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Abstract Non-minimal interactions are proven to be generated at the one-loop level in simple scalar-tensor gravity models. The John interaction from the Fab Four class is generated.
The interaction affects the speed of gravitational waves in the
contemporary Universe. Its role in low-energy phenomenology is discussed. Brans-Dicke-like interaction is generated in
a non-minimal model. An opportunity to generate a dynamic
low-energy Newton constant is addressed.

1 Introduction
Effective field theory framework provides a tool to study
quantum effects in gravity models [1–5]. Within the effective
theory generated by general relativity some verifiable predictions were obtained. For instance, corrections for the Newton
potential were studied [2,6,7] together with PPN parameters
[8,9]. Various implementations of effective theory for gravity
models is widely covered in literature [10–18].
The effective theory for general relativity is constructed as
follows [1–5]. First of all, the theory is confined to an energy
region below the Planck scale, as it marks the limit of applicability of general relativity. Secondly, a normalization scale μ
is chosen below the Planck mass. At this scale a microscopic
action A is defined. Finally, the theory is extended below the
normalization scale via loop corrections and its description
is given by an effective action Γ .
An effective theory constructed by this algorithm cannot be considered fundamental. The theory is confined to
an energy region below the normalization scale μ which, in
turn, is smaller then the Planck scale. There are no reasons to
expect that the theory will be applicable outside this domain.
A similar logic holds for the microscopic action A. It can
only be viewed as an approximation of the fundamental theory at μ. The fundamental theory itself lies beyond the scope
of the effective field theory framework. In such a way the
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framework allows one to study quantum effects without a
detailed knowledge about the fundamental theory.
The microscopic action A defined at the normalization
scale can be non-renormalizable within the standard quantum
field theory. Firstly, as the theory is not fundamental there are
no reasons to impose the renormalizability condition. Secondly, loop corrections can generate operators missing from
the microscopic action A. The corresponding infinite contributions can be safely normalized at the scale μ [2,19]. The
fundamental theory, no matter if it will be renormalizable in
the standard sense or not, should contain a suitable regularization mechanism. Therefore all divergences appearing in the
effective theory will be regularized. The finite contributions
generated by loop corrections can be recovered from empirical data. Finally, coefficients of non-analytic terms generated
at the loop level can be evaluated within the effective theory
itself [13].
In the context of effective theory general relativity serves
as a natural and the simplest gravity model to be defined at
the normalization scale. However, it is not the only theory
that can be used. Modified gravity models [20–23] can generate effective models as well. Therefore, it is reasonable to
expect that modifications of general relativity will modify
the effective theory as well.
We address effective theories generated by simple scalartensor models which provide, perhaps, the simplest extension
of general relativity. It may appear that a single additional
scalar degree of freedom cannot influence an effective theory in a meaningful way, but this is not so. This claim is
supported by previous studies [24,25] where it was shown
that some non-minimal scalar-tensor models generate nontrivial modifications of the effective theory. Namely, at the
one-loop level a new set of higher derivative operators is
generated together with new interactions.
We show that the simplest scalar-tensor gravity generates a
non-minimal scalar coupling to gravity at the one-loop level.
The new interaction belongs to Horndeski gravity [26–28] ,
so the corresponding effective model may describe a signif-
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icantly different low-energy phenomenology. We argue that
it can be put to empirical verification via the latest data on
gravitational wave speed [29,30]. We also address a nonminimal scalar-tensor gravity with a simple scalar field selfinteraction. In full agreement with the previous results [24]
we show that in such a model a Brans-Dicke-like interaction
is generated at the one-loop level. Consequently, the model
develops an effective Newton constant with a scalar field
dependence.
This paper is organized as follows. In Sect. 2 we study the
simplest effective scalar-tensor gravity. The model generated by general relativity with one additional massless scalar
field with no self-interaction and with the minimal coupling
to gravity. We show that at the one-loop level a non-minimal
interaction with gravity is generated. In Sect. 3 we address a
scalar-tensor model with cubic and quartic self-interactions.
We show that this model generates a Brans-Dicke-like interaction. We discuss possible implementations of these results
in Sect. 4. We bring our conclusions in Sect. 5.

