lates the internal symmetry of the particle physics models. In
addition, the non-compact Lorentz group which describes
the space-time transformations of the fields also attracts
our attention. We have summarized the complete scheme
of building the Hilbert Series through the explicit compu-
tation of characters and Haar measures in Fig. 4. We have
started by explicitly calculating the Haar measures of the
groups (SU (N ), SO(2N + 1), SO(2N ), Sp(2N )) [34] for
small values of N and built characters of some example rep-
resentations in Sect. 2.1. Then we have briefly examined
the non-triviality associated with constructing characters and
Haarmeasure for the non-compactLorentz group inSect. 2.2.

2.1 Characters and Haar measures of connected compact
Lie groups

We are interested in both abelian and non-abelian Lie groups.
The procedures followed for computing the characters and
Haar measures for each of these groups have been described
below.

Abelian Group - U (1)

Characters
TheU (1) characters depend on the associated charge of a

field. For a field having charge q theU (1) character is simply

χ(U (1))q (z) = zq . (13)

Haar Measure
The maximal torus of U (1) is simply the unit circle. So,

the group space integral is equivalent to the integral over
some θ from θ = 0 to θ = 2π . With the parametrization as
z = eiθ , this turns into a contour integral over z. Thus, the

U (1) Haar measure can be written as:
∫ 2π

0
dθ ≡ 1

2π i

∮
|z|=1

dz

z
, where z = eiθ .

∴
∫

dμU (1) = 1

2π i

∮
|z|=1

dz

z
. (14)

Non-Abelian groups

1. SU (N )

Characters
For SU (N ) the Weyl character formula [35–39] is given

as:

χ(M(ε))
r1,r2,...,rN−1

= |εr1 , εr2 , . . . , εrN−1 , 1|
|εN−1, εN−2, . . . , ε, 1| , (15)

where M(ε) = diag(ε1, ε2, . . . , εN ) identifies a partic-
ular representation of SU (N ) with

∏N
a=1 εa = 1 and

r1, r2, . . . , rN−1 are integers such that r1 > r2 > · · · rN−1 >

0 and these are obtained from the Dynkin labels of a partic-
ular representation. We can write the numerator in expanded
form as:

|εr1 , εr2 , . . . , εrN−1 , 1| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
r1
1 ε

r2
1 · · · ε

rN−1
1 1

ε
r1
2 ε

r2
2 · · · ε

rN−1
2 1

...
...

. . .
...

...

ε
r1
N ε

r2
N · · · ε

rN−1
N 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

, (16)

while the denominator is the Vandermonde determinant as
given below in Eq. (17):

|εN−1, εN−2, . . . , ε, 1| =

∣∣∣∣∣∣∣∣∣∣∣

εN−1
1 εN−2

1 · · · ε21 ε1 1

εN−1
2 εN−2

2 · · · ε22 ε2 1

...
...

. . .
...

...
...

εN−1
N εN−2

N · · · ε2N εN 1

∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤a<b≤N

(εa − εb) . (17)

The εa’s define coordinates on the maximal torus of
SU (N )which is the groupTN−1 = U (1)⊗U (1) · · ·⊗U (1)
[40]. It can be described by the matrix shown in Eq. (18):

T
N−1 :

⎛
⎜⎜⎜⎜⎜⎝

eiθ1 0 0 · · · 0
0 ei(θ2−θ1) 0 · · · 0
0 0 ei(θ3−θ2) · · · 0
...

...
...

. . .
...

0 0 0 · · · e−iθN−1

⎞
⎟⎟⎟⎟⎟⎠

N×N

. (18)

Here θi ’s parametrize the points on the torus. The co-
ordinates of these points on the torus can be reparametrized
in terms of the complex variables zi ’s as zi = eiθi . The εa’s
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Fig. 4 Flow chart outlining the mathematical steps followed for computing the Hilbert Series
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are functions of these zi ’s, i.e., εa = εa (z1, z2, . . . , zN−1)

and they follow the properties:

N∏
a=1

εa = 1, |εa | = 1, a = 1, 2, . . . , N . (19)

This relationship between zi ’s and εa is determined using
the weight tree [41] with respect to the lowest dimension fun-
damental (LDF) representation3 corresponding to the group.
The weight tree can be constructed starting from the respec-
tive Dynkin label (1, 0, . . . , 0) by successively subtracting
the rows (αi ) of the Cartan matrix shown below:

ASU (N ) =

⎛
⎜⎜⎜⎜⎝

− − α1 − −
− − α2 − −

− − αN−2 − −
− − αN−1 − −

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0 0
−1 2 -1 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · −1 2 -1
0 0 0 · · · 0 −1 2

⎞
⎟⎟⎟⎟⎟⎠

(N−1)×(N−1)

. (20)

The weight tree corresponding to the LDF representation of
SU (N ) is shown below:

L1 = (1, 0, 0, . . . , 0, 0)︸ ︷︷ ︸
(N -1 tuple)

,

L2 = L1 − α1 = (−1, 1, 0, . . . , 0, 0),
...

Lk = Lk−1 − αk−1 = (0, . . . ,−1, 1, . . . , 0),
...

LN−1 = LN−2 − αN−2 = (0, 0, . . . ,−1, 1),

LN = LN−1 − αN−1 = (0, 0, . . . , 0,−1). (21)

Then, if the (N − 1) tuple Li is denoted as (l(1)i , l(2)i , l(3)i ,

. . . , l(N−1)
i ), a general formula for εa can be written in terms

of zi ’s as:

εi = z
l(1)i
1 × z

l(2)i
2 × z

l(3)i
3 × · · · × z

l(N−1)
i
N−1 , (22)

3 For a particular group, the fundamental representations are those
whose Dynkin labels (N − 1 tuples for SU (N )) have a single entry
as unity while all other entries are 0s. Among these the representations
denoted by (1, 0, 0, . . . , 0, 0) and (0, 0, 0, . . . , 0, 1) (which are conju-
gate to each other) have the lowest dimension equal to N . For example,
for SU (3), the fundamental representations are (1, 0) and (0, 1) which
are conjugate to each other and each of them have dimension 3. While
for SU (4), the fundamental representations are (1, 0, 0), (0, 1, 0) and
(0, 0, 1). Among these (1, 0, 0) and (0, 0, 1) have the lowest dimension
4 whereas (0, 1, 0) has dimension 6.

which enables us to write:

ε1 = z11 × z02 × z03 × · · · × z0N−1 = z1,

ε2 = z−1
1 × z12 × z03 × · · · × z0N−1 = z−1

1 z2,

εk = z01 × · · · z−1
k−1 × z1k × · · · × z0N−1 = z−1

k−1zk,

εN = z01 × z02 × z03 × · · · × z−1
N−1 = z−1

N−1. (23)

Calculating the ri’s
A particular representation of SU (N ) of dimension d can

be uniquely identified by its Dynkin label (a1, a2, . . . , aN−1)

and it is represented by theYoungdiagramconsisting of N−1
rows with boxes. To find the ri ’s we first need to obtain the
λi ’s, which can be obtained as solutions of the following
equation in terms of the Dynkin label and the fundamental
weight tree of the LDF representation.

(a1, a2, . . . , aN−1) = λ1(1, 0, . . . , 0, 0) + λ2(−1, 1, 0, . . . , 0)

+ · · · + λN−1(0, . . . , 0, −1, 1) + λN (0, 0, . . . , 0, −1).

Note that the equation contains N -unknowns in λ1, λ2, . . . ,

λN while the Dynkin label and the fundamental weights are
(N − 1) tuples. Thus we are required to solve (N − 1) equa-
tions in N -unknowns but this difficulty is remedied by mak-
ing an association between the λi and the Young diagrams.
It turns out that λi equals the number of boxes in the i-th
row of the Young diagrams for the particular representation
of SU (N ) and for non-trivial representations λN = 0. Using
this we get (N − 1) equations in (N − 1) unknowns:

ak = λk − λk+1, k = 1, . . . , N − 1 and λN = 0. (24)

Solving this we get:

λN = 0,

λN−1 = aN−1 =
(
N−1∑
i=1

ai

)
−
⎛
⎝N−2∑

j=1

a j

⎞
⎠ ,

λk = ak + ak+1 + · · · + aN−1

=
(
N−1∑
i=1

ai

)
−
⎛
⎝k−1∑

j=1

a j

⎞
⎠ . (25)

The ri ’s are related to theλi ’s through the following equation:

r = λ + ρ where ρi = N − i, i = 1, 2, . . . , N . (26)

Since λN = 0 and ρN = N − N = 0, therefore rN = 0.
Now, having obtained r1, r2, . . . , rN−1, the numerator can
be computed using Eq. (16) corresponding to the given rep-
resentation and subsequently the full character as well. We
must mention that the λi ’s and hence the ri ’s can be directly
obtained from the Young diagram corresponding to the rep-
resentation as shown in Fig. 5.
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Fig. 5 A schematic form of the Young diagram corresponding to an
arbitrary representation of SU (N ). λi is equal to the number of boxes
in the i-th row of the diagram. From here one can immediately infer
that λN = 0

Haar measure
The general formula can be written as [8,16,42]:∫

SU (N )

dμSU (N ) = 1

(2π i)N−1 N !
∮

|zl |=1

N−1∏
l=1

dzl
zl

Δ(ε) Δ
(
ε−1

)
. (27)

Δ(ε) is the Vandermonde determinant as given in Eq. (17)
which can be evaluated in terms of the εa(zl)’s, Δ(ε−1) can
similarly be computed by substituting ε−1

a in the place of εa
in the expression of Δ(ε). Finally, substituting for known
quantities in Eq. (27) the Haar measure for a given group can
be obtained.

Next, the characters for certain representations [43,44] of
SU (2), SU (3), SU (4) and SU (5) have been computed and
the Haar measures of these groups have also been explicitly
calculated.

SU(2)

Haar measure
Using Eq. (23), we can obtain for SU (2), ε1 = z1 and ε2

= z−1
1 . The Vandermonde determinant for this case is:

Δ(ε) =
∣∣∣∣∣
ε1 1

ε2 1

∣∣∣∣∣ = (ε1 − ε2)
εi (z j )���⇒

(
z1 − 1

z1

)
. (28)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (27),

dμSU (2) = 1

2! (2π i)
dz1
z1

Δ(ε) Δ
(
ε−1

)

= 1

2 (2π i)

dz1
z1

(
1 − z21

)(
1 − 1

z21

)
. (29)

Characters

– The Singlet Representation: 1 ≡ (0) ≡

For the singlet representation, we can directly get λ =
(1, 1) from the Young diagram. Now, since ρ = (1, 0)
therefore, r = λ + ρ = (2, 1) and the character is
obtained as:

χ(ε1, ε2) = |ε2, ε|
|ε, 1| = 1

(ε1 − ε2)

∣∣∣∣∣
ε21 ε1

ε22 ε2

∣∣∣∣∣ = ε1 · ε2,

�⇒ χ(SU (2))1 (z1) = z1 × 1

z1
= 1.

(30)

Now, this result is easily generalized for the case of gen-
eral SU (N ), i.e., the character of the singlet representa-
tion for any SU (N ) is simply

χ(SU (N ))1 =
N∏
i=1

εi = z1 × z2
z1

× · · · × zN−1

zN−2
× 1

zN−1
= 1. (31)

– The (Anti-)Fundamental Representation: 2 ≡ 2 ≡ (1) ≡

Using Eq. (25), we get λ = (1, 0). Now, since ρ = (1, 0)
therefore, r = λ + ρ = (2, 0) and the character is
obtained as:

χ(ε1, ε2) = |ε2, 1|
|ε, 1| = 1

(ε1 − ε2)

∣∣∣∣∣
ε21 1

ε22 1

∣∣∣∣∣ = ε1 + ε2,

�⇒ χ(SU (2))2(2) (z1) = z1 + 1

z1
. (32)

– The Adjoint Representation: 3 ≡ (2) ≡
We obtain λ = (2, 0) and r = λ + ρ = (3, 0) and the
character is obtained as:

χ(ε1, ε2)

= |ε3, 1|
|ε, 1| = 1

(ε1 − ε2)

∣∣∣∣∣
ε23 1

ε23 1

∣∣∣∣∣
= ε31 − ε32

ε1 − ε2
= ε21 + ε1ε2 + ε22 .

∴ χ(SU (2))3(z1) = z21 + 1 + 1

z21
. (33)

It must be noted that the character of the fundamen-
tal representation of any SU (N ) is simply

∑N
i=1 εi =

z1 + ∑k=N−1
k=2

zk
zk−1

+ 1
zN−1

and the character of the anti-
fundamental representation is obtained by making the sub-
stitution zi ↔ 1

zi
. The character of adjoint representation

can be computed using those for the fundamental and anti-
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fundamental representations:

fundamental ⊗ anti-fundamental = adjoint ⊕ singlet

�⇒ χf × χaf = χadj + χsingl. ∴ χadj = χf × χaf − 1.

So, the true utility of the formalism outlined above lies
in the character computation of other representations of a
given group. Below, a few more examples of character com-
putation for irreducible representations of SU (2) have been
elucidated.

– The Quadruplet Representation: 4 ≡ (3) ≡
We obtain λ = (3, 0) and r = λ + ρ = (4, 0) and the
character is obtained as:

χ(ε1, ε2) = |ε4, 1|
|ε, 1| = 1

(ε1 − ε2)

∣∣∣∣∣
ε24 1

ε24 1

∣∣∣∣∣
= ε41 − ε42

ε1 − ε2

= ε31 + ε21ε2 + ε1ε
2
2 + ε32.

∴ χ(SU (2))4(z1) = z31 + z1 + 1

z1
+ 1

z31
. (34)

– The Quintuplet Representation: 5 ≡ (4) ≡
We obtain λ = (4, 0) and r = λ + ρ = (5, 0) and the
character is obtained as:

χ(ε1, ε2) = |ε5, 1|
|ε, 1| = 1

(ε1 − ε2)

∣∣∣∣∣
ε25 1

ε25 1

∣∣∣∣∣
= ε51 − ε52

ε1 − ε2
= ε41 + ε31ε2 + ε21ε

2
2

+ε1ε
3
2 + ε42.

∴ χ(SU (2))5(z1) = z41 + z21 + 1 + 1

z21
+ 1

z41
. (35)

SU(3)

Haar measure
Using Eq. (23), we can obtain for SU (3), ε1 = z1, ε2 =

z−1
1 z2 and ε3 = z−1

2 . The Vandermonde determinant for this
case is:

Δ(ε) =

∣∣∣∣∣∣∣

ε21 ε1 1

ε22 ε2 1

ε23 ε3 1

∣∣∣∣∣∣∣
=

∏
1≤i< j≤3

(
εi − ε j

) εi (z j )���⇒

(
z1 − z2

z1

)(
z1 − 1

z2

)(
z2
z1

− 1

z2

)
. (36)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (27),

dμSU (3) = 1

3! (2π i)2
dz1
z1

dz2
z2

Δ(ε) Δ
(
ε−1

)

= 1

6 (2π i)2
dz1
z1

dz2
z2

(1 − z1z2)

×
(
1 − 1

z1z2

)(
1 − z1

z22

)(
1 − z22

z1

)

×
(
1 − z2

z21

)(
1 − z21

z2

)
. (37)

Characters

– The Fundamental Representation: 3 ≡ (1, 0) ≡
Using Eq. (25), we get λ = (1, 0, 0). Now, since ρ =
(2, 1, 0) therefore, r = λ + ρ = (3, 1, 0) and the char-
acter is obtained as:

χ(ε1, ε2, ε3) = |ε3, ε, 1|
|ε2, ε, 1|

= 1∏
1≤i< j≤3

(
εi − ε j

)
∣∣∣∣∣∣∣

ε31 ε1 1

ε32 ε2 1

ε33 ε3 1

∣∣∣∣∣∣∣
= ε1 + ε2 + ε3,

∴ χ(SU (3))3(z1, z2) = z1 + z2
z1

+ 1

z2
. (38)

– The Anti-fundamental Representation: 3 ≡ (0, 1) ≡
We obtain λ = (1, 1, 0) and r = λ + ρ = (3, 2, 0) and
the character is obtained as:

χ(ε1, ε2, ε3) = |ε3, ε2, 1|
|ε2, ε, 1|

= 1∏
1≤i< j≤3

(
εi − ε j

)
∣∣∣∣∣∣∣

ε31 ε21 1

ε32 ε22 1

ε33 ε23 1

∣∣∣∣∣∣∣
= ε1ε2 + ε1ε3 + ε2ε3.

∴ χ(SU (3))3(z1, z2) = z2 + z1
z2

+ 1

z1
. (39)

– The Adjoint Representation: 8 ≡ (1, 1) ≡
We obtain λ = (2, 1, 0) and r = λ + ρ = (4, 2, 0) and
the character is obtained as:

χ(ε1, ε2, ε3) = |ε4, ε2, 1|
|ε2, ε, 1|

= 1∏
1≤i< j≤3

(
εi − ε j

)
∣∣∣∣∣∣∣

ε41 ε21 1

ε42 ε22 1

ε43 ε23 1

∣∣∣∣∣∣∣
= ε21ε2 + ε22ε1 + ε21ε3 + ε23ε1

+ε22ε3 + ε23ε2 + 2ε1ε2ε3.

∴ χ(SU (3))8(z1, z2) = z1z2 + 1

z1z2
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+2 + z1
z22

+ z21
z2

+ z2
z21

+ z22
z1

. (40)

– The Sextet Representation: 6 ≡ (2, 0) ≡ We obtain
λ = (2, 0, 0) and r = λ + ρ = (4, 1, 0) and the character
is obtained as:

χ(ε1, ε2, ε3) = |ε4, ε, 1|
|ε2, ε, 1|

= 1∏
1≤i< j≤3

(
εi − ε j

)
∣∣∣∣∣∣∣∣

ε41 ε1 1

ε42 ε2 1

ε43 ε3 1

∣∣∣∣∣∣∣∣
= ε21 + ε22 + ε23 + ε1ε2 + ε2ε3 + ε1ε3.

∴ χ(SU (3))6(z1, z2) = z21 + z22
z21

+ 1

z22
+ 1

z1
+ z1

z2
+ z2.

(41)

– The 27-dimensional Representation: 27 ≡ (2, 2) ≡

We obtain λ = (4, 2, 0) and r = λ + ρ = (6, 3, 0) and
the character is obtained as:

χ(ε1, ε2, ε3) = |ε6, ε3, 1|
|ε2, ε, 1|

= 1∏
1≤i< j≤3

(
εi − ε j

)
∣∣∣∣∣∣∣

ε61 ε31 1

ε62 ε32 1

ε63 ε33 1

∣∣∣∣∣∣∣

=
(
ε31 − ε32

)
(ε1 − ε2)

(
ε31 − ε33

)
(ε1 − ε3)

(
ε32 − ε33

)
(ε2 − ε3)

= (
ε21 + ε1ε2 + ε22

) (
ε21 + ε1ε3 + ε23

)
× (

ε22 + ε2ε3 + ε23
)
.

∴ χ(SU (3))27 (z1, z2) = 3 + z31 + 1

z31
+ z32 + 1

z32
+ z31

z32
+ z32

z31

+ z41
z22

+ z22
z41

+ z42
z21

+ z21
z42

+2z21
z2

+ 2z2
z21

+ 2z22
z1

+ 2z1
z22

+ z21z
2
2

+ 1

z21z
2
2

+ 2z1z2 + 2

z1z2
. (42)

SU(4)

Haar measure
Using Eq. (23), we can obtain for SU (4), ε1 = z1, ε2 =

z−1
1 z2, ε3 = z−1

2 z3 and ε4 = z−1
3 . The Vandermonde deter-

minant for this case is:

Δ(ε) =

∣∣∣∣∣∣∣∣∣∣

ε31 ε21 ε1 1

ε32 ε22 ε2 1

ε33 ε23 ε3 1

ε34 ε24 ε4 1

∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i< j≤4

(
εi − ε j

)
. (43)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (27),

dμSU (4) = 1

4! (2π i)3
dz1
z1

dz2
z2

dz3
z3

Δ(ε) Δ
(
ε−1

)

= 1

24 (2π i)3
dz1
z1

dz2
z2

dz3
z3

(1 − z1z3)

(
1 − 1

z1z3

)

×
(
1 − z21

z2

)(
1 − z2

z21

)(
1 − z1z2

z3

)(
1 − z3

z1z2

)

×
(
1 − z22

z1z3

)(
1 − z1z3

z22

)(
1 − z2z3

z1

)

×
(
1 − z1

z2z3

)(
1 − z23

z2

)(
1 − z2

z23

)
. (44)

Characters

– The Fundamental Representation: 4 ≡ (1, 0, 0) ≡
Using Eq. (25), we get λ = (1, 0, 0, 0). Now, since ρ =
(3, 2, 1, 0) therefore, r = λ + ρ = (4, 2, 1, 0) and the
character is obtained as:

χ(ε1, ε2, ε3, ε4) = |ε4, ε2, ε1, 1|
|ε3, ε2, ε, 1| = 1∏

1≤i< j≤4

(
εi − ε j

)

×

∣∣∣∣∣∣∣∣∣∣

ε41 ε21 ε1 1

ε42 ε22 ε2 1

ε43 ε23 ε3 1

ε44 ε24 ε4 1

∣∣∣∣∣∣∣∣∣∣
= ε1 + ε2 + ε3 + ε4.

∴ χ(SU (4))4 (z1, z2, z3) = z1 + z2
z1

+ z3
z2

+ 1

z3
. (45)

– The Anti-fundamental Representation: 4 ≡ (0, 0, 1) ≡

We get λ = (1, 1, 1, 0) and r = λ + ρ = (4, 3, 2, 0) and
the character is obtained as:

χ(ε1, ε2, ε3, ε4) = |ε4, ε3, ε2, 1|
|ε3, ε2, ε, 1|

= 1∏
1≤i< j≤4

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣

ε41 ε31 ε21 1

ε42 ε32 ε22 1

ε43 ε33 ε23 1

ε44 ε34 ε24 1

∣∣∣∣∣∣∣∣∣∣
= ε1ε2ε3 + ε1ε2ε4 + ε1ε3ε4 + ε2ε3ε4.
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∴ χ(SU (4))4(z1, z2, z3) = z3 + z2
z3

+ z1
z2

+ 1

z1
. (46)

– The Decuplet Representation: 10 ≡ (2, 0, 0) ≡
We get λ = (2, 0, 0, 0) and r = λ + ρ = (5, 2, 1, 0) and
the character is obtained as:

χ(ε1, ε2, ε3, ε4) = |ε5, ε2, ε, 1|
|ε3, ε2, ε, 1|

= 1∏
1≤i< j≤4

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣

ε51 ε21 ε1 1

ε52 ε22 ε2 1

ε53 ε23 ε3 1

ε54 ε24 ε4 1

∣∣∣∣∣∣∣∣∣∣
= ε21 + ε22 + ε23 + ε24 + ε1ε2 + ε1ε3 + ε1ε4

+ε2ε3 + ε2ε4 + ε3ε4.

∴ χ(SU (4))10(z1, z2, z3) = z21 + z22
z21

+ z23
z22

+ 1

z23
+ z2 + 1

z2
+ z1

z3
+ z3

z1
+ z2

z1z3
+ z1z3

z2
. (47)

– TheAnti-decupletRepresentation: 10 ≡ (0, 0, 2) ≡
We get λ = (2, 2, 2, 0) and r = λ + ρ = (5, 4, 3, 0) and
the character is obtained as:

χ(ε1, ε2, ε3, ε4) = |ε5, ε4, ε3, 1|
|ε3, ε2, ε, 1|

= 1∏
1≤i< j≤4

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣

ε51 ε41 ε31 1

ε52 ε42 ε32 1

ε53 ε43 ε33 1

ε54 ε44 ε34 1

∣∣∣∣∣∣∣∣∣∣
= ε21ε

2
2ε

2
3 + ε21ε

2
2ε

2
4 + ε21ε

2
3ε

2
4

+ε22ε
2
3ε

2
4 + ε21ε

2
2ε3ε4

+ε21ε2ε
2
3ε4

+ε21ε2ε3ε
2
4 + ε1ε

2
2ε

2
3ε4

+ε1ε
2
2ε3ε

2
4 + ε1ε2ε

2
3ε

2
4 .

∴ χ(SU (4))10 (z1, z2, z3) = z23 + z22
z23

+ z21
z22

+ 1

z21
+ 1

z2
+ z2

+ z3
z1

+ z1
z3

+ z1z3
z2

+ z2
z1z3

. (48)

– The Adjoint Representation: 15 ≡ (1, 0, 1) ≡
We get λ = (2, 1, 1, 0) and r = λ + ρ = (5, 3, 2, 0) and
the character is obtained as:

χ(ε1, ε2, ε3, ε4) = |ε5, ε3, ε2, 1|
|ε3, ε2, ε, 1|

= 1∏
1≤i< j≤4

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣∣

ε51 ε31 ε21 1

ε52 ε32 ε22 1

ε53 ε33 ε23 1

ε54 ε34 ε24 1

∣∣∣∣∣∣∣∣∣∣∣
= ε21ε2ε3 + ε1ε

2
2ε3

+ε1ε2ε
2
3 + ε21ε2ε4 + ε1ε

2
2ε4

+ε1ε2ε
2
4 + ε21ε3ε4

+ε1ε
2
3ε4 + ε1ε3ε

2
4

+ε22ε3ε4 + ε2ε
2
3ε4 + ε2ε3ε

2
4

+3ε1ε2ε3ε4.

∴ χ(SU (4))15(z1, z2, z3) = z21
z2

+ z2
z21

+ z1z3
z22

+ z22
z1z3

+ z1z2
z3

+ z1
z2z3

+ z3
z1z2

+ z2z3
z1

+z1z3 + 1

z1z3
+ z23

z2
+ z2

z23
+ 3.

(49)

2. SO(2N + 1)

Characters
The Weyl character formula for SO(2N + 1) representa-

tions [35,37–39] can be written as:

χ(M(ε))
r1,r2,...,rN

= |εr1 − ε−r1 , εr2 − ε−r2 , . . . , εrN − ε−rN |
|εN− 1

2 − ε−N+ 1
2 , εN− 3

2 − ε−N+ 3
2 , . . . , ε

1
2 − ε− 1

2 |
,

(50)

where M(ε) = diag(ε1, ε2, . . . , εN ) identifies a particular
representation of SO(2N +1) and the ri ’s are obtained from
the Dynkin labels of a particular representation. The εi ’s can
again be obtained by inspecting the matrix form of the max-
imal torus of SO(2N + 1) [40]:

T
N :

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

cos θ1 − sin θ1 · · · 0 0 0
sin θ1 cos θ1 · · · 0 0 0

...
...

. . .
...

...
...

0 0 · · · cos θN − sin θN 0
0 0 · · · sin θN cos θN 0
0 0 · · · 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(2N+1)×(2N+1)

.(51)

Each 2 × 2 block can be written in diagonal form as:(
cos θi − sin θi
sin θi cos θi

)
→

(
eiθi 0
0 e−iθi

)
. Then, by defining εi = eiθi , we

find (2N +1) parameters {εi , εi−1, 1}where i = 1, 2, . . . N .
The numerator of Eq. (50) can be recast as:
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|εr1 − ε−r1 , εr2 − ε−r2 , . . . , εrN − ε−rN |

=

∣∣∣∣∣∣∣∣∣∣∣

ε
r1
1 − ε

−r1
1 ε

r2
1 − ε

−r2
1 · · · ε

rN
1 − ε

−rN
1

ε
r1
2 − ε

−r1
2 ε

r2
2 − ε

−r2
2 · · · ε

rN
2 − ε

−rN
2

...
...

. . .
...

ε
r1
N − ε

−r1
N ε

r2
N − ε

−r2
N · · · ε

rN
N − ε

−rN
N

∣∣∣∣∣∣∣∣∣∣∣
, (52)

where the denominator is expressed as:

|εN− 1
2 − ε−N+ 1

2 , ..., ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
N− 1

2
1 − ε

−N+ 1
2

1 ε
N− 3

2
1 − ε

−N+ 3
2

1 · · · ε
1
2
1 − ε

− 1
2

1

ε
N− 1

2
2 − ε

−N+ 1
2

2 ε
N− 3

2
2 − ε

−N+ 3
2

2 · · · ε
1
2
2 − ε

− 1
2

2

...
...

. . .
...

ε
N− 1

2
N − ε

−N+ 1
2

N ε
N− 3

2
N − ε

−N+ 3
2

N · · · ε
1
2
N − ε

− 1
2

N

∣∣∣∣∣∣∣∣∣∣∣∣∣

.

(53)

Calculating the ri’s
The Cartan matrix corresponding to SO(2N + 1) is an

N × N matrix

ASO(2N+1) =

⎛
⎜⎜⎜⎜⎝

− − α1 − −
− − α2 − −

− − αN−1 − −
− − αN − −

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · −1 2 −2
0 0 0 · · · 0 −1 2

⎞
⎟⎟⎟⎟⎟⎠

N×N

. (54)

To find the ri ’s, the weight tree [41] corresponding to the
LDF representation of SO(2N + 1) needs to be constructed
first. This can be done by successively subtracting the rows
of the Cartanmatrix (ASO(2N+1)), given in Eq. (54), from the
respective Dynkin label (1, 0, . . . , 0). The general structure
of the weight tree is given as:

L1 = (1, 0, 0, . . . , 0, 0)︸ ︷︷ ︸
(N−tuple)

,

L2 = L1 − α1 = (−1, 1, 0, . . . , 0, 0),
...

Lk = Lk−1 − αk−1 = (0, . . . ,−1, 1, . . . , 0),
...

LN−1 = LN−2 − αN−2 = (0, 0, . . . ,−1, 1, 0),

LN = LN−1 − αN−1 = (0, 0, . . . , 0,−1, 2). (55)

A particular representation of SO(2N + 1) can be uniquely
identified by its Dynkin label (a1, a2, . . . , aN ). To find the

ri ’s, first, we solve the following equation in terms of the
Dynkin label and the fundamental weight tree of LDF repre-
sentation to obtain λi ’s:

(a1, a2, . . . , aN ) = λ1(1, 0, . . . , 0, 0) + λ2(−1, 1, 0, . . . , 0)

+ · · · + λN−1(0, . . . , −1, 1, 0) + λN (0, 0, . . . , −1, 2).

Here, we have N -unknowns in {λ1, λ2, . . . , λN } and there
are N-equations in {a1, a2, . . . , aN } as:
aN = 2λN and ak = λk − λk+1, k = 1, . . . , N − 1 .

(56)

Thus, we find unique solutions of λi ’s as:

λN = aN
2

, λN−1 = aN−1 + aN
2

, λk = ak + ak+1

+ · · · + aN−1 + aN
2

. (57)

The ri ’s are related to theλi ’s through the following equation:

r = λ + ρ where ρi = N − i + 1

2
, i = 1, 2, .., N . (58)

Having obtained ri ’s, we can compute the numerator given
in Eq. (52) and subsequently the full character.

Haar measure
The general form of the Haar measure can be written as

[8,16,42]:

∫
SO(2N+1)

dμSO(2N+1) = 1

(2π i)N 2N N !
∮

|εl |=1

N∏
l=1

dεl

εl
Δ(ε) Δ

(
ε−1

)
. (59)

Δ(ε) is given in Eq. (53),Δ(ε−1) can similarly be computed
by substituting ε−1

i in the place of εi in the expression of
Δ(ε). Finally, substituting for known quantities in Eq. (59)
we can obtain the Haar measure for given group.

