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Abstract We develop a method for computing the Bogoli-
ubov transformation experienced by a confined quantum
scalar field in a globally hyperbolic spacetime, due to the
changes in the geometry and/or the confining boundaries.
The method constructs a basis of modes of the field associ-
ated to each Cauchy hypersurface, by means of an eigenvalue
problem posed in the hypersurface. The Bogoliubov trans-
formation between bases associated to different times can be
computed through a differential equation, which coefficients
have simple expressions in terms of the solutions to the eigen-
value problem. This transformation can be interpreted physi-
cally when it connects two regions of the spacetime where the
metric is static. Conceptually, the method is a generalisation
of Parker’s early work on cosmological particle creation. It
proves especially useful in the regime of small perturbations,
where it allows one to easily make quantitative predictions
on the amplitude of the resonances of the field, providing an
important tool in the growing research area of confined quan-
tum fields in table-top experiments. We give examples within
the perturbative regime (gravitational waves) and the non-
perturbative regime (cosmological particle creation). This is
the first of two articles introducing the method, dedicated to
spacetimes without boundaries or which boundaries remain
static in some synchronous gauge.

1 Introduction

Quantum field theory in curved spacetime is the theory that
studies the evolution of quantum fields which propagate in
a classical general relativistic background geometry. To this
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date, the theory has been able to yield many quantitative theo-
retical predictions for physically relevant problems within its
scope, such as cosmological particle creation [1,2], the Unruh
effect [3] or Hawking radiation [4]. The success in the study
of those concrete well-known problems can be related to the
use of different mathematical techniques and simplifications,
adapted to the specific problem and which yield the compu-
tations tractable. For instance, in the study of phenomena
such as Hawking radiation or the Unruh effect, the presence
of horizons (or “would-be horizons” [5,6]) allows to sim-
plify the computations leading to a thermal spectrum for the
quantum field, at least within most of the usual approaches
to these phenomena. Also, the presence of symmetries like
homogeneity or isotropy is convenient to obtain quantitative
results on particle creation in cosmological models.

In the recent years, the interest to verify the theory experi-
mentally has increased significantly [7–13]. Thus far, an anal-
ogous of Hawking radiation in Bose-Einstein condensates
has already been experimentally demonstrated [14] (although
the result is not free of controversy, see for example [15]).
In particular, and due to the great improvement of the preci-
sion of quantum measurements in table-top experiments, it
is expected that the theoretical predictions on quantum fields
confined in cavities, and under the effect of small changes in
the background geometry or the non-inertial motion of the
cavity, will be tested experimentally in the near future [16–
19]. Consequently, new open problems within the framework
of the theory are arising, related to the new concrete systems
under study, and therefore new adapted mathematical tech-
niques will be necessary to approach them.

In this work, we introduce a general method for computing
the evolution of a confined quantum scalar field in a globally
hyperbolic spacetime, by means of a time-dependent Bogoli-
ubov transformation. As it will be clearly shown along the
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article, the method proves to be especially useful to address
the new kind of problems that we just mentioned, related
to quantum fields confined in cavities and undergoing small
perturbations, since it provides very simple recipes for com-
puting the resonance spectrum and sensibility of the field to a
given perturbation of the background metric or the boundary
conditions. However, we wish to emphasise that the method
can be applied to any confined quantum scalar field, both
real or complex, evolving as a result of any kind of regu-
lar changes in the background metric and/or the boundary
conditions, just under some minor assumptions. This gen-
erality will also be illustrated through a concrete example
of an application of the method outside the scope of small
perturbations (in cosmological particle creation) that will be
considered in the article.

The method is based on the foliation of the spacetime
in spacelike Cauchy hypersurfaces using a time coordinate.
Since the method is intended for confined fields, these hyper-
surfaces will be compact, although not necessarily with
boundaries. The core idea is to construct a basis of modes
naturally associated to each hypersurface, and then provide
a differential equation in time for the Bogoliubov transfor-
mation between the modes associated to two hypersurfaces
at different times. This way, the evolution of the field in
time is not obtained by solving the Klein-Gordon equation,
but rather by solving a differential equation for the time-
dependent Bogoliubov transformation.

The core idea of transferring the dynamics from the mode
functions to the Bogoliubov coefficients appears for the first
time in the pioneer work by Parker [2]. In this sense, our work
is a conceptual extension of Parker’s work to the general case
of any confined quantum scalar field (with minor assump-
tions). However, the key mathematical construction has been
developed as a generalisation of the technique introduced
in [20]. That previous technique, although with the strong
limitation of being applicable only in Minkowski spacetime
(the influence in the evolution of the field coming from the
motion of the cavity), has already proven to be of special
practical use in the study of quantum fields confined in cav-
ities. Benefiting from conformal invariance, extensions to a
few other metrics were also considered [17,21–24]. Yet, the
scope of that method was notoriously reduced, something
which the present work overcomes.

We want to emphasise that our way of proceeding makes
the method completely different to the Hamiltonian diago-
nalisation approach introduced for the problem of cosmo-
logical particle creation [25,26]. In such approach, the con-
struction of bases of modes associated to each time is used
to diagonalise the Hamiltonian of the quantum field by a
time-dependent Bogoliubov transformation in the Fock rep-
resentation, such that the Hamiltonian is diagonal in terms
of particle operators at every moment; and then this diag-
onalised Hamiltonian is used to compute the evolution of

a state in time directly in the Fock representation. There-
fore, this approach introduces a different notion of particles
at each instant of time. Problems with this approach appear
because the Fock representations for different times can be
unitarily inequivalent [27–29]; that is, because the particle
interpretation in this framework is in general wrong. Con-
versely, the method introduced in this article does not intend
to quantise the field with a Fock representation at all times
during its evolution. The construction of the modes at each
time will be just an intermediate mathematical tool used to
compute a time-dependent Bogoliubov transformation. Such
Bogoliubov transformation has the usual physical interpreta-
tion in terms of effects on quantum particles (mode-mixing
and particle creation) only when it relates regions of space-
time where the Fock quantisation has a valid physical inter-
pretation in terms of particles, in particular due to the pres-
ence of a timelike Killing field. The Bogoliubov transfor-
mation then unambiguously describes the evolution of the
field between the two regions, since it allows to compute the
scattering matrix between the bases of the two different Fock
quantisations [29–31]. We provide strong physical arguments
to explain why the Fock representations that we consider are
unitary equivalent and physically meaningful.