2 The simplest model
The simplest scalar-tensor gravity is given by the following
action:



2
1 μν
4 √
(1)
A = d x −g − 2 R + g ∂μ φ ∂ν φ .
κ
2
Here R is the scalar curvature, φ is the new scalar field, and
κ is related with the Newton constant κ 2 = 32π G. The
action describes the simplest model as it has no scalar selfinteraction and admits the minimal interaction with gravity.
Such a setup allows one to obtain universal predictions. If a
certain operator is generated by (1), then it will be generated
in the most part of scalar-tensor models. Perhaps, the only
exception for this observation can be given by models with
non-dynamical scalar fields, but they present an exceptional
case that lies beyond the scope of this discussion.
Following the standard effective field theory framework
we define the microscopic action (1) at some normalization
scale μ below the Planck mass. At the normalization scale
the model generates the following tree-level rules:

123

(2)
The first two diagrams corresponds to propagators of particles carrying a momentum k. The graviton propagator is
given in the harmonic gauge ∂μ h μν − 1/2 ∂ ν h = 0. From
here on all momenta in all three-point diagrams are directed
inwards. Definitions of tensors and a comment on a derivation of the rules are discussed in Appendix A.
It is useful to address loop corrections to two point functions. One-loop corrections for the graviton propagator were
studied in detail in [31]. They generate higher derivative oper2 . One-loop corrections to the scalar propaators R 2 and Rμν
gator, on the contrary, vanishes in d = 4:
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the corresponding amplitudes will contain traces of the new
interaction with off-shell gravitons.
Secondly, not all divergent contributions are relevant
within the proposed setup. Some amplitudes, for instance
M(5) , contain quadratic divergences


(3)
Therefore no higher derivative operators are generated in the
scalar sector of the effective theory and it is free from the
corresponding Ostrogradsky instability [32,33].
There are five one-loop amplitudes describing corrections
to the scalar-graviton interaction:

(4)
These amplitudes were discussed before in the context
of potential interactions between gravity and matter [2,7].
Namely, it was shown that only M(2) and M(3) generate
power law corrections to the effective Newton potential [34].
We will show that amplitudes (4) generate quasi-potential
interactions (which depend on particles momenta) which are
relevant for the low-energy phenomenology. Namely, they
generate interaction G μν ∂μ φ ∂ν φ that belong to the Fab Four
class of Horndeski gravity [35]. The interaction is relevant, as
it affects the speed of gravitational waves in the contemporary
Universe which is constrained via GW170817 data [29,30].
We discuss this feature in more details in Sect. 4.
Let up proceed with the proof of existence of the new
interaction. First of all, one should only study amplitudes (4)
with external scalars being fixed on-shell. As we are interested in the low-energy phenomenology, it is reasonable to
discuss only real (on-shell) states of the scalar field. Graviton
states, on the contrary, should not be fixed on-shell. This is
due to the fact that the scalar field can interact with a regular matter via exchange of virtual gravitons. Because of this

d 4k 1
.
(2π )4 k 2

(5)

The issue of quadratic divergences itself poses a fundamental
problem related with the naturalness of a theory [36]. In the
context of gravity the corresponding corrections can also be
related with the value of the cosmological constant (i.e. with a
non-vanishing vacuum expectation value of the gravitational
field) [37–39]. A more detailed discussion of these issues lies
far beyond the scope of the paper.
Corrections associated with quadratic divergences can
hardly be relevant within effective theory. The corresponding
divergent contributions should be normalized at μ together
with any other divergent contributions. The quadratic divergence does not depend on any momenta, so it provides a universal contribution at all energy scales. To put it otherwise, it
can only provide a finite shift to certain couplings. The values
of all coupling, in turn, are normalized via empirical data at
μ. Therefore such finite shifts will be completely adsorbed
by data defining the theory at the normalization scale. In such
a way, despite the fact that quadratic divergences do present
in the theory, within the proposed setup they are completely
fixed by the normalization scale data.
Thirdly, as the external scalars are fixed on-shell, some
contributions of (4) vanish. This feature can be easily illustrated with M(4) . If momenta of the external scalars p and
q are not fixed on-shell, then the amplitude reads (evaluated
with FeynCalc 9.3.0 [40], given up to terms with quadratic
divergences):
M(4)μν



κ3
1 2
p · q pμ pν − p ημν
=
6
4

d 4k
1
×
.
(2π )4 k 2 (k − p)2

(6)