Next, the characters for certain representations [43,44]
of SO(7) and SO(9) have been computed and the explicit
computation of the respective Haar measures of these groups
have also been shown.
SO(7)

Haar measure
The denominator for the character formula in this case is:

Δ(ε) =

∣∣∣∣∣∣∣∣∣∣

ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣∣∣
. (60)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (59),
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dμSO(7) = 1

3!23 (2π i)3
dε1

ε1

dε2

ε2

dε3

ε3
Δ(ε) Δ

(
ε−1

)

= − 1

48 (2π i)3
dε1 dε2 dε3

ε61ε
6
2ε

6
3

(−1 + ε1)
2 (ε1 − ε2)

2

× (−1 + ε2)
2

× (−1 + ε1ε2)
2 (ε1 − ε3)

2 (ε2 − ε3)
2

× (−1 + ε3)
2 (−1 + ε1ε3)

2 (−1 + ε2ε3)
2 .

(61)

Characters

– The Fundamental Representation: 7 ≡ (1, 0, 0)
Using Eq. (57), we get λ = (1, 0, 0). Now, since ρ =
( 52 ,

3
2 ,

1
2 ), therefore, r = λ + ρ = ( 72 ,

3
2 ,

1
2 ) and the

character is obtained as:

χ(SO(7))7(ε1, ε2, ε3)

= |ε 7
2 − ε− 7

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |
|ε 5

2 − ε− 5
2 , ε

3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣∣∣
= 1 + ε1 + 1

ε1
+ ε2 + 1

ε2
+ ε3 + 1

ε3
.

(62)

– The Spinor Representation: 8 ≡ (0, 0, 1)
We obtain λ = ( 12 ,

1
2 ,

1
2 ) and r = λ + ρ = (3, 2, 1) and

the character is obtained as:

χ(SO(7))8(ε1, ε2, ε3)

= |ε3 − ε−3, ε2 − ε−2, ε1 − ε−1|
|ε 5

2 − ε− 5
2 , ε

3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣

ε31 − ε−3
1 ε21 − ε−2

1 ε11 − ε−1
1

ε32 − ε−3
2 ε22 − ε−2

2 ε12 − ε−1
2

ε33 − ε−3
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣
= √

ε1ε2ε3 +
√

ε1ε2

ε3
+
√

ε1ε3

ε2
+
√

ε2ε3

ε1

+ 1√
ε1ε2ε3

+
√

ε3

ε1ε2
+
√

ε2

ε3ε1
+
√

ε1

ε2ε3
. (63)

– The Adjoint Representation: 21 ≡ (0, 1, 0)
We obtain λ = (1, 1, 0) and r = λ + ρ = ( 72 ,

5
2 ,

1
2 ) and

the character is obtained as:

χ(SO(7))21(ε1, ε2, ε3)

= |ε 7
2 − ε− 7

2 , ε
5
2 − ε− 5

2 , ε
1
2 − ε− 1

2 |
|ε 5

2 − ε− 5
2 , ε

3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

∣∣∣∣∣∣∣∣
= 3 + ε1 + ε2 + ε3 + 1

ε1
+ 1

ε2
+ 1

ε3

+ε1ε2 + ε2ε3 + ε1ε3 + 1

ε1ε2
+ 1

ε2ε3
+ 1

ε1ε3

+ε1

ε2
+ ε2

ε1
+ ε1

ε3
+ ε3

ε1
+ ε2

ε3
+ ε3

ε2
. (64)

SO(9)
Haar measure
The denominator for the character formula in this case is:

Δ(ε) =

∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣
.

(65)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (59),

dμSO(9) = 1

4!24 (2π i)4
dε1

ε1

dε2

ε2

dε3

ε3

dε4

ε4
Δ(ε) Δ

(
ε−1

)
.

(66)

Characters

– The Fundamental Representation: 9 ≡ (1, 0, 0, 0)
Using Eq. (57), we get λ = (1, 0, 0, 0). Now, since ρ =
( 72 ,

5
2 ,

3
2 ,

1
2 ), therefore, r = λ+ρ = ( 92 ,

5
2 ,

3
2 ,

1
2 ) and the

character is obtained as:

χ(SO(9))9(ε1, ε2, ε3, ε4)
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= |ε 9
2 − ε− 9

2 , ε
5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |
|ε 7

2 − ε− 7
2 , ε

5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
9
2
1 − ε

− 9
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
9
2
2 − ε

− 9
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
9
2
3 − ε

− 9
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
9
2
4 − ε

− 9
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1 + ε1 + 1

ε1
+ ε2 + 1

ε2
+ ε3 + 1

ε3
+ ε4 + 1

ε4
. (67)

– The Spinor Representation: 16 ≡ (0, 0, 0, 1)
With λ = ( 12 ,

1
2 ,

1
2 ,

1
2 ) and r = λ + ρ = (4, 3, 2, 1), the

character is obtained as:

χ(SO(9))16(ε1, ε2, ε3, ε4)

= |ε4 − ε−4, ε3 − ε−3, ε2 − ε−2, ε1 − ε−1|
|ε 7

2 − ε− 7
2 , ε

5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣

ε41 − ε−4
1 ε31 − ε−3

1 ε21 − ε−2
1 ε11 − ε−1

1

ε42 − ε−4
2 ε32 − ε−3

2 ε22 − ε−2
2 ε12 − ε−1

2

ε43 − ε−4
3 ε33 − ε−3

3 ε23 − ε−2
3 ε13 − ε−1

3

ε44 − ε−4
4 ε34 − ε−3

4 ε24 − ε−2
4 ε14 − ε−1

4

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣
= √

ε1ε2ε3ε4 +
√

ε1ε2ε3

ε4
+
√

ε1ε3ε4

ε2
+
√

ε1ε2ε4

ε3

+
√

ε2ε3ε4

ε1
+
√

ε1ε2

ε3ε4
+
√

ε1ε4

ε3ε2
+
√

ε1ε3

ε2ε4

+
√

ε3ε4

ε1ε2
+
√

ε2ε3

ε1ε4
+
√

ε2ε4

ε1ε3
+
√

ε4

ε3ε2ε1

+
√

ε3

ε2ε1ε4
+
√

ε2

ε1ε3ε4
+
√

ε1

ε2ε3ε4
+ 1√

ε1ε2ε3ε4
.

(68)

– The Adjoint Representation: 36 ≡ (0, 1, 0, 0)

With λ = (1, 1, 0, 0) and r = λ + ρ = ( 92 ,
7
2 ,

3
2 ,

1
2 ), the

character is obtained as:

χ(SO(9))36(ε1, ε2, ε3, ε4)

= |ε 9
2 − ε− 9

2 , ε
7
2 − ε− 7

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |
|ε 7

2 − ε− 7
2 , ε

5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
9
2
1 − ε

− 9
2

1 ε
7
2
1 − ε

− 7
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
9
2
2 − ε

− 9
2

2 ε
7
2
2 − ε

− 7
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
9
2
3 − ε

− 9
2

3 ε
7
2
3 − ε

− 7
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
9
2
4 − ε

− 9
2

4 ε
7
2
4 − ε

− 7
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣
= 4 + ε1 + ε2 + ε3 + ε4 + ε1ε2 + ε2ε3 + ε1ε3

+ε1ε4 + ε2ε4 + ε3ε4 + 1

ε1
+ 1

ε2
+ 1

ε3

+ 1

ε4
+ ε1

ε2
+ ε2

ε1
+ ε1

ε3
+ ε3

ε1
+ ε2

ε3
+ ε3

ε2

+ε1

ε4
+ ε4

ε1
+ ε2

ε4
+ ε4

ε2
+ ε3

ε4
+ ε4

ε3

+ 1

ε1ε2
+ 1

ε2ε3
+ 1

ε1ε3
+ 1

ε1ε4
+ 1

ε2ε4
+ 1

ε4ε3
. (69)

3. SO(2N )

Characters
The character computation of a particular representation

for SO(2N ) needs special attention as it possesses the notion
of simple and double characters. First, we compute two char-
acter functions [35,37,38]

C
(M(ε))
r1,r2,...,rN = |εr1 + ε−r1 , εr2 + ε−r2 , . . . , εrN + ε−rN − δλN 0|

|εN−1 + ε−N+1, εN−2 + ε−N+2, . . . , 1| ,

S
(M(ε))
r1,r2,...,rN = |εr1 − ε−r1 , εr2 − ε−r2 , . . . , εrN − ε−rN |

|εN−1 + ε−N+1, εN−2 + ε−N+2, . . . , 1| . (70)

For λN = 0, the simple character is given as:

χ(M(ε))
r1,r2,...,rN = C (M(ε))

r1,r2,...,rN . (71)

Otherwise, if λN = 0, the simple character computation is
redefined as:

χ(M(ε))
r1,r2,...,rN = 1

2
(C (M(ε))

r1,r2,...,rN + S (M(ε))
r1,r2,...,rN ). (72)

Here M(ε) = diag(ε1, ε2, . . . , εN ) identifies a particular rep-
resentation of SO(2N ). The ri ’s can be obtained from the
Dynkin labels of the representation while the εa’s can be
obtained by examining the matrix form of the maximal torus
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of SO(2N ) [40] given below:

T
N :

⎛
⎜⎜⎜⎜⎜⎝

cos θ1 − sin θ1 · · · 0 0
sin θ1 cos θ1 · · · 0 0

...
...

. . .
...

...

0 0 · · · cos θN − sin θN
0 0 · · · sin θN cos θN

⎞
⎟⎟⎟⎟⎟⎠

2N×2N

(73)

Each 2 × 2 block can be written in diagonal form as:(
cos θi − sin θi
sin θi cos θi

)
→

(
eiθi 0
0 e−iθi

)
. Then, by defining εi = eiθi we get

2N parameters {εi , εi−1} where i = 1, 2, · · · N . The respec-
tive numerators on the RHS of Eq. (70) can be explicitly
written as:

|εr1 + ε−r1 , εr2 + ε−r2 , . . . , εrN + ε−rN − δλN 0|

=

∣∣∣∣∣∣∣∣∣∣∣

ε
r1
1 + ε

−r1
1 ε

r2
1 + ε

−r2
1 · · · ε

rN
1 + ε

−rN
1 − δλN 0

ε
r1
2 + ε

−r1
2 ε

r2
2 + ε

−r2
2 · · · ε

rN
2 + ε

−rN
2 − δλN 0

...
...

. . .
...

ε
r1
N + ε

−r1
N ε

r2
N + ε

−r2
N · · · ε

rN
N + ε

−rN
N − δλN 0

∣∣∣∣∣∣∣∣∣∣∣
,

|εr1 − ε−r1 , εr2 − ε−r2 , ..., εrN − ε−rN |

=

∣∣∣∣∣∣∣∣∣∣∣

ε
r1
1 − ε

−r1
1 ε

r2
1 − ε

−r2
1 · · · ε

rN
1 − ε

−rN
1

ε
r1
2 − ε

−r1
2 ε

r2
2 − ε

−r2
2 · · · ε

rN
2 − ε

−rN
2

...
...

. . .
...

ε
r1
N − ε

−r1
N ε

r2
N − ε

−r2
N · · · ε

rN
N − ε

−rN
N

∣∣∣∣∣∣∣∣∣∣∣
, (74)

while the denominator is

|εN−1 + ε−N+1, εN−2 + ε−N+2, . . . , 1|

=

∣∣∣∣∣∣∣∣∣∣∣

εN−1
1 + ε−N+1

1 εN−2
1 + ε−N+2

1 · · · 1
εN−1
2 + ε−N+1

2 εN−2
2 + ε−N+2

2 · · · 1
...

...
. . .

...

εN−1
N + ε−N+1

N εN−2
N + ε−N+2

N · · · 1

∣∣∣∣∣∣∣∣∣∣∣
. (75)

Calculating the ri’s
Cartan matrix for SO(2N ) group is an N × N matrix

ASO(2N ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

− − α1 − −
− − α2 − −

− − αN−2 − −
− − αN−1 − −
− − αN − −

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 2 −1 −1
0 0 0 · · · −1 2 0
0 0 0 · · · −1 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

N×N

. (76)

Once again our first step in calculating the ri ’s is the con-
struction of the weight tree [41] corresponding to the LDF
representation of SO(2N ). We start with the Dynkin label
(1, 0, .., 0) and successively subtract rows of the Cartan
matrix shown in Eq. (76). The weight tree can be expressed
as:

L1 = (1, 0, 0, . . . , 0, 0)︸ ︷︷ ︸
(N−tuple)

,

L2 = L1 − α1 = (−1, 1, 0, . . . , 0, 0),
...

Lk = Lk−1 − αk−1 = (0, . . . ,−1, 1, . . . , 0),
...

LN−1 = LN−2 − αN−2 = (0, 0, . . . ,−1, 1, 1),

LN = LN−1 − αN−1 = (0, 0, . . . , 0,−1, 1). (77)

A particular representation of SO(2N ) is uniquely identified
by its Dynkin label (a1, . . . , aN ). The elements of Dynkin
label ai ’s can be written in terms of the fundamental weight
tree of LDF representation and the λi ’s as:

(a1, a2, . . . , aN ) = λ1(1, 0, . . . , 0, 0) + λ2(−1, 1, 0, . . . , 0)

+ · · · + λN−1(0, . . . ,−1, 1, 1) + λN (0, 0, . . . ,−1, 1).

The above equation can be solved to find the λi ’s uniquely
through following steps

aN = λN−1 + λN , aN−1 = λN−1 − λN ,

ak = λk − λk+1, k = 1, . . . , N − 2. (78)

which are inverted as:

λN = 1

2
(aN − aN−1), λN−1 = 1

2
(aN + aN−1),

λN−2 = aN−2 + 1

2
(aN + aN−1),

λk = ak + ak+1 + · · · + aN−2 + 1

2
(aN + aN−1),

k ≤ N − 2. (79)

The ri ’s are related to theλi ’s through the following equation:

r = λ + ρ where ρi = N − i, i = 1, 2, . . . , N . (80)

Once ri ’s are noted down, we can compute the numerator
using Eq. (74) and subsequently the full character.

Haar measure
The Haar measure for SO(2N ) group can be written as

[8,16,42]:∫
SO(2N )

dμSO(2N )

= 1

(2π i)N 2N−1N !
∮

|εl |=1

N∏
l=1

dεl

εl
Δ(ε) Δ

(
ε−1

)
.

(81)
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Δ (ε) is the denominator given in Eq. (75), Δ(ε−1) can sim-
ilarly be computed by substituting ε−1

i in the place of εi in
the expression ofΔ(ε). Finally, substituting them in Eq. (81)
we can obtain the Haar measure.

As examples, the characters for a few representations [43,
44] of SO(8) and the Haar measure are explicitly computed.
SO(8)

Haar measure
The denominator for the character formula in this case is:

Δ(ε) =

∣∣∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣
. (82)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (81),

dμSO(8) = 1

4!23 (2π i)4
dε1

ε1

dε2

ε2

dε3

ε3

dε4

ε4
Δ(ε) Δ

(
ε−1

)
.

(83)

Characters

– The Fundamental Representation: 8v ≡ (1, 0, 0, 0)
Using Eq. (79), we get λ = (1, 0, 0, 0). Now, since ρ =
(3, 2, 1, 0), therefore, r = λ+ρ = (4, 2, 1, 0) and using
Eq. (71) the character is obtained as:

χ(SO(8))8v (ε1, ε2, ε3, ε4)

= |ε4 + ε−4, ε2 + ε−2, ε1 + ε−1, 1|
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|

=

∣∣∣∣∣∣∣∣∣∣

ε41 + ε−4
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε42 + ε−4
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε43 + ε−4
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε44 + ε−4
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣
= ε1 + 1

ε1
+ ε2 + 1

ε2
+ ε3 + 1

ε3
+ ε4 + 1

ε4
. (84)

– The Spinor Representation: 8s ≡ (0, 0, 0, 1)
We obtain λ = ( 12 ,

1
2 ,

1
2 ,

1
2 ) and r = λ+ρ = ( 72 ,

5
2 ,

3
2 ,

1
2 )

and using Eq. (70) we get:

C(SO(8))8s (ε1, ε2, ε3, ε4)

= |ε 7
2 + ε− 7

2 , ε
5
2 + ε− 5

2 , ε
3
2 + ε− 3

2 , ε
1
2 + ε− 1

2 |
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 + ε

− 7
2

1 ε
5
2
1 + ε

− 5
2

1 ε
3
2
1 + ε

− 3
2

1 ε
1
2
1 + ε

− 1
2

1

ε
7
2
2 + ε

− 7
2

2 ε
5
2
2 + ε

− 5
2

2 ε
3
2
2 + ε

− 3
2

2 ε
1
2
2 + ε

− 1
2

2

ε
7
2
3 + ε

− 7
2

3 ε
5
2
3 + ε

− 5
2

3 ε
3
2
3 + ε

− 3
2

3 ε
1
2
3 + ε

− 1
2

3

ε
7
2
4 + ε

− 7
2

4 ε
5
2
4 + ε

− 5
2

4 ε
3
2
4 + ε

− 3
2

4 ε
1
2
4 + ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣

,

S(SO(8))8s (ε1, ε2, ε3, ε4)

= |ε 7
2 − ε− 7

2 , ε
5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , ε
1
2 − ε− 1

2 |
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 ε
1
2
1 − ε

− 1
2

1

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 ε
1
2
2 − ε

− 1
2

2

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 ε
1
2
3 − ε

− 1
2

3

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 ε
1
2
4 − ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣

.

Using Eq. (72) the character of this representation can be
given as:

χ(SO(8))8s
(ε1, ε2, ε3, ε4)

= 1

2
(C(SO(8))8s

(ε1, ε2, ε3, ε4) + S(SO(8))8s
(ε1, ε2, ε3, ε4))

= √
ε1ε2ε3ε4 +

√
ε1ε2

ε3ε4
+
√

ε1ε4

ε3ε2
+
√

ε1ε3

ε2ε4
+
√

ε3ε4

ε1ε2

+
√

ε2ε3

ε1ε4
+
√

ε2ε4

ε1ε3
+ 1√

ε1ε2ε3ε4
. (85)

– The Conjugate Spinor Representation: 8c ≡ (0, 0, 1, 0)
Weget λ = ( 12 ,

1
2 ,

1
2 ,− 1

2 ) and r = λ+ρ = ( 72 ,
5
2 ,

3
2 ,− 1

2 )

and using Eq. (70) we get:

C(SO(8))8c (ε1, ε2, ε3, ε4)

= |ε 7
2 + ε− 7

2 , ε
5
2 + ε− 5

2 , ε
3
2 + ε− 3

2 , ε
1
2 + ε− 1

2 |
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 + ε

− 7
2

1 ε
5
2
1 + ε

− 5
2

1 ε
3
2
1 + ε

− 3
2

1 ε
1
2
1 + ε

− 1
2

1

ε
7
2
2 + ε

− 7
2

2 ε
5
2
2 + ε

− 5
2

2 ε
3
2
2 + ε

− 3
2

2 ε
1
2
2 + ε

− 1
2

2

ε
7
2
3 + ε

− 7
2

3 ε
5
2
3 + ε

− 5
2

3 ε
3
2
3 + ε

− 3
2

3 ε
1
2
3 + ε

− 1
2

3

ε
7
2
4 + ε

− 7
2

4 ε
5
2
4 + ε

− 5
2

4 ε
3
2
4 + ε

− 3
2

4 ε
1
2
4 + ε

− 1
2

4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣

,

S(SO(8))8c (ε1, ε2, ε3, ε4)

= |ε 7
2 − ε− 7

2 , ε
5
2 − ε− 5

2 , ε
3
2 − ε− 3

2 , −(ε
1
2 − ε− 1

2 )|
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε
7
2
1 − ε

− 7
2

1 ε
5
2
1 − ε

− 5
2

1 ε
3
2
1 − ε

− 3
2

1 − (ε
1
2
1 − ε

− 1
2

1 )

ε
7
2
2 − ε

− 7
2

2 ε
5
2
2 − ε

− 5
2

2 ε
3
2
2 − ε

− 3
2

2 − (ε
1
2
2 − ε

− 1
2

2 )

ε
7
2
3 − ε

− 7
2

3 ε
5
2
3 − ε

− 5
2

3 ε
3
2
3 − ε

− 3
2

3 − (ε
1
2
3 − ε

− 1
2

3 )

ε
7
2
4 − ε

− 7
2

4 ε
5
2
4 − ε

− 5
2

4 ε
3
2
4 − ε

− 3
2

4 − (ε
1
2
4 − ε

− 1
2

4 )

∣∣∣∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣

.

Using Eq. (72) the character of this representation can be
given as:

χ(SO(8))8c
(ε1, ε2, ε3, ε4)

= 1

2
(C(SO(8))8c

(ε1, ε2, ε3, ε4) + S(SO(8))8c
(ε1, ε2, ε3, ε4))

=
√

ε1

ε2ε3ε4
+
√

ε2

ε1ε3ε4
+
√

ε3

ε1ε2ε4
+
√

ε4

ε1ε2ε3

+
√

ε2ε3ε4

ε1
+
√

ε1ε3ε4

ε2
+
√

ε1ε2ε4

ε3
+
√

ε1ε2ε3

ε4
. (86)

– The Adjoint Representation: 28 ≡ (0, 1, 0, 0)
We obtain λ = (1, 1, 0, 0) and r = λ + ρ = (4, 3, 1, 0)
and using Eq. (71) we get:

χ(SO(8))28(ε1, ε2, ε3, ε4)

= |ε4 + ε−4, ε3 + ε−3, ε1 + ε−1, 1|
|ε3 + ε−3, ε2 + ε−2, ε1 + ε−1, 1|

=

∣∣∣∣∣∣∣∣∣∣

ε41 + ε−4
1 ε31 + ε−3

1 ε11 + ε−1
1 1

ε42 + ε−4
2 ε32 + ε−3

2 ε12 + ε−1
2 1

ε43 + ε−4
3 ε33 + ε−3

3 ε13 + ε−1
3 1

ε44 + ε−4
4 ε34 + ε−3

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣

ε31 + ε−3
1 ε21 + ε−2

1 ε11 + ε−1
1 1

ε32 + ε−3
2 ε22 + ε−2

2 ε12 + ε−1
2 1

ε33 + ε−3
3 ε23 + ε−2

3 ε13 + ε−1
3 1

ε34 + ε−3
4 ε24 + ε−2

4 ε14 + ε−1
4 1

∣∣∣∣∣∣∣∣∣∣
= 4 + ε1ε2 + ε2ε3 + ε1ε3 + ε1ε4 + ε2ε4 + ε3ε4

+ 1

ε1ε2
+ 1

ε2ε3
+ 1

ε1ε3
+ 1

ε1ε4
+ 1

ε2ε4
+ 1

ε4ε3

+ε1

ε2
+ ε2

ε1
+ ε1

ε3
+ ε3

ε1
+ ε2

ε3
+ ε3

ε2
+ ε1

ε4
+ ε4

ε1

+ε2

ε4
+ ε4

ε2
+ ε3

ε4
+ ε4

ε3
. (87)

4. Sp(2N )

Characters
TheWeyl character formula for Sp(2N ) group is given as

[35,37–39]:

χ(M(ε))
r1,r2,...,rN = |εr1 − ε−r1 , εr2 − ε−r2 , . . . , εrN − ε−rN |

|εN − ε−N , εN−1 − ε−N+1, . . . , ε1 − ε−1| ,
(88)

where M(ε) = diag(ε1, ε2, . . . , εN ) represents a specific rep-
resentation of Sp(2N ). The εa’s are determined using the
matrix form of the maximal torus of Sp(2N ) [40]. The sim-
ple parametrization εi = eiθi yields the variables used in the
definition of the character.

T
N :

⎛
⎜⎜⎜⎝

eiθ1 0 · · · 0
0 eiθ2 · · · 0
...

...
. . .

...

0 0 · · · eiθN

⎞
⎟⎟⎟⎠

N×N

. (89)

The numerator of Eq. (88) can be expressed as:

|εr1 − ε−r1 , εr2 − ε−r2 , . . . , εrN − ε−rN |

=

∣∣∣∣∣∣∣∣∣∣∣

ε
r1
1 − ε

−r1
1 ε

r2
1 − ε

−r2
1 · · · ε

rN
1 − ε

−rN
1

ε
r1
2 − ε

−r1
2 ε

r2
2 − ε

−r2
2 · · · ε

rN
2 − ε

−rN
2

...
...

. . .
...

ε
r1
N − ε

−r1
N ε

r2
N − ε

−r2
N · · · ε

rN
N − ε

−rN
N

∣∣∣∣∣∣∣∣∣∣∣
, (90)

and the denominator is given as follows:

|εN − ε−N , εN−1 − ε−N+1, . . . , ε1 − ε−1|
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=

∣∣∣∣∣∣∣∣∣∣∣

εN1 − ε−N
1 εN−1

1 − ε−N+1
1 · · · ε11 − ε−1

1

εN2 − ε−N
2 εN−1

2 − ε−N+1
2 · · · ε12 − ε−1

2

...
...

. . .
...

εNN − ε−N
N εN−1

N − ε−N+1
N · · · ε1N − ε−1

N

∣∣∣∣∣∣∣∣∣∣∣
. (91)

Calculating the ri’s
The Cartan matrix for Sp(2N ) group is given as:

ASp(2N ) =

⎛
⎜⎜⎜⎜⎝

− − α1 − −
− − α2 − −

− − αN−1 − −
− − αN − −

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −2 2

⎞
⎟⎟⎟⎟⎟⎠

N×N

. (92)

Starting from the Dynkin label for the LDF representation of
Sp(2N ) (1, 0, . . . , 0) and successively subtracting the rows
of the Cartan matrix, see Eq. (92), the corresponding weight
tree [41] is computed as:

L1 = (1, 0, 0, . . . , 0, 0)︸ ︷︷ ︸
(N -tuple)

,

L2 = L1 − α1 = (−1, 1, 0, . . . , 0, 0),
...

Lk = Lk−1 − αk−1 = (0, . . . ,−1, 1, . . . , 0),
...

LN−1 = LN−2 − αN−2 = (0, 0, . . . ,−1, 1, 0),

LN = LN−1 − αN−1 = (0, 0, . . . , 0,−1, 1). (93)

Similar to the earlier cases, a particular representation
of Sp(2N ) is uniquely identified by its Dynkin label
(a1, a2, . . . , aN ). Following the same trajectory, we can
rewrite the λi ’s in terms of the a j ’s using the weight tree
of LDF. The successive paths adopted in this construction
are as follows:

(a1, a2, . . . , aN )

= λ1(1, 0, . . . , 0, 0) + λ2(−1, 1, 0, . . . , 0)

+ · · · + λN−1(0, . . . ,−1, 1, 0) + λN (0, 0, . . . ,−1, 1).

Each entry of the Dynkin label can be recast as:

aN = λN and ak = λk − λk+1, k = 1, . . . , N − 1 .

(94)

Then we can find unique λi ’s in the following form

λN = aN , λN−1 = aN−1 + aN , .

λk = ak + ak+1 + · · · + aN . (95)

The ri ’s are related to theλi ’s through the following equation:

r = λ + ρ where ρi = N − i + 1, i = 1, 2, .., N . (96)

After computing the ri ’s, we can further simplify the numer-
ator using Eq. (90) and compute the full character.
Haar measure

Here, the Haar measure can be written as [8,16,42]:∫
Sp(2N )

dμSp(2N )

= 1

(2π i)N 2N N !
∮

|εl |=1

N∏
l=1

dεl

εl
Δ(ε) Δ

(
ε−1

)
. (97)

Δ(ε) is the denominator given in Eq. (91),Δ(ε−1) can simi-
larly be computed by substituting ε−1

i in the place of εi in the
expression of Δ(ε). Then using these information we obtain
the Haar measure for Sp(2N ) group.

Here, the characters for certain representations [43,44]
and theHaarmeasures correspond to Sp(4) and Sp(6) groups
have been computed in detail.
Sp(4)

Haar measure
The denominator for the character formula in this case is:

Δ(ε) =
∣∣∣∣∣
ε21 − ε−2

1 ε11 − ε−1
1

ε22 − ε−2
2 ε12 − ε−1

2

∣∣∣∣∣ . (98)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (97),

dμSp(4) = 1

2!22 (2π i)2
dε1

ε1

dε2

ε2
Δ(ε) Δ

(
ε−1

)

= 1

8 (2π i)2
dε1

ε51

dε2

ε52

(
−1 + ε21

)2

×
(
−1 + ε22

)2 (
ε2 + ε21ε2 − ε1

(
1 + ε22

))2
.

(99)

Characters

– The Fundamental Representation: 4 ≡ (1, 0)
Using Eq. (95), we get λ = (1, 0). Now, since ρ = (2, 1)
therefore, r = λ + ρ = (3, 1) and the character is
obtained as:

χ(Sp(4))4(ε1, ε2) = |ε3 − ε−3, ε1 − ε−1|
|ε2 − ε−2, ε1 − ε−1|

=

∣∣∣∣∣
ε31 − ε−3

1 ε11 − ε−1
1

ε32 − ε−3
2 ε12 − ε−1

2

∣∣∣∣∣∣∣∣∣∣
ε21 − ε−2

1 ε11 − ε−1
1

ε22 − ε−2
2 ε12 − ε−1

2

∣∣∣∣∣
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= ε1 + 1

ε1
+ ε2 + 1

ε2
. (100)

– The Quintuplet Representation: 5 ≡ (0, 1)
We obtain λ = (1, 1) and r = λ + ρ = (3, 2) and the
character is obtained as:

χ(Sp(4))5(ε1, ε2) = |ε3 − ε−3, ε2 − ε−2|
|ε2 − ε−2, ε1 − ε−1|

=

∣∣∣∣∣
ε31 − ε−3

1 ε21 − ε−2
1

ε32 − ε−3
2 ε22 − ε−2

2

∣∣∣∣∣∣∣∣∣∣
ε21 − ε−2

1 ε11 − ε−1
1

ε22 − ε−2
2 ε12 − ε−1

2

∣∣∣∣∣
= 1 + 1

ε1ε2
+ ε1

ε2
+ ε2

ε1
+ ε1ε2. (101)

– The Adjoint Representation: 10 ≡ (2, 0)
We obtain λ = (2, 0) and r = λ + ρ = (4, 1) and the
character is obtained as:

χ(Sp(4))10(ε1, ε2)

= |ε4 − ε−4, ε1 − ε−1|
|ε2 − ε−2, ε1 − ε−1| =

∣∣∣∣∣
ε41 − ε−4

1 ε11 − ε−1
1

ε42 − ε−4
2 ε12 − ε−1

2

∣∣∣∣∣∣∣∣∣∣
ε21 − ε−2

1 ε11 − ε−1
1

ε22 − ε−2
2 ε12 − ε−1

2

∣∣∣∣∣
= 2 + 1

ε21
+ ε21 + 1

ε22
+ 1

ε1ε2
+ ε1

ε2
+ ε2

ε1

+ε1ε2 + ε22 . (102)

Sp(6)

Haar measure
The denominator for the character formula in this case is:

Δ(ε) =

∣∣∣∣∣∣∣
ε31 − ε−3

1 ε21 − ε−2
1 ε11 − ε−1

1

ε32 − ε−3
2 ε22 − ε−2

2 ε12 − ε−1
2

ε33 − ε−3
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣
. (103)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (97),

dμSp(6) = 1

3!23 (2π i)3
dε1

ε1

dε2

ε2

dε3

ε3
Δ (ε)Δ

(
ε−1

)

= 1

48 (2π i)3
dε1

ε71

dε2

ε72

dε3

ε73

(
−1 + ε21

)2

×
(
−1 + ε22

)2 (
ε2 + ε21ε2 − ε1

(
1 + ε22

))2 (−1 + ε22

)2

×
(
ε3 + ε21ε3 − ε1

(
1 + ε23

))2 (
ε3 + ε22ε3 − ε2

(
1 + ε23

))2
.