Following the above discussion, we take the opportunity
to stress that, for the quantisation of the field, we simply
rely on canonical Fock quantisation in the regions where it is
clearly physically meaningful. In other words, the method is
of general practical applicability to compute the scattering
matrix between two physically valid Fock representations of
the field, and it is indeed an extremely powerful tool for such
purpose; while, on the other hand, we have no intention of
providing a fully consistent field quantisation in any region
of a general spacetime (see the approaches to such problem
in e.g. [32–36]).

This article constitutes the first of two articles introducing
the method. In this first part we consider spacetimes without
boundaries, or with timelike boundaries that remain static in
some synchronous gauge, as explained in the next section.
Spacetimes with timelike boundaries which do not remain
static in any synchronous gauge require an specific treat-
ment, which due to its extension we leave for a second forth-
coming article. The present article is organised as follows.
In Sect. 2 we state the general physical problem for which
we will construct the method, introducing the background
metric, the field theory and the different assumptions that we
consider; and also define two important mathematical objects
that we will use. The nuclear part of the article is Sect. 3. In
this section we construct the basis of modes associated to
each hypersurface of the foliation of the spacetime, and for-
mally compute the time-dependent Bogoliubov transforma-
tion between the modes of two different hypersurfaces, for
which we give a differential equation and a formal solution.
We also discuss the physical meaning of both the modes and
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the transformations. In Sect. 4 we consider the particularly
important case of small perturbations and resonances, obtain-
ing especially simple recipes for its solution. As an example
of application, we consider the problem of a confined quan-
tum field in the presence of a gravitational wave. In Sect. 5
we apply the method to an example of cosmological particle
creation. Finally, in Sect. 6 we present the summary and con-
clusions. In addition, in Appendix A we discuss in detail the
different conditions that we require for the method to work.
In Appendix B we describe how the method handles the prob-
lems in which modes with exponential time dependence or
zero-frequency modes are present. In Appendix C we prove
that the bases of solutions to the Klein-Gordon equation on
which we build our method are complete and orthonormal.
In Appendix D we provide the detailed computation of the
differential equation provided in Sect. 3, and prove that the
Bogoliubov transformations obtained satisfy the Bogoliubov
identities. In Appendix E we further support and extend the
results obtained on small perturbations. In Appendix F we
provide for convenience a summary of the useful formulae
for the application of the method.

2 Preliminaries

2.1 Statement of the problem

We consider a globally hyperbolic spacetime (M, g) of
dimension N +1, possibly with timelike boundary ∂M [37].
In this spacetime we define a Klein-Gordon scalar field Φ

satisfying the equation

gμν∇μ∇νΦ − m2Φ − ξ RΦ = 0; (1)

wherem ≥ 0 is the rest mass of the field, gμν is the spacetime
metric, R its scalar curvature and ξ ∈ R is a coupling constant
(we use natural units h̄ = c = 1). In the case of the existence
of boundaries, we impose one of the following four possible
boundary conditions to the field:

(a) Dirichlet vanishing boundary conditions

Φ(x) = 0, x ∈ ∂M. (2)

(b) Neumann vanishing boundary conditions

nμ∇μΦ(x) = 0, x ∈ ∂M; (3)

where nμ(x) is the normal vector to ∂M .
(c) Robin vanishing boundary conditions

nμ∇μΦ(x) + γΦ(x) = 0, x ∈ ∂M; (4)

where γ ∈ R \ {0} is the boundary parameter. Later on,
we will introduce the possibility that this parameter is
replaced by a function.

(d) Mixed vanishing boundary conditions
In this case, Dirichlet, Neumann and Robin vanish-
ing boundary conditions apply each to complementary
regions of the boundary. Being just a combination of the
other cases, we mention them here as a possibility, but
for simplicity we will not consider them explicitly when
constructing the method.

The types of boundary conditions considered are by far the
most common ones in physical problems. We do not discard
that the method could also apply to other less used conditions,
but we simply do not approach such possibility within this
work.

Thanks to the global hyperbolicity, it is always possible
to construct a Cauchy temporal function t in the full space-
time [37], which provides a foliation in Cauchy hypersur-
faces Σt of constant time. We introduce the Klein–Gordon
inner product between two solutions of (1), given by

〈Φ ′, Φ〉 := −i
∫
Σt̃

dVt̃
[
Φ ′(t̃) ∂tΦ(t)∗

∣∣
t=t̃ − Φ(t̃)∗ ∂tΦ

′(t)
∣∣
t=t̃

] ; (5)

which, for convenience, we already evaluated at a given
Cauchy hypersurface Σt̃ , with dVt̃ being its volume element.
Both in the absence of boundaries, or under the boundary
conditions (2–4), this inner product is independent of Σt̃ .

Finally, we introduce the three conditions on the Cauchy
hypersurfaces and the temporal function that we need to
ensure the applicability of the method. These conditions are:

(A) The Cauchy hypersurfaces Σt must be compact.
(B) For any Cauchy hypersurface Σt , the Cauchy problem

for the Klein–Gordon equation (1) must be well-posed;
that is, given as initial conditions the value of the field
and of its first derivative with respect to t at Σt , there
exists an unique solution to the Klein–Gordon equation
in the whole spacetime satisfying these conditions.1

(C) Using the temporal function as a coordinate, the metric
should be written as

ds2 = −dt2 + hi j (t, x)dxidx j , (6)

where hi j (t) is a regular Riemannian metric.2 This is
called a synchronous gauge.

1 Under the presence of boundaries, these initial conditions must be
compatible with the boundary conditions at the intersection ∂Σt =
Σt ∩ ∂M .
2 For simplicity in the notation, from here on we will omit the depen-
dence of hi j (t) on the spatial coordinates, but we are considering
the most general case in which this metric can have any (regular)
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The necessity of each condition will become clear when
constructing the method. A detailed discussion on their phys-
ical meaning and the limitations they introduce can be found
in Appendix A. In this first article introducing the method,
we are going to consider the problems for which M either has
no boundary, or its boundary remains parallel to the gradient
of the temporal function t , that is, it remains static in some
synchronous gauge. Problems for which there exists no ade-
quate temporal function (satisfying the required conditions)
such that the boundary remains parallel to its gradient will
be considered in the second article.