When the momentum p of an external scalar is fixed onshell p 2 = 0, the corresponding integral vanishes, so does
the amplitude.
Such a setup allows one to study amplitudes M(1) , M(2) ,
and M(3) , as only they contain contributions relevant for the
problem. The overall three-particle amplitude reads:
Mμν = M(1)μν + M(2)μν + M(3)μν

d 4k
1
κ3 4
α β
= − l Cμναβ p q
2
(2π )4 k 2 (k + p)2 (k − q)2
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κ3 2
l 19 Cμναβ p α q β + 3 ημν p · q
+
12

 
d 4k
l
1
l
μ
ν
+ 9 l 2 ημν − 2
.
l
(2π )4 k 2 (k − l)2
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(7)

(11)

Here p and q are momenta of the external on-shell scalars,
l = − p − q is an off-shell momentum of the graviton.
The first term in (7) is free from ultraviolet divergences. It
only contains infrared divergences which can be regularized
via soft graviton radiation, in full analogy with the standard
quantum electrodynamics (which was noted back in [2]).
For the sake of completeness we would like to make a
brief comment on the soft graviton radiation. The discussed
integral is typical for quantum field models:

The first term of this amplitude corresponds to the processes
(4) discussed above. The second term accounts for processes
describing a radiation of an on-shell gravitons with energies
below λdetector . Such real gravitons cannot be detected by a
given physical detector, so all measurements will contain a
contribution coming from such processes.
The square of such an amplitude |Mobserved |2 is free from
infrared divergences due to the structure of the integral. The
square of the second term of Mobserved contains the following
contribution




d 4k

1
.
(2π )4 k 2 (k + p)2 (k − q)2

(8)

For finite momenta p and q its behavior can be easily analyzed. In the ultraviolet sector ( p, q  k) the influence of p
and q can be neglected and the integral is simplified:

k p,q

d 4k
1
4
(2π ) k (k + p)2 (k + q)2

∼

d 4k 1
(2π )4 k 2

3

∼

−2

.

(9)

Here is a cut-off scale. The right hand side of this expression vanishes in → ∞ limit, which shows that the integral
is regular in the ultraviolet sector. The leading contribution
at the infrared sector (k  p, q), on the contrary, is singular:

k p,q

d 4k
1
4
2
(2π ) k (k + p)2 (k + q)2


∼
k p,q

d 4k
1
.
4
2
(2π ) k k · p k · q

κ 2 l 2 Cμναβ p α q β
∼ κ 3 h μν Cμναβ ∂ α φ ∂ β φ ∼ κ 2 G μν ∂μ φ ∂ν φ .

(13)

This operator should be included in the one-loop effective
action which reads:
√



2
1
R + g μν ∂μ φ ∂ν φ
2
κ
2

+ κ 2 β G μν ∂μ φ ∂ν φ

Γ =
(10)

(12)

Here the integration is performed up to the detection threshold λdetector , as one only accounts for gravitons that cannot be
detected with a given apparatus. This contribution matches
the infrared sector of the discussed integral and completely
compensates it. This allows one to cast out such infrared
divergences away from any physical cross-sections. This
approach to infrared divergences is well covered in multiple sources [41,42].
Getting back to the amplitudes, the first term in (7) generates a finite contribution proportional to the following operator:



The right hand side of this expression is proportional to ln k
which is singular in κ → 0 limit.
This infrared singularity is regularized at the level of crosssections via a soft photon radiation as follows. Any conceivable physical detector always has a finite precision on measurement. Therefore a given physical detector always has
an infrared sensitivity threshold λdetector and it cannot detect
gravitons carrying energy below λdetector . Thus, in any physical experiment the following amplitude is measured:

123

|k|<λdetector

d 4k
1
.
(2π )4 k 2 (k + p)2 (k − q)2

d x −g −
4

(14)

with β being a dimensionless constant. Here for the sake of
simplicity we omitted new terms appearing in the gravity
sector of the effective theory, as it is extensively discussed in
other papers [2,3,5,13].
Finally, the second term in (7) has a divergent part which
should be normalized at μ. The corresponding non-analytic
part is proportional to the log-function ln −l 2 /μ2 and it is
singular in the infrared region. There are a few reasons to
believe that the model is safe in the infrared region. Even
simple massless models experience certain problems in the
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infrared sector [43]. It is safe to assume that the infrared
behavior of the model will be dynamically regularized in a
way similar to [43]. The size of the Universe can be used as
the simplest regularization scale. The energy scale associated
with the cosmological constant can also be used as a regularization parameter. Moreover, the value of the cosmological
constant is related with loop corrections [37–39], so it may
very well serve as a suitable dynamical regularization mechanism. This reasoning provides grounds to believe that the
model is safe in the infrared region. Therefore, in full analogy with the standard electrodynamics and previous papers
on effective gravity [2,6,14], corresponding corrections can
be accounted via an introduction of new form-factors to the
corresponding expression for the scalar-graviton vertex.

The simplest way to extend model (1) is to introduce cubic
and quartic scalar field self-interactions. Study of the corresponding effective theory is completely similar to the previous case. Firstly, one defines the following microscopic
action at the normalization scale μ below the Planck mass:

2
1
√
d 4 x −g − 2 R + g μν ∂μ φ ∂ν φ
κ
2

λ
g
+ φ3 + φ4 .
3!
4!


d 4k
1
κλ2
Cμναβ p α q β
2
(2π )4 k 2 (k − q)2 (k + p)2



κλ2 1
lμ lν
α β
2
−3 Cμναβ p q − l ημν − 2
−
2 l2
l

4
1
d k
.
(18)
×
(2π )4 k 2 (k + l)2

M(6)μν = −

Here p and q are momenta of on-shell scalars, l = − p − q is
an off-shell momentum of the graviton. The structure of the
amplitude is analogous to the previous case. The first term in
(18) is free from ultraviolet divergences. Its infrared divergences can be regularized via soft scalar radiation. Therefore
the term generates a finite contribution proportional to the
following operator
λ2 ημν ∼ κλ2 h φ 2 ∼ λ2 R φ 2 .

3 Non-minimal model



A=

(15)

Here λ is the cubic scalar coupling with a dimension of mass,
g is the dimensionless quartic scalar coupling. Secondly, one
extends the model down to the low-energy regime. Thirdly,
one evaluates one-loop amplitudes describing interaction of
a graviton with two scalars.
The model (15) extends the models (1) discussed before,
so it inherits the set of Feynman rules (2). It should only be
extended with two new rule describing scalar self-interaction:

845

(19)

This interaction also belongs to Horndeski gravity and was
found before [24]. We also would like to highlight that this
non-minimal interaction is generated by the interaction odd
in scalar field which were found to be important for renormalizability of certain models [44,45]. Finally, the second
term in (18) can be treated in full analogy with the previous case. It should be normalized at the normalization scale
and its influence should be accounted via an introduction of
form factors. Its non-analytic part appears to be singular in
the infrared region, but it is safe to assume that it can be protected from the singularity in full analogy with the previous
case.
Therefore the effective action for the non-minimal model
reads:

 

2
√
+ α φ 2 R + κ 2 β G μν ∂μ φ ∂ν φ
Γ = d 4 x −g −
κ2

1
1
1 μν
3
4
(20)
+ g ∂μ φ ∂ν φ + λ φ + g φ .
2
3!
4!
We discuss implications of these results in the next section.

(16)
Consequently, only two new diagrams should be studied:

(17)
In full analogy with the previous case, amplitude M(7) is
irrelevant due to the quadratic divergence. Amplitude M(6)
is given by the following expression:

4 Implications for realistic scenarios
There are two main results presented in previous sections.
Firstly, in the minimal model a non-minimal interaction
G μν ∂μ φ ∂ν φ is generated. This interaction is known as the
John interaction [35]. Secondly, in the non-minimal model
a cubic scalar self-interaction generates a new Brans-Dickelike interaction. These results have a series of corollaries that
may be crucial for the low-energy phenomenology.
First of all, the John interaction is highlighted by its ability to screen an arbitrary cosmological constant on a cosmological background [35]. The interaction was studied in
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the classical regime and it was proven that a simple model
admitting this interaction can consistently describe the latetime universe expansion [46]. Moreover the action studied
in [46] matches with the effective action (14). The model
is not free from disadvantages, as its perturbations become
unstable in a proximity of the cosmological singularity. This
disadvantage is relived within effective theory, as the theory
itself cannot be applied in a proximity of the singularity.
The John interaction is generated in the minimal scalartensor model, so it is safe to assume that it will be generated
universally. In particular, if the Higgs scalar is a true fundamental particle, then the John interaction should enter an
effective theory based on the Standard Model. Because of
this it is safe to use the effective model (14) as the simplest
effective model suitable for a description of the contemporary
gravitational phenomenology.
At the same time, there is an indication of a possible inconsistency. Due to non-linear nature of the John interaction it
changes the speed of tensor perturbations propagating about
a cosmological background. These perturbations should be
associated with gravitational waves propagating in the contemporary Universe and their speed is constrained by recent
data [29,30,47]. In paper [29] it is argued that the mere influence of the John interaction on the gravitational wave speed
is enough to exclude it from any realistic model. On the other
hand, in paper [47] it is argued that there is a loophole that
may allow to make several scalar-tensor models consistent
with the empirical data.
It is possible to establish an explicit numerical constraint
on the model for it to be consistent with the latest data
obtained by the LIGO collaboration [48]. Let us use an
expression for the speed of tensor perturbations ct propagating over a cosmological background given in [49]:
ct2 =

2G 4 − (φ̇)2 G 5,φ − (φ̇)2 φ̈ G 5,X
2G 4 − 2(φ̇)2 G 4,X + (φ̇)2 G 5,φ − H (φ̇)3 G 5,X

.
(21)

Here G i are functions specifying the theory. The effective
action (14) is given by the following values of these functions
(we adopt conventions of [49] for this particular calculation):
G 2 = X, G 3 = 0, G 4 =

1
, G 5 = −32π Gβφ.
16π G

(22)

Therefore the speed for tensor perturbations reads:
ct2 =

1 + β (16 π G φ̇)2
1 − β (16 π G φ̇)2

= 1 + 2 β (16 π G φ̇ 2 ) + O G 4 .

123
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The data of the LIGO collaboration [48] provides the following constraint on a relation between the speed of gravitational
waves νGW and the speed of electromagnetic waves νEM :
−3 × 10−15 ≤

νGW − νEM
≤ +7 × 10−16 .
νEM

(24)

This constraint implies the following bounds on the effective
model (at the leading order of G 2 ):
−3 × 10−15 ≤ 16 π G φ̇

2

β ≤ +7 × 10−16 .

(25)

Therefore an effective model (14) (alongside the other similar
models) is consistent with the current empirical data as long
as (25) is satisfied.
This result points to two important consequences. Firstly,
it shows that some models with a suppressed but nonvanishing John interaction can be consistent with the current
empirical data on the gravitational waves speed. Equation
(25) provides an explicit constraint on the model parameters
for it to be consistent with the data. Secondly, claims made
in papers [29,47] should be revisited, as the effective action
(14) provides an explicit example of a model containing the
John interaction and consistent with the empirical data.
Secondly, the existence of a Brans-Dicke-like interaction
should be addressed. We would like to note that the new nonminimal interaction (20) is typical for models with conformal
symmetry [50,51]. Nonetheless we will refer to it as to BransDicke-like interaction for the sake of simplicity.
The effective action (20) is generated by a model with a
non-vanishing scalar field potential, although only the cubic
interaction generates a new gravitational coupling. At the
same time, the scalar field develops an effective potential
in full analogy with [43]. A more detailed discussion of the
effective potential lies beyond the scope of this paper, as it
presents a separate independent problem, and as it appears
at the next order in κ (at the order of κ 4 ). Nonetheless, It is
safe to assume that the scalar field develops a non-vanishing
vacuum expectation value φ . This value contributes to the
observed value of the low-energy effective Newton constant:


2
2
− 2 R → − 2 + α φ2 R
κ
κ
=−

1
R.
16π G eff (φ, φ )

(26)