(104)

Characters

– The Fundamental Representation: 6 ≡ (1, 0, 0)
Using Eq. (95), we get λ = (1, 0, 0). Now, since ρ =
(3, 2, 1) therefore, r = λ + ρ = (4, 2, 1) and the char-
acter is obtained as:

χ(Sp(6))6(ε1, ε2, ε3) = |ε4 − ε−4, ε2 − ε−2, ε1 − ε−1|
|ε3 − ε−3, ε2 − ε−2, ε1 − ε−1|

=

∣∣∣∣∣∣∣∣

ε41 − ε−4
1 ε21 − ε−2

1 ε11 − ε−1
1

ε42 − ε−4
2 ε22 − ε−2

2 ε12 − ε−1
2

ε43 − ε−4
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε31 − ε−3
1 ε21 − ε−2

1 ε11 − ε−1
1

ε32 − ε−3
2 ε22 − ε−2

2 ε12 − ε−1
2

ε33 − ε−3
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣
= ε1 + 1

ε1
+ ε2 + 1

ε2

+ε3 + 1

ε3
. (105)

– The 14-dimensional Representation: 14 ≡ (0, 1, 0)
We obtain λ = (1, 1, 0) and r = λ + ρ = (4, 3, 1) and the
character is obtained as:

χ(Sp(6))14(ε1, ε2, ε3)

= |ε4 − ε−4, ε3 − ε−3, ε1 − ε−1|
|ε3 − ε−3, ε2 − ε−2, ε1 − ε−1|

=

∣∣∣∣∣∣∣∣

ε41 − ε−4
1 ε31 − ε−3

1 ε11 − ε−1
1

ε42 − ε−4
2 ε32 − ε−3

2 ε12 − ε−1
2

ε43 − ε−4
3 ε33 − ε−3

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε31 − ε−3
1 ε21 − ε−2

1 ε11 − ε−1
1

ε32 − ε−3
2 ε22 − ε−2

2 ε12 − ε−1
2

ε33 − ε−3
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣
= 2 + 1

ε1ε2
+ ε1

ε2
+ ε2

ε1
+ 1

ε1ε3
+ ε1

ε3

+ 1

ε2ε3
+ ε2

ε3
+ ε3

ε1
+ ε3

ε2
+ ε1ε2 + ε1ε3

+ε2ε3. (106)

– The Adjoint Representation: 21 ≡ (2, 0, 0)
We obtain λ = (2, 0, 0) and r = λ+ ρ = (5, 2, 1) and the
character is obtained as:

χ(Sp(6))21(ε1, ε2, ε3)

= |ε5 − ε−5, ε2 − ε−2, ε1 − ε−1|
|ε3 − ε−3, ε2 − ε−2, ε1 − ε−1|
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=

∣∣∣∣∣∣∣
ε51 − ε−5

1 ε21 − ε−2
1 ε11 − ε−1

1

ε52 − ε−5
2 ε22 − ε−2

2 ε12 − ε−1
2

ε53 − ε−5
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε31 − ε−3
1 ε21 − ε−2

1 ε11 − ε−1
1

ε32 − ε−3
2 ε22 − ε−2

2 ε12 − ε−1
2

ε33 − ε−3
3 ε23 − ε−2

3 ε13 − ε−1
3

∣∣∣∣∣∣∣∣
= 3 + 1

ε21
+ ε21 + 1

ε22
+ 1

ε1ε2

+ε1

ε2
+ ε2

ε1
+ ε1ε2 + ε22 + 1

ε23
+ 1

ε1ε3

+ε1

ε3
+ 1

ε2ε3
+ ε2

ε3
+ ε3

ε1
+ ε1ε3

+ε3

ε2
+ ε2ε3 + ε23 . (107)

2.2 The curious case of the non-compact Lorentz group

The quantum fields under consideration are dynamical in
nature. Thus to perform a gauge invariant operator construc-
tion we need to include the covariant derivativeDμ in a con-
sistent way. We have devoted this section to address that. We
know that Dμ transforms trivially under the internal sym-
metry groups while it has a non-trivial transformation prop-
erty under the space-time transformations. Again, unlike the
quantum fields we can not simply treat it as another degree
of freedom because such an inclusion can introduce redun-
dancies within the operator sets by virtue of integration by
parts (IBP) and equation of motion of fields (EOM). It has
been discussed in [6,9,45] how some of the effective oper-
ator structures can be removed in favor of others by pay-
ing close attention to IBP and EOM. Thus the incorpora-
tion of Dμ is a highly involved task. The quantum fields
carrying non-zero spins of any model as well as Dμ trans-
form non-trivially under the Lorentz group, i.e., the group
of space-time transformations in 3 + 1 dimensions. For the
sake of the computation, we prefer to work with finite dimen-
sional unitary representations. Thus, instead of working with
non-compact Lorentz group SO(3, 1) we choose to work
with the Euclidean conformal group SO(4,C). It has been
noted that in case of dimensions d = p + q ≥ 3 dimen-
sions, the conformal group is SO(p + 1, q + 1). Thus for
d = 3 + 1 dimensions, the conformal group is SO(4, 2).
While writing SO(3, 1) ∼= SO(4,C) we recognize the fact
that the presence of 2 extra dimensions increases the rank by
one unit and this manifests itself as the scaling dimension
(Δϕ) of the representation. We recall, here, that the Lorentz
group is non-compact and its unitary representations are infi-
nite dimensional. Therefore, we will realize SO(4,C) as
SU (2) × SU (2) or more appropriately SU (2)l × SU (2)r .
In addition to that we will be working in the Weyl (chiral)
basis instead of the Dirac basis for the spinors. The simi-

lar treatment is extended to the field strength tensors where
instead of Fμν and F̃μν , we will work with Fl and Fr :

Flμν = 1

2

(
Fμν − i F̃μν

)
, (Fl)αβ = σ

μ

αβ̇
σ νβ̇κ εκβ Flμν.

Frμν = 1

2

(
Fμν + i F̃μν

)
, (Fr)α̇β̇= σμα̇κ σ ν

κκ̇ εκ̇β̇ Frμν.

(108)

which transform under the (1, 0) and (0, 1) representations
of SU (2)l × SU (2)r respectively. Here, σμ = (I, σ i ) and
σμ = (I,−σ i )with σ i (i = 1, 2, 3 ) being the Pauli matrices
and I is the 2×2 unitmatrix.Also, ε is the fully antisymmetric
rank-two tensor.

The next step is the identification of our physical fields,
i.e., scalars, spinors and vectors as Unitary Irreducible Rep-
resentations (UIRs) of the conformal group. These represen-
tations can be categorized into long and short representations
basedonwhether they satisfy certain unitarity bounds defined
by the scaling dimension and the highest weight of the repre-
sentation [8–10,46–53]. Once a representation is identified
as either long or short, the next step is to express the SO(4,C)

characters as a linear combination of SU (2)×SU (2) charac-
ters. The detailed procedure, as well as the precise meaning
of each term, is given in [8,47,48,53]. Instead of repeating
the detailed computations, we have provided the characters
relevant for our analysis involving fields of spins-0, -1/2, and
-1:

χ
(4)
[1;(0,0)](D, α, β) = D P(4)(D, α, β) ×

[
1 − D2

]
,

χ
(4)
[ 32 ,( 1

2 ,0)](D, α, β) = D
3
2 P(4)(D, α, β)

×
[
α + 1

α
− D

(
β + 1

β

)]
,

χ
(4)
[ 32 ;(0, 12 )](D, α, β) = D

3
2 P(4)(D, α, β)

×
[
β + 1

β
− D

(
α + 1

α

)]
,

χ
(4)
[2;(1,0)](D, α, β) = D2P(4)(D, α, β)

×
[
α2 + 1

α2 + 1 − D
(
α + 1

α

)(
β + 1

β

)
+ D2

]
,

χ
(4)
[2;(0,1)](D, α, β) = D2P(4)(D, α, β)

×
[
β2 + 1

β2 + 1 − D
(
α + 1

α

)(
β + 1

β

)
+ D2

]
,

(109)

where the subscripts on the LHS [Δϕ, ( j1, j2)] contain infor-
mation about the scaling dimension (Δϕ) and the represen-
tation under SU (2) × SU (2) as ( j1, j2). P(4)(D, α, β) is
the momentum generating function which can be written as
[8,9,48]:

P(4)(D, α, β) =
[

(1 − Dαβ)

(
1 − D

αβ

)

(
1 − Dα

β

)(
1 − Dβ

α

)]−1

. (110)
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The removal of redundancies in this construction due to the
EOM and IBP are discussed in Refs. [8,9] in great detail.
Next, the PE in Eq. (11) also gets modified as [9]:

PE[φ,D, R] = exp

[ ∞∑
r=1

(
φ

DΔφ

)r χR(zrj , α
r , βr )

r

]
, (111)

PE[ψ,D, R] = exp

[ ∞∑
r=1

(−1)r+1
(

ψ

DΔψ

)r χR(zrj , α
r , βr )

r

]
,

(112)

for bosons and fermions respectively.
Haar measure for the Lorentz group

Since the Lorentz group is non-compact the Haar measure
is not defined for it. So, to enable the group space integra-
tion we transform Minkowskian SO(3, 1) to the Euclidean
SO(4,C)which is further decomposed into SU (2)×SU (2).
Based on the knowledge of the Haar measure for SU (2)
Eq. (29) the Haar measure for the Lorentz group is depicted
as:∫

dμLorentz =
∫

1

P(4)(D, α, β)
dμSU (2) × dμSU (2)

= 1

P(4)(D, α, β)

×
[

1

2 (2π i)

dα

α

(
1 − α2

)(
1 − 1

α2

)]

×
[

1

2 (2π i)

dβ

β

(
1 − β2

)(
1 − 1

β2

)]
.

(113)

The incorporation of the derivative operators and conse-
quently the Lorentz group modifies the Hilbert Series in
Eq. (10) to the following form [8–10]:

H [ϕ] =
∫
LG

dμSU (2) × dμSU (2)
1

P(4)(D, α, β)
n∏
j=1

∫
G j

dμ j PE[ϕ,D, R], (114)

where, D is the spurion variable symbolizing the covariant
derivative operator.

3 Invariant polynomial: paving the path to Lagrangian

3.1 Two Higgs doublet model (2HDM)

The Two Higgs Doublet Model (2HDM) is a minimal exten-
sion of the Standard Model (SM) content through an addi-
tional SU (2) complex doublet scalar [54–64]. Here, we have
considered a generic 2HDM scenario without imposing any
Z2 symmetry. We start the discussion by first giving the full
field content and their transformation properties under the
gauge group SU (3)C ⊗ SU (2)L ⊗ U (1)Y and the Lorentz

Table 2 2HDM: Quantum numbers of fields under the gauge groups
and their spins under the Lorentz group. I = 1,2,3 and a = 1,2,…,8
correspond to SU (2) and SU (3) gauge indices respectively, and p =
1,…,N f denotes the flavor index. The color and isospin indices have
been suppressed. L and R denote the chirality, i.e., the left or right
handedness of the field

2HDM fields SU (3)C SU (2)L U (1)Y Spin

φ1 1 2 1/2 0

φ2 1 2 1/2 0

Qp
L 3 2 1/6 1/2

u p
R 3 1 2/3 1/2

d p
R 3 1 −1/3 1/2

L p
L 1 2 −1/2 1/2

epR 1 1 −1 1/2

Bμν 1 1 0 1

W I
μν 1 3 0 1

Ga
μν 8 1 0 1

Dμ Covariant Derivative

group in Table 2. Based on this information our aim is to
construct the invariant polynomial, i.e., the Lagrangian for
2HDM.

Gauge group characters and Haar measure

The first step is to compute the characters corresponding to
each field as well as its conjugate. The characters of the rele-
vant representations of SU (3), i.e., the 1, 3 and8-dimensional
representations and SU (2), i.e., the 1, 2 and 3-dimensional
representations have been computed in Sect. 2.1. Also, the
U (1) characters can be obtained using Eq. (13). Multiply-
ing together the characters of representations under different
groups one can obtain the total gauge group character for a
field. One must also note that the Haar measures of these
groups, which are important to carry out integration over the
group space have been computed in Eqs. (14), (29) and (37).

Lorentz characters and Haar measure

Now, 2HDM contains only particles with spins-0, -1/2,
and -1 particles. So, the relevant Lorentz characters are the
ones given inEq. (109).Multiplying together the gauge group
characters and Lorentz characters we obtain the total charac-
ter of each field.

Argument of the plethystic exponential

Having obtained the total character, the next step is to
construct the Plethystic Exponential. The argument of the
Plethystic Exponential is an infinite sum whose general term
is the total character of a particular field weighted by a spu-
rion denoting the field name. The variables parametrizing
the characters as well as the spurion are raised to the power
r , where r runs from 1 to ∞. Below we have enlisted the
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contributions to the argument of the Plethystic Exponential
corresponding to each field,

Bl → 1

r
Blr χ

(4)
(1,0)

(
Dr , αr , βr ) , Br → 1

r

Brr χ
(4)
(0,1)

(
Dr , αr , βr ) ,

Wl → 1

r
Wlr χ

(4)
(1,0)

(
Dr , αr , βr ) χ(SU (2))3 (z

r
1),

Wr → 1

r
Wrr χ

(4)
(0,1)

(
Dr , αr , βr ) χ(SU (2))3 (z

r
1),

Gl → 1

r
Glr χ

(4)
(1,0)

(
Dr , αr , βr ) χ(SU (3))8 (z

r
1, z

r
2),

Gr → 1

r
Grr χ

(4)
(0,1)

(
Dr , αr , βr ) χ(SU (3))8 (z

r
1, z

r
2),

φ1 → 1

r
φr1 χ

(4)
(0,0)

(
Dr , αr , βr ) χ(SU (2))2 (z

r
1) z

1/2,

φ
†
1 → 1

r
(φ

†
1 )r χ

(4)
(0,0)

(
Dr , αr , βr ) χ(SU (2))2

(zr1) z
−r/2,

φ2 → 1

r
φr2 χ

(4)
(0,0)

(
Dr , αr , βr ) χ(SU (2))2 (z

r
1) z

r/2,

φ
†
2 → 1

r
(φ

†
2 )r χ

(4)
(0,0)

(
Dr , αr , βr ) χ(SU (2))2

(zr1) z
−r/2,

e → (−1)r+1

r
er χ

(4)(
0, 12

) (Dr , αr , βr ) z−r ,

e† → (−1)r+1

r
(e†)r χ( 1

2 ,0
) (Dr , αr , βr ) zr ,

u → (−1)r+1

r
ur χ

(4)(
0, 12

) (Dr , αr , βr ) χ
(4)
(SU (3))3

(zr2, z
r
3) z

2r/3,

u† → (−1)r+1

r
(u†)r χ

(4)(
1
2 ,0

) (Dr , αr , βr ) χ(SU (3))3
(zr2, z

r
3) z

−2r/3,

d → (−1)r+1

r
dr χ

(4)(
0, 12

) (Dr , αr , βr ) χ(SU (3))3 (z
r
2, z

r
3) z

−r/3,

d† → (−1)r+1

r
(d†)r χ

(4)(
1
2 ,0

) (Dr , αr , βr ) χ(SU (3))3
(zr2, z

r
3) z

r/3,

L → (−1)r+1

r
Lr χ

(4)(
1
2 ,0

) (Dr , αr , βr ) χ(SU (2))2 (z
r
1) z

−r/2,

L† → (−1)r+1

r
(L†)r χ

(4)(
0, 12

) (Dr , αr , βr ) χ(SU (2))2
(zr1) z

r/2,

Q → (−1)r+1

r
Qr χ

(4)(
1
2 ,0

) (Dr , αr , βr )

χ(SU (3))3 (z
r
2, z

r
3) χ(SU (2))2 (z

r
1) z

r/6,

Q† → (−1)r+1

r
(Q†)r χ

(4)(
0, 12

) (Dr , αr , βr )

χ(SU (3))3
(zr2, z

r
3) χ(SU (2))2

(zr1) z
−r/6. (115)

Having thus constructed the Plethystic Exponential and
with the knowledge of the momentum generating function
Eq. (110) and Haar measures of the gauge groups and the
Lorentz group, we can compute the Hilbert Series using
Eq. (114). From the full Hilbert Series we have filtered out
the output based on themass dimension of the fields and suit-
ably categorized them. For operators up tomass dimension-4,
we have provided the proper scheme to translate them into a
covariant form inTable 3 because theHilbert Series construc-

tion is oblivious to parameters such as coupling constants as
well as to the presence of invariant tensors such as γ μ, σμν

in the Lagrangian.
InTable 4we have presented both theHilbert Series output

and the covariant form of operators up to mass dimension-
4 for general N f (number of fermion flavours), side by side
and we have categorized the operators based on whether they
are constituted of purely SM fields, purely BSM fields, i.e.,
operators containing only the second doublet scalar or a mix-
ture of the two. We have also catalogued higher dimensional
effective operators up to dimension-6 in Table 5 and cate-
gorized the operators based on their composition in terms
of scalars (φ), fermions (ψ) and the field strength tensor of
gauge bosons (X ). Note, the covariant form of these opera-
tors (for N f = 1) were discussed in great detail in [45]. So,
we do not repeat the same here.

3.2 The Pati-Salam model

The Pati-Salam model can be thought of as a partially uni-
fied scenario where SU (3)C and U (1)B−L are embedded
to form SU (4)C . This leads to quark-lepton unification and
the lepton is considered to be the fourth color [65–67]. The
underlying gauge symmetry is SU (4)C⊗SU (2)L⊗SU (2)R .
The Pati-Salammodel also has a rich scalar structure to facil-
itate symmetry breaking. We consider the most general form
of Pati-Salam [68] where scalar fields transform as (1, 1, 1),
(1, 2, 2), (15, 2, 2), (10, 3, 1) and (10, 1, 3). On top of that,
a global Pecci-Quinn U (1)PQ symmetry is imposed. The
field content and their transformation properties under the
gauge groups and the Lorentz group, as well as theirU (1)PQ

charges, are provided in Table 6. The necessary informa-
tion related to characters and Haar measures has already
been discussed in earlier sections. Based on that we have
computed the Hilbert Series. It must be kept in mind that
since the model consists of two distinct SU (2)s, their char-
acters must be parametrized using distinct variables. Unlike
2HDM, for this particular case, we have limited ourselves up
to dimension-5 operators. Due to the rich scalar structure, we
have emphasized the scalar potential and Yukawa terms by
explicitly giving their covariant forms in Tables 7 and 8. The
dimension-5 result is collected inTable 9.On comparingwith
[68], we have found some discrepancies. We observe that the
operator structure ΦΣ(Σ†)2 is absent in [68], whereas the
Hilbert Series output contains 4 operators having this struc-
ture as well as their hermitian conjugates.We have shown the
explicit forms of those operators in Table 8. We also observe
an under-counting w.r.t. the operator structure ΣΣ†ΔRΔL ,
while [68] contains only 1 such operator (and its hermitian
conjugate), Hilbert Series output contains 2 such operators
(and their hermitian conjugates).
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Table 3 Dictionary for translation of operators from theHilbert Series to their covariant forms. The translation from the form (Fl, Fr ) to (Fμν, F̃μν )
is accomplished using Eq. (108)

Q → Qp
L u → u p

R d → d p
R

Q† → Q
p
L u† → u p

R d† → d
p
R

L → L p
L e → epR φ1,2, φ

†
1,2 → φ1,2, φ

†
1,2

L† → L
p
L e† → epR D → Dμ

(Wl,Wr) → (W I
μν, W̃

I
μν) (Gl,Gr) → (Ga

μν, G̃
a
μν) (Bl, Br) → (Bμν, B̃μν)

Table 4 2HDM: renormalizable operators as Hilbert Series output and
their covariant form. Coefficients of each operator (which appear as
functions of N f ) give the number of all possible operators with the
same structure. The operators in blue have distinct hermitian conjugates
which we have not written explicitly. Here, I = 1,2,3 are SU (2) indices;
a = 1,…,8 are SU (3) indices and r, s = 1, 2, . . . , N f are flavour indices

which are summed over with the suitable coupling constants. ♣ - In the
Hilbert Series the fermion kinetic terms appear with a factor of N 2

f but
in the physical Lagrangian there is a flavour symmetry which forces
the kinetic terms to be diagonal and the factor of N 2

f is reduced to N f .
For the gauge kinetic terms the translation from the form (Fl, Fr ) to
(Fμν, F̃μν ) is accomplished using Eq. (108)

Operator Type HS Output Covariant Form No. of Operators (including h.c.)

Mass Dimension-2

Pure SM φ
†
1φ1 φ

†
1φ1 1

Pure BSM φ
†
2φ2 φ

†
2φ2 1

Mixed φ
†
1φ2 φ

†
1φ2 2

Mass Dimension-4

Pure SM Bl2 + Br2, BμνBμν, Bμν B̃μν, 11N 2
f + 8

Gl2 + Gr2, GaμνGa
μν, Gaμν G̃a

μν,

Wl2 + Wr2, W IμνW I
μν, W Iμν W̃ I

μν,

N 2
f L

†φ1e, N 2
f Q

†φ1d, N 2
f Q

†φ
†
1u, L

r
Lφ1esR, Q

r
Lφ1dsR, Q

r
L φ̃1usR,

♣N 2
f Q

†QD, N 2
f u

†uD, N 2
f d

†dD, ♣Q
r
L /DQr

L , urR /DurR, d
r
R /DdrR,

N 2
f L

†LD, N 2
f e

†eD, φ
†
1φ1D

2, (φ
†
1φ1)

2 L
r
L /DLr

L , erR /DerR, (Dμφ1)
†(Dμφ1), (φ

†
1φ1)

2

Pure BSM φ
†
2φ2D

2, (φ
†
2φ2)

2 (Dμφ2)
†(Dμφ2), (φ

†
2φ2)

2 2

Mixed N 2
f L

†φ2e, N 2
f Q

†φ2d, N 2
f Q

†φ
†
2u, L

r
Lφ2esR, Q

r
Lφ2dsR, Q

r
L φ̃2usR, 6N 2

f + 10

(φ
†
1)

2(φ2)
2, (φ

†
1)

2φ1φ2, (φ
†
2)

2φ1φ2 (φ
†
1φ2)

2, (φ
†
1φ1)(φ

†
1φ2), (φ

†
2φ1)(φ

†
2φ2)

2φ†
1φ1φ

†
2φ2, φ

†
1φ2D

2 (φ
†
1φ1)(φ

†
2φ2), (φ

†
1φ2)(φ

†
2φ1), (Dμφ1)

†(Dμφ2)

4 Bridging the theory and the program

In the previous sections we have delineated the mathemat-
ical ideas in an algorithmic way and we have shown how
they can be used to write down the Lagrangian as a poly-
nomial constituted of quantum fields. We have accentuated
the procedure through an in-depth study of two distinct non-
supersymmetric models. The same guiding principles can
be employed to construct group invariant polynomials of
superfields. Based on these ideas and to automatize the pro-
cess a Mathematica® package has been developed named
“GrIP”. This programasks forminimal information from the
user about the model. One needs to provide only the particle
content and their transformation properties under connected
compact internal symmetry groups and the Lorentz group
to generate the a complete and independent set of operators
at any (canonical)mass dimension. The remaining sections

depict the anatomy of GrIP and illustrate its utility in the
context of supersymmetric as well as non-supersymmetric
model building.

5 GrIP: automatizing invariant polynomial
computation

GrIP is a Mathematica®4 based scientific package that
automatizes the computation of group invariant polynomials
following the algorithm sketched in Fig. 6.

4 The current version of this code is compatible with
Mathematica®V.11 and higher.
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Table 5 2HDM: operators of mass dimensions-5 and -6

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )φ
2
1 L

2, 1
2 (N 2

f + N f )φ
2
2 L

2, N 2
f φ1φ2L2

Mass Dimension-6

X3 Wl3, Wr3, Gl3, Gr3

Φ6 (φ
†
1φ1)

3, (φ
†
2φ2)

3, 2φ2
1 (φ

†
1)

2φ2φ
†
2 , 2φ1φ

†
1φ

2
2 (φ

†
2)

2, (φ
†
1)

3φ3
2 , φ2

1 (φ
†
1)

3φ2, φ1(φ
†
1)

3φ2
2 ,

(φ
†
1)

2φ3
2φ

†
2 , φ

†
1φ

3
2(φ

†
2)

2, 2φ1(φ
†
1)

2φ2
2φ

†
2

Φ2X2 Gl2φ†
1φ1, Gl2φ†

2φ2, Gl2φ†
1φ2, Gl2φ1φ

†
2 , Wl2φ†

1φ1, Wl2φ†
2φ2, Wl2φ†

1φ2, Wl2φ1φ
†
2 ,

Bl2φ†
1φ1, Bl2φ†

2φ2, Bl2φ†
1φ2, Bl2φ1φ

†
2 , BlWlφ†

1φ1, BlWlφ†
2φ2, BlWlφ†

1φ2, BlWlφ1φ
†
2

Ψ 2ΦX (N 2
f )Glφ†

1d
†Q, (N 2

f )Glφ†
2d

†Q, (N 2
f )Glφ1u†Q, (N 2

f )Glφ2u†Q, (N 2
f )Wlφ†

1d
†Q, (N 2

f )Wlφ†
2d

†Q,

(N 2
f )Wlφ1u†Q, (N 2

f )Wlφ2u†Q, (N 2
f )Wlφ†

1e
†L , (N 2

f )Wlφ†
2e

†L , (N 2
f )Blφ

†
1d

†Q, (N 2
f )Blφ

†
2d

†Q,

(N 2
f )Blφ1u†Q, (N 2

f )Blφ2u†Q, (N 2
f )Blφ

†
1e

†L , (N 2
f )Blφ

†
2e

†L

Ψ 2Φ2D (N 2
f )dd

†φ1φ
†
1D, (N 2

f )dd
†φ2φ

†
2D, (N 2

f )ee
†φ1φ

†
1D, (N 2

f )ee
†φ2φ

†
2D, (2N 2

f )LL
†φ1φ

†
1D,

(2N 2
f )LL

†φ2φ
†
2D, (2N 2

f )QQ†φ1φ
†
1D, (2N 2

f )QQ†φ2φ
†
2D, (N 2

f )uu
†φ1φ

†
1D, (N 2

f )uu
†φ2φ

†
2D,

(N 2
f )dd

†φ
†
1φ2D, (N 2

f )ee
†φ

†
1φ2D, (N 2

f )uu
†φ

†
1φ2D, (2N 2

f )LL
†φ

†
1φ2D, (2N 2

f )QQ†φ
†
1φ2D,

(N 2
f )ud

†(φ
†
1)

2D, (N 2
f )ud

†(φ
†
2)

2D, (N 2
f )ud

†(φ
†
1)(φ

†
2)D

Ψ 2Φ3 (N 2
f )φ1(φ

†
1)

2e†L , (N 2
f )φ2(φ

†
2)

2e†L , (N 2
f )φ1(φ

†
2)

2e†L , (N 2
f )(φ

†
1)

2φ2e†L , (2N 2
f )φ1φ

†
1φ

†
2e

†L ,

(2N 2
f )φ

†
1φ2φ

†
2e

†L , (N 2
f )φ1(φ

†
1)

2d†Q, (N 2
f )φ2(φ

†
2)

2d†Q, (N 2
f )φ1(φ

†
2)

2d†Q, (N 2
f )(φ

†
1)

2φ2d†Q,

(2N 2
f )φ1φ

†
1φ

†
2d

†Q, (2N 2
f )φ

†
1φ2φ

†
2d

†Q, (N 2
f )φ

2
1φ

†
1u

†Q, (N 2
f )φ

2
2φ

†
2u

†Q, (N 2
f )φ

2
1φ

†
2u

†Q,

(N 2
f )φ

†
1φ

2
2u

†Q, (2N 2
f )φ1φ

†
1φ2u†Q, (2N 2

f )φ1φ2φ
†
2u

†Q

Φ4D2 2φ2
1 (φ

†
1)

2D2, 2φ2
2 (φ

†
2)

2D2, 4φ1φ2φ
†
1φ

†
2D

2, 2φ2
1 (φ

†
2)

2D2, 2φ1φ2(φ
†
2)

2D2, 2φ1(φ
†
1)

2φ2D
2

Ψ 4 (N 4
f )ee

†uu†, ( 12 N
2
f + 1

2 N
4
f )L

2(L†)2, (N 2
f + N 4

f )Q
2(Q†)2, (2N 4

f )LL
†QQ†,

(N 4
f )ee

†dd†, ( 14 N
2
f + 1

2 N
3
f + 1

4 N
4
f )e

2(e†)2, ( 12 N
2
f + 1

2 N
4
f )d

2(d†)2, ( 12 N
2
f + 1

2 N
4
f )u

2(u†)2,

(2N 4
f )dd

†uu†, (N 4
f )ee

†LL†, (N 4
f )uu

†LL†, (N 4
f )dd

†LL†, (N 4
f )ee

†QQ†, (2N 4
f )uu

†QQ†,

(2N 4
f )dd

†QQ†, (N 4
f )eL

†d†Q, (2N 4
f )ud(Q†)2, (2N 4

f )eL
†uQ†, ( 13 N

2
f + 2

3 N
4
f )LQ

3,

( 12 N
3
f + 1

2 N
4
f )e u Q2, (N 4

f )eu
2d, (N 4

f )L u d Q

Table 6 Pati-SalamModel:Quantumnumbers of fields under the gauge
groups, their spins and gauge group characters. Since the model only
contains fields having spins-0, -1/2, and -1, the relevant Lorentz charac-
ters are the ones given in Eq. (109). Here, U (1)PQ appears as a global

symmetry hence we do not assign any character to the fields corre-
sponding to it. Internal symmetry indices have been suppressed. L and
R denote whether the fields transform non-trivially under SU (2)L and
SU (2)R respectively

Fields SU (4)C SU (2)L SU (2)R U (1)PQ Spin Gauge group characters

S 1 1 1 4 0 1

Φ 1 2 2 2 0 χ(SU (2)L )2 · χ(SU (2)R )2

Σ 15 2 2 2 0 χ(SU (4))15 · χ(SU (2)L )2 · χ(SU (2)R )2

ΔL 10 3 1 2 0 χ(SU (4))10 · χ(SU (2)L )3

ΔR 10 1 3 -2 0 χ(SU (4))10 · χ(SU (2)R )3

ψL 4 2 1 1 1/2 χ(SU (4))4 · χ(SU (2)L )2

ψR 4 1 2 -1 1/2 χ(SU (4))4 · χ(SU (2)R )2

WLμν 1 3 1 0 1 χ(SU (2)L )3

WRμν 1 1 3 0 1 χ(SU (2)R )3

Vμν 15 1 1 0 1 χ(SU (4))15

Dμ Covariant Derivative

123

Eur. Phys. J. C (2020) 80 :938Page 26 of 73938



Table 7 Pati-Salam model: renormalizable operators as Hilbert Series
output and their covariant form. The operators in blue have distinct
hermitian conjugates which we have not written explicitly continued.
We have suppressed the indices in the Yukawa terms. Notation for the

indices is same as in [68], i.e., α, β, γ, κ = 1, 2 are SU (2)L indices,
α̇, β̇, γ̇ , κ̇ = 1, 2 are SU (2)R indices and μ, ν, ρ, τ, λ, ξ, ζ, ω =
1, 2, 3, 4 are SU (4)C indices