2.2 Space of functions over Σt and self-adjoint operator

Let us introduce two mathematical objects that are pivotal
for the method. First, we define Γt as a subspace of the space
of square integrable smooth functions over a Cauchy hyper-
surface, Γt ⊆ C∞(Σt ) ∩ L2(Σt ). If M (and therefore Σt )
has no boundary, then Γt = C∞(Σt ) ∩ L2(Σt ). If there are
boundaries, then Γt is the restriction of C∞(Σt )∩ L2(Σt ) to
functions satisfying the boundary conditions in ∂Σt compat-
ible with the boundary conditions in ∂M ; which, since the
boundaries are parallel to ∂t , read

Φ(x) = 0 (Dirichlet), (7)

n · ∇h(t)Φ(x) = 0 (Neumann), (8)

n · ∇h(t)Φ(x) + γΦ(x) = 0 (Robin); (9)

for x ∈ ∂Σt , where n(x) is the normal vector to the bound-
ary ∂Σt and ∇h(t) is the covariant derivative corresponding
to the spatial metric hi j (t). At this point, we mention that
the boundary parameter γ could be also considered a func-
tion γ (x), but it must be independent of t .3

Second, we define the operator Ô(t) on Γt as

Ô(t) := −∇2
h(t) + ξ Rh(t) + m2 + F(t); (10)

where ∇2
h(t) is the Laplace–Beltrami differential operator,

Rh(t) the scalar curvature corresponding to the spatial met-
ric hi j (t) and F(t) ≥ 0 a time-dependent non-negative quan-
tity. The quantity F(t) is given by the condition that the
operator Ô(t) at each time must be positive definite in the
corresponding space Γt (any values of F(t) that meet this

Footnote 2 continued
dependence on the coordinates. We will not write the explicit depen-
dence on the spatial coordinates for other quantities either, except when
necessary. Also, in (6) for simplicity we are assuming that for each
hypersurface Σt there is one coordinate chart (x1, . . . , xN ) that com-
pletely covers it. This might not be the case, but considering several
coordinate charts would be straightforward and would not affect the
construction of the method, as far as for all of them the metric can be
written as in (6).
3 The justification for this apparently arbitrary limitation can be found
in Appendix C.

requirement would be valid). Notice that, thanks to condi-
tion A and eventually to the boundary conditions, this opera-
tor is self-adjoint [with respect to the usual scalar product in
L2(Σt )] and has a discrete spectrum with no accumulation
points.4 Moreover, if we fixed F(t) = 0 the operator would
always have a minimum eigenvalue. Consequently, a finite
value for F(t) such that the operator is positive definite can
always be found. We refer to Appendix B for a discussion
on the role of the quantity F(t), related to the presence of
exponential time dependence of the solutions and of zero-
frequency modes.5 In many problems (such as the examples
provided in this article) it is possible to fix F(t) = 0 while
keeping Ô(t) positive definite, in which case the quantity can
simply be ignored.

Once we have introduced the operator Ô(t), and mak-
ing use of condition C, we shall simplify the Klein-Gordon
equation (1) taking into account the form of the metric in (6),
obtaining

∂2
t Φ = −Ô(t)Φ − q(t)∂tΦ − ξ R̄(t)Φ + F(t)Φ; (11)

where

q(t) := ∂t log
√
h(t), (12)

with h(t) being the determinant of the spatial metric hi j (t)
(it is a factor which depends on the change of the metric of
the spacelike hypersurfaces with time), and R̄(t) := R(t) −
Rh(t) is the part of the full scalar curvature of gμν which
depends on time derivatives, given by

R̄(t) = 2∂t q(t) + q(t)2 − 1

4
[∂t hi j (t)][∂t hi j (t)]. (13)

The key role of condition C has been to yield Eq. (11),
in which all the spatial derivatives present are those in the
Laplace–Beltrami operator contained in Ô(t).

3 Construction of the method

3.1 Construction of the bases of modes

For each Cauchy hypersurface Σt̃ we will construct a set of

modes {Φ[t̃]
n (t)} fulfilling the following two properties:

4 Assertions about the self-adjoint nature of the operator and about the
properties of its spectrum should strictly be done over the extension of
the operator defined on Γt to the full Hilbert space L2(Σt ) (of which Γt
is a dense subspace). This is a well-known mathematical procedure in
the analysis of partial differential equations with elliptic operators and
boundary value problems, which is the context in which we will make
use of the operator. Therefore, we shall not get into the details of it.
Another possibility is to directly consider the operator as acting on a
Sobolev space over the Riemannian manifold. See for example [38].
5 The discussion in Appendix B cannot however be fully understood
until reading Sect. 3.
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Fig. 1 Association of bases of modes {Φ[t̃]
n (t)} to Cauchy hypersur-

faces Σt̃

(I) They will form, together with their complex conju-

gates {Φ[t̃]
n (t)∗}, a complete orthonormal basis of the

space of global solutions to the Klein–Gordon Eq. (1)
with respect to the inner product (5). We stress that each
mode of the basis is defined in the whole spacetime, the
label [t̃] meaning only that we associate it to the corre-
sponding hypersurface. Specifically, it is in this hyper-
surface that we will set its initial conditions.

(II) In the regions where ∂t behaves like a Killing field around
the hypersurface Σt̃ [that is, hi j (t) remains constant for
a long enough period around t = t̃], and where the func-
tion F(t) introduced in (10) can be made to vanish, the
modes will be those with positive frequency with respect
to t in that region (the corresponding complex conjugates
will be those with negative frequency).6 When this is not
the case, the way we choose the modes can be thought
just as an unambiguous recipe to associate an orthonor-
mal basis of solutions to each hypersurface, even if no
notion of positive frequency modes exists.

In Fig. 1 we provide a graphical depiction of this associa-
tion of bases of modes to Cauchy hypersurfaces, which shall
be helpful when following the construction of the method.
Since we impose that the modes are solutions to the Klein–
Gordon equation, then because of condition B the only quan-
tities left to fully determine them are the initial conditions;
which, as mentioned before, we are going to fix at Σt̃ . That

is, we need to fix the quantities Φ
[t̃]
n (t̃) and ∂tΦ

[t̃]
n (t)|t=t̃ for

each mode. The evaluations of the modes at t = t̃ , which will
be functions in Γt̃ , are going to be given by the eigenvectors
of the operator Ô(t̃) in (10):

Ô(t̃)Φ[t̃]
n (t̃) = (ω[t̃]

n )2Φ[t̃]
n (t̃). (14)

6 Regions in which F(t) cannot be made to vanish, but can be made
arbitrarily small, may also be considered. We refer to Appendix B for
further details on this condition.

Notice that t̃ in (14) is just a parameter: this is a partial dif-
ferential equation in the spatial coordinates of the given Σt̃ .

