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Abstract We investigate the resonance quadrupole-
quadrupole interaction between two entangled gravitation-
ally polarizable objects induced by a bath of fluctuating quan-
tum gravitational fields in vacuum in the framework of lin-
earized quantum gravity. Our result shows that, the interac-
tion energy behaves as r—> in the near regime, and oscil-
lates with a decreasing amplitude proportional to ! in the
far regime, where r is the distance between the two objects.
Compared to the case when the two objects are in their ground
states, the quantum gravitational interaction is significantly
enhanced when the objects are in an entangled state. Remark-
ably, in the far regime, the resonance quantum gravitational
interaction can give the dominating quantum correction to
the Newtonian potential, since the extremum is much greater
than the monopole-monopole quantum gravitational interac-
tion.

1 Introduction

Gravitational waves, which are ripples of spacetime pre-
dicted by Einstein based on his general theory of relativity
[1], have been directly detected recently by the Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO) [2]. It is
well-known that gravitational waves may cause length dif-
ference between the arms of a laser interferometer, which is
a classical effect of gravitational waves detected by LIGO.
Naturally, one may wonder what are the quantum effects of
quantized gravitational waves, and whether such effects are
detectable. Unfortunately, a full theory of quantum gravity is
elusive at present. Even though, one can still study quantum
gravitational effects at low energies in the framework of lin-
earized quantum gravity. One such example is the quantum
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light-cone fluctuations [3-6]. Also, it has been found that, by
summing one-loop Feynman diagrams with off-shell gravi-
tons where general relativity is treated as an effective field
theory at low energies, the interaction between two mass
monopoles shows a quantum correction to the Newtonian
force, which behaves as r =3 [7-12].

Quantum mechanically, there inevitably exist quantum
vacuum fluctuations of gravitational fields when gravity is
quantized, which induce instantaneous quadrupole moments
in gravitationally polarizable objects. In analogy to the elec-
tromagnetic Casimir-Polder (CP) effect [13], there should
also be gravitational CP effect between a gravitationally
polarizable object and a gravitational boundary [14], and
between two gravitationally polarizable objects [15-19]. The
CP-like quantum gravitational force between a pair of polar-
izable objects in their ground states has been shown to be
proportional to 710 and r~!! in the near and far regimes
respectively [15-18]. Thus, a question naturally arises as
to whether such quantum gravitational effects can be more
significant in certain circumstances. Fortunately, there are
similar examples in quantum electrodynamics. The quantum
interaction between two electrically neutral atoms behaves
as r~7 in the far-zone limit r >> A (where 1 is the reduced
characteristic transition wavelength) when both of them are
in their ground states [13], while it may be much greater when
one or both atoms are in an excited state and an exchange of
real photons is involved, which is referred to as resonance
interaction [20,21]. For example, the resonance interaction
may vary as r~2 when one of the two electrically neutral
atoms is prepared in the ground state and the other in the
excited state [22-28], and r—! when the two atoms are in
a symmetric/antisymmetric entangled state [20], which are
much greater than the »~7 CP potential. Therefore, one may
expect that the quantum gravitational potential may also be
much greater when two objects are prepared in an entangled
state.
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In this paper, we investigate the quantum gravitational
interaction between two entangled quantum objects coupled
with a bath of fluctuating quantum gravitational field in vac-
uum in the framework of linearized quantum gravity with
the method proposed by Dalibard, Dupont-Roc, and Cohen-
Tannoud;ji (DDC) [29,30], which has recently been exploited
to study the effects of spacetime curvature and topology on
the resonance interaction energy between two entangled elec-
trically neutral atoms [31-36]. Firstly, we derive the formu-
lae for the effective Hamiltonian of the two objects. Then,
we calculate the interaction energy between the two objects
based on the theory of linearized quantum gravity. In this
paper, the Latin indices run from 1 to 3, the Greek indices
run from O to 3, and the Einstein summation convention is
assumed. Natural units with ¢ = & = 167G = 1 are used,
where c is the speed of light, 7 the reduced Planck constant,
and G the Newtonian gravitational constant.