HS Output Covariant Form HS Output Covariant Form

Mass Dimension-2

Φ†Φ Φα̇
α Φ

†α
α̇ Σ†Σ Σνα̇

μαΣ
†μα
να̇

Δ
†
LΔL Δ

β
LμναΔ

†μνα
Lβ Δ

†
RΔR Δ

β̇
Rμνα̇Δ

†μνα̇

Rβ̇

S †S S †S

Mass Dimension-3

ΦΦS † εα̇β̇ εαβΦα̇
α Φ

β̇
β S

† ΣΣS † εα̇β̇ εαβΣνα̇
μαΣ

μβ̇
νβ S †

Mass Dimension-4

ψ
†
LψRΦ ψ LΦψR ψ2

LΔ
†
L ψT

L CΔ
†
LψL

ψ
†
LψRΣ ψ LΣψR ψ2

RΔ
†
R ψT

R CΔ
†
RψR

(S †)2S 2 (S †S )2 S †SΦ†Φ
(
S †S

) (
Φα̇

α Φ
†α
α̇

)

S †SΔ
†
LΔL

(
S †S

) (
Δ

β
LμναΔ

†μνα
Lβ

)
S †SΣ†Σ

(
S †S

) (
Σνα̇

μαΣ
†μα
να̇

)

ΔLΔLΔRΔR εμρλζ εντξω
(
Δ

β̇
Rμνα̇Δα̇

Rρτ β̇
Δ

β
LλξαΔα

Lζωβ

)
ΦΦΔRΔ

†
L εακεα̇κ̇

(
Φα̇

α Φ
β̇
β Δ

μνβ̇
Rκ̇ Δ

†β
Lμνκ

)

2Φ†ΦΔ
†
RΔR Φα̇

α Φ
†α
α̇ Δ

γ̇

Rμνβ̇
Δ

†μνβ̇
Rγ̇ 4ΦΣ(Σ†)2 Φα̇

α Σ
νβ̇
μβΣ

†μβ

ρβ̇
Σ

†ρα
να̇

Φα̇
α Φ

†α
β̇

Δ
γ̇

Rμνα̇Δ
†μνβ̇
Rγ̇ Φα̇

α Σ
νβ̇
μβΣ

†μβ
ρα̇ Σ

†ρα

νβ̇

2Φ†ΦΔ
†
LΔL Φα̇

α Φ
†α
α̇ Δ

γ

LμνβΔ
†μνβ
Lγ εα̇κ̇ εβ̇γ̇

(
Φα̇

α Σνκ̇
μκΣ

†μκ

ρβ̇
Σ

†ρα
νγ̇

)

Φα̇
α Φ

†γ
α̇ Δα

LμνβΔ
†μνβ
Lγ εα̇κ̇ εακεβ̇γ̇ εβγ

(
Φα̇

α Σνκ̇
μκΣ

†μβ

ρβ̇
Σ

†ργ
νγ̇

)

2ΣΣΔ
†
LΔ

†
L εαβεα̇β̇

(
Σνα̇

μαΣ
τβ̇
ρβ Δ

†μλγ

Lκ Δ
†ρξκ
Lγ

)
εντλξ 2ΣΣΔRΔR εαβεα̇β̇

(
Σνα̇

μαΣ
τβ̇
ρβ Δ

γ̇

Rνλκ̇Δκ̇
Rτξ γ̇

)
εμρλξ

εακεα̇β̇

(
Σνα̇

μαΣ
τβ̇
ρβ Δ

†μλγ

Lκ Δ
†ρξβ
Lγ

)
εντλξ εαβεα̇κ̇

(
Σνα̇

μαΣ
τβ̇
ρβ Δ

γ̇

Rνλβ̇
Δκ̇

Rτξ γ̇

)
εμρλξ

3Δ†
LΔLΔ

†
RΔR Δ

β̇
Rμνα̇Δ

†μνα̇

Rβ̇
Δ

β
LρταΔ

†ρτα
Lβ 2Φ†ΣΔ

†
LΔL Φ

†α
α̇ Σνα̇

μαΔ
γ

LνρβΔ
†ρμβ
Lγ

Δ
β̇
Rμνα̇Δ

†νρα̇

Rβ̇
Δ

β
LρταΔ

†τμα
Lβ Φ

†β
α̇ Σνα̇

μαΔ
γ

LνρβΔ
†ρμα
Lγ

Δ
β̇
Rμνα̇Δ

†ρτ α̇

Rβ̇
Δ

β
LρταΔ

†μνα
Lβ 2Φ†ΣΔ

†
RΔR Φ

†α
α̇ Σνα̇

μαΔ
γ̇

Rνρβ̇
Δ

†ρμβ̇
Rγ̇

3ΣΣΔ
†
LΔR εακεα̇κ̇

(
Σνα̇

μαΣ
μβ̇
νβ Δκ̇

Rλξβ̇
Δ

†λξβ
Lκ

)
Φ

†α
α̇ Σ

νβ̇
μαΔ

γ̇

Rνρβ̇
Δ

†ρμα̇
Rγ̇

εακεα̇κ̇

(
Σνα̇

μαΣ
μβ̇
ρβ Δκ̇

Rντ β̇
Δ

†τρβ
Lκ

)
2ΣΣ†ΔRΔL εμρλξ

(
Σνα̇

μαΣ
†τβ
ρβ̇

Δ
β̇
Rνλα̇Δα

Lτξβ

)

εακεα̇κ̇

(
Σνα̇

μαΣ
τβ̇
ρβ Δκ̇

Rντ β̇
Δ

†μρβ
Lκ

)
εμρτξ

(
Σνα̇

μαΣ
†λβ
ρβ̇

Δ
β̇
Rνλα̇Δα

Lτξβ

)

5.1 Introducing GrIP

The complete package can be downloaded from https://
TeamGrIP.github.io/GrIP/ in.zip as well as.tar.gz for-
mats. The downloaded file contains :

1. ‘GrIP.m’ → This is the main program where all the rele-
vant functions have been defined, which enables the user
to carry out all of the computations.

2. ‘GrpInfo.m’ → This file contains information about
dimensions of the representations of various SU (N )

groups with N ≤ 5 and their corresponding Dynkin
labels.

3. ‘MODEL’ → This folder contains examples for model
input files. Two model files are provided one in terms of
the Dynkin label (_Dyn is appended at the end) another
in terms of the representation (_Rep is appended at the
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Table 8 Table 7 continued. The operator structures highlighted in red show discrepancies when compared with the results of [68]

HS Output Covariant Form HS Output Covariant Form

Mass Dimension-4

S †SΔ
†
RΔR

(
S †S

) (
Δ

β̇
Rμνα̇Δ

†μνα̇

Rβ̇

)
ΦΣΔRΔ

†
L εακεα̇κ̇

(
Φα̇

α Σ
νβ̇
μβΔκ̇

Rντ β̇
Δ

†τμβ
Lκ

)
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Table 9 Pati-Salam model: operators of mass dimension-5

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 SΣ†ψ
†
LψR, SΦ†ψ

†
LψR

Φ5 S (S †)2Σ2, 6S †Σ3Σ†, 2S (S †)2Φ2, S †Φ3Φ†, 2S (Σ†)3Φ, 2S †Σ2ΦΦ†, 2S †ΣΣ†Φ2,

4S †Σ2Σ†Φ, SΔLΔR(Σ†)2, S †ΔLΔRΣ2, 2S †Δ2
LΣΣ†, 2SΔ2

RΣΣ†, 4SΔRΔ
†
LΣΣ†,

4S †ΔLΔ
†
L (Σ)2, SΔ

†
LΔRΦΦ†, S †Δ

†
LΔLΦ2, S †Δ

†
RΔRΦ2, SΔ

†
LΔRΦΣ†,

4S †ΔRΔ
†
R(Σ)2, S †ΔLΔ

†
RΦΣ†, S †Δ

†
RΔRΦ2, 2S †ΔLΔ

†
LΦΣ, 2S †ΔRΔ

†
RΦΣ
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end), for each of the following scenarios.5

(a) SM and its Extensions: StandardModel and its exten-
sion by the other lighter degrees of freedoms: Singly
Charged Scalar; Doubly Charged Scalar; Complex
Triplet Scalar; SU (2) Quadruplet Scalar; SU (2)
Quintuplet Scalar; Left-Handed Triplet Fermion;
Right-HandedSingletFermion;ScalarLepto-Quarks;
SU (2) Doublet Scalar (with different hypercharge);
Real Triplet Scalar; Color Triplet Scalars and Sterile
Neutrino; SU (2) Triplet and Quadruplet Fermions,

(b) Supersymmetric scenarios: MSSM, NMSSM, Super-
symmetricPati-Salam,Minimal SupersymmetricLeft-
Right models.

(c) UV models: Two Higgs doublet, Minimal Left-Right
Symmetric, Pati-Salam, and SU (5) Grand Unified
models.

(d) Models below electroweak scale: SU (3)C ⊗U (1)em
and its extension by additional: Scalar Dark Matter;
Vector-like Fermion Dark Matter.

4. ‘Example_SM.nb’, ‘Example_MSSM.nb’ → Two
Mathematica®Notebookfiles, for non-supersymmetric
and supersymmetric input models are provided. The
results there are generated using “SM_Rep.m” and
“MSSM_Rep.m” input files from the ‘MODEL’ folder
respectively.

5. ‘CHaar.m’ → This sub-program calculates character
for a particular representation and Haar measure for a
given connected compact group when the corresponding
Dynkin label is provided. This program can be used with-
out preparing any input file.

6. ‘Example_CHaar.nb’ → A Mathematica® Notebook
file that contains illustrative examples showing how the
functions of CHaar work.

5.2 User input: model description

The user is required to prepare an input file to feed informa-
tion into the main program. This file should contain infor-
mation about the symmetry groups, particles and their repre-
sentations and(or) charges under the given symmetries. The
conjugate fields need not to be mentioned separately in the
input file. For a given field, the respective conjugate will be
created by the program.
There are four main classes within the input file:

5 The effective operators corresponding to themodels depicted in italics
are discussed in this paper. The respective input files for all scenarios,
given below, can be found in the downloaded package.

Model name

There is a provision to save the results in a folder for each
input model file. The user must provide a suitable name for
the model as a string as shown below:

ModelName= "Name of the model".

Group class

The user must provide information about the gauge and(or)
global symmetry groups within the "SymmetryGroup
Class". These groups must be connected and compact, but
can represent global or gauge symmetries. The user needs
to provide the name of the groups in the following format,
i.e., one should write "SUN" for SU (N ) and "U1" forU (1)
groups. So far this program can handle symmetries of the
form of U (1) and SU (N ). A point to be noted is that for
multiple occurrence of the same group one must give differ-
ent names as shown in Table 10.

SymmetryGroupClass ={

Group[1] = {
"GroupName" → "〈name of the group〉",
"N" → 〈 N for SU (N ), 1 for U (1)〉
},
...

};

(Super)field class

(Super)Field content of the model should be given in this
class. Within this class following information must be pro-
vided:

{< "FieldName" >,< "Self − Conjugate" >,

< "LorentzBehaviour" >,< "Chirality" >,

< "BaryonNumber" >,< "LeptonNumber" >,

< "G1Rep/G1Dyn" >, · · · }. If there are multiple sym-
metry groups, then the quantum numbers or representa-
tions of a particle under each group must be provided in
the same order in which the groups are mentioned in the
"SymmetryGroupClass". If the model does not contain
any (Super)Field, the user should leave this part empty. The
possible values of these attributes are described in Table 11.
The characteristics of the particle (or superfield) under group
"G1" can be incorporated in two ways:

either "G1Rep"− > " <dimension of the
representation under Group[1]> ",

or "G1Dyn"− > " <Dynkin label of the
representation under Group[1]> ".
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Fig. 6 A flow chart depicting
the major components of GrIP
and the algorithm on which it is
based

Table 10 Information related to symmetry groups that must be specified within the “SymmetryGroupClass” in the input file along with the
possible values

Keys Values Details

GroupName "SUN","U1", Name of the groups.

"SUNL","SUNR", There is no restriction on the

"U1Y","U1X". number and ordering of the groups.

N N for "SUN", Degree of the group.

1 for "U1". No distinction for different SU (N )’s.
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Table 11 Characteristics of the particles that must be specified within "(Super)FieldClass" and "(Super)FieldTensorClass" in
the input file along with the possible values

Keys Values Details

FieldName Alphabets, characters It represents the particle (superfield). Operators

or symbols will be obtained in terms of these variables

Self-Conjugate True or False It decides whether to prepare the conjugate

field of this particular (super)field or not

The option should be selected considering the

gauge and Lorentz symmetry behavior

Lorentz Behaviour "SCALAR", These values describe the spin of the particle:

"FERMION", 0 (scalar), 1/2 (fermion), 1 (vector)

"VECTOR". In the case of superfields we attach the prefix

“SUPER" to the respective values. Superfields

behave like scalars under the Lorentz group

Chirality "l", "l" denotes left-handed(LH) field or conjugate of

"r", right-handed(RH) one, "r" denotes RH field or

"NA". conjugate of LH one. "NA" is for scalar field only

Baryon Number Numerical Value. Assignment should be consistent with the

(∈ Z) SM hypercharge

Lepton Number Numerical Value. Assignment should be consistent with the

(∈ Z) SM hypercharge

G1Rep +ve integer. Dimensionality of the representation of the

(∈ Z
+) field under group G1

G1Dyn n-tuple - { } Dynkin label of the representation

The "(Super)FieldClass" when representations are
provided in terms of dimension is:

(Super)FieldClass={

(Super)Field[1]={
"FieldName"-> < >,
"Self-Conjugate"-> < >,
"Lorentz Behaviour"-> <" ">,
"Chirality"-> <" ">,
"Baryon Number"-> < # >,
"Lepton Number"-> < # >,
"G1Rep"-> <dimension of the

representation under Group[1]>,
...

},· · ·
};

The "(Super)FieldClass" when representations are
provided in terms of Dynkin label is:

(Super)FieldClass={
(Super)Field[1]={
"FieldName"-> < >,
"Self-Conjugate"-> < >,
"Lorentz Behaviour"-> <" ">,

"Chirality"-> <" ">,
"Baryon Number"-> < # >,
"Lepton Number"-> < # >,
"G1Dyn"-> <Dynkin label of the

representation under Group[1]>,
...

},· · ·
};

(Super)field strength tensor class

A gauge invariant Lagrangian does not explicitly contain
the gauge fields, instead, it contains the corresponding field
strength tensors. In the"(Super)FieldTensorClass"
the usermust provide the information about these (super)field
strength tensors. In absence of any gauge symmetry, this part
should be left empty. We must emphasize that within the
"SymmetryGroupClass" all the symmetry groups, irre-
spective of gauge or global symmetries, must be enlisted. But
field strength tensors correspond to only the gauge symme-
tries and not the global symmetries. The user must keep this
in mind while framing this sector.

(Super)FieldTensorClass={
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Table 12 Different output functions of GrIP and their details

Functions Details of the output

DisplayUserInputTable A list of particles and their properties provided by the user

DisplayWorkingInputTable A list of particles &the respective conjugate fields and their properties based
on the information provided by the user

DisplayCharacterVariables The list of independent variables for different symmetry groups

The no. of variables = Rank of the group

The characters of the representations

are functions of these variables

DisplayCharacterTable Explicit structures of the character function correspond to the particle
representation in terms of the character variables

DisplayHaarMeasure The Haar measure of the symmetry groups in terms of the character variables

(Super)TensorField[1]={
"FieldName"-> < >,
"Self-Conjugate"-> < >,
"Lorentz Behaviour"-> <" ">,
"Chirality"-> <" ">,
"Baryon Number"-> < # >,
"Lepton Number"-> < # >,
"G1Rep"-> representation under Group[1],
...

},· · ·
};

5.3 Running the code

The user must perform the following tasks to run the code
successfully:

1. Step-1: The user should prepare a ‘Model’ file, if it is not
already inside the ‘MODEL’ folder and keep it inside the
‘MODEL’ folder which already contains many example
model input files.

2. Step-2: Then load the model file using "Get[]" func-
tion in Mathematica® by providing proper $Path to
access the model file:
In[1]:= SetDirectory ["<provide address of
the MODEL folder>"]
In[2]:= Get["MODEL/Model.m"]

3. Step-3: Now one has to install the main program. There
are two ways to do that:

(a) If the user keeps ‘GrIP.m’ in a local folder, to load
one has to use "Get[]" with proper address of the
main program file as shown in Step-2:
In[3]:= SetDirectory["<provide address
of the package>"]
In[4]:= Get["GrIP.m"]

(b) If the user keeps it in the ‘Applications’ folder in
$UserBaseDirectory, it can be loaded using
"Needs[]":
In[3]:= Needs["GrIP "̀]

If the program is loaded correctly, a text cell will appear in
the Notebook file to notify the user.

5.4 Saving private output

Once the program is loaded, a folder named "Name of
the model" will be created in the working directory. All
the results generated through specific commands will be
saved in this folder in TeXForm.

The output functions available in GrIP can be grouped
into the following categories based on their specific purpose.
Details on these have also been provided in Tables 12, 13, 14
and 15.

Input verification

The input information provided by the user can be verified
using: In[1]:= DisplayUserInputTable
We also need the conjugate fields to construct valid Lagran-
gian. These conjugate fields will be automatically generated
internally based on the information entered by the user in the
model input file, and the full list of particles can be verified
through: In[2]:= DisplayWorkingInputTable

Group theoretic output

The characters of the representations of each field and their
respective conjugate fields can be obtained through:

In[1]:= DisplayCharacterTable
Similarly, the associated Haar measure of the underlying
symmetry groups are displayed using:

In[2]:= DisplayHaarMeasure
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Hilbert series output: polynomial of fields

This program aims to compute the independent group invari-
ant polynomials that can be expressed as the monomial basis
of different mass dimensions. We can further classify the
operators for a given mass dimension as a polynomial whose
order is determined by specific baryon number and lepton
number violation. Here, we have provided two options to
get the operators: (i) for a specific mass dimension setting
"OnlyMassDimOutput"-> True and (ii) up to a spe-
cific mass dimension setting "OnlyMassDimOutput"->
False. One can be more specific while selecting the oper-
ator set by probing specific values (#) to "ΔB"-># and
"ΔL"->#.

In[1]:=DisplayHSOutput["MassDim"→#, "OnlyMassDimOutput"→$,
"ΔB"→#, "ΔL"→#, "Flavours"→#]

Note that for the case of supersymmetric models we have the
following function which serves the same purpose:

In[1]:=DisplaySHSOutput["CanonicalDim"→#,"OnlyCanonicalDimOutput"→$,
"ΔB"→#, "ΔL"→#,"Flavours"→#]

One can also look for operators violating baryon number
(B) and lepton number (L) by specific amounts using the
following command:

In[1]:= DisplayBLviolatingOperators["HighestMassDim"→#, "ΔB"→#,
"ΔL"→#, "Flavours"→#]

The argument "HighestMassDim" sets the upper limit
of search process. The function always returns the lowest
dimensional operator amounting the required B and L viola-
tions if any within the given "HighestMassDim".

If the user wants to obtain a suggestive form of the
Lagrangian, it is also possible to collect all the terms of the
Hilbert Series polynomial and give them the schematic form
of a Lagrangian through suitable incorporation of the dimen-
sion full parameters. This can be obtained using the following
function:

In[1]:=DisplayLagOutput["MassDim"→#, "OnlyMassDimOutput"→$,
"ΔB"→#, "ΔL"→#, "Flavours"→#]

There is also the provision of storing the output (i.e., the
operator set) under a variable to allow for further manip-
ulations for both non-supersymmetric and supersymmetric
models. For the non-supersymmetric case, this job is per-

formed using: In[1]:= Poly = SaveHSOutput["MassDim"→#,

"ΔB"→#, "ΔL"→#, "Flavours"→#]

Same can be achieved for the supersymmetric case using:
In[1]:= Poly = SaveSHSOutput["CanonicalDim"→#, "ΔB"→#,

"ΔL"→#, "Flavours"→#]

To count the number of terms in any polynomial one can use
the function OpCounter. If the polynomial is composed of
chiral and vector superfields then the corresponding task is
carried out by SusyOpCounter:

In[2]:= OpCounter[Poly]
In[2]:= SusyOpCounter[Poly]

Given a polynomial in the input fields, one can also impose
external global symmetries which were not defined in
"SymmetryGroupClass" to sort out specific operators
(Table 14). The function ReOutput enables the user to do
that:
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Table 13 GrIP functions and their working principles

Functions Options Details of the output

DisplayHSOutput MassDim → positive integer, Operators at a given mass dimension

[MassDim, OnlyMassDimOutput, OnlyMassDimOutput→ True, irrespective of B & L number violation

ΔB, ΔL, Flavours] ΔB → "NA", ΔL → "NA", with specific no. of fermionic flavours

Flavours → 1, N f .

OnlyMassDimOutput → True, Operators at a given mass dimension

ΔB → integer, ΔL → integer. posing specific B & L number violation

OnlyMassDimOutput → False, Operators up to a given mass dimension

ΔB → "NA", ΔL → "NA". irrespective of B & L number violation

OnlyMassDimOutput → False, Operators up to a given mass dimension

ΔB → integer, ΔL → integer. posing specific B & L number violation

DisplayLagOutput Same as DisplayHSOutput Similar as DisplayHSOutput, where all

[MassDim, OnlyMassDimOutput, the operators are collected and multiplied

ΔB, ΔL, Flavours] by suitable mass-dimensional couplings

Table 14 Table 13 continued

Functions Options Details of the output

DisplayBLviolatingOperators ΔB → integer, ΔL → integer, The lowest mass dimensional operator

[HighestMassDim, ΔB, ΔL, HighestMassDim → #, that posses the mentioned amount of

Flavours] Flavours → 1, N f B & L violation within the specified #

Poly = SaveHSOutput Poly → any variable Saves the operators as a polynomial

[MassDim, ΔB, ΔL, Flavours] named Poly

OpCounter[Poly] Poly → any variable Number of independent invariant

operators that constitute the polynomial

ReOutput NameOfPoly→ Poly, Assigns qunatum no. # to the

[NameOfPoly, SymmetryName→{"QN1","QN2",...}, particle and returns those operators

SymmetryName, Qno, Δsym] Qno→{{FieldName → #}, which violates the quantum no by $ unit

{FieldName → #},...},

Δsym → {$,$...}

In[3]:=ReOutput["NameOfPoly"→Poly, "SymmetryName"→{"QN1","QN2",· · ·},
"Qno"→{{FieldName→#},· · ·}, "Δsym"→{$,· · ·}]

5.5 CHaar and its working principle

In addition to GrIP, the package also includes a separate
sub-program CHaar which would enable the user to obtain
Haarmeasures and characters for any given irreducible repre-
sentations of connected compact groups: SU (N ), SO(2N +
1), SO(2N ) and Sp(2N ). Note that unlike GrIP, it does
not rely on any input file and it operates independently. The
process of loading ‘CHaar.m’ in the Notebook file is the
same as what has been followed for ‘GrIP.m’. Again one
can use both "Get[]" or "Needs[]" to load the pro-
gram after setting up the package directory $Path using

"SetDirectory[]". If the package is installed in a local
folder, ‘CHaar.m’ can be launched in the following manner:

In[1]:= SetDirectory["<provide address of
the package>"]

In[2]:= Get["CHaar.m"]
If the package is installed in the ‘Applications’ folder in
$UserBaseDirectory one can use "Needs[]" to load
the program. In this case, there is no need to set up the $Path
of the folder it is installed in.

In[1]:= Needs["CHaar "̀]
We illustrate the functions of CHaar and their working prin-
ciples in Table 16.
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Table 15 GrIP SUSY functions and their working principles

Functions Options Details of the output

DisplaySHSOutput CanonicalDim → positive integer, Operators at a given canonical dimension

[CanonicalDim,
OnlyCanonicalDimOutput,

OnlyCanonicalDimOutput→ True, irrespective of B & L number violation

ΔB, ΔL, Flavours] ΔB → "NA", ΔL → "NA", with specific no. of fermionic flavours

Flavours → 1, N f

OnlyCanonicalDimOutput → True, Operators at a given canonical dimension

ΔB → integer, ΔL → integer posing specific B & L number violation

OnlyCanonicalDimOutput → False, Operators up to a given canonical dimension

ΔB → "NA", ΔL → "NA" irrespective of B & L number violation

OnlyCanonicalDimOutput → False, Operators up to a given mass dimension

ΔB → integer, ΔL → integer posing specific B & L number violation

Poly = SaveSHSOutput Poly → any variable Saves the supersymmetric operators as a

[CanonicalDim, ΔB, ΔL,
Flavours]

polynomial

SusyOpCounter[Poly] Poly → any variable Number of independent
invariant operators that
constitute the polynomial
in supersymmetric case

Table 16 Output functions of CHaar and their working principles

Functions Options Details of the output

HaarMeasure Group→ String, Haar measure for a group for a

[Group, Argument] Argument→ #. given degree #. The user must provide this as string

CharacterFunction Dynkin→ Dynkin label The character function for a particular

[Group, Argument, of the representation. representation of a group of given

Dynkin] degree # and Dynkin label of the representation

Examples of output provided by the functions of CHaar are
shown below:

In[1]:= CharacterFunction["Group"→"SO",
"Argument"→7, "Dynkin"→{0,0,1}]

Out[1]:=

1√
z1

√
z2

√
z3

+
√
z1√

z2
√
z3

+
√
z2√

z1
√
z3

+
√
z1

√
z2√

z3

+
√
z3√

z1
√
z2

+
√
z1

√
z3√

z2
+

√
z2

√
z3√

z1
+ √

z1
√
z2

√
z3

In[2]:= HaarMeasure["Group"→"Sp", "Argument"→4]

Out[2]:=

−dz1dz2
(−1 + z21

)2 (−1 + z22
)2 (

z2+z21z2−z1
(
1+z22

))2
32π2z51z

5
2

6 GrIPping: ilustrating the action of GrIP

6.1 Operator construction for a non-supersymmetric model
using GrIP

This subsection illustrates how GrIP works for a non-
supersymmetric model. The input file and the results from
GrIP are shown explicitly with the proper functions. The
Standard Model (SM) is used as an example.

The fields and their transformation properties

The field content and the transformation properties of those
fields under the gauge groups SU (3)C ⊗ SU (2)L ⊗ U (1)Y
and the Lorentz group are enlisted in Table 17.
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Table 17 Quantum numbers of fields under the SM gauge groups and Lorentz group. I = 1,2,3; a = 1,2,…,8; p = 1,2,3 denotes the flavor index.
The color and isospin indices have been suppressed. l and r denote the chirality, i.e., the left or right handedness of the field

SM Fields SU (3)C SU (2)L U (1)Y Lorentz Group (SU (2)l ⊗ SU (2)r )

H 1 2 1/2 Scalar (0,0)

Qp
l 3 2 1/6 Spinor (1/2,0)

u p
r 3 1 2/3 Spinor (0,1/2)

d p
r 3 1 −1/3 Spinor (0,1/2)

L p
l 1 2 −1/2 Spinor (1/2,0)

epr 1 1 −1 Spinor (0,1/2)

Bl 1 1 0 Vector (1,0)

Wl 1 3 0 Vector (1,0)

Gl 8 1 0 Vector (1,0)

Covariant Derivative Dμ Bi-spinor (1/2,1/2)

The GrIP Input file

The structure of the model input file "SM_Rep.m" is shown
in detail below:

ModelName="StandardModel"

SymmetryGroupClass ={
Group[1]={"GroupName"->"SU3", "N"->3},
Group[2]={"GroupName"->"SU2", "N"->2},
Group[3]={"GroupName"->"U1", "N"->1} };

FieldClass={
Field[1]={
"FieldName"-> H, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SCALAR", "Chirality"-> "NA",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "2", "U1Rep"-> 1/2},

Field[2]={
"FieldName"-> Q, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "l",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3", "SU2Rep"-> "2", "U1Rep"-> 1/6},

Field[3]={
"FieldName"-> u, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "r",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3", "SU2Rep"-> "1", "U1Rep"-> 2/3},

Field[4]={
"FieldName"-> d, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "r",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3", "SU2Rep"-> "1", "U1Rep"-> -1/3},

Field[5]={
"FieldName"-> L, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> -1, "SU3Rep"-> "1", "SU2Rep"-> "2", "U1Rep"-> -1/2},

Field[6]={
"FieldName"-> el,
"Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "r",
"Baryon Number"-> 0, "Lepton Number"-> -1, "SU3Rep"-> "1", "SU2Rep"-> "1", "U1Rep"-> -1}};

FieldTensorClass={
TensorField[1]={
"FieldName"-> Bl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "VECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "1", "U1Rep"-> 0},

TensorField[2]={
"FieldName"-> Wl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "VECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "3", "U1Rep"-> 0},

TensorField[3]={
"FieldName"-> Gl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "VECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "8", "SU2Rep"-> "1", "U1Rep"-> 0} };
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Fig. 7 Correct and incorrect
ways of encoding the details of
the chiral nature of the field
strength tensors in the
"FieldName"

Fig. 8 This figure highlights
how one should not name the
groups in describing the particle
transformation property

Alternate provision: Providing Dynkin labels instead of
dimension of the representation.

Field[2]={
"FieldName"-> Q, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "FERMION", "Chirality"-> "l",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Dyn"-> {1,0}, "SU2Dyn"-> {1}, "U1Dyn"-> 1/6},

Possible sources of errors

Here, we have highlighted possible errors one can make-
break while preparing the input file for a new model.
The prime focus should be on the keys: "FieldName",
"Self-Conjugate", "Lorentz Behaviour",
"Chirality", "Baryon Number" and "Lepton

Number". Their sequence must be unaltered and none of
the keys should be omitted.

The entrieswithin the"SymmetryGroupClass"must
be incorporated systematically, respecting the following
thumb-rules:

• The sequence of group information in "Symmetry
GroupClass" and "Field[i]" must be the same.
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Fig. 9 The correct way of
providing details about the
gauge groups

• The chiral nature of the field strength tensors must be
reflected at the end of "FieldName" by appending “l"
or “r", e.g.,“Bl" or “Br", see Fig. 7.

• Different names to the same group must be assigned in
case of their repetitive appearance, e.g, two SU (2) groups
should be named as “SU2L" and “SU2R" to distinguish
them from each other.

• The transformation property under a particular group
must be entered in the form of the dimension of the
representation (“Rep") or Dynkin label corresponding to
that representation (“Dyn"). These options should not be
mixed up andmust be used uniformly for the whole input
file, see Figs. 8 and 9.

• The dimensions of the representations must be provided
keeping the following points in mind:

1. For non-abelian groups the dimension of the repre-
sentation must be written as a string, see Fig. 9. Also,
for abelian groups such as U (1), the charge must be
entered as a number.

2. The conjugate of any representation must contain
"bar", e.g.: 3 → "3 bar".

3. One must distinguish different representations of the
same dimension: 8′ → "8 p", similarly, 8′′ → "8
pp", see Table 18.