7

Since Ô(t̃) is positive definite, we can define the real and

positive quantities ω
[t̃]
n := +

√
(ω

[t̃]
n )2 out of the eigenvalues

of Eq. (14). We also impose the following orthogonality and
normalisation condition to the solutions:∫

Σt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m (t̃)∗ = δnm

2ω
[t̃]
n

. (15)

Finally, the first time derivative of the modes evaluated at t =
t̃ will be given by

∂tΦ
[t̃]
n (t)

∣∣∣
t=t̃

= −iω[t̃]
n Φ[t̃]

n (t̃). (16)

Equations (14–16) fully determine the initial condi-
tions, and therefore their time evolution determines the
modes {Φ[t̃]

n , (Φ
[t̃]
n )∗}. In Appendix C we prove that this set

of modes constitutes a complete orthonormal basis [in the
Klein–Gordon inner product (5)] of the space of solutions to
the Klein–Gordon equation (satisfying the possible boundary
conditions).

We have then proven that the modes fulfil property I. Let us
now consider property II. One can easily realise that, when ∂t
behaves like a Killing field in some spacetime region S
around Σt̃ , then q(t) = R̄(t) = 0 in S. Also, because of
the time symmetry and the requisite that F(t) = 0 the eigen-
value problem (14) will have the same solutions for all the
hypersurfaces Σt within S. Taking into account these facts,
it is easy to check that the modes of the form

Φ[t̃]
n (t) = Φ[t̃]

n (t̃)e−iω[t̃]
n (t−t̃) (17)

satisfy both the initial conditions (14–16) in Σt̃ and the
Klein–Gordon equation (11) in the whole region S. There-
fore, these modes correspond to the modes that we are actu-
ally assigning to the hypersurface Σt̃ . Now, if the interval
of time that S embraces is large enough so as to explore
the minimum frequency in the spectrum (now we can really

call ω[t̃]
n a frequency), then it is clear that we can talk about the

modes (17) as forming an orthonormal basis of modes with
well-defined positive frequency with respect to t . Property II
is therefore also fulfilled.

3.2 Time-dependent Bogoliubov transformation

Let us write down the Bogoliubov coefficients between any
two orthonormal bases of modes, associated to the hypersur-

7 As we commented previously for the operator Ô(t̃), this equation
should also be posed in the full Hilbert space L2(Σt ). It is known,
however, that the functions representing the eigenvectors can be taken
to belong to the dense subspace Γt̃ [38].
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faces Σt̃0 and Σt̃ :

αnm(t̃, t̃0) := 〈Φ[t̃]
n , Φ[t̃0]

m 〉, (18)

βnm(t̃, t̃0) := −〈Φ[t̃]
n , (Φ[t̃0]

m )∗〉. (19)

Since, according to condition B, all the modes are well
defined globally, these coefficients exist and are unique as
functions of time for all times. The objective of the method
is to provide a differential equation in time that allows for
their computation, without having to explicitly compute the
time dependence of the modes.

For convenience, we write the Bogoliubov transformation
in the matrix notation as

U (t̃, t̃0) :=
(

α(t̃, t̃0) β(t̃, t̃0)
β(t̃, t̃0)∗ α(t̃, t̃0)∗

)
. (20)

In Appendix D.1 we prove that this time-dependent Bogoli-
ubov transformation satisfies the differential equation

d

dt̃
U (t̃, t̃0) = [iΩ(t̃) + K (t̃)

]
U (t̃, t̃0); (21)

where we define the quantities

Ω(t̃) := diag(ω
[t̃]
1 , ω

[t̃]
2 , . . . ,−ω

[t̃]
1 ,−ω

[t̃]
2 , . . .),

K (t̃) :=
(

α̂(t̃) β̂(t̃)
β̂(t̃)∗ α̂(t̃)∗

)
; (22)

with

α̂nm(t̃) := (ω[t̃]
m + ω[t̃]

n )

∫
Σt̃

dVt̃

[
d

dt̃
Φ[t̃]

n (t̃)

]
Φ[t̃]

m (t̃)∗

+
∫

Σt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξ R̄(t̃)

]
Φ[t̃]

m (t̃)∗

+ δnm

2ω
[t̃]
n

[
dω

[t̃]
n

dt̃
− iF(t̃)

]
, (23)

β̂nm(t̃) := (ω[t̃]
m − ω[t̃]

n )

∫
Σt̃

dVt̃

[
d

dt̃
Φ[t̃]

n (t̃)

]
Φ[t̃]

m (t̃)

−
∫

Σt̃

dVt̃ Φ[t̃]
n (t̃)

[
ω[t̃]
n q(t̃) + iξ R̄(t̃)

]
Φ[t̃]

m (t̃)

−
[

dω
[t̃]
n

dt̃
− iF(t̃)

]∫
Σt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m (t̃).

(24)

With the initial condition U (t̃0, t̃0) = I , Eq. (21) has the
formal solution

U (t̃f , t̃0) = T exp

{∫ t̃f

t̃0
dt̃
[
iΩ(t̃) + K (t̃)

]}
, (25)

where T denotes time ordering.

Equations (21) and (25) are the main result of this work:
They switch from the time evolution of the modes to the
time evolution of the transformation between bases. We also
stress that one of the strengths of the method is that all the
quantities appearing in (22–24), which are the coefficients
of our differential equation, are known just by constructing
the orthonormal basis of modes solutions to the eigenvalue
Eq. (14), for which the time t̃ is just a parameter.

We can get rid of the trivial phase in (21) and write the
evolution in a more compact form. Apart from the phase
introduced by the term iΩ(t̃), one can check that the diagonal
elements α̂nn(t̃) are purely imaginary [see relation (D.23)
in Appendix D.2]. Thus, we can get rid of the full trivial
phase by defining the diagonal matrix

Θ(t̃) := exp

{∫ t̃

dt̃ ′[iΩ(t̃ ′) + A(t̃ ′)]
}

, (26)

A(t̃) := diag(α̂11, α̂22, . . . ,−α̂11,−α̂22, . . .);

and writing the evolution in terms of a new operator Q(t̃, t̃0)
defined by

Q(t̃, t̃0) := Θ(t̃)∗U (t̃, t̃0). (27)

Replacing (27) in (21), we get the differential equation
[notice that Θ(t̃)−1 = Θ(t̃)∗, since A(t̃)∗ = −A(t̃)]

d

dt̃
Q(t̃, t̃0) = Θ(t̃)∗ K̄ (t̃)Θ(t̃)Q(t̃, t̃0), (28)

K̄ (t̃) := K (t̃) − A(t̃);

which, again with the initial condition Q(t̃0, t̃0) = I , has the
formal solution

Q(t̃f , t̃0) = T exp

[∫ t̃f

t̃0
dt̃ Θ(t̃)∗ K̄ (t̃)Θ(t̃)

]
. (29)

In Appendix D.2 we check that the Bogoliubov transfor-
mations (25) and (29) obtained with this method satisfy the
Bogoliubov identities.