2 Basic equations

The system we consider consists of two entangled two-level
objects in interaction with a bath of fluctuating gravitational
fields in vacuum. We assume that the two objects (labelled
as A and B) can be treated as harmonic oscillators with two
internal energy levels, i%a)o, associated with the eigenstates
le) and |g), respectively. The total Hamiltonian takes the form

H = Hr + Hg + Hj, (@))

where Hp is the Hamiltonian of the gravitational field, and
Hy is the Hamiltonian of the two-level systems (A and B),
which can be given as

Hg = woa{‘ + a)oa3B, 2)

where 03 = %(|e)(e| — |g){g|) is the pseudospin operator.
Hj denotes the interaction Hamiltonian between the objects
and gravitational fields, which has the form

Ho— _Yr0ig. .z i oz
I —_E[QAElj(xA)“‘QBEZJ(xB)]‘ 3)
Here Q;{( B) is the quadrupole moment of the object A (B),
which is induced by quantum gravitational fluctuations in
vacuum, and E;; is the gravitoelectric tensor defined as E;; =
Roio; which satisfies the linearized Einstein field equations
arranged in a form in analogy to the Maxwell equations [37-
43], where R,z is the Riemann tensor. The metric tensor for
the fluctuating gravitational fields can be expanded as g,,, =
Nuv + by, where 5y, is the metric of the flat Minkowski
spacetime, and /1, the linearized perturbations. So E;; can
be expressed as

E,‘j = —]"i,'j, “4)
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where a dot denotes the derivative with respect to time 7. In
the transverse tracefree (TT) gauge, the quantized h;; takes
the standard form [44]

@, (Ryeij (K, 1)l FF=0 L H e (5)

1
hy=S
/ %: ,/2w(2n)3[

Here H.c. denotes the Hermitian conjugate, @ = |l€| =
(k,% + kg + k?)l/ 2 a; (k) is the gravitational field annihi-
lation operator, i.e. a (l?)|{0}) = 0, A labels the polarization
states, and ¢;; (k, A) are polarization tensors.

We assume that the two objects are prepared in the sym-
metric or antisymmetric state,
14 1(I )eg) £ lea)lgn) (6)

+ = —=(84)leB eal)l8B)),

28 ¢

both of which are maximally entangled. To investigate the
induced quadrupole-quadrupole interaction energy between
two entangled objects due to the fluctuating gravitational field
in vacuum, we exploit the DDC formalism [29,30], which
allows us to identify the contributions of the vacuum fluctua-
tions and radiation reaction to the interaction energy, respec-
tively. The effective Hamiltonian that governs the time evo-
lution of object A’s (or B’s) observables [31] is given by the
summation of the following two terms

. i t L.
H oy = —’g / dr'Cly(ea). xaNIQY (1), Q4 ()1,
)
i t ..
(HD = —2 /0 dz’[xi‘jkl(m 0. xaNQY (). QX (1))

X @A) x5 VIO ), Q’;’Fa/)}], ®)

where Qi{( B)F denotes the free part of QZ( B)* which presents
even in the absence of interaction. Similar expressions for
object B can be obtained by exchanging the subscript A
with B. Here we have introduced the statistical functions
cgkl(xA(t), x4(t")) and ngl(xA(r), x4 (t")) for the gravita-
tional field,

Clu(x@), x(@) = = ({O}{E]; (x (1)), Efy(x(")}0}), (9)

| =N =

{OYIES (x(0)), Ef;(x(t')I{O}),
(10)

X (x (@), x(1") =

where E 5 denotes the free part of E;;.

To obtain the energy shift for the system considered, we
now evaluate the average values of the effective Hamiltonians
(Hfﬁ;))vf and (HZ{];))N on the entangled state (6), and get

i

t ..
GEx)f == / dr'Clyea@). xa@ )X @),
1o
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ijki

; t
(an=—i/W{ﬁMMmJMOWAUJ)
0]

+ a0, xp N @ 0] (12)

where XX(k é) (t,1") and CX(k é)(t, t') are respectively the anti-
symmetric and symmetric statistical functions of object A
(B), while Xi{gl (t,t") and C IA]? (t,1") are the collective sta-
tistical functions of the two-object system,

ij / 1 ij /

xS, 1y = 5 W[50, O (1Y), (13)
ij / 1 ij /

Ci¥l, i = S W QY p (). Q) 1Y) (14)