A similar mechanism is well-known in gravity models [52–
61]. In such a way the effective Newton constant develops a
dynamic dependence of the scalar field in an analogy with
the Brans-Dicke theory.
In full analogy with the John coupling, it is possible to
establish some explicit numerical constraints. The equation
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(26) provides a new expression for the observed Newton constant. This observed Newton constant can vary either due to
a cosmological variations of φ or due to large local fluctuations of the scalar field φ. Local fluctuations of a scalar
field can safely be neglected in any realistic scenario, as they
are extremely hard to register. For instance, it requires the
energy and preceision of LHC to detect local fluctuations
of the Higgs scalar field. Therefore it is naturally to assume
that any local fluctuations of the observed Newton constant
would require similar effort to be detected. On the contrary,
time variations of the observed Newton constant associated
with the cosmological variation of the vacuum expectation
value φ can very well be constrained with a plethora of
empirical data [62–72] (see also [73,74] and the references
therein). For the best of our knowledge, the best constraint is
given by lunar laser ranging [71,72]:
Ġ eff
< (7.1 ± 7.6) × 10−14 yr−1 .
G eff

(27)

This provides the corresponding constraint (which holds up
to O(G 2 ) terms) on the scalar field vacuum expectation value
variation in c = h̄ = 1 unit:
32π G α φ φ̇ < (7.1 ± 7.6) × 10−14 yr−1 .

(28)

A more detailed investigation of this phenomenon should
be preformed, as the effective scalar field potential together
with the scalar field vacuum expectation value are effected
by loop corrections. Results of the investigation will be presented elsewhere, as it constitutes an independent problem.
It is reasonable to anticipate the presence of a mechanism
dynamically generating a new mass scale, in full analogy
with [43]. Therefore it is also required to understand its role
within effective scalar-tensor gravity.
This section should be concluded as follows. Firstly, it
should be understood if the John interaction generated at the
one-loop level can be consistent with the empirical gravitational waves data. If a presence of a strongly suppressed
but non-vanishing John interaction cannot be brought to an
agreement with the empirical data, then certain conclusions
about the structure of a microscopic action should be drawn.
Secondly, the scalar sector of an effective theory should be
investigated. The new Brans-Dicke-like interaction can lead
to a generation of a dynamical Newton constant. The constant part of the generated constant will be defined by the
effective scalar field potential induced by gravitational loop
corrections. Investigation of these issues allows one to better understand the effective field theory implementation for
scalar-tensor gravity.

845

5 Conclusions
In this paper we addressed one-loop effective theory for
scalar-tensor gravity. We study two simple models. First one
is the simplest model (1) describing general relativity with
one massless scalar field without self-interaction and with the
minimal coupling to gravity. Second model (15) describes
general relativity with a massless scalar field that admits
cubic and quartic self-interaction but that is coupled to gravity in the minimal way.
At the one-loop level the minimal model generates the
John interaction from Horndeski gravity
κ 2 G μν ∂μ φ ∂ν φ.

(29)

The interaction is suppressed by the Planck mass squared,
but it may influence the low-energy phenomenology. Small
tensor perturbations of the metric propagating over a cosmological background should be associated with gravitational
waves in an expanding universe. As it is discussed in Sect.
4, these perturbations are coupled to the scalar field via the
John interaction. Because of this their speed can deviate from
the speed of light [29,30,47]. Due to the non-linear nature
of the interaction it may have a non-negligible influence on
the gravitational wave speed despite being suppressed. Consequently, a further investigation is required to establish if
a suppressed but non-vanishing John interaction is consistent with the known gravitational wave phenomenology. This
investigation posses a separate problem that will be addressed
elsewhere.
The non-minimal model generates a Brans-Dicke-like
interaction at the one-loop level. The model admits a nonvanishing scalar field potential, so it is safe to assume that
the scalar field develops a non-vanishing vacuum expectation
value. As it is discussed in Sect. 4, the scalar field effective
potential is also modified by loop corrections in full analogy with [43]. This reasoning shows that the non-minimal
model generates an effective low-energy Newton constant
with a dynamical dependence on the scalar field. Therefore
the value of the Newton constant observed in the low-energy
regime can develop a finite shift defined by the non-vanishing
vacuum expectation value of the scalar field. The one-loop
effective scalar field potential generated in scalar-tensor gravity and its influence on the low-energy Newton constant will
be studied in details elsewhere.
This brings us to the following conclusions. Scalar-tensor
gravity provides, perhaps, the simplest alternative for general relativity. The low-energy phenomenology described by
effective models powered by scalar-tensor gravity appears to
be a more sophisticated subject. The John interaction generated at the one-loop level in the simplest model affects the
speed of gravitational waves in an expanding Universe. The
Brans-Dicke-like interaction affects the low-energy Newton
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constant and turns it into a dynamic quantity. These phenomena have no counterparts in the effective general relativity and
they should be investigated further.
The role of the John interaction may provide an insight
about the structure of a microscopic action generating the
effective theory. If a strongly suppressed but non-vanishing
John interaction is inconsistent with the known data on gravitational wave speed, then simple actions (1) and (15) cannot
be used in realistic cases. Despite the fact that this case seems
to be unlikely [47], a numerical constraint on the John coupling should be obtained. The new Brans-Dicke-like interaction can change the role of the low-energy Newton constant. It can receive a finite shift due to a non-vanishing
scalar field vacuum expectation value and to obtain a dynamical dependence from the scalar field. The value of the nonvanishing expectation value, in turn, will be affected by the
one-loop effective scalar field potential in full analogy with
[43]. Therefore the role of the scalar sector of an effective
model should be clarified.
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Tμν = Iμναβ T αβ .