3.3 Physical interpretation

The time-dependent Bogoliubov transformation that the
method provides contains all the information necessary to
compute the evolution of the field in time. However, as we
advanced in the Introduction, we do not pretend to give a
quantisation for each and every basis of modes that we have
constructed at each time. It is only in those regions S with
time symmetry, that we described at the end of the Sect. 3.1,
where we can proceed to the usual Fock quantisation of the
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field;8 that is, defining the corresponding Fock space with its
vacuum state and creation and annihilation operators (ones
the adjoints of the others in the case of a real field) associated
to the mode decomposition given by the method, which in
such region would be a decomposition in modes with well-
defined frequency (for brevity, we do not expose this whole
construction explicitly, see e.g. [29]). We rely on the fact that,
under the existence of a timelike Killing vector field, Fock
representation gives the correct physical description of a field
in terms of particles perceived by the family of observers fol-
lowing the integral trajectories of the timelike Killing vector
field. The “time-dependent Bogoliubov coefficients” that we
constructed in the previous Subsection can be interpreted as
true Bogoliubov coefficients relating the annihilation and cre-
ation operators of different mode decompositions only when
they connect two regions in time where this valid quantisa-
tion procedure can be done. When this is not the case, within
the scope of this article they should be considered just as an
intermediate computational tool. Whether there is still some
physical interpretation of the intermediate times between two
static regions will be studied in future works. The Bogoliubov
coefficients at those intermediate times may well be related
to field observables (such as the stress-energy tensor) instead
of particle observables, since those remain physically mean-
ingful in the absence of timelike Killing fields.

A concern that can still be raised is that, even if two Fock
quantisations done in two different regions S1 and S2, in
which ∂t is a Killing field, are both valid and physically cor-
rect (which we know to be the case), they could eventually
still be unitarily inequivalent. Unfortunately, we do not have a
rigorous mathematical demonstration against such possibil-
ity occurring, but we can provide a solid physical argument
for the cases considered with our method, taking into account
that we only consider regular metrics. The condition for uni-
tary inequivalence in the case of two quantisations related
by a Bogoliubov transformation is that

∑
n,m |βnm |2 → ∞.

This implies a divergent number of particles in one of the
quantisations for any state of the field with a finite num-
ber of particles in the other quantisation. If the energies
of the particles in each quantisation were not limited from
below, a divergent number of particles could happen without
a divergent amount of energy (the so-called infrared catas-
trophe [39]). But thanks to condition A and the positive def-
initeness of Ô(t) a minimum non-zero energy always exists.
Therefore, for the problems considered with this method uni-
tarily inequivalent quantisations would imply that, for states
with finite energy in one of the quantisations, the energy
diverges according to the other quantisation. However, for
physically valid quantisations this possibility is also dis-

8 There is also the requisite that F(t) = 0 to avoid negative eigenvalues
(see Appendix B). For simplicity, we omit to mention this requisite
explicitly along the rest of the subsection.

carded by the regularity of the metric and the compactness
of the spatial hypersurfaces, since these two facts imply that
only finite amounts of energy can be interchanged with the
field in finite times. Therefore, for the problems considered
with this method, physically valid quantisations must be also
unitarily equivalent.

4 Small perturbations and resonances

Let us consider now the case in which the spatial metric hi j (t)
only changes in time by a small perturbation around some
constant metric h0

i j ; that is,

hi j (t) = h0
i j + εΔhi j (t), (30)

where ε  1. Since, if boundaries exist, they remain parallel
to ∂t , all the spacelike hypersurfaces will be identical, and for
convenience we will call them Σ0 := Σt̃ . We additionally
require that F(t) remains O(ε), so that the solutions to the
problem for ε = 0 are modes with well-defined frequency.
Later on, we will check that such value of F(t) actually does
not contribute at all to the physically relevant result of reso-
nances, and thus the function F(t) can be fully ignored in the
small perturbations regime. Staying to first order in ε, we can
write the relevant quantities for computing the Bogoliubov
coefficients as

Φ[t̃]
n (t̃) ≈ Φ0

n + εΔΦ[t̃]
n (t̃), q(t̃) ≈ εΔq(t̃),

ω[t̃]
n ≈ ω0

n + εΔω[t̃]
n (t̃), R̄(t̃) ≈ εΔR̄(t̃), (31)

F(t̃) ≈ εΔF(t̃);

where Φ0
n and ω0

n are the modes and frequencies solution
to (14) with h0

i j as the metric. It is immediate that α̂nm(t̃)

and β̂nm(t̃) in (23) and (24) are O(ε), since the quanti-

ties dΦ
[t̃]
n (t̃)/dt̃ , dω

[t̃]
n /dt̃ , q(t̃), R̄(t̃) and F(t̃) are all O(ε).

We can then write α̂nm(t̃) ≈ εΔα̂nm(t̃) and β̂nm(t̃) ≈
εΔβ̂nm(t̃), with

Δα̂nm(t̃) := (ω0
m + ω0

n)

∫
Σ0

dV 0
[

d

dt̃
ΔΦ[t̃]

n (t̃)

]
(Φ0

m)∗

+
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t̃) + iξΔR̄(t̃)

]
(Φ0

m)∗

+ δnm

2ω0
n

[
dΔω

[t̃]
n

dt̃
− iΔF(t̃)

]
, (32)

Δβ̂nm(t̃) := (ω0
m − ω0

n)

∫
Σ0

dV 0
[

d

dt̃
ΔΦ[t̃]

n (t̃)

]
Φ0

m

−
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t̃) + iξΔR̄(t̃)

]
Φ0

m

−
[

dΔω
[t̃]
n

dt̃
− iΔF(t̃)

]∫
Σ0

dV 0 Φ0
nΦ

0
m; (33)
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where dV 0 is the volume element of the metric h0
i j . Later

on, we will further simplify these expressions for practical
purposes.