It is obvious that the contribution of vacuum fluctuations
to the energy shift given in Eq. (11) does not depend on
the distance between the two objects, so it does not con-
tribute to the interaction energy directly. Actually, only the
second term on the right-hand side of Eq. (12) depends on
the distance between the two objects. Hence, the interaction
between objects A and B comes solely from the contribution
of the radiation reaction (i.e. the radiation field produced by
the quadrupole moment, which is induced vacuum fluctua-
tions of the quantized gravitational field). Thus, the interac-
tion energy can be obtained as

] 1 ..
san =5 [t [futeaxn 0y 1)
0]
A= B). (15)

Apparently, the interaction originates from the exchange of a
graviton between the two objects that are in a correlated state,
and thus the interaction energy between them is not directly
caused by vacuum fluctuations, but due to the field radiated
by the induced quadrupole moment (radiation reaction).

3 Resonance interaction between two entangled
gravitational polarizable objects

To obtain the explicit expression of §E 4 g, we now evaluate
the statistical function of the gravitational field Xi? axa@),
xg(t")). According to Egs. (4), (5), and (10), it is easy to get
X (x (@), x())
1 . .
= §<{0}I[hij(X(t)), hia (x(1"))]1{0})
37 7 N
= d’k ik, A k, \)—
o / D eutEneu.n’

(e—iwAt _ eiwAt) eiE-(}—i’)’ (16)

where At =t — t’. Here the summation of polarization ten-
sors in the T'T gauge gives [3]

> eij k. Mew k. 1)
A

= 5ik5jl + 5i15jk - 8,-]-5/{1 + IQ,-IleQkIQI + IQ,-IQjcSk,
+12k]215ij - lzilszﬂ - /2i1215jk - ]gjlzkail - lzjlglfsik»

(17
where
A
m:ﬁ:j (18)

Transforming to the spherical coordinate, ki = sin6 cos o,
ko = sin @ sin ¢, k3 = cos 8, and letting

> eijk, Mew(k, 1) = gij (0, ), (19)

A

we obtain

1
F
For A = ———
Xijia (- A1) 16(27)3 /(;

T 27 )
/Sin@dQ/ i (0, p)e' g,
0 0

(20)

S . .
wS (eflwAt _ ezwAt) dw

where r = |AX| = |X — X’| is the distance between the two
objects. After some algebraic calculations, we obtain

Xﬁll(rv At)

= 3208

[(r“a;% — 21303 + 51202 — 9y + 9)8(7‘ — AD)

—(r“a,‘& +2r303 +5r202 + 9rdy + 9)5(r T Az)], 1)

X1F212(", At)
_ —i
T 32mrS

[(r“a;% — 21393 +3r292 = 3roy + 3)8(r — Ar)

f(r‘*a;‘, +2r393 +3r%92 + 3rdy + 3)5(r + At)], (22)

Xlﬁzz("s At)

=5 [(r“a;‘, — 2307 + 1203 + 3r, = 3)8(- = A)

—(r4a,4, 20393 + 202 — 3ry — 3)8(r + At)], (23)

X11;13(’"v At)
i 343 202 .

- WR — 1393 +3r%0% — 6rdy +6)5(r — AD)

—(r3a,3, +3r28% + 6rdy + 6)5(r + Az)], (24)
X133 (r, AD)
i
T 8w’

[(rza,% —3rdy + 3)8(r —AD

—(rza,% +3r9y + 3)8(r + At)], (25)
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X3F333 (r, Ar)

—t [(rza}, —3rdy + 3)8(r — AD)

T dnrd

—(rza}, +3rdy + 3)a(r + At)], (26)
F
X1111
F F F F F F F
= X2222>  X1212 = X1221 = X2121 = X2112>  X1122 = X2211»
(27)
F
X1313
F F F F F F F
= X3113 = X1331 = X3131 = X2323 = X3223 = X2332 = X3232:
(28)
F F F F
X1133 = X3311 = X2233 = X3322: (29)

with other components being zero.
Similar to the electromagnetic field case [31], the statisti-
cal function CX? (t, t") can be obtained as

. 1 . . .
ngl(t’ l‘/) — iquqlél(e—lwoAt ~|—€lw0At),

where the & sign refer to the symmetric state and the antisym-

metric state, respectively, qX(B) = eloot (gaB)l QZ(B)F leas))
drig = e*""f)"(eA(BﬂQX(B)F|gA(B)), and here we have
assumed that qX( B) = q:l(]B).