Table 18 Input form of the dimension

Dimension Input Form

20 "20"

20 "20 bar"

20′ "20 p"

20′′ "20 pp"

20′′ "20 ppbar"

Details of the user interface for the Standard Model

Here, we provide an illustration of how to run GrIP and uti-
lize its various commands to obtain specific outputs based on
the Standard Model and how to further modify those results.
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In[1]:= SetDirectory[" /̃home"]
In[2]:= Get["MODEL/SM_Rep.m"]

Model Name: Standard Model

Authors: Upalaparna Banerjee,
Joydeep Chakrabortty,
Suraj Prakash, Shakeel
Ur Rahaman

Institutes: Indian Institute of
Technology Kanpur, India

Emails: upalab, joydeep,
surajprk, shakel@iitk.ac.in

In[3]:= Get["GrIP.m"]

GrIP-V.1.0.0

Authors: Upalaparna Banerjee,
Joydeep Chakrabortty,
Suraj Prakash,
Shakeel Ur Rahaman
Indian Institute of Technology
Kanpur, India

"GrIP is successfully loaded and
ready to compute!
A folder, named [StandardModel] has
been created in your working
directory and all the output will be
saved in that folder.
Thank You!!"

In[4]:= DisplayUserInputTable
Out[4]:=
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Field Self Lorentz Chirality Baryon Lepton SU3Rep SU2Rep U1Rep
name conjugate behaviour number number

H False SCALAR NA 0 0 1 2 1/2
Q False FERMION l 1/3 0 3 2 1/6
u False FERMION r 1/3 0 3 1 2/3
d False FERMION r 1/3 0 3 1 −1/3
L False FERMION l 0 −1 1 2 −1/2
el False FERMION r 0 −1 1 1 −1
Bl False VECTOR l 0 0 1 1 0
Wl False VECTOR l 0 0 1 3 0
Gl False VECTOR l 0 0 8 1 0

In[5]:= DisplayWorkingInputTable
Out[5]:=

Field Self Lorentz Chirality Baryon Lepton SU3Dyn SU2Dyn U1Dyn
name conjugate behaviour number number

H False SCALAR NA 0 0 {0,0} {1} 1/2
Q False FERMION l 1/3 0 {1,0} {1} 1/6
u False FERMION r 1/3 0 {1,0} {0} 2/3
d False FERMION r 1/3 0 {1,0} {0} −1/3
L False FERMION l 0 −1 {0,0} {1} −1/2
el False FERMION r 0 −1 {0,0} {0} −1
H† False SCALAR NA 0 0 {0,0} {1} −1/2
Q† False FERMION r −1/3 0 {0,1} {1} −1/6
u† False FERMION l −1/3 0 {0,1} {0} −2/3
d† False FERMION l −1/3 0 {0,1} {0} 1/3
L† False FERMION r 0 1 {0,0} {1} 1/2
el† False FERMION l 0 1 {0,0} {0} 1
Bl False VECTOR l 0 0 {0,0} {0} 0
Wl False VECTOR l 0 0 {0,0} {2} 0
Gl False VECTOR l 0 0 {1,1} {0} 0
Br False VECTOR r 0 0 {0,0} {0} 0
Wr False VECTOR r 0 0 {0,0} {2} 0
Gr False VECTOR r 0 0 {1,1} {0} 0

In[7]:= DisplayHaarMeasure
Out[7]:=

SU3 SU2 U1

−
(−G1z41G1z2 + G1z32 + G1z31

(
1 + G1z32

) − G1z1
(
G1z2 + G1z42

))2
6G1z51G1z52

−
(−1 + G2z21

)2
2G2z31

1

G3z

In[6]:= DisplayCharacterTable
Out[6]:=
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Dyn SU3 SU2 U1

{{0,0},{1},1/2} 1
1

G2z1
+ G2z1

√
G3z

{{1,0},{1},1/6} G1z1 + 1

G1z2
+ G1z2

G1z1
1

G2z1
+ G2z1 G3z1/6

{{1,0},{0},2/3} G1z1 + 1

G1z2
+ G1z2

G1z1
1 G3z2/3

{{1,0},{0},−1/3} G1z1 + 1

G1z2
+ G1z2

G1z1
1 1

G3z1/3

{{0,0},{1},−1/2} 1 1
G2z1

+ G2z1 1√
G3z

{{0,0},{0},−1} 1 1
1

G3z

{{0,0},{1},−1/2} 1
1

G2z1
+ G2z1

1√
G3z

{{0,1},{1},−1/6}
1

G1z1
+ G1z1

G1z2
+ G1z2

1

G2z1
+ G2z1

1

G3z1/6

{{0,1},{0},−2/3}
1

G1z1
+ G1z1

G1z2
+ G1z2 1

1

G3z2/3

{{0,1},{0},1/3}
1

G1z1
+ G1z1

G1z2
+ G1z2 1 G3z1/3

{{0,0},{1},1/2} 1
1

G2z1
+ G2z1

√
G3z

{{0,0},{0},1} 1 1 G3z
{{0,0},{0},0} 1 1 1

{{0,0},{2},0} 1 1 + 1

G2z21
+ G2z21 1

{{1,1},{0},0} 2 + G1z1

G1z22
+ 1

G1z1G1z2
+ G1z21

G1z2
+ G1z2

G1z21
+ G1z1G1z2 + G1z22

G1z1
1 1

{{0,0},{0},0} 1 1 1

{{0,0},{2},0} 1 1 + 1

G2z21
+ G2z21 1

{{1,1},{0},0} 2 + G1z1

G1z22
+ 1

G1z1G1z2
+ G1z21

G1z2
+ G1z2

G1z21
+ G1z1G1z2 + G1z22

G1z1
1 1

In[9]:=DisplayBLviolatingOperators["HighestMassDim"→10, "ΔB"→ +1(−1),
"ΔL"→ −1(+1), "Flavours"→1]

Out[9]:= L Q3 + d L Q u + el Q2 u + d el u2 (corresponding hermitian conjugates)

In[8]:=DisplayHSOutput["MassDim"→4, "OnlyMassDimOutput"→True,

"ΔB"→0, "ΔL"→0, "Flavours"→1]

Out[8]:=

−Bl2 − Br2 − Gl2 − Gr2 − Wl2 − Wr2 − Bl D2 − Br D2

+d D d† + el D el† + H D2 H†

−Q d† H† − L el† H† − H2
(
H†

)2 − el H L† + L D L†

−d H Q† + Q D Q† − u H† Q†

−H Q u† + u D u† − D4
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In[10]:=DisplayLagOutput["MassDim"→4, "OnlyMassDimOutput"→False,"ΔB"→"NA","ΔL"→"NA",
"Flavours"→ N f ]

Out[10]:=

−Bl2 − Br2 − Gl2 − Gr2 − Wl2 − Wr2 + d N f D d†

+el N f D el† + H D2H† − N 2
f Qy1 d

† H†

−H2 λ
(
H†

)2 + L N f D L† − el H N 2
f y2L

† + N f Q DQ†

−d H N 2
f y3 Q† − N 2

f u y4 H† Q†

+N f u D u† − H N 2
f Q y5 u

† − L N 2
f y6 el

†H†

In[11]:=DisplayLagOutput["MassDim"→4, "OnlyMassDimOutput"→False,"ΔB"→0,"ΔL"→0,
"Flavours"→ 1]

Out[11]:=

−Bl2 − Br2 + d D d† − Q y1 d
† H† − d H y4 Q† + D el el† − L y2 el

† H† − el H y3 L†

+D2H H† − Hm2H† − u y5 H†Q† − H2 λ
(
H†

)2 − H Q y6 u
†

+D L L† + D Q Q† + D u u†

−Gl2 − Gr2 − Wl2 − Wr2

In[12]:=PolyA=SaveHSOutput["MassDim"→4,"ΔB"→0,"ΔL"→0,
"Flavours"→1];

In[13]:= OpCounter[PolyA]
Out[13]:= 22
In[14]:=PolyB=SaveHSOutput["MassDim"→4,"ΔB"→"NA","ΔL"→"NA",

"Flavours"→ N f ];
In[15]:= OpCounter[PolyB]
Out[15]:= 11N f +11N 2

f

6.2 Operator construction for a supersymmetric model
using GrIP

Our prescription is not restricted to non-supersymmetric
models. The program GrIP enables one to construct the
polynomial in terms of chiral and vector superfields. In our
construction, we have taken care of the transformation of
vector superfield (V) under the Wess-Zumino [69,70] gauge
as V ′ = V + i(Λ − Λ†). The chiral superfield Φ transforms
as Φ → e−iqΛΦ and its conjugate as Φ† → eiqΛ†

Φ†. This
leaves Φ†eqVΦ invariant.

For multiple chiral superfields (Φ) and gauge symme-
tries, the respective VΦ can be written as linear combina-
tions of vector superfields corresponding to the individual
gauge groups suitably accompanied by the gauge charges
of Φ. We have enlisted the transformation properties of the
superfields of the Minimal Supersymmetric Standard Model
[71,72] under the gauge group SU (3)C⊗SU (2)L⊗U (1)Y in
Table 19. The VΦ for this particular scenario is summarized
in Table 20.
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Table 19 MSSM: quantum numbers of superfields under the gauge groups. Internal symmetry indices have been suppressed. i=1,2,…,N f is the
flavor index

Superfields SU (3)C SU (2)L U (1)Y

Hu 1 2 1/2

Hd 1 2 −1/2

Qi 3 2 1/6

Ui 3 1 −2/3

Di 3 1 1/3

Li 1 2 −1/2

Ei 1 1 1

B 1 1 0

W 1 3 0

G 8 1 0

Table 20 Vector superfields corresponding to each of the given chiral
superfields expressed as a linear combination of the vector superfields
corresponding to the gauge groups of the model weighted by the appro-

priate charges of the chiral superfields. (qF
G denotes the charge of the

fields F under the gauge group G )

VHu → qHu
SU (2)L

W + qHu
U (1)Y

B VHd → qHd
SU (2)L

W + qHd
U (1)Y

B

VQ → qQ
SU (3)C

G + qQ
SU (2)L

W + qQ
U (1)Y

B VL → qL
SU (2)L

W + qL
U (1)Y

B

VU → qUSU (3)C
G + qUU (1)Y

B VE → qE
U (1)Y

B

VD → qD
SU (3)C

G + qD
U (1)Y

B

GrIP input file for MSSM

The input file is prepared following the similar rules pre-
scribed for the SM case:

ModelName="MSSM"

SymmetryGroupClass = {
Group[1] = {"GroupName" -> "SU3", "N" -> 3},
Group[2] = {"GroupName" -> "SU2", "N" -> 2},
Group[3] = {"GroupName" -> "U1", "N" -> 1} };
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SuperFieldClass={

SuperField[1]={
"FieldName"-> Hu, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERSCALAR", "Chirality"-> "NA",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "2", "U1Rep"-> 1/2},

SuperField[2]={
"FieldName"-> Hd, "Self-Conjugate"->False, "Lorentz Behaviour"-> "SUPERSCALAR", "Chirality"-> "NA",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "2", "U1Rep"-> -1/2},

SuperField[3]={
"FieldName"-> Q, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERFERMION", "Chirality"-> "NA",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3", "SU2Rep"-> "2", "U1Rep"-> 1/6},

SuperField[4]={
"FieldName"-> U, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERFERMION", "Chirality"-> "NA",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3 bar", "SU2Rep"-> "1", "U1Rep"-> -2/3},

SuperField[5]={
"FieldName"-> D, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERFERMION", "Chirality"-> "NA",
"Baryon Number"-> 1/3, "Lepton Number"-> 0, "SU3Rep"-> "3 bar", "SU2Rep"-> "1", "U1Rep"-> 1/3},

SuperField[6]={
"FieldName"-> L, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERFERMION", "Chirality"-> "NA",
"Baryon Number"-> 0, "Lepton Number"-> -1, "SU3Rep"-> "1", "SU2Rep"-> "2", "U1Rep"-> -1/2},

SuperField[7]={
"FieldName"-> E, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERFERMION", "Chirality"-> "NA",
"Baryon Number"-> 0, "Lepton Number"-> -1, "SU3Rep"-> "1", "SU2Rep"-> "1", "U1Rep"-> 1}
};

SuperFieldTensorClass={

TensorSuperField[1]={
"FieldName"-> Bl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERVECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "1", "U1Rep"-> 0},

TensorSuperField[2]={
"FieldName"-> Wl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERVECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "1", "SU2Rep"-> "3", "U1Rep"-> 0},

TensorSuperField[3]={
"FieldName"-> Gl, "Self-Conjugate"-> False, "Lorentz Behaviour"-> "SUPERVECTOR", "Chirality"-> "l",
"Baryon Number"-> 0, "Lepton Number"-> 0, "SU3Rep"-> "8", "SU2Rep"-> "1", "U1Rep"-> 0}
};

User interface for MSSM

In[1]:= SetDirectory["˜/home"]
In[2]:= Get["MODEL/MSSM_Rep.m"]
In[3]:= Get["GrIP.m"]

The above commands display similar output as shown in the
non-supersymmetric case.

In[4]:= DisplayUserInputTable
Out[4]:=

Super Self- Lorentz Chirality Baryon Lepton SU3Rep SU2Rep U1Rep
field conjugate behaviour number number

Hu False SUPERSCALAR NA 0 0 1 2 1/2
Hd False SUPERSCALAR NA 0 0 1 2 −1/2
Q False SUPERFERMION NA 1/3 0 3 2 1/6
U False SUPERFERMION NA 1/3 0 3 bar 1 −2/3
D False SUPERFERMION NA 1/3 0 3 bar 1 1/3
L False SUPERFERMION NA 0 −1 1 2 −1/2
E False SUPERFERMION NA 0 −1 1 1 1
Bl False SUPERVECTOR l 0 0 1 1 0
Wl False SUPERVECTOR l 0 0 1 3 0
Gl False SUPERVECTOR l 0 0 8 1 0
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Super Self- Lorentz Chirality Baryon Lepton SU3Dyn SU2Dyn U1Dyn
field conjugate behaviour number number

Hu False SUPERSCALAR NA 0 0 {0,0} {1} 1/2
Hd False SUPERSCALAR NA 0 0 {0,0} {1} −1/2
Q False SUPERFERMION NA 1/3 0 {1,0} {1} 1/6
U False SUPERFERMION NA 1/3 0 {0,1} {0} −2/3
D False SUPERFERMION NA 1/3 0 {0,1} {0} 1/3
L False SUPERFERMION NA 0 −1 {0,0} {1} −1/2
E False SUPERFERMION NA 0 −1 {0,0} {0} 1
(Hu)

† eVHu False SUPERSCALAR NA 0 0 {0,0} {1} −1/2
(Hd )

† eVHd False SUPERSCALAR NA 0 0 {0,0} {1} 1/2
Q†eVQ False SUPERFERMION NA −1/3 0 {0,1} {1} −1/6
U†eVU False SUPERFERMION NA −1/3 0 {1,0} {0} 2/3
D†eVD False SUPERFERMION NA −1/3 0 {1,0} {0} −1/3
L†eVL False SUPERFERMION NA 0 1 {0,0} {1} 1/2
E†eVE False SUPERFERMION NA 0 1 {0,0} {0} −1
Bl False SUPERVECTOR l 0 0 {0,0} {0} 0
Wl False SUPERVECTOR l 0 0 {0,0} {2} 0
Gl False SUPERVECTOR l 0 0 {1,1} {0} 0
Br False SUPERVECTOR r 0 0 {0,0} {0} 0
Wr False SUPERVECTOR r 0 0 {0,0} {2} 0
Gr False SUPERVECTOR r 0 0 {1,1} {0} 0

The functions - DisplayCharacterTable and
DisplayHaarMeasure generate similar output as in the
case of SMsince the gauge groups and and the transformation
properties of the particles are similar.

In[6]:=DisplaySHSOutput["CanonicalDim"→3,
"OnlyCanonicalDimOutput"→False,"ΔB"→"NA",
"ΔL"→"NA", "Flavours"→ N f ]

Out[6]:=

Total number of independent operators at
dimension 1 is 0,

Operators: 0
Total number of independent operators at

dimension 2 is 4 + 4N f + 5N 2
f

Operators:

L N f Hu + Hd Hu + D N2
f D† eVD + E N2

f E† eVE + L N2
f L† eVL

+N f Hd L† eVL + N2
f Q Q† eVQ + N2

f UU† eVU +
L N f (Hd )† eVHd + Hd (Hd )† eVHd + Hu (Hu)† eVHu

+N f L† (Hu)† eVL eVHu + (Hd )† (Hu)† eVHd eVHu

Total number of independent operators at
dimension 3 is 3 + 2N f + 11N 2

f + 9N 3
f

Operators:

Bl2

2
+ Br2

2
+ Gl2

2
+ Gr2

2
− 1

2
E L2 N2

f + 1

2
E L2 N3

f + D L N3
f Q

− 1

2
D2 N2

f U + 1

2
D2 N3

f U + Wl2

2
+ Wr2

2
+ E L N2

f Hd

+D N2
f Q Hd + N2

f Q U Hu + 1

2
N2

f Q2 D† eVD

+ 1

2
N3

f Q2D† eVD + E N3
f U D† eVD + N3

f Q U L† eVL

+N2
f Hu E

† L† eVE eVL

− 1

2
N2

f E†
(
L†

)2
eVE

(
eVL

)2 + 1

2
N3

f E†
(
L†

)2
eVE

(
eVL

)2

+N2
f Hu D† Q† eVD eVQ + N3

f D† L† Q† eVD eVL eVQ

+ 1

2
D N2

f

(
Q†

)2 (
eVQ

)2 + 1

2
D N3

f

(
Q†

)2 (
eVQ

)2

− 1

2
N2

f

(
D†

)2
U†

(
eVD

)2
eVU + 1

2
N3

f

(
D†

)2
U†

(
eVD

)2
eVU

+D N3
f E† U† eVE eVU + L N3

f Q† U† eVQ eVU

+N2
f Hd Q† U† eVQ eVU

+N2
f Q U (Hd )† eVHd + N f Hu E† (Hd )† eVE eVHd

+N2
f E† L† (Hd )† eVE eVL eVHd

+N2
f D† Q† (Hd )† eVD eVQ eVHd + E L N2

f (Hu)† eVHu

+D N2
f Q (Hu)† eVHu + E N f Hd (Hu)† eVHu

+N2
f Q† U† (Hu)† eVQ eVU eVHu
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In[7]:=DisplaySHSOutput["CanonicalDim"→4,
"OnlyCanonicalDimOutput"→True, "ΔB"→"NA",
"ΔL"→"NA", "Flavours"→ N f ]

Out[7]:=

− 1

3
LN2

f Q
3 + 1

3
LN4

f Q
3 + ELN4

f QU + DN4
f Q

2U

− 1

2
DEN3

f U
2 + 1

2
DEN4

f U
2 − 1

3
N f Q

3Hd + 1

3
N3

f Q
3Hd

+EN3
f QUHd

+LN f Hd H
2
u + H2

d H
2
u + DLN3

f Hu D
†eVD + DN2

f Hd HuD
†eVD

+ 1

2
D2N2

f

(
D†

)2 (
eVD

)2 + 1

2
D2N4

f

(
D†

)2 (
eVD

)2

− 1

2
N2

f QHu

(
D†

)2 (
eVD

)2

+ 1

2
N3

f QHu

(
D†

)2 (
eVD

)2 + 1

3
EN2

f

(
D†

)3 (
eVD

)3

− 1

2
EN3

f

(
D†

)3 (
eVD

)3 + 1

6
EN4

f

(
D†

)3 (
eVD

)3 + 1

3
D3N2

f E
†eVE

− 1

2
D3N3

f E
†eVE + 1

6
D3N4

f E
†eVE + ELN3

f Hu E
†eVE

+DN3
f QHu E

†eVE + EN2
f Hd Hu E

†eVE + DEN4
f D

†E†eVD eVE

+ 1

4
E2N2

f

(
E†

)2 (
eVE

)2

+ 1

2
E2N3

f

(
E†

)2 (
eVE

)2 + 1

4
E2N4

f

(
E†

)2 (
eVE

)2

+L2N3
f Hu L

†eVL + 2LN2
f Hd Hu L

†eVL + N f H
2
d Hu L

†eVL

+DLN4
f D

†L†eVD eVL

+DN3
f Hd D

†L†eVD eVL + N3
f U HuD

†L†eVD eVL

− 1

2
N3

f Q
(
D†

)2
L†

(
eVD

)2
eVL + 1

2
N4

f Q
(
D†

)2
L†

(
eVD

)2
eVL

+ELN4
f E

†L†eVE eVL

+DN4
f QE†L†eVE eVL

+EN3
f Hd E

†L†eVE eVL + 1

2
L2N2

f

(
L†

)2 (
eVL

)2

+ 1

2
L2N4

f

(
L†

)2 (
eVL

)2 + LN3
f Hd

(
L†

)2 (
eVL

)2

+ 1

2
N f H

2
d

(
L†

)2 (
eVL

)2 + 1

2
N2

f H
2
d

(
L†

)2 (
eVL

)2

− 1

2
N3

f U D†
(
L†

)2
eVD

(
eVL

)2 + 1

2
N4

f U D†
(
L†

)2
eVD

(
eVL

)2

− 1

2
D2LN3

f Q
†eVQ

+ 1

2
D2LN4

f Q
†eVQ − 1

2
D2N2

f Hd Q
†eVQ + 1

2
D2N3

f Hd Q
†eVQ

+2LN3
f QHuQ

†eVQ + DN3
f U HuQ

†eVQ + 2N2
f QHd HuQ

†eVQ

+ELN4
f D

†Q†eVD eVQ

+2DN4
f QD†Q†eVD eVQ + EN3

f Hd D
†Q†eVD eVQ

+EN4
f QE†Q†eVE eVQ + 2LN4

f QL†Q†eVL eVQ

+DN4
f U L†Q†eVL eVQ

+2N3
f QHd L

†Q†eVL eVQ + N2
f Q

2
(
Q†

)2 (
eVQ

)2

+N4
f Q

2
(
Q†

)2 (
eVQ

)2 + 1

2
EN3

f U
(
Q†

)2 (
eVQ

)2

+ 1

2
EN4

f U
(
Q†

)2 (
eVQ

)2

− 1

3
N f Hu

(
Q†

)3 (
eVQ

)3

+ 1

3
N3

f Hu

(
Q†

)3 (
eVQ

)3

− 1

3
N2

f L
†
(
Q†

)3
eVL

(
eVQ

)3 + 1

3
N4

f L
†
(
Q†

)3
eVL

(
eVQ

)3

− 1

2
DL2N3

f U
†eVU

+ 1

2
DL2N4

f U
†eVU + DLN3

f HdU
†eVU + LN3

f U HuU
†eVU

+N2
f U Hd HuU

†eVU + LN4
f QD†U†eVD eVU

+2DN4
f U D†U†eVD eVU

+N3
f QHd D

†U†eVD eVU + 1

2
N3

f Q
2E†U†eVE eVU

+ 1

2
N4

f Q
2E†U†eVE eVU + EN4

f U E†U†eVE eVU

+LN4
f U L†U†eVL eVU

+N3
f U Hd L

†U†eVL eVU + 2N4
f QUQ†U†eVQ eVU

+N3
f Hu E

†Q†U†eVE eVQ eVU + N4
f E

†L†Q†U†eVE eVL eVQ eVU

+N4
f D

†
(
Q†

)2
U†eVD

(
eVQ

)2
eVU

+ 1

2
N2

f U
2
(
U†

)2 (
eVU

)2 + 1

2
N4

f U
2
(
U†

)2 (
eVU

)2

− 1

2
N3

f D
†E†

(
U†

)2
eVD eVE

(
eVU

)2

+ 1

2
N4

f D
†E†

(
U†

)2
eVD eVE

(
eVU

)2 + L2N2
f Hu (Hd )† eVHd

+2LN f Hd Hu (Hd )† eVHd + H2
d Hu (Hd )† eVHd

+DLN3
f D

† (Hd )† eVD eVHd

+DN2
f Hd D

† (Hd )† eVD eVHd + N2
f U HuD

† (Hd )† eVD eVHd

− 1

2
N2

f Q
(
D†

)2
(Hd )†

(
eVD

)2
eVHd

+ 1

2
N3

f Q
(
D†

)2
(Hd )†

(
eVD

)2
eVHd

+ELN3
f E

† (Hd )† eVE eVHd + DN3
f QE† (Hd )† eVE eVHd

E + N2
f Hd E

† (Hd )† eVE eVHd + L2N3
f L

† (Hd )† eVL eVHd

+2LN2
f Hd L

† (Hd )† eVL eVHd + N f H
2
d L

† (Hd )† eVL eVHd

+N3
f U D†L† (Hd )† eVD eVL eVHd

+2LN3
f QQ† (Hd )† eVQ eVHd + DN3

f U Q† (Hd )† eVQ eVHd

+2N2
f QHd Q

† (Hd )† eVQ eVHd − 1

3
N f

(
Q†

)3
(Hd )†

(
eVQ

)3
eVHd

+LN3
f UU† (Hd )† eVU eVHd + N2

f U HdU
† (Hd )† eVU eVHd

+N3
f E

†Q†U† (Hd )† eVE eVQ eVU eVHd

+ 1

2
L2N f

(
(Hd )†

)2 (
eVHd

)2

+ 1

2
L2N2

f

(
(Hd )†

)
2
(
eVHd

)2

+LN f Hd

(
(Hd )†

)2 (
eVHd

)2
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+H2
d

(
(Hd )†

)2 (
eVHd

)2 − 1

3
N f Q

3 (Hu)† eVHu

+ 1

3
N3

f Q
3 (Hu)† eVHu

+EN3
f QU (Hu)† eVHu + LN f H

2
u (Hu)† eVHu + Hd H

2
u (Hu)† eVHu

+DN2
f Hu D

† (Hu)† eVD eVHu + EN2
f Hu E

† (Hu)† eVE eVHu

+2LN2
f Hu L

† (Hu)† eVL eVHu + 2N f Hd Hu L
† (Hu)† eVL eVHu

+DN3
f D

†L† (Hu)† eVD eVL eVHu + EN3
f E

†L† (Hu) †eVE eVL eVHu

+LN3
f

(
L†
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(
eVL

)2
eVHu

+N2
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(
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(Hu)†

(
eVL
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f HdU

† (Hu)† eVU eVHu + N2
f U HuU

† (Hu)† eVU eVHu

+N3
f QD†U† (Hu)† eVD eVU eVHu + N3

f U L†U† (Hu)† eVL eVU eVHu
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+DN2
f D

† (Hd )† (Hu)† eVD eVHd eVHu + 1

2
L2N f H

2
u + 1

2
L2N2

f H
2
u

+EN2
f E

† (Hd )† (Hu)† eVE eVHd eVHu

+2LN2
f L

† (Hd )† (Hu)† eVL eVHd eVHu

+2N f Hd L
† (Hd ) † (Hu)† eVL eVHd eVHu

+ 2N2
f QQ† (Hd )† (Hu)† eVQ eVHd eVHu

+N2
f UU† (Hd )† (Hu)† eVU eVHd eVHu

+H2
u

(
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)2 (
eVHu
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)2
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(
eVHd
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+Hd
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(
eVHd
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+N f Hu L
†
(
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eVL

(
eVHu

)2
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2
N f

(
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)2 (
(Hu)†
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eVL

)2 (
eVHu

)2

+ 1

2
N2

f

(
L†

)2 (
(Hu)†

)2 (
eVL

)2 (
eVHu

)2

+Hu (Hd )†
(
(Hu)†

)2
eVHd

(
eVHu

)
2

+N f L
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(
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)2
eVL eVHd

(
eVHu
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(
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(Hu)†

)2 (
eVHd

)2 (
eVHu

)2

6.3 Categorizing the operators and writing them in a
covariant form

Covariant form of the SM Lagrangian

To convert theGrIP output into a covariant form, we employ
the translation between symbols as outlined in Table 21. The
correspondence between the Hilbert Series output generated
by GrIP and their covariant forms is shown in Table 22.

Higher dimension effective operators of the SM

We have enlisted the higher dimensional effective operators
upto mass dimension 6 in Table 23. These operators and
their implications in the context of SMEFThave been heavily
studied [73–87].

Categorizing the operators of the MSSM based on canonical
dimension

For supersymmetric scenarios, the operators are constructed
out of superfields. Unlike the usual quantum fields, e.g. non-
supersymmetric models, mass dimension is not a suitable
index for superfields and it cannot be used as the order param-
eter of the polynomial. Instead, the canonical dimension does
the required job.6 At the end of the previous subsection, we
showed a representative MSSM Lagrangian comprised of
operators having canonical dimension 4. We can similarly
obtain operators having different canonical dimensions. We
have tabulated those operators in Tables24 and 25 and also
classified them based on whether they only contain chiral
superfields or a mixture of chiral as well as vector super-
fields.
While comparing our results with those of [88], one must
keep in mind that while we have categorized the operators
based on their canonical dimension, in [88] the categoriza-
tion is based on the mass dimension of the F-term (for oper-
ators composed solely of chiral superfields) or the D-term
(for operators composed of chiral as well as vector super-
fields) obtained after expanding the superfields in terms of
the quantum fields. Also, themass dimension of the F-term is
one more than the canonical dimension of the original oper-
ator while that of the D-term is two more.
Here, we have elaborated on the detailed structures of the
operators and their flavour dependence:

1. We have noted that the operators O(8)
D ≡ E†eVE H2

d ,

O(53)
D ≡ U †eVU DH2

u , O(54)
D ≡ D†eVDUH2

d , O(19)
F ≡

U 2DH2
d , O(20)

F ≡ D3H2
u , O(27)

F ≡ EH3
u Hd which

appear in [88], are absent from our set. We can jus-
tify this as follows. Here, we have N f fermion-like
superfields while only one flavour of the Higgs-like
superfields Hu and Hd . So, each of the structures
O(8)

D ,O(53)
D ,O(54)

D ,O(19)
F ,O(20)

F ,O(27)
F would appear if

Hu, Hd were to have more than one flavour.
2. Operators enclosed in boxes vanish for certain values of

N f . The following operator structures vanish for N f = 1:
1

2

(
N3

f − N2
f

)
L2E,

1

2

(
N3

f − N2
f

)
D2U,

1

2

(
N4

f − N3
f

)
U2DE,

6 For chiral superfields the canonical dimension is 1, while for vector
superfields it is 0. The covariant derivatives have canonical dimension
1/2, hence the field strength tensors which are composed of a vector
superfield and 3 covariant derivatives have canonical dimension 3/2.
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Table 21 Dictionary for translation of operators from the Hilbert Series output to their covariant forms. The translation from the form (Fl, Fr ) to
(Fμν, F̃μν ) is accomplished using Eq. (108)

Q → Qp
l u → u p

r d → d p
r

Q† → Q
p
l u† → u p

r d† → d
p
r

L → L p
l el → epr H, H† → H, H†

L† → L
p
l el† → epr D → Dμ

(Wl,Wr) → (W I
μν, W̃

I
μν) (Gl,Gr) → (Ga

μν, G̃
a
μν) (Bl, Br) → (Bμν, B̃μν)

Table 22 SM: Renormalizable operators as Hilbert Series output and
their covariant form. Coefficients of each operator (which appear as
functions of N f ) tell us the number of all possible operators with the
same structure. The operators in blue have distinct hermitian conjugates
which we have not written explicitly. Here, I = 1,2,3 are SU (2) indices;
a = 1,...,8 are SU (3) indices and q, s = 1, 2, ..., N f are flavour indices

which are summed over with the suitable coupling constants. ♣ - In the
Hilbert Series the fermion kinetic terms appear with a factor of N 2

f but
in the physical Lagrangian there is a flavour symmetry which forces
the kinetic terms to be diagonal and the factor of N 2

f is reduced to N f .
For the gauge kinetic terms the translation from the form (Fl, Fr ) to
(Fμν, F̃μν ) is accomplished using Eq. (108)

Mass Dimension-2
HS Output Covariant Form No. of Operators (including h.c.)