Let us obtain the Bogoliubov coefficients to order ε in
terms of these expressions. In the case of small perturbations,
it is more convenient to consider the evolution as expressed
by the Bogoliubov transformation Q(t̃f , t̃0) in (29). Noticing
that K̄ (t̃) is O(ε), we only need to consider the zeroth order
in the matrix Θ(t̃). To first order in ε, the transformation
reads

Q(t̃f , t̃0) ≈ I + ε

∫ t̃f

t̃0
dt̃ Θ0(t̃)∗ΔK̄ (t̃)Θ0(t̃); (34)

where

Θ0(t̃) := diag(eiω0
1 t̃ , eiω0

2 t̃ , . . . , e−iω0
1 t̃ , e−iω0

2 t̃ , . . .),

ΔK̄ (t̃) :=
(

Δα̂(t̃) Δβ̂(t̃)
Δβ̂(t̃)∗ Δα̂(t̃)∗

)

− diag(Δα̂11,Δα̂22, . . . ,−Δα̂11,−Δα̂22, . . .).

(35)

We can show the resonance behaviour of the field in a clear
way if we write explicitly the expressions for the Bogoliubov
coefficients:

αnn(t̃f , t̃0) ≈ 1;

αnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0
dt̃ e−i(ω0

n−ω0
m )t̃Δα̂nm(t̃), (36)

n �= m;

βnm(t̃f , t̃0) ≈ ε

∫ t̃f

t̃0
dt̃ e−i(ω0

n+ω0
m )t̃Δβ̂nm(t̃). (37)

One can see that, in general, the Bogoliubov transforma-
tion will differ from the identity just by terms of first order
in ε, except for the cases where there are resonances. That is,
if the perturbation of the metric contains some characteristic
frequency ωp, then the same frequency will usually be also
present in the quantities Δα̂nm(t̃) and Δβ̂nm(t̃); and if this
frequency coincides with some difference between the fre-
quencies of two modes, ωp = ω0

n − ω0
m (it is in resonance),

then the corresponding coefficient αnm(t̃f , t̃0) will grow lin-
early with the time difference t̃f − t̃0, and after enough time
it will overcome the O(ε). Respectively, if the characteristic
frequency coincides with some sum between the frequen-
cies of two modes, ωp = ω0

n + ω0
m , then the corresponding

coefficient βnm(t̃f , t̃0) will grow linearly in time and even-
tually overcome the O(ε). For completeness, in Appendix
E.1 we show that the resonances remain stable under small
deviations of the frequency of the perturbation from the exact
resonant frequency.

If the Fourier transform F of Δα̂nm(t̃) [respectively
Δβ̂nm(t̃)] exists as a well-defined function, which necessar-
ily implies that the perturbation vanishes fast enough in the
asymptotic past and future, another way to consider the reso-
nances is by taking the limits t̃0 → −∞ and t̃f → ∞ in (36)
and (37) and writing

αnn(−∞,∞) ≈ 1;
αnm(−∞,∞) ≈ ε

√
2π F[Δα̂nm](ω0

n − ω0
m), (38)

n �= m;
βnm(−∞,∞) ≈ ε

√
2π F[Δβ̂nm](ω0

n + ω0
m). (39)

That is, the Bogoliubov coefficients between the asymp-
totic past and future are proportional to the Fourier trans-
forms evaluated at the corresponding subtraction (respec-
tively addition) of frequencies. Evidently, resonances will
occur if the frequency spectrum is peaked around one or
more of these values.

It is important to remark that, since there is no strict time
symmetry [neither F(t) vanishes in general], strictly speak-
ing there would be no notion of particles associated to modes
with well-defined frequency, except if the perturbation really
vanishes in certain regions. However, even while the pertur-
bation is ongoing, the deviation from the time symmetry is
of order ε. Thus, in the resonance regime, when one or more
coefficients grow beyond this order, this lack of symmetry
can be neglected with a solid physical argument: The devi-
ation from time symmetry is small, and in particular much
smaller than the effects measured. Therefore, in the case of
resonance one can safely say that the physical effects are tak-
ing place for particles associated to modes with well-defined
frequency.

In Appendix E.2, we further support the interpretation in
the previous paragraph by proving that the results on reso-
nances do not depend on the particular choice of the basis
of modes to order ε that we have used to compute the evo-
lution. In order to give such proof, in Appendix E.2 we also
prove a result that is useful at this point to further simplify the
expressions in (32) and (33): Any contribution of the form

dX (t̃)

dt̃
− i(ω0

n − ω0
m)X (t̃), (40)

respectively

dX (t̃)

dt̃
− i(ω0

n + ω0
m)X (t̃); (41)

where X (t̃) can be any function of time, appearing in the
expression of Δα̂nm(t̃), respectively Δβ̂nm(t̃), will not affect
the resonance behaviour of the corresponding modes. In sim-
ple words, this happens because, if X (t̃) contains the correct
resonant frequency in its Fourier expansion, the contribution
of the corresponding term of the expansion to (40) [resp. (41)]
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vanishes. We refer to Appendix E.2 for the details. Taking
into account this fact, the expressions in (32) and (33) can be
simplified to

Δα̂nm(t̃) ≡ i[(ω0
n)

2 − (ω0
m)2]

∫
Σ0

dV 0 ΔΦ[t̃]
n (t̃)(Φ0

m)∗

+
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t̃) + iξΔR̄(t̃)

]
(Φ0

m)∗,

(42)

Δβ̂nm(t̃) ≡ − i[(ω0
n)

2 − (ω0
m)2]

∫
Σ0

dV 0 ΔΦ[t̃]
n (t̃)Φ0

m

−
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t̃) + iξΔR̄(t̃)

]
Φ0

m

− [2iω0
nΔω[t̃]

n − iΔF(t̃)]
∫

Σ0
dV 0 Φ0

nΦ
0
m;

(43)

where the symbol ‘≡’ denotes the equivalence relation “gives
the same resonances as”. Since resonances are the only physi-
cally meaningful result to be obtained from this computation,
given a concrete problem one can always use these simplified
expressions to compute the sensibility of the field to each res-
onance, by identifying the corresponding term of the Fourier
expansion or value of the Fourier transform.

It is useful to notice that, although in principle we have

assumed the orthonormality of the modes Φ
[t̃]
n (t), for using

the expressions in (42) and (43) only the non-perturbed
modes Φ0

n need to be strictly orthogonal [with respect to the
usual inner product in L2(Σ0)] and with the correct normal-

isation given by (15) to zeroth order. The modes Φ
[t̃]
n (t̃) need

only to satisfy the unavoidable orthogonality already guaran-
teed by being correct solutions (to order ε) of the eigenvalue
problem (14); that is, they will necessarily be orthogonal (to

order ε) unless they have the same eigenvalue (ω
[t̃]
n )2. It is

easy to check that any change of order ε in the normalisation
of the modes (or in the inner product between modes with
the same eigenvalue) would not contribute to (42) or (43),
because the corresponding factor (ω0

n)
2 −(ω0

m)2 would make
it to vanish. Therefore, when solving a specific problem, one
only needs to explicitly ensure orthogonality and properly
normalise the modes to zeroth order.