T μσ Tσν = I μνα1 β1 α2 β2 Tα1 β1 Tα2 β2 ,
T μσ Tσρ T ρν = I μνα1 β1 α2 β2 α3 β3 Tα1 β1 Tα2 β2 Tα3 β3 .

Here Tμν is an arbitrary symmetric tensor and I -tensors are
given by the following formulae:
1
ημα1 ηνα2 ηβ1 β2 + · · · ,
8
1
ημα1 ηνα2 ηβ1 α3 ηβ2 β3 + · · · .
=
48

Iμνα1 β1 α2 β2 =
Iμνα1 β1 α2 β2 α3 β3

(A.4)

Secondly, if the spacetime metric gμν describes small perturbations h μν over a flat background ημν :
gμν = ημν + κh μν ,

(A.5)

then the following expansions hold:
√

−g = 1 +

κ μν
κ 2 μν αβ
η h μν −
h h Cμναβ
2
8

κ 3 μν αβ ρσ
h h h Cμναβρσ + O(κ 4 ),
48
κ
μνα β α β
= ημν − C μναβ h αβ + κ 2 C(2) 1 1 2 2 h α1 β1 h α2 β2
2
μνα β α β α β
+ κ 3 C(3) 1 1 2 2 3 3 h α1 β1 h α2 β2 h α3 β3 + O(κ 4 ).
+

√
−gg μν

(A.6)
Here the following tensors were used:

8
Iμνατ I λτ αβρσ + Iαβλτ I λτ μνρσ
3


+ Iρσ λτ I λτ μναβ − 2 ημν Iαβρσ + ηαβ Iμνρσ

Cμναβρσ =

μνα1 β1 α2 β2

C(2)

μνα1 β1 α2 β2 α3 β3

C(3)

1 μνα1 β1 α2 β2
I
η
4
 1
+ I μνα2 β2 ηα1 β1 − ημν C α1 β1 α2 β2 ,
8
= −I μνα1 β1 α2 β2 α3 β3
= I μνα1 β1 α2 β2 +

1 μνα1 β1 α2 β2 α3 β3
I
η
+ I μνα2 β2 α3 β3 ηα1 β1
6

1  μνα1 β1 α2 β2 α3 β3
I
+ I μνα3 β3 α1 β1 ηα2 β2 +
I
24

μνα2 β2 α3 β3 α1 β1
μνα3 β3 α1 β1 α2 β2
+I
I
+I
I
+

Iμναβ =

(A.1)

Tensor Iμναβ serves as a unit tensor for symmetric rank-2
tensors. For an arbitrary symmetric tensor Tμν the following
holds:

123

(A.3)


+ ηρσ Iμναβ + ημν ηαβ ηρσ ,

For the sake of completeness we give a few comments about
a derivation of Feynman rules used in the paper and present
the set of tensors used in the paper.
First of all, the following standard tensors are used:

Cμναβ

(A.2)

We use the following generalizations the unit tensor:

6 A. Derivation of Feynman rules

1
ημα ηνβ + ημβ ηνα ,
2
= ημα ηνβ + ημβ ηνα − ημν ηαβ .