H†H H†H 1

Mass Dimension-4
HS Output Covariant Form No. of Operators (including h.c.)

Bl2 + Br2, BμνBμν, Bμν B̃μν, 11N 2
f + 8

Gl2 + Gr2, GaμνGa
μν, Gaμν G̃a

μν,

Wl2 + Wr2, W IμνW I
μν, W Iμν W̃ I

μν,

H†HD2, (H†H)2, (DμH)†(DμH), (H†H)2,

N 2
f L

†LD, N 2
f el

†elD, L
q
l /DLq

l , eqr /Deqr ,

♣N 2
f Q

†QD, N 2
f u

†uD, N 2
f d

†dD, ♣Q
q
l /DQq

l , uqr /Duqr , d
q
r /Ddqr ,

N 2
f L

†Hel, N 2
f Q

†Hd, N 2
f Q

†H†u, L
q
l Hesr , Q

q
l Hdsr , Q

q
l H̃usr

Table 23 SM: operators of mass dimensions-5 and -6

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )H2L2

Mass Dimension-6

X3 Wl3, Wr3, Gl3, Gr3

Φ6 (H†H)3

Φ2X2 Gl2H†H, Wl2H†H, Bl2H†H, BlWlH†H

Ψ 2ΦX (N 2
f )GlH†d†Q, (N 2

f )GlHu†Q, (N 2
f )WlH†d†Q, (N 2

f )WlHu†Q, (N 2
f )WlH†el†L ,

(N 2
f )BlH

†d†Q, (N 2
f )BlHu†Q, (N 2

f )BlH
†el†L

Ψ 2Φ2D (N 2
f )dd

†HH†D, (N 2
f )elel

†HH†D, (2N 2
f )LL

†HH†D, (2N 2
f )QQ†HH†D, (N 2

f )uu
†HH†D,

(N 2
f )ud

†(H†)2D

Ψ 2Φ3 (N 2
f )H(H†)2el†L , (N 2

f )H(H†)2d†Q, (N 2
f )φ

2H†u†Q

Φ4D2 2H2(H†)2D2

Ψ 4 (N 4
f )elel

†uu†, 1
2 (N 2

f + N 4
f )L

2(L†)2, (N 2
f + N 4

f )Q
2(Q†)2, (2N 4

f )LL
†QQ†,

(N 4
f )elel

†dd†, 1
4 (N 2

f + 2N 3
f + N 4

f )el
2(el†)2, 1

2 (N 2
f + N 4

f )d
2(d†)2, 1

2 (N 2
f + N 4

f )u
2(u†)2,

(2N 4
f )dd

†uu†, (N 4
f )elel

†LL†, (N 4
f )uu

†LL†, (N 4
f )dd

†LL†, (N 4
f )elel

†QQ†, (2N 4
f )uu

†QQ†,

(2N 4
f )dd

†QQ†, (N 4
f )elL

†d†Q, (2N 4
f )ud(Q†)2, (2N 4

f )elL
†uQ†, 1

3 (N 2
f + 2N 4

f )LQ
3,

1
2 (N 3

f + N 4
f )eluQ

2, (N 4
f )elu

2d, (N 4
f )LudQ
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Table 24 MSSM: Operators composed solely of chiral superfields. XB , XW , XG are field strength tensors corresponding to the vector superfields
B,W and G. Boxed operators vanish for N f = 1

Canonical Dim. Operators No. of Operators

2 Hd Hu, N f Hu L N f + 1

3 N 2
f LEHd , N 2

f QDHd , N 2
f QUHu , 2N 3

f + 2N 2
f

N 3
f LQD,

1

2

(
N 3

f − N 2
f

)
L2E ,

1

2

(
N 3

f − N 2
f

)
D2U

4 (Hd Hu)
2, N f Hd H2

u L , 1
2

(
N 2

f + N f

)
(HuL)2, N 4

f Q
2DU, N 4

f QULE, 17
6 N 4

f + 5
6 N

3
f + 1

6 N
2
f

N f
3QUEHd ,

1

2

(
N 4

f − N 3
f

)
U2DE ,

1

3

(
N 3

f − N f

)
HdQ

3 ,
1

3

(
N 4

f − N 2
f

)
LQ3 + 7

6 N f + 1

5 N 2
f Hu H2

d LE, N 3
f Hu Hd L2E,

1

3

(
N 4

f − N 2
f

)
HuL

3E , 2N 3
f Hu Hd LDQ, 11

12 N
5
f + 3

2 N
4
f + 37

12 N
3
f

N 4
f Hu L2DQ, N 2

f Hu H2
d DQ,

1

2

(
N 4

f − N 3
f

)
HuLD

2U ,
1

2

(
N 3

f − N 2
f

)
HuHd D

2U , + 5
2 N

2
f + 4N f + 4

N 3
f H

2
u LQU, N 2

f H
2
u Hd QU,

1

2

(
N 5

f − N 3
f

)
Q2U2E ,

1

4

(
N 5

f − N 3
f

)
Q4U ,

1

6

(
N 4

f − 3N 3
f + 2N 2

f

)
Hd LD

3 ,
1

12

(
N 5

f − 4N 4
f + 5N 3

f − 2N 2
f

)
L2D3 ,

1

12

(
N 5

f − 2N 4
f − N 3

f + 2N 2
f

)
E2U3 , X2

B HuHd , N f X2
B HuL , X2

GHuHd ,

N f X2
GHuL , X2

W HuHd , N f X2
W HuL , XB XW HuHd , N f XB XW HuL

Table 25 MSSM: Operators composed of chiral as well as vector superfields. The operators in blue have distinct hermitian conjugates which we
have not written explicitly. Boxed operators vanish for N f = 1

Operators No. of Operators (including h.c.)

Operators of Canonical Dimension-2

H†
d e

VHd Hd , H†
u eVHu Hu , N 2

f Q
†eVQ Q, N f H

†
d e

VHd L 5N 2
f + 2N f + 2

N 2
f L

†eVL L , N 2
f E

†eVE E, N 2
f D

†eVD D, N 2
f U

†eVUU

Operators of Canonical Dimension-3
1
2 X

2
B , 1

2 X
2
W , 1

2 X
2
G , N f H

†
u eVHu Hd E, N 2

f H
†
u eVHu LE, N 2

f H
†
u eVHu QD 5N 3

f + 7N 2
f + 2N f + 3

N 2
f H

†
d e

VHd QU, N 3
f L

†eVL QU, N 3
f D

†eVDU E, 1
2

(
N 3

f + N 2
f

)
D†eVD Q2

1

3

(
N3

f − N f

)
Hd Q

3,
1

3

(
N4

f − N2
f

)
LQ3,

1

3

(
N4

f − N2
f

)
HuL

3E,
1

2

(
N4

f − N3
f

)
HuLD

2U,

1

2

(
N3

f − N2
f

)
HuHd D

2U,
1

2

(
N5

f − N3
f

)
Q2U2E,

1

4

(
N5

f − N3
f

)
Q4U,

1

2

(
N3

f − N2
f

)
Q†eVQ H†

u e
VHu D2,

1

2

(
N4

f − N3
f

)
U†eVU DL2,

1

2

(
N4

f − N3
f

)
Q†eVQ D2L ,

1

3

(
N3

f − N f

)
H†
u e

VHu Q3,

1

2

(
N3

f − N2
f

)
Q†eVQ D2Hd .

Another set of operators vanish for N f = 1, 2

1

6

(
N 4

f − 3N 3
f + 2N 2

f

)
HdLD

3,

1

12

(
N 5

f − 4N 4
f + 5N 3

f − 2N 2
f

)
L2D3,

1

12

(
N 5

f − 2N 4
f − N 3

f + 2N 2
f

)
E2U 3,

1

6

(
N 4

f − 3N 3
f + 2N 2

f

)
E†eVE D3.

It is easy to understand this vanishing behaviour. Each of
these operators contains 3 similar superfields which trans-
form under the fundamental representation of SU (3) (D,U ).
The explicit index contraction can be written as, for example,
for HdLD3:

HdLD
3 ≡ εabεα β γ H

a
d L

bDαDβDγ
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Table 26 Table 25 continued

Operators No. of Operators (including h.c.)

Operators of Canonical Dimension-4

(H†
d e

VHd Hd )
2, (H†

u eVHu Hu)
2, 2(H†

d e
VHd Hd )(H

†
u eVHu Hu),

1
2

(
N 4

f + N 2
f

)
(U†eVUU )2, 289

12 N 4
f + 235

6 N 3
f + 413

12 N 2
f + 43

3 N f + 8

1
2

(
N 4

f + N 2
f

)
(D†eVD D)2, 1

4

(
N 4

f + 2N 3
f + N 2

f

)
(E†eVE E)2,

(
N 4

f + N 2
f

)
(Q†eVQ Q)2,

1
2

(
N 4

f + N 2
f

)
(L†eVL L)2, N 2

f (D
†eVD DH†

d e
VHd Hd ), N 2

f (D
†eVD DH†

u eVHu Hu),

N 2
f (E

†eVE EH†
d e

VHd Hd ), N 2
f (U

†eVUUH†
d e

VHd Hd ), N 2
f (U

†eVUUH†
u eVHu Hu),

N 2
f (E

†eVE EH†
u eVHu Hu), 2N 2

f (L
†eVL LH†

d e
VHd Hd ), 2N 2

f (L
†eVL LH†

u eVHu Hu),

2N 2
f (Q

†eVQ QH†
d e

VHd Hd ), 2N 2
f (Q

†eVQ QH†
u eVHu Hu), 2N 4

f (U
†eVUUD†eVD D),

2N 4
f (Q

†eVQ QL†eVL L), 2N 4
f (Q

†eVQ QD†eVD D), 2N 4
f (Q

†eVQ QU†eVUU ),

N 4
f (Q

†eVQ QE†eVE E), N 4
f (L

†eVL LE†eVE E), N 4
f (L

†eVL LU†eVUU ),

N 4
f (L

†eVL LD†eVD D), N 4
f (E

†eVE ED†eVD D), N 4
f (E

†eVE EU†eVUU ),

N f (H
†
d e

VHd Hd H
†
d e

VHd L), 2N f (H
†
u eVHu HuH

†
d e

VHd L), 1
2 (N 2

f + N f )(H
†
d e

VHd L)2,

2N 3
f (Q

†eVQ QH†
d e

VHd L), N 3
f (L

†eVL LH†
d e

VHd L), N 3
f (E

†eVE EH†
d e

VHd L),

N 3
f (D

†eVD DH†
d e

VHd L), N 3
f (U

†eVUUH†
d e

VHd L),
1

2

(
N 3

f − N 2
f

)
Q†eVQ H†

u e
VHu D2,

1
2

(
N 4

f + N 3
f

)
U†eVU E†eVE Q2, N 3

f (E
†eVE H†

d e
VHd DQ), N 3

f (Q
†eVQ H†

d e
VHd DU ),

N 2
f (D

†eVD H†
d e

VHd HuU ), N 3
f (D

†eVD L†eVL HuU ), N 4
f (Q

†eVQ L†eVLUD),

N 4
f (E

†eVE L†eVL DQ),
1

2

(
N 4

f − N 3
f

)
U†eVU DL2 ,

1

2

(
N 4

f − N 3
f

)
Q†eVQ D2L ,

N 3
f U

†eVU DLHd , N 2
f U

†eVUUHuHd , N 3
f U

†eVUUHuL , N 3
f H

†
u eVHu QUE,

N 3
f Q

†eVQ DUHu , 2N 2
f Q

†eVQ QHuHd , 2N 3
f Q

†eVQ QHuL , N 2
f H

†
d e

VHd Hu L2

1

3

(
N 3

f − N f

)
H†
u e

VHu Q3 ,
1

2

(
N 3

f − N 2
f

)
Q†eVQ D2Hd , N f L†eVL H2

d Hu ,

2N 2
f L

†eVL LHuHd , N 3
f L

†eVL Hu L2,
1

6

(
N 4

f − 3N 3
f + 2N 2

f

)
E†eVE D3

N 2
f E

†eVE EHuHd , N 3
f E

†eVE EHuL , N 2
f D

†eVD DHuHd , N 3
f D

†eVD DHuL ,

N 3
f E

†eVE DQHu , 2N f H
†
d e

VHd Hd HuL , N f H
†
u eVHu H2

u L , H†
d e

VHd H2
d Hu , H†

u eVHu H2
u Hd

where a, b are SU (2) indices and α, β, γ are SU (3) indices.
Here, εα β γ is fully anti-symmetric whereas DαDβDγ is
fully symmetric. Now, if we have 2 flavors of D, then the
expression is still symmetric in 2 of the indices (Table 26).
Therefore, this operator and other similar operators are non-
vanishing only if N f > 2.

6.4 Extracting phenomenologically relevant operators
using GrIP

Baryon and Lepton Number violating rare processes in the
SM

The renormalizable SM Lagrangian has accidental symme-
tries in the form of baryon and lepton number conservation.
But these do get violated at higher mass dimensions [89–94].

Operators displaying such violations have attracted a lot of
attention due to a variety of reasons. The most popular being
contributions to neutrino mass [92,95–98] as well as predic-
tions of exotic processes, for instance, neutrinoless double
beta decay [99–102], and the decay of proton and other nucle-
ons into leptons [103,104]. As we look for higher and higher
mass dimensional operators the number of possible combina-
tions of the fields increases. Thus it becomes difficult to filter
out operators that violate baryon and lepton numbers by some
specific amount. Keeping this in mind, we have defined a
function "DisplayBLviolatingOperators" within
GrIP, which enables one to obtain the lowest dimensional
operators for a particular combination of ΔB and ΔL . We
have collected the results in Table 27 and also described the
action of this particular function.
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Table 27 Baryon and Lepton number violating SM operators. The operators in red vanish for N f = 1. The hermitian conjugates of each of these
operators will have ΔB → −ΔB and ΔL → −ΔL

ΔB ΔL Lowest
Dimension

Operators Remarks

0 −2 5 H2L2 Contributes to Neutrino Mass [92,95,96]

+1 −1 6 LQ3, LQdu, eluQ2, elu2d These contribute to proton decay.

1 1 7 el†d3D, L†Qd2D, H†L†dQ2, H†L†ud2 These violate Baryon and Lepton numbers by
equal amounts thus preserving B − L

+2 0 9 d2Q4, d3uQ2, 2u2d4 Leads to nucleon-nucleon scattering

+1 −3 9 L3Qu2, L2elu3 Leads to decay of nucleons to 3 charged leptons
[103]

+1 +3 10 H†(L†)3d3 Leads to decay of nucleons to charged leptons
mediated through a scalar [103,104]

0 −4 10 H4L4 Suggests the possibility of a neutrinoless
quadruple beta decay [105,106]

The baryon and lepton number violations are also signa-
tures of various extended SM scenarios. It is important to
note that operators with the same amounts of ΔB and ΔL
appear at different mass dimensions for different models. If
in the near future such rare process(es) are discovered one can
perform a comparative analysis across a variety of models.

In[1]:=DisplayBLviolatingOperators["HighestMassDim"→10, "ΔB"→0,
"ΔL"→ -2, "Flavours"→ N f ]

Out[1]:=First instance ofΔB=0andΔL=-2 occurs at mass dimension 5,
Operators: 1

2 H
2L2N2

f + 1
2 H

2L2N f

In[2]:=DisplayBLviolatingOperators["HighestMassDim"→10,"ΔB"→1,
"ΔL"→ -1,"Flavours"→ N f ]

Out[2]:=First instance ofΔB=1 andΔL=-1 occurs at mass dimension 6,
Operators: d el N4

f u2 + d L N4
f Q u + 1

2 el N
4
f Q2 u + 1

2 el N
3
f Q2u +

2
3 LN4

f Q3 + 1
3 L N2

f Q3

External U (1)R global symmetry and extended MSSM

We have kept the provision to assign quantum numbers
under some external global symmetry, which is not intro-
duced in the input file, to each particle. Based on this

new assignment, one can identify operators that either con-
serve this symmetry or violate it by a specific amount. This
can be achieved through by judiciously using the functions
"SaveSHSOutput"7 and "ReOutput" in tandem.As an
illustration, we have worked with the model given in [107].

We have listed the superfield content and their transformation
properties under the gauge group SU (3)C⊗SU (2)L⊗U (1)Y
as well as under the globalU (1)R in Table 28. One can obtain
the superpotential up to canonical dimension 4 with the help
of GrIP in the same way in which we obtained the superpo-
tential for MSSM. Then, using the function "ReOutput",
see Table 13, we can assign the U (1)R charges and segre-
gate between operators having different values of the over-
all R-charge. In Table 29, we have collected the segregated
superpotential for N f = 1.

7 For non-supersymmetric cases, one must use "SaveHSOutput"
instead of "SaveHSOutput".
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In[1]:=dim1=SaveSHSOutput["CanonicalDim"→1,"ΔB"→"NA","ΔL"→"NA","Flavours"→1];

In[2]:=ReOutput["NameOfPoly"→dim1, "SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{0}]

Out[2]:=

Total No. of Operators: 1
Operators: S

In[3]:=dim2=SaveSHSOutput["CanonicalDim"→2,"ΔB"→"NA","ΔL"→"NA","Flavours"→1]

Out[3]:= Rd Hu +Hd Ru +Hd Hu +Rd Ru +L Hu +L Ru +O 2+S 2+T 2

In[4]:=ReOutput["NameOfPoly"→dim2,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{0}]

Out[4]:=

Total No. of Operators: 4
Operators: Hd Hu + O 2 + S2 + T 2

In[5]:=ReOutput["NameOfPoly"→dim2,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{2}]

Out[5]:=

Total No. of Operators: 3
Operators: Rd Hu + Hd Ru + LHu

In[6]:=ReOutput["NameOfPoly"→dim2,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{4}]

Out[6]:=

Total No. of Operators: 2
Operators: Rd Ru + LRu

In[7]:=dim3=SaveSHSOutput["CanonicalDim"→3,"ΔB"→"NA","ΔL"→"NA","Flavours"→1]

Out[7]:=

D Q Hd + D Q Rd + E L Hd + E Hd Rd + E L Rd + S Rd Hu

+S Hd Ru + T Rd Hu + T Hd Ru + S Hd Hu

+T Hd Hu + S Rd Ru + T Rd Ru + D L Q

+L S Hu + L T Hu + Q U Hu + L S Ru + L T Ru + O3

+O2 S + Q U Ru + S 3 + S T 2

In[8]:=ReOutput["NameOfPoly"→dim3,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{0}]

Out[8]:=

Total No. of Operators: 6
Operators: S Hd Hu + T Hd Hu + O 3 + O 2 S + S 3 + S T 2

In[9]:=ReOutput["NameOfPoly"→dim3,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{2}]

Out[9]:=

Total No. of Operators: 10
Operators: D Q Hd +E L Hd +E Hd Rd +S Hd Ru+S Rd Hu +

T Hd Ru + T Rd Hu + L S Hu + L T Hu + Q U Hu
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Table 28 MSSM + Global U (1)R : Quantum numbers of superfields under the gauge groups. Internal symmetry indices have been suppressed.
i = 1, 2, .., N f is the flavour index

Superfields SU (3)C SU (2)L U (1)Y U (1)R

Hu 1 2 1/2 0

Hd 1 2 −1/2 0

Qi 3 2 1/6 1

Ui 3 1 −2/3 1

Di 3 1 1/3 1

Li 1 2 −1/2 2

Ei 1 1 1 0

Ru 1 2 1/2 2

Rd 1 2 −1/2 2

S 1 1 0 0

T 1 3 0 0

O 8 1 0 0

In[10]:=ReOutput["NameOfPoly"→dim3,"SymmetryName"→{"U(1)R"},
"Qno"→{Q→1,U→1,D→1,L→2,Ru→2,Rd →2},"Δsym"→{4}]

Out[10]:=

Total No. of Operators: 8
Operators: D Q Rd + E L Rd + S Rd Ru + T Rd Ru + D L Q +

L S Ru + L T Ru + Q U Ru

7 Operator bases of SM extended by Infrared degrees
of freedom

The shortcomings of the Standard Model are attempted to
be cured by extending the gauge symmetry and (or) adding
new particles. Some of the additional particles, i.e., DOFs,
are expected to be lying around the electroweak scale (within
the TeV scale). These particles can be remnants of a com-
plete UV theory where the other heavier modes are beyond
the reach of present days experiments. In that case, the light
enough BSM particles or multiplets need to be taken into
consideration as IR DOF along with the SM ones. Thus we
need to include the higher dimensional effective operators
involving these new IR DOFs which extend the SM-EFT
operator basis. This is the key idea behind this section where
we have provided the complete set of dimension-6 operators
for a few popular choices of beyond SM infrared degrees
of freedom. We have tabulated the results for a few more
scenarios in the appendix. A pertinent detail that must be
kept in mind is that different UV theories may lead to the
same set of IR DOFs, after integrating out suitable heavier
modes for respective theories. Our programGrIP allows one
to construct the complete basis of effective operators which
is always a superset of the operator sets achieved through the

top-down (integrating out) method [19,108–114]. We have
illustrated the complementary nature of these constructions
in Fig. 10. This construction also opens up the possibility
to use the EFT method in the light of present and future
experiments to address the “inverse problem". This work is
a significant step towards that final goal of identifying the
experimentally favoured BSM physics.

We start by constructing operator sets for minimal, single
particle extensions of the Standard Model. These extra par-
ticles are kept in the same footing as the SM ones and are
considered to be IR DOFs for further operator construction.
Here,wewill not repeat the SM interactions,which are neatly
categorized in Table 23. Rather, our focuswill be on the inter-
actions of the non-SM particles among themselves and with
the SM ones. We have considered a variety of exotic scalars
and fermions that transform differently under the SM gauge
symmetry. These extra fields and their transformation prop-
erties under the gauge groups SU (3)C ⊗ SU (2)L ⊗ U (1)Y
and their spins are enlisted in Table 30.

SM + singly charged scalar

Our first minimal non-trivial extension, the trivial case being
that of a real gauge singlet scalar [115], is the inclusion of
a singly charged color and isospin singlet scalar. Now, such
a scalar could exist outside of any multiplet or it could be a
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Table 29 MSSM + Global U (1)R : Superpotential terms (for N f = 1). Terms in red correspond to the operators given in [107]

Canonical Dim. Operators No. of Operators

Superpotential with U (1)R charge = 0

1 S 1

2 S 2, T 2, O2, Hd Hu 4

3 S 3, ST 2, SO2, O3, Hd HuS , Hd HuT 6

Canonical Dim. Operators No. of Operators

Superpotential with U (1)R charge = 2

2 HuL , Hu Rd , Hd Ru 3

3 LEHd , QDHd , QUHu , EHd Rd , Hu RdS , HuLS , Hd RuS , HuLT , Hu RdT , Hd RuT 10

Canonical Dim. Operators No. of Operators

Superpotential with U (1)R charge = 4

2 Rd Ru , RuL 2

3 QLD, LERd , QDRd , QURu , LRuT , Rd RuT , LRuS , Rd RuS 8

Fig. 10 A schematic depiction of the two approaches to EFT and their
interplay. Here, ϕ and G represent the degrees of freedom and gauge
group of the IR theory while Φ

(i)
j represent the heavy fields of the i-th

UV theory and G (i) represents the corresponding gauge groups. GrIP
generates a superset of effective operators for a given low energy theory

Table 30 Quantumnumbers of variousBSMfields under the SMgauge
groups and their spins

Model No. Extra Particle SU (3)C SU (2)L U (1)Y Spin

1 δ+ 1 1 1 0

2 δ++ 1 1 2 0

3 Δ 1 3 1 0

4 Θ 1 4 3/2 0

5 Ω 1 5 0 0

6 Σ 1 3 0 1/2

7 N 1 1 0 1/2

part of some n-plet whose other components acquire larger
masses. As those heavy modes are integrated out, their foot-
prints can be captured through the effective operators com-
posed of SM fields and a light singly charged scalar. We
have collected the operator sets at mass dimensions-5 and -6
in Table 31.

SM + doubly charged scalar

Similar to the earlier case, the doubly charged scalar can be
the IR DOF and several theories can lead to this scenario
[116]. The additional effective operators in the presence of
δ++ are shown in Table 32.

SM + complex triplet scalar

Unlike the previous two scenarios, an entire multiplet may be
light enough to be included as an IR DOF. The SU (2)L com-
plex triplet (Δ) leading to neutrino mass generation through
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Table 31 SM+ singly charged scalar (δ+): Operators of mass dimensions-5 and -6 excluding pure SM operators. The operators in blue have distinct
hermitian conjugates which we have not written explicitly. Boxed operators vanish for N f = 1. Here, δ → δ+ and δ† → δ−

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )el2δ2, (N 2
f )elδH

†L†, (N 2
f )dδH†Q†, (N 2

f )u
†δH†Q

Mass Dimension-6

Φ6 δ3(δ†)3, HH†δ2(δ†)2, δδ†H2(H†)2

Φ2X2 Bl2δδ†, Gl2δδ†, Wl2δδ†

Ψ 2ΦX 1
2

(
N 2

f + N f

)
BlL2δ,

1

2

(
N 2

f − N f

)
WlL2δ

Ψ 2Φ2D (N 2
f )QQ†δδ†D, (N 2

f )LL
†δδ†D, (N 2

f )uu
†δδ†D, (N 2

f )dd
†δδ†D, (N 2

f )elel
†δδ†D, (N 2

f )HδLelD

Ψ 2Φ3 (N 2
f )HH†L2δ, (N 2

f )Hδδ†L†el, (N 2
f )Hδδ†dQ†, (N 2

f )H
†δδ†uQ†,

1

2

(
N 2

f − N f

)
L2δ2δ†

Φ4D2 δ2(δ†)2D2, 2HH†δδ†D2

Table 32 SM + doubly charged scalar (δ++): Operators of mass dimension-6 excluding pure SM operators. There are no mass dimension-5
operators except pure SM operators. Here, δ → δ++ and δ† → δ−−

Operator Class Operators (in non-covariant form)

Mass Dimension-6

Φ6 HH†δ2(δ†)2, H2(H†)2δδ†, δ3(δ†)3

Φ2X2 Bl2δδ†, Gl2δδ†, Wl2δδ†

Ψ 2ΦX
1

2

(
N 2

f − N f

)
(el†)2δ†Bl

Ψ 2Φ2D (N 2
f )QQ†δδ†D, (N 2

f )uu
†δδ†D, (N 2

f )dd
†δδ†D, (N 2

f )LL
†δδ†D, (N 2

f )elel
†δδ†D, (N 2

f )δH
†elLD

Ψ 2Φ3 (N 2
f )δδ

†HL†el, (N 2
f )δδ

†HdQ†, (N 2
f )δδ

†H†uQ†, 1
2

(
N 2

f + N f

)
L2δ(H†)2,

1
2

(
N 2

f + N f

)
el2δ2δ†, 1

2

(
N 2

f + N f

)
el2δHH†

Φ4D2 δ2(δ†)2D2, 2HH†δδ†D2

the Type-II seesaw is one such case [117–119]. The effective
operators involving Δ have been catalogued in Table 33.

SM + SU (2) quadruplet scalar

SU (2) quadruplet scalars often appear in the study of
fermionic dark matter candidates which themselves are
quadruplets under SU (2) [120]. They have also appeared in
discussions of the Type-III Seesaw where they contribute to
the Dirac mass of a lepton triplet [121]. Lastly, they also fur-
nish a doubly charged scalar and provide an avenue to study
the relevant phenomenology [116]. Here, we have consid-
ered a SU (2) quadruplet scalar with hypercharge 3/2 and
provided the effective operators of mass dimensions-5 and
-6 in Table 34.

SM + SU (2) quintuplet scalar

SU (2)quintuplet or higher n-plet scalars are commonly stud-
ied in the context of Minimal Dark Matter (MDM) models
[122], where the neutral component is usually proposed to be
the candidate particle. At the same time, a SU (2) quintuplet
can also furnish a doubly charged scalar. So any discussion of
such multiplets brings forth a discussion of the phenomenol-
ogy of doubly charged scalars [116].We provide the effective
operators of mass dimensions-5 and -6 in Table 35.

SM + left-handed triplet Fermion

Extensions of SM through the addition of a triplet fermion
leads to the generation of neutrinomass throughType-III see-
saw mechanism. This has also been discussed in the context
of dark matter model building where the neutral component
of

(
Σ+,Σ0,Σ−) is proposed as the DM candidate [123].
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Table 33 SM + complex triplet scalar (Δ): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Φ5 H3H†Δ†, 2H2Δ(Δ†)2

Ψ 2Φ2 (N 2
f )ΔH†L†el, (N 2

f )ΔH†dQ†, (N 2
f )Δ

†HuQ†, 1
2

(
N 2

f + N f

)
el2Δ2

Mass Dimension-6

Φ6 2Δ3(Δ†)3, 3Δ2(Δ†)2HH†, 3ΔΔ†H2(H†)2, H4(Δ†)2

Φ2X2 Bl2Δ†Δ, Gl2Δ†Δ, 2Wl2Δ†Δ, Bl WlΔ†Δ

Ψ 2ΦX (N 2
f )L

2ΔWl,
1

2

(
N 2

f − N f

)
L2ΔBl

Ψ 2Φ2D (N 2
f )uu

†ΔΔ†D, (N 2
f )dd

†ΔΔ†D, (N 2
f )elel

†ΔΔ†D, (2N 2
f )QQ†ΔΔ†D,

(2N 2
f )LL

†ΔΔ†D, (N 2
f )ΔHLelD

Ψ 2Φ3 (2N 2
f )ΔΔ†HL†el, (2N 2

f )ΔΔ†HdQ†, (2N 2
f )ΔΔ†H†uQ†,(

N 2
f + N f

)
L2Δ2Δ†, 1

2

(
3N 2

f + N f

)
L2ΔHH†, 1

2

(
N 2

f + N f

)
el2H2Δ

Φ4D2 3Δ2(Δ†)2D2, 4ΔΔ†HH†D2

Table 34 SM + SU (2) quadruplet scalar (Θ): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2

(
N 2

f + N f

)
H†ΘL2

Mass Dimension-6

Φ6 3Θ3(Θ†)3, 4HH†Θ2(Θ†)2, 3H2(H†)2ΘΘ†, H4H†Θ†, 2H3Θ(Θ†)2

Φ2X2 Bl2ΘΘ†, Gl2ΘΘ†, 2Wl2ΘΘ†, Bl WlΘΘ†

Ψ 2Φ2D (N 2
f )uu

†ΘΘ†D, (N 2
f )dd

†ΘΘ†D, (N 2
f )elel

†ΘΘ†D, (2N 2
f )QQ†ΘΘ†D, (2N 2

f )LL
†ΘΘ†D

Ψ 2Φ3 (N 2
f )L

†elΘ(H†)2, (N 2
f )Q

†dΘ(H†)2, (N 2
f )Q

†uΘ†H2, (2N 2
f )L

†elHΘΘ†,

(2N 2
f )Q

†dHΘΘ†, (2N 2
f )Q

†uH†ΘΘ†

Φ4D2 4HH†ΘΘ†D2, 4Θ2(Θ†)2

Table 35 SM + SU (2) quintuplet scalar (Ω): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Φ5 Ω3H†H, Ω(H†)2H2, Ω5

ΦX2 Wl2Ω

Mass Dimension-6

Φ6 2Ω6, 2Ω2H2(H†)2, Ω4HH†

Φ2X2 Bl2Ω2, Gl2Ω2, 2Wl2Ω2

Ψ 2Φ2D (N 2
f )QQ†Ω2D, (N 2

f )LL
†Ω2D

Ψ 2Φ3 1
2

(
N 2

f + N f

)
ΩH2L2, (N 2

f )Ω
2HelL†, (N 2

f )Ω
2HdQ†, (N 2

f )Ω
2H†uQ†

Φ4D2 2Ω4D2, 2Ω2HH†D2
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Table 36 SM + left-handed triplet Fermion (Σ): Operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 (N 2
f )Σ

2HH†, (N 2
f )Σ

†elH2

Ψ 2X
1

2
(N 2

f − N f )BlΣ
2 , 1

2 (N 2
f + N f )WlΣ2

Mass Dimension-6

Ψ 2Φ2D (2N 2
f )HH†ΣΣ†D

Ψ 2ΦX (N 2
f )BlLΣH, (2N 2

f )WlLΣH

Ψ 2Φ3 (2N 2
f )LΣH2H†

Ψ 4 (2N 4
f )LQd†Σ, (N 4

f )LQ
†uΣ, (N 4

f )L
2el†Σ,

1

2
(N 4

f − N 3
f )Q

2dΣ† , 1
4 (N 4

f + 3N 2
f )Σ

4,

(N 4
f )uu

†ΣΣ†, (N 4
f )dd

†ΣΣ†, (N 4
f )elel

†ΣΣ†, (2N 4
f )QQ†ΣΣ†, (2N 4

f )LL
†ΣΣ†,

( 34 N
4
f + 1

2 N
3
f + 3

4 N
2
f )Σ

2(Σ†)2

Table 37 SM + right-handed singlet fermion (N ): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )N
2HH†

Ψ 2X
1

2
(N 2

f − N f )Bl (N †)2

Mass Dimension-6

Ψ 2Φ2D (N 2
f )HH†N N †D, (N 2

f )H
2N †el D

Ψ 2ΦX (N 2
f )Bl LN

†H, (N 2
f )Wl LN †H

Ψ 2Φ3 (N 2
f )L

†N H(H†)2

Ψ 4 1

12
(N 4

f − N 2
f ) N

4 , 1
2 (N 4

f + N 3
f )Q

2dN , (N 4
f )d

2uN , (N 4
f )(L

†)2el N , (N 4
f )u

†d el†N ,

(N 4
f )LQ

†uN †, (2N 4
f )L

†Q†dN , (N 4
f )uu

†N N †, (N 4
f )dd

†N N †, (N 4
f )elel

†N N †,

(N 4
f )QQ†N N †, (N 4

f )LL
†N N †, ( 14 N

4
f + 1

2 N
3
f + 1

4 N
2
f )N

2(N †)2

We have enlisted the effective operators of mass dimensions-
5 and -6 in Table 36.