Finally, we give other alternative simplified formulas for
the computation of Δα̂nm(t̃) and Δβ̂nm(t̃), which justifica-
tion is given in Appendix E.3. These formulas have the great
advantage that they only imply the modes Φ0

n and eigenval-
ues ω0

n of the static problem:

Δα̂nm(t̃) ≡
∫

Σ0
dV 0 [Δ̂(t̃)Φ0

n ](Φ0
m)∗, (44)

Δβ̂nm(t̃) ≡ −
∫

Σ0
dV 0 [Δ̂(t̃)Φ0

n ]Φ0
m; (45)

where Δ̂(t̃) is a linear operator defined by its action on the
basis {Φ0

n } as

Δ̂(t̃)Φ0
n := [iΔÔ(t̃) + ω0

nΔq(t̃)

+ iξΔR̄(t̃) − iΔF(t̃)
]
Φ0

n , (46)

with εΔÔ(t̃) being the first order term in ε of the opera-
tor Ô(t̃). For problems in which it is easy to compute the
eigenvalues and eigenfunctions to first order in ε, it might
be easier to apply (42) and (43); while for other problems
the expressions in (44–46) are definitely more convenient.
Finally, as we already advanced, we can check in these last
expressions that the quantity ΔF(t̃) never contributes to the
resonances, since in (46) its direct contribution to Δ̂(t̃) can-
cels with its contribution through ΔÔ(t̃) [recall the definition
in (10)].

The resonance can be consistently described in the regime
of duration of the perturbation Δt̃ such that 1  ωpΔt̃ 
1/ε; since one needs the period of time to be reasonably
larger than the inverse of the frequency being described, but
on the other hand, one should keep the second order term in ε

that we dropped in (34) significantly smaller than the first
order term that we kept, so that the first order expansion of
the exponential in (29) remains valid. Notice that, because of
these limitations, the net effect after integrating in time under
resonance might be of order greater than ε, but still should
be small as compared to unity. However, even the effect of
such small Bogoliubov transformation could in principle be
measured using the adequate probe states as the initial states
of the field and quantum metrology techniques (see [17,21,
40–42]). Thus, even in these situations, in which the total
energy involved was too small to produce a pair of particles
or to promote an existing particle to a higher energy state, this
would not mean that there are no measurable effects at all.
Moreover, in this work we restrict ourselves to an idealised
system in which the evolution of the field is perfectly unitary.
More realistic systems may also present decoherence any
time quanta is created or promoted, something that can then
lead to cumulative effects.

4.1 A concrete example

In order to show the method in action, we will consider an
example of application within the perturbative regime. In
particular, we consider a field trapped in a cavity which is
perturbed by a gravitational wave. This is a very interest-
ing problem in the growing research field of gravitational
wave detection with Bose-Einstein condensates. In [21] the
authors solve a similar problem by using the restricted ver-
sion of the method in [20]. They introduce a simplified toy
model in one spatial dimension, taking advantage then of
the conformal invariance in order to “translate” the problem
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into an equivalent one in Minkowski spacetime. With the
general method presented here, it is possible to go beyond
that scheme and solve the problem in three dimensions. The
three-dimensional problem was also considered in [42] with
a very different approach. We will reproduce and extend the
result in that work with very simple and straightforward cal-
culations.

As in [21] and [42], we consider our field to be the phonon
field of a trapped Bose-Einstein condensate, therefore a real
scalar massless quantum field. Following the work in [43],
one can see that, in the case that the condensate remains
stationary, the phonon field experiences an effective metric
(with minimal coupling) which is the gravitational wave met-
ric with the speed of light appearing in the component g00

replaced by the speed of sound in the condensate cs. This
speed of sound is the one that we normalise for this problem,
cs = 1. We work in the TT-gauge and consider a wave with
amplitude ε and frequency Ω propagating in the z-direction
and with polarisation in the xy-directions. This yields the
metric

ds2 = −dt2 + [1 + ε sin(Ωt)]dx2

+[1 − ε sin(Ωt)]dy2 + dz2, (47)

where we have simplified sin[Ω(t−z/c)] → sin(Ωt), as we
have that c � ΩLz (being Lz the size of the condensate in
the z-direction), because of the orders of magnitude between
the speed of light and the speed of sound. For simplicity,
we consider that the condensate is trapped in a rectangular
prism of lengths Lx , Ly and Lz aligned with the directions
of propagation and polarisation of the wave. The boundaries
are free-falling, and we impose Dirichlet vanishing boundary
conditions.

For the metric in (47) and for m = ξ = F(t) = 0 the
eigenvalue Eq. (14) reads9

[
− 1

1 + ε sin(Ωt)
∂2
x − 1

1 − ε sin(Ωt)
∂2
y

− ∂2
z

]
Φ

[t]
nm�(t) = (ω

[t]
nm�)

2Φ
[t]
nm�(t), (48)

where it is clear that we will need three quantum numbers.
Since the boundaries are free-falling, the boundary condi-
tions read Φ(x = 0) = Φ(x = Lx ) = 0, and equivalently
for the other dimensions. The solutions to order ε, with the

9 When constructing the integration method, we have been using the
different notations t and t̃ for time, in order to distinguish between the
evolution of modes in time and the choice of a concrete basis of modes
associated to a Cauchy hypersurface Σt̃ . This was indeed necessary for
constructing the method. But for its application to a concrete problem
we will not need to explicitly consider the evolution in time t of a basis
of modes anymore. Thus, we can relax the notation and replace t̃ → t .

normalisation (15) to zeroth order, are

Φ
[t]
nm�(t) ≈ 2√

Lx L yLzω
0
nm�

sin(kxn x) sin(kym y) sin(kz�z)

= Φ0
nm�, n,m, � ∈ N∗; (49)

where kxn := πn/Lx , and equivalently for the other dimen-
sions; with the eigenvalues to order ε given by

ω
[t]
nm� ≈ ω0

nm� + ε
(kym)2 − (kxn )2

2ω0
nm�

sin(Ωt), (50)

ω0
nm� =

√
(kxn )2 + (kym)2 + (kz�)

2.