(2020) 80:845

+

1 μν α1 β1 α2 β2 α3 β3
.
η C
48

(A.7)
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These formulae are used to derive the tree-level rules
describing scalar-graviton interaction:


1
√
−g g μν ∂μ φ ∂ν φ
2

 1
κ
= d 4 x − φφ − h μν C μναβ ∂α φ ∂β φ
2
4
2
κ
μναβρσ
h μν h αβ C(2)
+
∂ρ φ ∂σ φ
2

κ3
μναβρσ λτ
∂λ φ∂τ φ + O(κ 4 ) .
+
h μν h αβ h ρσ C(3)
2
d4x

(A.8)

The structure of a cubic graviton interaction is recovered
as follows. One should separate the complete derivative term
in the general relativity action [75]:
√

−g R =

 σ ρ

√
σ
ρ
−gg μν Γμρ
Γνσ − Γμν
Γσρ

+ full derivative.

(A.9)

The cubic graviton interaction is given by terms cubic in
perturbations:
2 √
κ
−g R → − h μν ∂μ h ρσ ∂ν h ρσ − 2 h μν ∂ρ h μσ ∂ σ h ν ρ
2
κ
2
+ 2 h μν ∂ρ h μσ ∂ ρ h ν σ − 4 h μν ∂σ h ρμ ∂ν h ρσ + 2 h μν ∂μ h νσ ∂ σ h
−

− h μν ∂μ h ∂ν h + 2 h μν ∂μ h ∂ σ h νσ + 2 h μν ∂σ h μν ∂ρ h ρσ
1
h ∂σ h μν ∂ σ h μν + h ∂μ h νσ ∂ ν h μσ
2

1
∂ σ h + h ∂σ h ∂ σ h
2

− 2 h μν ∂ σ h μν ∂σ h −
− h ∂ ρ h ρσ
=

κ
h ρ σ ∂α h ρ2 σ2 ∂β h ρ3 σ3 T ρ1 σ1 ρ2 σ2 ρ3 σ3 αβ .
4 1 1

(A.10)

The tensor T defining the structure of the interaction is
obtained from the following tensor
ημλ ηντ I αβρσ − 2 ημα ηνρ ηλσ ητβ + 2 ημα ηνρ ηβσ ηλτ
− 4 ημβ ηντ ηαρ ηλσ + 2ημλ ηνα ηβτ ηρσ − ημλ ηντ ηαβ ηρσ
+ 2 ημλ ηνρ ηαβ ητ σ + 2 I μναβ ηλσ ητρ − 2 I μναβ ηλτ ηρσ
1 μν λτ αβρσ
η η I
+ ημν ηβσ ηλρ ητ α − ημν ηλα ηβτ ηρσ
2
1
+ ημν ηαβ ηρσ ηλτ
(A.11)
2
−

via symmetrization with respect to ρ1 ↔ σ1 , ρ2 ↔ σ2 ,
ρ3 ↔ σ3 , and (α, ρ2 , σ2 ) ↔ (β, ρ3 , σ3 ). In other words, T
respects the following relations:
T ρ1 σ1 ρ2 σ2 ρ3 σ3 αβ = T σ1 ρ1 ρ2 σ2 ρ3 σ3 αβ
= T ρ1 σ1 σ2 ρ2 ρ3 σ3 αβ = T ρ1 σ1 ρ2 σ2 σ3 ρ3 αβ
= T ρ1 σ1 ρ3 σ3 ρ2 σ2 βα .
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A brief comment on the necessity to rederive the structure of the three-graviton vertex is due. For the best of our
knowledge the corresponding Feynman rule was first explicitly presented in [2], eqn (53). However, the expression contains an obvious misprint. In the 6th line of (53) [2] it is
written q 2 (I σ μ αβ Iγ δ νσ + Iαβ νσ I σ μ αδ ), while it should read
q 2 (I σ μ αβ Iγ δ νσ + Iαβ νσ I σ μ γ δ ). The same misprint is repeated
in a later paper [19]. For the best of our knowledge the misprint is corrected [7].
An independent derivation of the three-graviton interaction serves two purposes. First one is to present a more simple
way to obtain such an expression, as aforementioned papers
dismiss a detailed discussion of the calculations. Second one
is to cast the expression in a more compact form (A.11) which
is more suitable for a treatment with computer algebra packages such as FeynCalc [40].
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