SM + right-handed singlet fermion

Inclusion of a heavy right handed singlet fermion attempts to
describe neutrino mass by way of the Type-I seesaw mecha-
nism [124]. But recently, the discussion has shifted towards
the extension of the SM degrees of freedom by a light singlet
fermion [125] and construction of effective operators. One
such scenario was considered in [126] where the full particle
content was comprised of SM fields, a right handed fermion
singlet (N ), a couple of vector-like fermions (χE , χN ) and a

scalar (Φ). Operators of dimensions-5 and -6, comprised of
SM fields and the right handed singlet fermion are obtained
when the vector-like fermions and the heavy scalar are inte-
grated out. We have categorized all the dimensions-5 and
-6 operators highlighting interactions between the SM fields
and the right handed fermion as well as self-interactions of
the fermion in Table 37. It must be remarked that the opera-
tor set given in [126] contained redundancies w.r.t. equations
of motion of the fields. Such redundancies do not exist in
the operator set provided in Table 37. We have also drawn a
pie-chart showing the number of effective operators of mass
dimension-6 for N f number of fermion flavours and distin-
guishing the three cases: (i) Operators composed only of SM
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Fig. 11 Pie-chart showing
number of operators including
their conjugates for 3 distinct
scenarios

fields (ii) Operators composed of SM fields + N and (iii)
Operators composed of SM fields + N + χE + χN + Φ in
Fig. 11.

Extensions of the SM through addition of Lepto-Quarks

We now shift our attention towards the extension of the SM
by including lepto-quarks, i.e., particles having both baryon
and lepton numbers [127]. We expect to observe baryon and
lepton number violation among the operators constituted by
them. Lepto-quarks attract a lot of attention not just because
they act as mediators between the quark and lepton sectors
[128–131] but also because they can lead to the breaking
of the SU (3) color symmetry as well. We have considered
the models discussed in [128,129]. We have listed the lepto-
quark fields and their transformation properties under the
gauge groups SU (3)C ⊗ SU (2)L ⊗ U (1)Y and the Lorentz
group as well as their baryon and lepton numbers in Table 38.
The effective operators of dimensions-5 and -6 have been
neatly categorized and given in Tables 39, 40, 41 and 42.

Interactions of a light dark matter candidate with SM fields

Recently, models built of the lighter SM fermions, after hav-
ing integrated out the heavy particles, i.e., the SU (2) gauge
bosons, the Higgs and the top quark, with the gauge group
SU (3)C⊗U (1)em and the correspondinggaugefields the glu-

ons (Ga
μν) and the photon (Fμν) have sparked some interest.

Also known as Low Energy Effective Field Theory (LEFT),
[132–135] these below electroweak scale models provide a
nice platform to study interactions between weakly interact-
ing light darkmatter and the SM fermions [136].We consider
two distinct scenarios [136], one where the DM candidate is
a complex scalar and another where it is a fermion. Since
we are working in the Weyl basis we separately define the
left and right chiral parts. In each of these cases, there is an
extra U (1)D charge assigned to the dark matter candidate,
see Table 43. We have catalogued the effective operators for
the two cases in Tables 44 and 45 respectively.
In the second model, the broken SM is extended by fermions
(χL , χR). The imposition of aU (1)D symmetry removes the
terms having odd powers of χL ,R and χ

†
L ,R . The remain-

ing terms contain one operator at mass dimension-5 and 275
operators at dimension-6. Since all the dimension-6 opera-
tors have a similar formwe have only given a schematic form
of these operators in Table 45.

8 Covariant form of operators and their explicit flavour
dependence

Explicit flavour dependence in higher dimensional operators
has always been of interest and drawn the attention of active
researchers [95,116,137–153]. Our programGrIP offers the
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Table 38 Quantum numbers of various lepto-quark fields under the SM gauge groups, their spins and baryon and lepton numbers

Model No. Lepto-quark SU (3)C SU (2)L U (1)Y Spin Baryon No. Lepton No.

1 χ1 3 2 1/6 0 1/3 −1

2 χ2 3 2 7/6 0 1/3 −1

3 Φ1 3 1 2/3 0 1/3 −1

4 Φ2 3 1 −1/3 0 1/3 −1

user an avenue to gain familiarity with the possible ways in
which the flavour and symmetry indices can be contracted to
construct independent sets of operators. Among the models
studied in this paper, the operators could always be catego-
rized into distinct classes. Of those classes we can identify
the following two classes where explicit flavour dependence
becomes significant: (i) Ψ 4 and (ii) Ψ 2ΦX .

As the program output does not show the flavour and sym-
metry indices explicitly, it is difficult to explain why and how
the number of operators varies as a function of the number
of fermion flavours (N f ). To do so we are required to rewrite
those operators (Oi ) in covariant form.

– Oi ∈ Ψ 4: Here, we have focussed our attention on the
Ψ 4 sector of Table 23.
Now, the fermions in this model can be divided into 4
categories based on their internal quantum numbers:

(a) SU (3) triplet and SU (2) doublet: Q,
(b) SU (3) triplet and SU (2) singlet: u, d,
(c) SU (3) singlet and SU (2) doublet: L ,
(d) SU (3) singlet and SU (2) singlet: el.

We can have three possible covariant structures for the
Ψ 4 operators constituted of the above:

(i) (Ψ̄ γμΨ )(Ψ̄ γ μΨ ),
(ii) (Ψ̄ γμτ IΨ )(Ψ̄ γ μτ IΨ )

(iii) (Ψ̄ γμT aΨ )(Ψ̄ γ μT aΨ )8.

But all of these need not be independent. These may
be connected through Fierz identities. If all three struc-
tures are possible as in the case of (a), then only two of
them are independent. Thus, the independent structures
for fermions of types (a)–(d) are:

(1) (Ψ̄ γμΨ )(Ψ̄ γ μΨ ) for (b), (c), (d) and
(2) (Ψ̄ γμΨ )(Ψ̄ γ μΨ ), (Ψ̄ γμτ IΨ )(Ψ̄ γ μτ IΨ ) for (a).

In case (1), if Ψ transforms non-trivially under SU (3)
and SU (2) then there are 1

2N
2
f (N

2
f + 1) number of sym-

metric combinations. If Ψ is an overall singlet under
these non-abelian groups, then the number of symmet-
ric combinations is [ 12N f (N f + 1)] × [ 12N f (N f + 1)].
For case (2), the counting gets doubled compared to case

8 τ I and T a are the generators of SU (2) and SU (3) group respectively.

(1) as there exist two independent structures, i.e., the
number becomes 2 × [ 12N 2

f (N
2
f + 1)] as Ψ transforms

non-trivially under the non-abelian groups. Wemust also
remark that when all four Ψ ’s are different then we get a
factor of N 4

f or 2N
4
f depending on the number of inde-

pendent structures.
– Oi ∈ Ψ 2ΦX :Within this class, we have considered three

operators N 2
f Wl1Δ1L2

1,
1
2

(
N 2

f + N f

)
Wl2Δ2L2

1 and

1
2

(
N 2

f − N f

)
BlΔ1L2

1 from Table 48. Now, focussing

onWliΔi L2
j , we see that sinceΔ is Lorentz scalar andWl

transforms as (1, 0) under SU (2)l × SU (2)r , L2
j must be

a symmetric product of ( 12 , 0) and ( 12 , 0), i.e., in Lorentz
indices. Now, if i = j , then L2

j can be yield both a sym-
metric and an antisymmetric product in internal symme-
try indices. Thus we must include both such structures
which gives 1

2N f (N f +1) and 1
2N f (N f −1) symmetric

and antisymmetric combinations respectively, i.e., a total
number N 2

f . Now, if i = j , then L2
j must appear only as

a symmetric combination in internal symmetry indices.
Otherwise, the full term will be antisymmetric in inter-
nal indices and vanish identically. So, the total number
of combinations is 1

2N f (N f + 1).
Following a similar line of reasoning, in the case of
BlΔ1L2

1 the number of combinations is 1
2N f (N f − 1)

due to the antisymmetric nature of (L1Δ1L1) in flavour
indices.

These ideas can be conveniently generalized to construct
covariant formof dimension 6 operators for anymodel. How-
ever, whenwe investigate operators of dimension> 6, we are
have to be careful about the new tensor structures that may
appear and operator construction is not directly generaliz-
able from the dimension 6 set. Rather, we need novel and
ingenious techniques to accomplish this as has recently been
shown for SMEFT operators of mass dimension 8 [154,155]
and mass dimension 9 [156,157].

9 Conclusion and remarks

In this paper, our primary objective has been to elucidate
the construction of group invariant polynomials of the quan-
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Table 39 Lepto-Quark Model 1 (χ1): Operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 (N 2
f )LQχ2

1 , (N 2
f )eluχ2

1 , (N 2
f )ud(χ

†
1 )2, (N 2

f + N f )Q2(χ
†
1 )2, (2N 2

f )LQHχ
†
1 , (N 2

f )eluHχ
†
1 ,

(N 2
f )udH

†χ1, (N 2
f )Q

2H†χ1,
1

2
(N 2

f − N f )d
2Hχ1

Mass Dimension-6

Φ6 2χ3
1 (χ

†
1 )3, 3χ2

1 (χ
†
1 )2HH†, 2χ1χ

†
1 H

2(H†)2

Φ2X2 Bl2χ†
1χ1, 2Gl2χ†

1χ1, BlGlχ†
1χ1, BlWlχ†

1χ1, GlWlχ†
1χ1, Wl2χ†

1χ1

Ψ 2ΦX (N 2
f )BlLd

†χ1, (N 2
f )GlLd†χ1, (N 2

f )WlLd†χ1

Ψ 2Φ2D (2N 2
f )uu

†χ1χ
†
1D, (2N 2

f )dd
†χ1χ

†
1D, (4N 2

f )QQ†χ1χ
†
1D, (2N 2

f )LL
†χ1χ

†
1D,

(N 2
f )elel

†χ1χ
†
1D, (N 2

f )eld
†Hχ1D, (2N 2

f )LQ
†Hχ1D

Ψ 2Φ3 (4N 2
f )Q

†dHχ1χ
†
1 , (4N 2

f )Q
†uH†χ1χ

†
1 , (N 2

f )Q
†dχ3

1 , (N 2
f )Qu†χ3

1 , (N 2
f )Q

†elH2χ1,

(2N 2
f )L

†elHχ1χ
†
1 , (2N 2

f )L
†dχ

†
1 HH†, (N 2

f )L
†dH†χ2

1 , (2N 2
f )L

†d(χ
†
1 )2χ1, (N 2

f )Lu
†H2χ1

Φ4D2 4χ2
1 (χ

†
1 )2D2, 4HH†χ1χ

†
1D

2, χ3
1 H

†D2

Table 40 Lepto-quark model 2 (χ2): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1

2
(N 2

f − N f )d
2H†χ2

Mass Dimension-6

Φ6 2χ3
2 (χ

†
2 )3, 3χ2

2 (χ
†
2 )2HH†, 2χ2χ

†
2 H

2(H†)2

Φ2X2 Bl2χ†
2χ2, 2Gl2χ†

2χ2, BlGlχ†
2χ2, BlWlχ†

2χ2, GlWlχ†
2χ2, Wl2χ†

2χ2

Ψ 2ΦX (N 2
f )BlQel†χ†

2 , (N 2
f )GlQel†χ†

2 , (N 2
f )WlQel†χ†

2 , (N 2
f )BlLu

†χ2, (N 2
f )GlLu†χ2, (N 2

f )WlLu†χ2

Ψ 2Φ2D (2N 2
f )uu

†χ2χ
†
2D, (2N 2

f )dd
†χ2χ

†
2D, (4N 2

f )QQ†χ2χ
†
2D, (N 2

f )elel
†χ2χ

†
2D, (2N 2

f )LL
†χ2χ

†
2D,

(N 2
f )eld

†H†χ2D, (N 2
f )elu

†Hχ2D, (2N 2
f )LQ

†H†χ2D

Ψ 2Φ3 (4N 2
f )Q

†dHχ2χ
†
2 , (4N 2

f )Q
†uH†χ2χ

†
2 , (2N 2

f )Q
†elχ2HH†, (2N 2

f )Q
†elχ2

2χ
†
2 , (2N 2

f )Lu
†χ2

2χ
†
2 ,

(2N 2
f )L

†elHχ2χ
†
2 , (N 2

f )L
†dH2χ

†
2 , (2N 2

f )Lu
†χ2HH†

Φ4D2 4χ2
2 (χ

†
2 )2D2, 4HH†χ2χ

†
2D

2

tum fields. The relevance of such invariants in high energy
physics stems from the fact that most of the phenomeno-
logical models contain certain quantum fields as the degrees
of freedom that are attributed unique transformation proper-
ties under the assigned symmetries. The phenomenological
explorations within a proposed model rely on Feynman ver-
tices and for that information of a complete Lagrangian is
necessary. Recognition of the fact that the individual con-
stituents of the Lagrangian are invariants under all the sym-
metries of the model (global, gauge as well as spacetime)
motivates us to delve deeper into their construction. The fun-
damental ingredients for such development are the characters
of different representations and Haar measure corresponding
to the connected compact groups representing the symme-

tries of the adopted model. In the first part of this paper, we
have outlined the detailed mathematical steps in an algorith-
mic way to lay the platform for the central part of this work
which is based around developing the Mathematica®

package,GrIP.We have explained all the necessary informa-
tion such as how to install the package, and to create an input
model file.We have also shown how to translate the output of
the program into a working Lagrangian through some exam-
ple scenarios. One of the most essential guiding principles
behind the analysis has been to ensure that the required input
be as minimal as possible and the output as simple as it can
be. This is reflected in the character computation where the
only input needed is the Dynkin label for the corresponding
representation and again in the development of GrIP where
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Table 41 Lepto-Quark Model 3 (Φ1): operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )u2(Φ
†
1 )

2, (N 2
f )Ld

†H†Φ1, (N 2
f )Q

†elHΦ1, (N 2
f )Lu

†HΦ1

Mass Dimension-6

Φ6 Φ3
1 (Φ

†
1 )

3, Φ2
1 (Φ

†
1 )

2HH†, Φ1Φ
†
1H

2(H†)2

Φ2X2 Bl2Φ†
1Φ1, 2Gl2Φ†

1Φ1, BlGlΦ†
1Φ1, Wl2Φ†

1Φ1

Ψ 2ΦX 1
2 (N 2

f + N f )Brd2Φ1, (N 2
f )Grd2Φ1

Ψ 2Φ2D (2N 2
f )uu

†Φ1Φ
†
1D, (2N 2

f )dd
†Φ1Φ

†
1D, (2N 2

f )QQ†Φ1Φ
†
1D, (N 2

f )LL
†Φ1Φ

†
1D,

(N 2
f )elel

†Φ1Φ
†
1D, (N 2

f )QdH†Φ1D, (N 2
f )LuHΦ

†
1D

Ψ 2Φ3 (2N 2
f )Q

†dHΦ1Φ
†
1 , (2N 2

f )Q
†uH†Φ1Φ

†
1 , (N 2

f )L
†elHΦ1Φ

†
1 , (N 2

f )LQH2Φ
†
1 ,

1

2
(N 2

f − N f )d
2Φ2

1Φ
†
1 ,

1

2
(N 2

f − N f )d
2Φ1HH† ,

1

2
(N 2

f − N f )Q
2Φ1(H

†)2

Φ4D2 2Φ2
1 (Φ

†
1 )

2D2, 2HH†Φ1Φ
†
1D

2

Table 42 Lepto-Quark Model 4 (Φ2): Operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Ψ 2Φ2 1
2 (N 2

f + N f )d2(Φ
†
2 )

2, (N 2
f )Ld

†HΦ2

Mass Dimension-6

Φ6 Φ3
2 (Φ

†
2 )

3, Φ2
2 (Φ

†
2 )

2HH†, Φ2Φ
†
2H

2(H†)2

Φ2X2 Bl2Φ†
2Φ2, 2Gl2Φ†

2Φ2, BlGlΦ†
2Φ2, Wl2Φ†

2Φ2

Ψ 2ΦX (N 2
f )GlΦ2Q2,

1

2
(N 2

f − N f )BlΦ2Q
2 , 1

2 (N 2
f + N f )WlΦ2Q2, (2N 2

f )GlΦ†
2u

†d†, (N 2
f )BlΦ

†
2u

†d†,

(N 2
f )BlΦ

†
2 LQ, (N 2

f )WlΦ†
2 LQ, (N 2

f )GlΦ†
2 LQ, (N 2

f )BlΦ2el†u†, (N 2
f )GlΦ2el†u†

Ψ 2Φ2D (2N 2
f )uu

†Φ2Φ
†
2D, (2N 2

f )dd
†Φ2Φ

†
2D, (2N 2

f )QQ†Φ2Φ
†
2D, (N 2

f )elel
†Φ2Φ

†
2D, (N 2

f )LL
†Φ2Φ

†
2D,

(N 2
f )QdHΦ2D, (N 2

f )QuH†Φ2D, (N 2
f )QelHΦ

†
2D, (N 2

f )LdHΦ
†
2D, (N 2

f )LuH
†Φ

†
2D,

(N 2
f )L

†QΦ2
2D, (N 2

f )el
†dΦ2

2D

*Ψ 2Φ3 (2N 2
f )Q

†dHΦ2Φ
†
2 , (2N 2

f )Q
†uH†Φ2Φ

†
2 , (N 2

f )L
†elHΦ2Φ

†
2 , (N 2

f )LQΦ2(Φ
†
2 )

2, (N 2
f )el uΦ2(Φ

†
2 )

2,

1
2 (N 2

f + N f )Q2Φ2
2Φ

†
2 , (N 2

f )u dΦ2
2Φ

†
2 , (2N 2

f )LQΦ
†
2HH†, (N 2

f )el uΦ
†
2HH†, (N 2

f )u dΦ2HH†,

(N 2
f )Q

2Φ2HH†

Φ4D2 2Φ2
2 (Φ

†
2 )

2D2, 2HH†Φ2Φ
†
2D

2

Table 43 Quantum numbers of various Dark-Matter fields under the broken SM gauge groups extended by U (1)D

Model No. DM-Candidate SU (3)C U (1)em U (1)D Spin

1 φ 1 0 1 0

2 χL 1 0 1 1/2

χR 1 0 1 1/2
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Table 44 Model 1 (φ): Operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Φ2Ψ 2 φ†φν2eL , φ†φν2μL
, φ†φν2τL , φ†φνeL νμL , φ†φνeL ντL , φ†φνμL ντL , φ†φeRe

†
L , φ†φμRμ

†
L ,

φ†φτRτ
†
L , φ†φμRe

†
L , φ†φτRe

†
L , φ†φτRμ

†
L , φ†φμLe

†
R, φ†φτLe

†
R, φ†φτLμ

†
R, φ†φeLτ

†
R,

φ†φbRb
†
L , φ†φsRb

†
L , φ†φdRb

†
L , φ†φdLb

†
R, φ†φsLb

†
R, φ†φcRc

†
L , φ†φsLd

†
R, φ†φuRc

†
L ,

φ†φuLc
†
R, φ†φdRd

†
L , φ†φsRd

†
L , φ†φsRs

†
L , φ†φsLd

†
R, φ†φuRu

†
L

Mass Dimension-6

Φ2X2 Fl2φ†φ, Gl2φ†φ

Φ6 (φ†)3φ3

Φ4D2 (φ†)2φ2D

Φ2Ψ 2D φ†φbLb
†
LD, φ†φcLc

†
LD, φ†φcRc

†
RD, φ†φdLd

†
LD, φ†φdRd

†
RD, φ†φsLs

†
LD, φ†φuLu

†
LD,

φ†φsRs
†
RD, φ†φuRu

†
RD, φ†φsLbL †D, φ†φdRb

†
RD, φ†φuLc

†
LD, φ†φdLb

†
LD, φ†φμLe

†
LD,

φ†φτLe
†
LD, φ†φμRe

†
RD, φ†φτRe

†
RD, φ†φτLμ

†
LD, φ†φτRμ

†
RD, φ†φνμL ν

†
eLD, φ†φντL ν†μL

D,

φ†φsRd
†
RD, φ†φsLd

†
LD, φ†φuRc

†
RD, φ†φsRb

†
RD, φ†φbRb

†
RD, φ†φeLe

†
LD, φ†φeRe

†
RD,

φ†φμLμ
†
LD, φ†φμRμ

†
RD, φ†φτLτ

†
LD, φ†φτRτ

†
RD, φ†φνμL ν†μL

D, φ†φντL ν†τLD,

φ†φνeL ν
†
eLD, φ†φντL ν

†
eLD

Table 45 Model 2 (χL ,R): Operators of mass dimensions-5 and -6 excluding pure SM operators

Operator Class Operators (in non-covariant form)

Mass Dimension-5

Φ2Ψ 2 Frχ†
LχR,

Mass Dimension-6

Ψ 4 f 2χ†
LχR, f1 f2χ

†
LχR, f, f1, f2 ∈ {νeL ,νμL ,ντL

}
q†L ,RqL ,Rχ

†
L ,RχL ,R, q ∈ {u, d, c, s, b}

q†L ,RqR,Lχ
†
L ,RχR,L , q ∈ {u, d, c, s, b}

l†L ,RlL ,Rχ
†
L ,RχL ,R, l ∈ {e, μ, τ }

l†L ,RlR,Lχ
†
L ,RχR,L , l ∈ {e, μ, τ }

χ2
L ,Rχ2

L ,R

the input only comprises of the quantumfields corresponding
to the particles of a givenmodel and their respective transfor-
mations under various symmetry groups. We would like to
mention that we have also provided a separate sub-program
CHaarwhich computes the character of representation using
the suitable Dynkin label provided by the user.
Adopting the output of GrIP for any phenomenological anal-
ysis is based on its identification as the Lagrangian. So, we
have kept the provision to identify the operators at differ-
ent mass dimensions, for different values of overall baryon
and lepton numbers, and the different number of fermion
flavours. All this has been exemplified through both non-
supersymmetric as well as supersymmetric scenarios. We
have shown how in addition to being a Lagrangian builder,
GrIP can also act as a search tool for rare processesmediated
by varying degrees of baryon and lepton number violations.

At the same time, it can also enable the user to filter out
the output based on the conservation or violation of exter-
nally imposed global symmetry. Both of these targets have
been achieved through suitably defined functions within the
package and their working principles have been emphasized
through relevant examples. The contemporary state of parti-
cle physics has transcended past the Standard Model (SM).
Keeping this in mind, we have employed our package in
laying the groundwork for the first step towards a model-
independent comparative study of different BSM scenarios.
We have mentioned the need for an extension of the SM par-
ticle content through the addition of certain infrared degrees
of freedom and paved the way for the study of BSM-EFT.We
have further highlighted this by constructing and tabulating
the higher dimensional effective operators for a plethora of
extended SM scenarios ranging from SU (2) scalars trans-
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forming in various multiplets to lepto-quarks, and some pos-
sible darkmatter particles. Lastly, we have commented on the
distinct flavour structures of a few classes of operators and
shown how these can be understood based on group-theoretic
principles.
In the future,wewill further explore the avenue ofBSM-EFT.
We will employ esoteric tools based on statistical methods
and Effective Field Theory to pinpoint the new physics pro-
posals, most favoured by experimental data.
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Appendix A

Appendix A.1: Non-supersymmetric models

Below we shall discuss a couple of popular BSM scenarios
and highlight the utility of the Hilbert Series in the construc-
tion of their operator sets.

Minimal left-right symmetric model (MLRSM)

The Minimal Left-Right Symmetric Model (MLRSM) is
an intricate extension of the Standard Model where P and
CP symmetries are on par with the gauge symmetries
[97,98,142,148,158–186]. In this model the right handed
neutrino is accommodated naturally. The field content and
the transformation properties of those fields under the gauge
groups SU (3)C ⊗ SU (2)L ⊗ SU (2)R ⊗U (1)B−L and their

spins are enlisted in Table 46. We have also given the gauge
group characters corresponding to each field in the table. The
Lorentz characters can be conveniently obtained based on the
spin of each particle. The Hilbert Series can be obtained by
following a similar strategy as in the case of 2HDM. The
Hilbert Series output and the corresponding covariant form
of the renormalizable operators has been listed in Table 47.
The categorization of the non-covariant HS output of mass
dimension-6 has been shown in Table 48. See [45] for their
covariant forms. All the operators are provided for general
N f . Some of the operators vanish for N f = 1 and these have
been highlighted by enclosing them in boxes in Table 48.

SU(5) Grand Unification - The Georgi Glashow Model

The SMgauge group SU (3)⊗SU (2)⊗U (1) can be success-
fully embedded in SU (5) – a unified group [187–192]. The
field content of thismodel and their transformation properties
are listed in Table 49.
We shall now utilize the strategy sketched in section 2.1 and
show the explicit computation of the Haar measure and the
characters of the relevant representations of SU (5).
HaarMeasure: Using Eq. (23), we can obtain for SU (5), ε1
= z1, ε2 = z−1

1 z2, ε3 = z−1
2 z3, ε4 = z−1

3 z4 and ε5 = z−1
4 . The

Vandermonde determinant for this case is:

Δ(ε) =

∣∣∣∣∣∣∣∣∣∣∣

ε41 ε31 ε21 ε1 1

ε42 ε32 ε22 ε2 1
ε43 ε33 ε23 ε3 1
ε44 ε34 ε24 ε4 1
ε45 ε35 ε25 ε5 1

∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i< j≤5

(
εi − ε j

)
. (A.1)

Δ(ε−1) is obtained by replacing εi by ε−1
i in the above

expression. Then using Eq. (27),

dμSU (5) = 1

5! (2π i)4
dz1
z1

dz2
z2

dz3
z3

dz4
z4

Δ (ε) Δ
(
ε−1

)

= 1

120 (2π i)4
dz1
z1

dz2
z2

dz3
z3

dz4
z4

(
1 − z21

z2

)(
1 − z2

z21

)

×
(
1 − z1z2

z3

)(
1 − z3

z1z2

)(
1 − z1z3

z4

)(
1 − z4

z1z3

)

× (1 − z1z4)

(
1 − 1

z1z4

)(
1 − z22

z1z3

)(
1 − z1z3

z22

)

×
(
1 − z2z3

z1z4

)(
1 − z1z4

z2z3

)(
1 − z24

z3

)(
1 − z3

z24

)

×
(
1 − z2z4

z1

)(
1 − z1

z2z4

)(
1 − z23

z2z4

)

×
(
1 − z2z4

z23

)(
1 − z3z4

z2

)(
1 − z2

z3z4

)
. (A.2)
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Table 46 MLRSM: Quantum numbers of fields under the gauge
groups, their spins and gauge group characters. Since MLRSM only
contains fields with spins-0, -1/2, and -1, the relevant Lorentz char-
acters are the ones given in Eq. (109). Here, x parametrizes the U (1)

character. Also, I = 1, 2, 3 denotes the SU (2) index, a = 1,2,.....,8 the
SU (3) index and p = 1,…,N f the flavor index. The color and isospin
indices have been suppressed. L and R denote whether the fields trans-
form non-trivially under SU (2)L or SU (2)R

MLRSM Fields SU (3)C SU (2)L SU (2)R U (1)B−L Spin Gauge Group Characters

Φ 1 2 2 0 0 χ(SU (2)L )2 · χ(SU (2)R )2

ΔL 1 3 1 2 0 χ(SU (2)L )3 · χ(U (1))2

ΔR 1 1 3 2 0 χ(SU (2)R )3 · χ(U (1))2

Qp
L 3 2 1 1/3 1/2 χ(SU (3))3 · χ(SU (2)L )2 · χ(U (1))1/3

Qp
R 3 1 2 1/3 1/2 χ(SU (3))3 · χ(SU (2)R )2 · χ(U (1))1/3

L p
L 1 2 1 -1 1/2 χ(SU (2)L )2 · χ(U (1))−1

L p
R 1 1 2 -1 1/2 χ(SU (2)R )2 · χ(U (1))−1

Bμν 1 1 1 0 1 1

W I
Lμν 1 3 1 0 1 χ(SU (2)L )2

W I
Rμν 1 1 3 0 1 χ(SU (2)R )2

Ga
μν 8 1 1 0 1 χ(SU (3))8

Dμ Covariant Derivative

Characters

– The Fundamental Representation: 5 ≡ (1, 0, 0, 0)
Using Eq. (25), we get λ = (1, 0, 0, 0, 0). Now, since ρ =
(4, 3, 2, 1, 0) therefore, r = λ + ρ = (5, 3, 2, 1, 0) and
the character is obtained as:

χ(ε1, ε2, ε3, ε4, ε5) = |ε5, ε3, ε2, ε, 1|
|ε4, ε3, ε2, ε, 1|

= 1∏
1≤i< j≤5

(
εi − ε j

)

×

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε51 ε31 ε21 ε1 1

ε52 ε32 ε22 ε2 1

ε53 ε33 ε23 ε3 1

ε54 ε34 ε24 ε4 1

ε55 ε35 ε25 ε5 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= ε1 + ε2 + ε3 + ε4 + ε5.