Then, the interaction energy §E4p between the two

objects can be expressed as

(30)

1 i
4= . J ki
OEap =+—5 > Dijudidy, 31)
ijkl
where we have introduced
D = —w3r4 cos wor + 2a)(3)r3 sin wor + 5a)§r2 CcoS wor
—9wor sin wgr — 9 cos wor,
9 9 32
Diriy = —otr? 3.3 2.2
1212 = —wyr” €os wor + 2wyr” sin wor + 3wyr” cos wor
—3wor sin wgr — 3 cos wor, (33)

D112 = a)gr4 cos wor — 2w(3)r3 sin wor — a)gr2 COS wor
—3wor sin wgr — 3 cos wor, (34)
D313 = —2(w8r3 sin wor + 3w(2)r2 cos wor — bwor sin wor
—6cos wor), 35)
D133 = —4<a)8r2 cos wor — 3wor sin wor — 3 cos a)or>,
(36)
D3333 = S(a)%r2 cos wor — 3wor sin wor — 3 cos a)or),
(37)
D111 = D22, Di2i2 = D221 = Dai21 = Do,
Dyi22 = Doy, (33)
D1313 = D3113 = D1331 = D3131 = D233 = D323
= D133 = D332, (39)
D133 = D3311 = D233 = D3, (40)

@ Springer

with other components of D; ;i being zero. Recall that the
. . ij ji
quadrupole tensor is symmetric, i.e. g AB) = D) In the

near regime r < @ 1, the leading term of the interaction
energy takes the form

Cos wor

SEsp ~ 720
AB = Fean,s

[24qi3 ay - 12(6&%? +arqp

R + D+ 405 1)

+3 (q}xlmz-f +q%qf + 461}361};2)

so(at'al + a¥a) | @)

where the F sign refer to the symmetric state and the
antisymmetric state respectively. Since in the near regime
cos wor — 1, the quantum gravitational interaction between
two entangled objects varies with distance as . In the SI
units, it can be rewritten as

Gh
SEap ~ T ; C;)O [24a3333 _ 12(a1133 4B (2233
r
13322 4 41313 +4a2323)

+3(a1122+a2211+4a1212)+9(a1111+a2222>]’

(42)

if we define a gravitational polarizability o /K = ¢/ g /hiw,
in analogy to electrodynamics. It is worth pointing out
that the gravitational polarizability defined here is actually
h—independent although it carries 7 in the denominator.
The reason is that the element of the transition matrix of
the quadrupole operator q;‘j( B) is i—dependent. This is anal-
ogous to the electromagnetic field case where the electric
polarizability of neutral atoms is similarly defined. We define
the gravitational polarizability in a such way so as to ensure its
h—independence since it is a classical physical quantity and
it should be 7i—independent as is demonstrated in Ref. [15]
for a particular case. Obviously, the quantum gravitational
interaction in the short-distance can be attractive or repul-
sive depending on the polarization and whether the state is
symmetric or antisymmetric. For example, if the objects are

isotropically polarizable, i.e. @K = o then, E 45 can be
simplified to be
21Gh
SEap ~ +—— %, (43)
r

That is, when the two objects are in the symmetric or anti-
symmetric state, the quantum gravitational interaction in the
short-distance is repulsive or attractive respectively. In the
far regime, i.e., r > a)al , we have
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Ghaw?
~ ¥ (3) ) <4a1313 + 42 _gg1212
4r=c
. wor
o 2222y 1122 +oe22“) sin
c

wor wor
+ <4a'2'2+a”“ +a2222—a]122—a22”)cos ]
c

(44)

For given objects, whether the quantum gravitational inter-
action is attractive or repulsive depends on the polarization,
the state of the objects, and the distance between them. If we
assume that the objects are isotropically polarizable, Eq. (44)
can be simplified as

Gho?
SEap >~ F Do 25in%+ﬂcos%
r2c3 ¢ ¢ ¢
Ghwga wir? wor
=F—>53 4 4 3 cos(——¢), (45)
r2c c c
2

where ¢ = arcsin . Since r > wg I¢ in the far

4+w(2)r2/62

regime, Eq. (45) can be further simplified as

Gha)goe wor
SEap ~ F—02 cos (— — ¢). (46)
rc C

Therefore, the quantum gravitational interaction oscillates
with a decreasing amplitude which is proportional to .