∴ χ(SU (5))5(z1, z2, z3, z4) = z1 + z2
z1

+ z3
z2

+ z4
z3

+ 1

z4
.

(A.3)

– The Anti-fundamental Representation: 5 ≡ (0, 0, 0, 1)
With λ = (1, 1, 1, 1, 0) and r = λ + ρ = (5, 4, 3, 2, 0),
the character is obtained as:

χ(ε1, ε2, ε3, ε4, ε5) = |ε5, ε4, ε3, ε2, 1|
|ε4, ε3, ε2, ε, 1|

= 1∏
1≤i< j≤5

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε51 ε41 ε31 ε21 1

ε52 ε42 ε32 ε22 1

ε53 ε43 ε33 ε23 1

ε54 ε44 ε34 ε24 1

ε55 ε45 ε35 ε25 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= ε1ε2ε3ε4 + ε1ε2ε3ε5

+ε1ε2ε4ε5 + ε1ε3ε4ε5

+ε2ε3ε4ε5.

∴ χ(SU (5))5(z1, z2, z3, z4) = z4 + z3
z4

+ z2
z3

+ z1
z2

+ 1

z1
. (A.4)

– The Decuplet Representation: 10 ≡ (0, 1, 0, 0)
With λ = (1, 1, 0, 0, 0) and r = λ + ρ = (5, 4, 2, 1, 0),
the character is obtained as:

χ(ε1, ε2, ε3, ε4, ε5) = |ε5, ε4, ε2, ε, 1|
|ε4, ε3, ε2, ε, 1|

= 1∏
1≤i< j≤5

(
εi − ε j

)

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε51 ε41 ε21 ε1 1

ε52 ε42 ε22 ε2 1

ε53 ε43 ε23 ε3 1

ε54 ε44 ε24 ε4 1

ε55 ε45 ε25 ε5 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= ε1ε2 + ε1ε3 + ε1ε4 + ε1ε5 + ε2ε3

+ε2ε4 + ε2ε5 + ε3ε4 + ε3ε5 + ε4ε5.

∴ χ(SU (5))10 (z1, z2, z3, z4) = z2z4
z1z3

+ z1z3
z2

+ z2
z1z4

+ z1z4
z3
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Table 47 MLRSM: Renormalizable operators as Hilbert Series output
and their covariant form. The operators in blue have distinct hermitian
conjugates which we have not written explicitly. Here, I, J = 1,2,3 are
SU (2)L and SU (2)R indices respectively; a = 1,...,8 are SU (3) indices
and r, s = 1, 2, ..., N f are flavour indices which are summed over with
the suitable coupling constants. ♣ - In the Hilbert Series the fermion

kinetic terms appear with a factor of N 2
f but in the physical Lagrangian

there is a flavour symmetry which forces the kinetic terms to be diago-
nal and the factor of N 2

f is reduced to N f . For the gauge kinetic terms

the translation from the form (Fl, Fr ) to (Fμν, F̃μν ) is accomplished
using Eq. (108)

HS Output Covariant Form HS Output Covariant Form No. of Operators (including h.c.)

Mass Dimension-2

φ†φ Tr [Φ†Φ] Δ
†
1Δ1 Tr [Δ†

LΔL ] 5

φ2 Tr [Φ̃†Φ] Δ
†
2Δ2 Tr [Δ†

RΔR]
Mass Dimension-4

Bl2 + Br2 BμνBμν, Bμν B̃μν Gl2 + Gr2 Ga
μνG

aμν, Ga
μν G̃

aμν 14N 2
f + 2N f + 22

Wl21 + Wr21 W I
LμνW

Iμν
L , W I

Lμν W̃
Iμν
L Wl22 + Wr22 W J

RμνW
Jμν
R , W J

Rμν W̃
Jμν
R

N 2
f Q

†
1Q2φ Q

r
LΦQs

R N 2
f Q

†
1Q2φ

† Q
r
L Φ̃Qs

R

N 2
f L

†
1L2φ L

r
LΦLs

R N 2
f L

†
1L2φ

† L
r
L Φ̃Ls

R

1
2

(
N 2

f + N f

)
L2
1Δ1 (Lr

L )T Ciσ2ΔL Ls
L

1
2

(
N 2

f + N f

)
L2
2Δ2 (Lr

R)T Ciσ2ΔR Ls
R

♣N 2
f Q

†
1Q1D Q

r
L /DQr

L
♣N 2

f Q
†
2Q2D Q

r
R /DQr

R

2φφ†Δ2Δ
†
2 Tr [Φ†Φ]Tr [Δ†

RΔR] ♣N 2
f L

†
1L1D L

r
L /DLr

L

Tr [Φ†Δ
†
RΦΔR] ♣N 2

f L
†
2L2D L

r
R /DLr

R

φ4 Tr [Φ̃†Φ]Tr [Φ̃†Φ] φ3φ† Tr [Φ†Φ]Tr [Φ̃†Φ]
φ2Δ1Δ

†
1 Tr [Φ̃†Φ]Tr [Δ†

LΔL ] φ2Δ2Δ
†
2 Tr [Φ̃†Φ]Tr [Δ†

RΔR]
φ2Δ1Δ

†
2 Tr [Φ̃†Δ

†
RΦΔL ] φ2Δ2Δ

†
1 Tr [Φ̃†Δ

†
LΦΔR]

φφ†Δ1Δ
†
2 Tr [Φ†Δ

†
RΦΔL ] (Δ

†
1)

2Δ2
2 Tr [Δ†

LΔ
†
L ]Tr [ΔRΔR] 16

Δ1Δ
†
1Δ2Δ

†
2 Tr [Δ†

LΔL ]Tr [Δ†
RΔR] φ†φD2 Tr [(DμΦ)†(DμΦ)]

Δ
†
1Δ1D

2 Tr [(DμΔL )†(DμΔL )] Δ
†
2Δ2D

2 Tr [(DμΔR)†(DμΔR)]
2φ2(φ†)2 Tr [Φ†Φ]Tr [Φ†Φ] 2Δ2

1(Δ
†
1)

2 Tr [Δ†
LΔL ]Tr [Δ†

LΔL ]
Tr [Φ†Φ̃]Tr [Φ̃†Φ] Tr [Δ†

LΔ
†
L ]Tr [ΔLΔL ]

2Δ2
2(Δ

†
2)

2 Tr [Δ†
RΔR]Tr [Δ†

RΔR] 2φφ†Δ1Δ
†
1 Tr [Φ†Φ]Tr [Δ†

LΔL ]
Tr [Δ†

RΔ
†
R]Tr [ΔRΔR] Tr [Φ†Δ

†
LΦΔL ]

+ z3
z1

+ z1
z4

+ z3
z2z4

+ z4
z2

+ z2 + 1

z3
.

(A.5)

– The Adjoint Representation: 24 ≡ (1, 0, 0, 1)
With λ = (2, 1, 1, 1, 0) and r = λ + ρ = (6, 4, 3, 2, 0),
the character is obtained as:

χ(ε1, ε2, ε3, ε4, ε5)

= |ε6, ε4, ε3, ε2, 1|
|ε4, ε3, ε2, ε, 1|

= 1∏
1≤i< j≤5

(
εi − ε j

)

∣∣∣∣∣∣∣∣∣∣∣∣∣

ε61 ε41 ε31 ε21 1

ε62 ε42 ε32 ε22 1

ε63 ε43 ε33 ε23 1

ε64 ε44 ε34 ε24 1

ε65 ε45 ε35 ε25 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

= ε21ε2ε3ε4 + ε1ε
2
2ε3ε4 + ε1ε2ε

2
3ε4 + ε1ε2ε3ε

2
4

+ε21ε2ε3ε5 + ε1ε
2
2ε3ε5 + ε1ε2ε

2
3ε5

+ε1ε2ε3ε
2
5 + ε21ε2ε4ε5 + ε1ε

2
2ε4ε5 + ε1ε2ε

2
4ε5

+ε1ε2ε4ε
2
5 + ε21ε3ε4ε5 + ε1ε

2
3ε4ε5

+ε1ε3ε
2
4ε5 + ε1ε3ε4ε

2
5 + ε22ε3ε4ε5

+ε2ε
2
3ε4ε5 + ε2ε3ε

2
4ε5 + ε2ε3ε4ε

2
5 + 4ε1ε2ε3ε4ε5.

∴ χ(SU (5))24(z1, z2, z3, z4)

= z21
z2

+ z2
z21

+ z1z3
z22

+ z22
z1z3

+ z1z4
z2z3

+ z2z3
z1z4

+ z1z2
z3

+ z3
z1z2

+ z1
z2z4

+ z2z4
z1

+ z1z3
z4

+ z4
z1z3

+ z1z4 + 1

z1z4
+ z2z4

z23
+ z23

z2z4

+ z3z4
z2

+ z2
z3z4

+ z24
z3

+ z3
z24

+ 4. (A.6)
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Table 48 MLRSM: Operators of mass dimension-6. Operators in blue have distinct hermitian conjugates and boxed operators vanish for N f = 1.
There are no operators of mass dimension-5 in this case

Mass Dimension-6

Operator Class Operators (in non-covariant form)

X3 Wl31 , Wr31 , Wl32 , Wr32 , Gl3, Gr3

Φ6 2(φ†)3(φ)3, 2(Δ†
1)

3(Δ1)
3, 2(Δ†

2)
3(Δ2)

3, 4(φ†)2(φ)2Δ
†
1Δ1, 4(φ†)2(φ)2Δ

†
2Δ2, 3φ†φ(Δ

†
1)

2(Δ1)
2,

3φ†φ(Δ
†
2)

2(Δ2)
2, 4φ†φΔ

†
1Δ1Δ

†
2Δ2, 2(Δ

†
1)

2(Δ1)
2Δ

†
2Δ2, 2(Δ

†
2)

2(Δ2)
2Δ

†
1Δ1, φ6, φ5φ†, 2φ4(φ†)2,

φ4Δ
†
1Δ1, φ4Δ

†
2Δ2, φ4Δ

†
1Δ2, φ4Δ

†
2Δ1, 2φ3φ†Δ

†
1Δ1, 2φ3φ†Δ

†
2Δ2, 2φ3φ†Δ

†
1Δ2, 2φ3φ†Δ

†
2Δ1,

3(φ†)2(φ)2Δ
†
1Δ2, 2φ2Δ2

1(Δ
†
1)

2, 2φ2Δ2
2(Δ

†
2)

2, φ2Δ2
1(Δ

†
2)

2, φ2Δ2
2(Δ

†
1)

2, 2φ2Δ1Δ2(Δ
†
1)

2,

2φ2Δ1Δ2(Δ
†
2)

2, 2φ2Δ2
1Δ

†
1Δ

†
2, 2φ

2Δ2
2Δ

†
1Δ

†
2, 2φ

2Δ1Δ
†
1Δ2Δ

†
2, 2φφ†Δ1Δ2(Δ

†
1)

2, 2φφ†Δ1Δ2(Δ
†
2)

2,

φφ†Δ2
1(Δ

†
2)

2, Δ2
1Δ2(Δ

†
2)

3, Δ1Δ
2
2(Δ

†
1)

3

Φ2X2 Bl2φ2, Bl2(φ†)2, Gl2φ2, Gl2(φ†)2, Bl2φ†φ, Gl2φ†φ, Bl2Δ†
1Δ1, Gl2Δ†

1Δ1, Bl2Δ†
2Δ2, Gl2Δ†

2Δ2,

Wl21φ
2, Wl21 (φ

†)2, Wl21φ
†φ, Wl22φ

2, Wl22 (φ
†)2, Wl22φ

†φ, 2Wl21Δ
†
1Δ1, Wl21Δ

†
2Δ2, Wl22Δ

†
1Δ1,

2Wl22Δ
†
2Δ2, Wl1Wl2φ2, Wl1Wl2(φ†)2, Wl1Wl2φ†φ, Wl1Wl2Δ

†
1Δ2, Wl1Wl2Δ

†
2Δ1,

BlWl1φ†φ, BlWl2φ†φ, BlWl1Δ
†
1Δ1, BlWl2Δ

†
2Δ2

Ψ 2ΦX
1

2

(
N 2

f − N f

)
BlΔ1L

2
1 ,

1

2

(
N 2

f − N f

)
BlΔ†

2(L
†
2)

2 , N 2
f Blφ

†L1L
†
2, N 2

f BlφL1L
†
2, N 2

f Wl1Δ1L2
1,

1
2

(
N 2

f + N f

)
Wl1Δ

†
1(L

†
2)

2, 1
2

(
N 2

f + N f

)
Wl2Δ2L2

1, N 2
f Wl2Δ

†
2(L

†
2)

2, N 2
f Wl1φ†L1L

†
2, N 2

f Wl1φL1L
†
2,

N 2
f Wl2φ†L1L

†
2, N 2

f Wl2φL1L
†
2, N 2

f Blφ
†Q1Q

†
2, N 2

f BlφQ1Q
†
2, N 2

f Wl1φ†Q1Q
†
2 , N 2

f Wl1φQ1Q
†
2

N 2
f Wl2φ†Q1Q

†
2, N 2

f Wl2φQ1Q
†
2, N 2

f Glφ†Q1Q
†
2 , N 2

f GlφQ1Q
†
2

Ψ 2Φ2D 2N 2
f φφ†L1L

†
1D, 2N 2

f Δ1Δ
†
1L1L

†
1D, N 2

f Δ2Δ
†
2L1L

†
1D, 2N 2

f φφ†L2L
†
2D, N 2

f Δ1Δ
†
1L2L

†
2D,

2N 2
f Δ2Δ

†
2L2L

†
2D, 2N 2

f φφ†Q1Q
†
1D, 2N 2

f Δ1Δ
†
1Q1Q

†
1D, N 2

f Δ2Δ
†
2Q1Q

†
1D, 2N 2

f φφ†Q2Q
†
2D,

N 2
f Δ1Δ

†
1Q2Q

†
2D, 2N 2

f Δ2Δ
†
2Q2Q

†
2D, N 2

f φ
2L1L

†
1D, N 2

f φ
2L2L

†
2D, N 2

f φ
2Q1Q

†
1D, N 2

f φ
2Q2Q

†
2D,

N 2
f φΔ1L1L2D, N 2

f φΔ2L1L2D, N 2
f φ

†Δ1L1L2D, N 2
f φ

†Δ2L1L2D

Ψ 2Φ3 1
2

(
N 2

f + N f

)
L2
1Δ1φ

2, 1
2

(
N 2

f + N f

)
L2
1Δ1(φ

†)2, 1
2

(
3N 2

f + N f

)
L2
1Δ1φφ†,

(
N 2

f + N f

)
L2
1Δ

2
1Δ

†
1,

1
2

(
N 2

f + N f

)
L2
1Δ1Δ2Δ

†
2,

1
2

(
N 2

f + N f

)
L2
2Δ2φ

2, 1
2

(
N 2

f + N f

)
L2
2Δ2(φ

†)2, 1
2

(
3N 2

f + N f

)
L2
2Δ2φφ†,

1
2

(
N 2

f + N f

)
L2
2Δ2Δ1Δ

†
1,

(
N 2

f + N f

)
L2
2Δ

2
2Δ

†
2,

1
2

(
N 2

f + N f

)
L2
1Δ2φ

2, 1
2

(
N 2

f + N f

)
L2
1Δ2(φ

†)2,

1
2

(
N 2

f + N f

)
L2
1Δ

2
2Δ

†
1, N 2

f L
2
1Δ2φφ†, N 2

f L
2
2Δ1φφ†, 1

2

(
N 2

f + N f

)
L2
2Δ1(φ

†)2, 1
2

(
N 2

f + N f

)
L2
2Δ1φ

2,

1
2

(
N 2

f + N f

)
L2
2Δ

2
1Δ

†
2, N 2

f L
†
1L2φ

3, 2N 2
f L

†
1L2φ

2φ†, 2N 2
f L

†
1L2φ(φ†)2, N 2

f L
†
1L2(φ

†)3, 2N 2
f L

†
1L2φΔ

†
1Δ1,

2N 2
f L

†
1L2φΔ

†
2Δ2, 2N 2

f L
†
1L2φ

†Δ
†
1Δ1, 2N 2

f L
†
1L2φ

†Δ
†
2Δ2, N 2

f L
†
1L2φΔ

†
1Δ2, N 2

f L
†
1L2φ

†Δ
†
1Δ2,

N 2
f L

†
1L2φΔ

†
2Δ1, N 2

f L
†
1L2φ

†Δ
†
2Δ1, N 2

f Q
†
1Q2φ

3, 2N 2
f Q

†
1Q2φ

2φ†, 2N 2
f Q

†
1Q2φ(φ†)2, N 2

f Q
†
1Q2(φ

†)3,

2N 2
f Q

†
1Q2φΔ

†
1Δ1, 2N 2

f Q
†
1Q2φ

†Δ
†
1Δ1, 2N 2

f Q
†
1Q2φΔ

†
2Δ2, 2N 2

f Q
†
1Q2φ

†Δ
†
2Δ2, N 2

f Q
†
1Q2φΔ

†
1Δ2,

N 2
f Q

†
1Q2φ

†Δ
†
1Δ2, N 2

f Q
†
1Q2φΔ

†
2Δ1, N 2

f Q
†
1Q2φΔ

†
2Δ1

Φ4D2 4(φ†)2φ2D2, 3(Δ†
1)

2(Δ1)
2D2, 3(Δ†

2)
2(Δ2)

2D2, 4φ†φΔ
†
1Δ1D

2, 4φ†φΔ
†
2Δ2D

2, 2Δ†
1Δ1Δ

†
2Δ2D

2,

φ3φ†D2, 2φ2Δ
†
1Δ1D

2, 2φ2Δ
†
2Δ2D

2, φ2Δ
†
1Δ2D

2, φ2Δ
†
2Δ1D

2, 2φ2Δ
†
1Δ1D

2, (Δ
†
1)

2(Δ2)
2D2,

2φ†φΔ
†
1Δ2D

2, φ4D2

Ψ 4 1
2

(
N 4

f + N 2
f

)
L2
1(L

†
1)

2, 1
2

(
N 4

f + N 2
f

)
L2
2(L

†
2)

2, N 4
f L1L

†
1L2L

†
2,

1
2

(
N 4

f + N 2
f

)
L2
1(L

†
2)

2,(
N 4

f + N 2
f

)
Q2

1(Q
†
1)

2,
(
N 4

f + N 2
f

)
Q2

2(Q
†
2)

2, 2N 4
f Q1Q

†
1Q2Q

†
2,

(
N 4

f + N 2
f

)
Q2

1(Q
†
2)

2,

2N 4
f L1L

†
1Q1Q

†
1, 2N

4
f L2L

†
2Q2Q

†
2, N 4

f L1L
†
1Q2Q

†
2, N 4

f L1L
†
1Q2Q

†
2,

1
3

(
2N 4

f + N 2
f

)
L1Q3

1,

2N 4
f L

†
1L2Q

†
1Q2, N 4

f L
†
2L1Q

†
1Q2,

1
2

(
N 4

f + N 3
f

)
L1Q1Q2

2,
1
2

(
N 4

f + N 3
f

)
L2Q2Q2

1,
1
3

(
2N 4

f + N 2
f

)
L2Q3

2
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Table 49 SU (5) GUT: Quantum numbers of fields under the gauge
groups, their spins and gauge group characters. Since the model only
contains fields with spins-0, -1/2, and -1, the relevant Lorentz charac-

ters are the ones given in Eq. (109). Here, a, b are SU (5) indices and
L denotes the chirality (i.e., left handedness of the field)

Fields SU (5) Spin Gauge Group Characters

Φa
b 24 0 χ(SU (5))24

ϕa 5 0 χ(SU (5))5

ψL ,a 5 1/2 χ(SU (5))5

Ψ ab
L 10 1/2 χ(SU (5))10

A a
b,μν 24 1 χ(SU (5))24

Dμ Covariant Derivative

Table 50 Georgi-Glashow Model: Operators that comprise the renor-
malizable Lagrangian (for N f = 1). The operators in blue have distinct
hermitian conjugates which we have not written explicitly. Here, a, b, c

are SU (5) indices.We have suppressed the SU (5) indices while writing
the kinetic terms

Renormalizable Operators
Mass Dimension HS Output Covariant Form No. of Operators (including h.c.)

2 Φ2, ϕ†ϕ (Φa
bΦb

a ), (ϕ
†
aϕ

a) 2

3 Φ3, Φϕ†ϕ (Φa
bΦb

c Φc
a), (ϕ

†
aΦ

a
bϕb) 2

4 2Φ4 (Φa
bΦb

a )2, (Φa
bΦb

c Φc
dΦ

d
a ) 14

2Φ2ϕ†ϕ, (ϕ†)2ϕ (Φa
bΦb

a )(ϕ
†
cϕ

c), (Φa
bΦb

c ϕ
†
aϕ

c), (ϕ
†
aϕ

a)2

Ψ 2
Lϕ, ΨLψLϕ† εabcde(Ψ

ab
L )T CΨ cd

L ϕe, Ψ ab
L ψL ,aϕ

†
b

Ψ
†
LDΨL , ψ

†
LDψL Ψ L /DΨL , ψ L /DψL

ϕ†ϕD2, A l2 + A r2 (Dμϕ)†(Dμϕ), A μνAμν, ˜A μνAμν

Table 51 Next to minimal supersymmetric standard model: quantum numbers of superfields under the gauge groups. Internal symmetry indices
have been suppressed. i = 1, 2, .., N f is the flavour index

Superfields SU (3)C SU (2)L U (1)Y

Hu 1 2 1/2

Hd 1 2 −1/2

Qi 3 2 1/6

Ui 3 1 −2/3

Di 3 1 1/3

Li 1 2 −1/2

Ei 1 1 1

S 1 1 0

Table 52 Next to minimal supersymmetric standard model: operators constituted only of chiral superfields

Canonical Dim. Operators No. of Operators

1 S 1

2 S 2 1

3 Hd HuS , HuLS , S 3 3

4 LEHdS , QDHdS , QUHuS , S 4, LQDS , HuLS 2, Hd HuS
2 7
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Table 53 Supersymmetric pati-salam model: quantum numbers of superfields under the gauge groups. Internal symmetry indices have been
suppressed

Superfields SU (4)C SU (2)L SU (2)R

F 4 2 1

F 4 1 2

H 4 1 2

H 4 1 2

h 1 2 2

Δ 6 1 1

Σ 15 1 1

Table 54 Supersymmetric Pati-Salam Model: Operators constituted only of chiral superfields. Terms in red correspond to the operators given in
[194]

Canonical Dim. Operators No. of Operators

2 F H , h2, Σ2, Δ2, H H 5

3 FFh, FH h, FH Δ, F H Σ, ΔH 2, ΔH
2
, H H Σ, Σ3 8

4 Δ4, F
2
F 2, Δ2h2, FF 2H , h4, h2H H , 2H

2
H 2, 2H H Σ2, 2Σ4, 31

Δ2F H , ΔhH F , h2F H ,Δ2H H , 2F H
2
H , ΔF 2Σ, ΔF

2
Σ, 2FH ΔΣ,

FFhΣ, FH hΣ, H 2ΔΣ, H
2
ΔΣ, 2Δ2Σ2, 2h2Σ2, 2F H Σ2

Table 55 Minimal supersymmetric left right model: quantum numbers of superfields under the gauge groups. Internal symmetry indices have been
suppressed. i=1,2,...,N f is the flavour index

Superfields SU (3)C SU (2)L SU (2)R U (1)B−L

Φ 1 2 2 0

Δ 1 3 1 1

Δ 1 3 1 −1

Δc 1 1 3 −1

Δc 1 1 3 1

Qi 3 2 1 1/6

Qi
c 3 1 2 −1/6

Li 1 2 1 −1/2

Li
c 1 1 2 1/2

These results can be used to obtain the Hilbert Series for this
model. We have tabulated the Hilbert Series as well as the
covariant form of the operators that constitute the renormal-
izable Lagrangian in Table 50.

Appendix A.2: Supersymmetric models

We shall now discuss model building in the context of super-
symmetric scenarios. For each of the following models we
will enlist the chiral superfields and tabulate operators of var-
ious canonical dimensions constituted of these superfields. It
must be noted that for each of these scenarios one can intro-
ducevector superfields andwith a suitable use of GrIP obtain
the full operator set at different canonical dimensions.

Next to minimal supersymmetric standard model - NMSSM

The Next to Minimal Supersymmetric Standard Model
extends MSSM by addition of a gauge group singlet chiral
superfield S . We have noted the transformation properties
of the chiral superfields of this model under the gauge groups
SU (3)C ⊗ SU (2)L ⊗U (1)Y in Table 51. We have collected
the operators constituted only of chiral superfields of canoni-
cal dimensions-1, -2, -3, and -4 comprised of beyondMSSM
interactions in Table 52, see Ref. [193].
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Table 56 Minimal supersymmetric left-right model: operators constituted only of chiral superfields

Canonical Dimension-2
Operators No. of Operators

ΔΔ, ΔcΔc, Φ2 3

Canonical Dimension-3

Operators No. of Operators

1
2

(
N 2

f + N f

)
L2Δ, 1

2

(
N 2

f + N f

)
L2
cΔc, N 2

f LLcΦ, N 2
f QQcΦ 3N 2

f + N f

Canonical Dimension-4

Operators No. of Operators

Φ4, 2(Δ)2(Δ)2, 2(Δc)
2(Δc)

2, (Δ)2(Δc)
2, (Δ)2(Δc)

2, ΔΔΔcΔc, ΔΔΦ2, ΔcΔcΦ
2, ΔΔcΦ

2, ΔΔcΦ
2, 29

12 N
4
f − 1

2 N
3
f + 1

12 N
2
f + 12

1
2

(
N 4

f + N 2
f

)
Q2Q2

c , N 4
f LLcQQc,

1

3

(
N 4

f − N 2
f

)
LQ3 ,

1

3

(
N 4

f − N 2
f

)
LcQ

3
c ,

1

4
N 2

f

(
N f − 1

)2
L2L2

c

Canonical Dimension-5

Operators No. of Operators

N 2
f LLcΔΔcΦ, N 2

f LLcΔΔcΦ, N 2
f QQcΔΔcΦ, N 2

f QQcΔΔcΦ, 2N 2
f QQcΔΔΦ, 2N 2

f QQcΔcΔcΦ, 20N 2
f + 6N f

2N 2
f LLcΔΔΦ, 2N 2

f LLcΔcΔcΦ, N 2
f LLcΦ

3, N 2
f QQcΦ

3, 1
2

(
N 2

f + N f

)
L2ΔΦ2, 1

2

(
N 2

f + N f

)
L2
cΔcΦ

2,(
N 2

f + N f

)
L2Δ2Δ, 1

2

(
N 2

f + N f

)
L2ΔcΦ

2, 1
2

(
N 2

f + N f

)
L2
cΔΦ2, 1

2

(
N 2

f + N f

)
L2ΔΔcΔc,

1
2

(
N 2

f + N f

)
L2
cΔcΔΔ, 1

2

(
N 2

f + N f

)
L2Δ(Δc)

2, 1
2

(
N 2

f + N f

)
L2
cΔc(Δ)2,

(
N 2

f + N f

)
L2
cΔ

2
cΔc

The supersymmetric pati-salam model

The transformation properties of the superfields of the
Supersymmetric Pati-Salam Model under the gauge groups
SU (4)C ⊗ SU (2)L ⊗ SU (2)R are enlisted in Table 53. The
results for this model are based on [194]. We have listed the
operators constituted only of chiral superfields of canonical
dimensions-2, -3 and -4 in Table 54. The terms relevant to
the phenomenology discussed in [194] are highlighted using
red colour.

Minimal supersymmetric left-right model

The transformation properties of the superfields of the Min-
imal Supersymmetric Left-Right Model under the gauge
groups SU (3)C⊗SU (2)L⊗SU (2)R⊗U (1)B−L are enlisted
in Table 55. We have reproduced the results of [195], i.e., the

operators constituted only of chiral superfields of canonical
dimensions-2, -3, and -4. We also extend the operator set by
adding terms of canonical dimension-5. We have tabulated
these in Table 56.

Appendix A.3: Dimensions and Dynkin labels for few
representations of SU (N )

See Tables 57, 58, 59 and 60.

SU (2)

Table 57 Dynkin labels corresponding to a few low dimensional representations of SU (2)

Dimension Dynkin label Dimension Dynkin label Dimension Dynkin label

1 {0} 8 {7} 15 {14}
2 {1} 9 {8} 16 {15}
3 {2} 10 {9} 17 {16}
4 {3} 11 {10} 18 {17}
5 {4} 12 {11} 19 {18}
6 {5} 13 {12} 20 {19}
7 {6} 14 {13} 21 {20}
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Table 58 Dynkin labels corresponding to a few low dimensional representations of SU (3)

Dimension Dynkin label Dimension Dynkin label Dimension Dynkin label

1 {0, 0} 10 {3, 0} 21 {0, 5}
3 {1, 0} 10 {0, 3} 21 {5, 0}
3 {0, 1} 15 {2, 1} 24 {1, 3}
6 {2, 0} 15 {1, 2} 24 {3, 1}
6 {0, 2} 15′ {4, 0} 27 {2, 2}
8 {1, 1} 15′ {0, 4} 28 {6, 0}

Table 59 Dynkin labels corresponding to a few low dimensional representations of SU (4)

Dimension Dynkin label Dimension Dynkin label Dimension Dynkin label

1 {0, 0, 0} 20 {0, 1, 1} 36 {2, 0, 1}
4 {1, 0, 0} 20 {1, 1, 0} 36 {1, 0, 2}
4 {0, 0, 1} 20′ {0, 2, 0} 45 {2, 1, 0}
6 {0, 1, 0} 20′′ {0, 0, 3} 45 {0, 1, 2}
10 {2, 0, 0} 20′′ {3, 0, 0} 50 {0, 3, 0}
10 {0, 0, 2} 35 {4, 0, 0} 56 {5, 0, 0}
15 {1, 0, 1} 35 {0, 0, 4} 56 {0, 0, 5}

SU (3)

SU (4)

SU (5)

Table 60 Dynkin labels corresponding to a few low dimensional representations of SU (5)

Dimension Dynkin label Dimension Dynkin label Dimension Dynkin label

1 {0, 0, 0, 0} 45 {0, 1, 0, 1} 126 {0, 1, 0, 2}
5 {1, 0, 0, 0} 45 {1, 0, 1, 0} 126′ {5, 0, 0, 0}
5 {0, 0, 0, 1} 50 {0, 0, 2, 0} 126′ {0, 0, 0, 5}
10 {0, 1, 0, 0} 50 {0, 2, 0, 0} 160 {3, 0, 0, 1}
10 {0, 0, 1, 0} 70 {2, 0, 0, 1} 160 {1, 0, 0, 3}
15 {2, 0, 0, 0} 70 {1, 0, 0, 2} 175 {1, 1, 0, 1}
15 {0, 0, 0, 2} 70′ {0, 0, 0, 4} 175 {1, 0, 1, 1}
24 {1, 0, 0, 1} 70′ {4, 0, 0, 0} 175′ {1, 2, 0, 0}
35 {0, 0, 0, 3} 75 {0, 1, 1, 0} 175′ {0, 0, 2, 1}
35 {3, 0, 0, 0} 105 {0, 0, 1, 2} 175′′ {0, 3, 0, 0}
40 {0, 0, 1, 1} 105 {2, 1, 0, 0} 175′′ {0, 0, 3, 0}
40 {1, 1, 0, 0} 126 {2, 0, 1, 0} 200 {2, 0, 0, 2}
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