A few comments are now in order. First, compared to
the gravitational quadrupole-quadrupole interaction induced
by quantum gravitational vacuum fluctuations between two
gravitationally polarizable objects in their ground states,
which is a fourth-order effect as shown in Ref. [16] based
on the leading order perturbation theory, the quantum gravi-
tational interaction for two entangled objects considered here
is a second-order effect, which is much greater.

Second, we would like to compare the extremum of
the resonance quantum gravitational interaction § E 4 p with
the monopole-monopole quantum gravitational interaction
Vin ~ h?;g’ : [7-12] in the far regime. For an object (for
example one which can be treated gravitationally as an elas-
tic sphere) with radius R, mass M and frequency wy, the
gravitational quadrupole polarizability « ~ M R? /a)(% [15].
Then, the ratio between the amplitude of §E4p (46) and V,,
takes the form

SEap  R*wjr?
Vin GMc

_ R2wyc (r)Z’ 7

GM \1

where 1 = c¢/wy is the reduced characteristic transition wave-
length. For a gravitationally bound system, the orbital fre-
quency Q = +/GM/R3, which gives a lower bound on wy for
any physical system [15]. Thus, Eq. (47) can be re-expressed
as

Mii R2Qc <£>2=(£)£<£)2’ s
Vm \/EG M a RS a
where Rg = 2GM/c? is the Schwarzschild radius. Obvi-
ously, r > c¢/wp = A (in the far regime), and the radius of
an object R must be larger than its Schwarzschild radius Rg.
Thus, in the far regime, the extreme value of the resonance
quantum gravitational interaction (45) is much greater than
the monopole-monopole quantum gravitational interaction.
Third, as the resonance interaction energy may behave as
r~!in the far regime, a question arises as to whether it can be
comparable to the classical Newtonian potential. It is shown
that the ratio between 6 E 4 p (consider the amplitude part of
8E 4p in Eq. (46)) and the classical Newtonian gravitational
potential Vy = GM?/r can be approximated as

SEApB N hR2w8 _ hwy [ R 2
VN - MC4 a

M2 “9)
Itis obvious that iwg < Mc?, i.e. the energy level spacing is
much less than the energy corresponding to the mass. How-
ever, the radius R can be both smaller or larger compared with
the transition wavelength 1. For electrically bound objects,
e.g. hydrogen atoms, the ratio (49) can be estimated as

2

SEAp lev 107! m _y7
~ ~ 107", 50
Vy (1 GeV) ( 107 m (50)

If the objects are bound gravitationally, the transition fre-
quency is of the order of the orbital frequency 2. Then, we
have

SEAB Ip\* (Rs\'? 51)
Vi R R ’

where I[p = /hG/c3 is the Planck length. Therefore,

although the resonance quantum gravitational interaction can

behave as ! in the far regime, it is still very small compared
with the classical Newtonian potential.

4 Discussion

In this paper, we have investigated the resonance quantum
gravitational quadrupole-quadrupole interaction between two
entangled quantum objects coupled with a bath of fluctuat-
ing gravitational fields in vacuum based on the DDC for-
malism and linearized quantum gravity. Our result shows
that the interaction energy between two entangled objects
behaves as > in the near regime, and oscillates with a
decreasing amplitude proportional to ! in the far regime.
Compared to the gravitational quadrupole-quadrupole inter-
action induced by quantum gravitational vacuum fluctua-
tions between two gravitationally polarizable objects in their
ground states, which is a fourth-order effect, the quantum
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gravitational interaction for the two entangled objects con-
sidered here is a second-order effect, which is much greater.
Moreover, the extremum of the resonance quantum gravita-
tional quadrupole-quadrupole interaction is also greater than
the quantum gravitational monopole-monopole interaction in
the far regime. In other words, the entanglement between the
two objects significantly enhances the quantum gravitational
interaction between them. However, it is worth pointing out
that the entangled state we considered here is not the only
state that can enhance the quantum gravitational interaction,
a direct product of the superposition of the eigenstates may
alsodo. Although the quantum gravitational interaction oscil-
lates with an amplitude behave as »~! in the far regime, an
estimation shows that it cannot reach the Newtonian poten-
tial.
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