Notice that, for this particular problem, the free-falling
boundaries make the eigenvalues to depend on time while
the modes are time-independent to order ε. We plug the solu-
tions into (42) and (43), together with Δq(t) = 0 computed
from (12), obtaining

Δα̂n′m′�′
nm� (t) ≡ Δβ̂n′m′�′

nm� (t) ≡ 0, (51)

(n′,m′, �′) �= (n,m, �);

Δβ̂nm�
nm� (t) ≡ i

(kxn )2 − (kym)2

2ω0
nm�

sin(Ωt). (52)

By looking at these expressions, and considering the reso-
nance behaviour found in (37), it is straightforward to obtain
the conclusions: When Ω = 2ω0

nm�, the corresponding diag-
onal β-coefficient will grow linearly in time due to resonance
as

βnm�
nm� (tf , t0) ≈ ε

(kxn )2 − (kym)2

4ω0
nm�

(tf − t0), (53)

while the rest of the coefficients will remain trivial in any
case.

In [42], the authors consider the more realistic case
in which the gravitational wave lasts some approximate
time τ and vanishes asymptotically, by replacing sin(Ωt) →
e−t2/τ 2

sin(Ωt) in the metric (47). We can easily handle this
perturbation with our method by using the expression with
the Fourier transform (39), obtaining (for the only non trivial
coefficients)

βnm�
nm� (−∞,∞) ≈ ε

√
π

(kxn )2 − (kym)2

4ω0
nm�

τ

×
[
e−(Ω−2ω0

nm�)
2τ 2/4 − e−(Ω+2ω0

nm�)
2τ 2/4

]
.

(54)

Equation (54) exactly reproduces, through a very simple
calculation (just a trivial eigenvalue problem and a trivial
Fourier transform), the relation found in [42] (equation 2.21).
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When Ω � 2ω0
nm�, it reproduces the resonance behaviour

for the range of durations 1/Ω  τ  1/|Ω − 2ω0
nm�|, as

discussed in Appendix E.1.
We can obtain some further conclusions on this sim-

ple model. For example, it is straightforward to check that
imposing Neumann vanishing boundary conditions leads
to the same results. One would need to temporarily intro-
duce a small rest mass term Δm in the field equation, in
order to dodge the presence of a zero-frequency mode, as
described in Appendix B; but it is easy to check that taking the
limit Δm → 0 after solving the problem is in this case triv-
ially well defined. Also, we can discuss what happens if we
include the cross-polarisation in the metric. This polarisation
would add a term proportional to ∂x∂y in the operator in (48).
By using the expressions (44–46), it is easy to check that this
does not contribute to any Bogoliubov coefficient. Therefore,
for waves coming perpendicular to any of the faces, the field
is sensitive only to the polarisation which is aligned with the
other faces. Again by using those expressions, it would not be
difficult to even consider a wave propagating in an arbitrary
direction, by applying the corresponding rotation matrices
with the Euler angles to the metric, but for brevity we will
not approach this problem here. In future publications [44],
the authors will apply the method introduced in this article to
study in detail the resonance properties of this and other mod-
els of trapping cavities, in what will be a fruitful application
of the method to the study of gravitational wave detection
with Bose-Einstein condensates.

5 Application to cosmological particle creation

In this section, we give an example of the application of the
method beyond the perturbative regime. In particular, we use
it to analyse a massive, minimally coupled Klein–Gordon
field in a one-dimensional FLRW flat spacetime. The line
element of this spacetime is given by

ds2 = −dt2 + a(t)2dx2. (55)

For the metric in (55), where hxx (t) = a(t)2, and for
ξ = F(t) = 0, the eigenvalue Eq. (14) takes the form10

[
− 1

a(t)2 ∂2
x + m2

]
Φ[t]

n (t) = (ω[t]
n )2Φ[t]

n (t). (56)

As it is customary [2,29], we consider the spatial dimen-
sion to be a 1-torus, for which purpose we introduce periodic
boundary conditions in space, so that Φ(x = 0) = Φ(x =
L), with L being the length of the torus. The solutions to (56),

10 As for the previous example in Sect. 4.1, we replace t̃ → t in the
notation.

with the normalisation in (15), are given by

Φ[t]
n (t) = 1√

2ω
[t]
n |a(t)|L

eiknx , n ∈ Z; (57)

where ω
[t]
n =

√
k2
n

a(t)2 + m2 and kn := 2πn
L . From (12) we

get q(t) = ȧ(t)/a(t). Computing (23) and (24) with the field
modes (57) we obtain

α̂nm(t) = 0; β̂nm(t) = 0, m �= −n;

β̂n(−n)(t) = − ȧ(t)m2

2a(t)(ω[t]
n )2

. (58)

Observe that if the scale factor is constant, then we obtain
β̂n(−n)(t) = 0 and the transformation is trivial. The transfor-
mation is also trivial when the scalar field is massless, which
agrees with the fact that particles are created in (1 + 1)-
dimensions only if a non-zero mass breaks the conformal
invariance [29].

With the result obtained in (58), the differential equa-
tion (28) written directly for the Bogoliubov coefficients
reads

α̇nm(t, t0) = e−2i
∫ t dt ′ω[t ′]

n β̂n(−n)(t)β(−n)m(t, t0)
∗,

β̇nm(t, t0) = e−2i
∫ t dt ′ω[t ′]

n β̂n(−n)(t)α(−n)m(t, t0)
∗. (59)

By replacing n → −n in the second equation, we realise
that the system of equations can be decoupled in indepen-
dent systems of two differential equations for each pair
{αnm, β(−n)m}. Moreover, since the equations are homoge-
neous and the initial conditions are αnm(t0, t0) = δnm and
βnm(t0, t0) = 0, only the systems for which m = n will have
a non-trivial evolution, while the rest of the coefficients will
all stay equal to zero. For the non-trivial systems, we can write
down the two first order differential equations more conve-
niently as the following second order differential equation
for αnn(t, t0):

α̈nn(t, t0) +
[

2i ω[t]
n −

˙̂
βn(−n)(t)

β̂n(−n)(t)

]
α̇nn(t, t0)

−β̂n(−n)(t)
2αnn(t, t0) = 0, (60)

with the initial conditions given by αnn(t0, t0) = 1 and
α̇nn(t0, t0) ∝ β(−n)n(t0, t0)∗ = 0. Once computed the
αnn(t, t0) coefficients, computing another integral would
give the β(−n)n(t, t0) coefficients. However, it is much eas-
ier to compute them (up to an unimportant phase) out of the
Bogoliubov identity

∑
m(|αnm |2 − |βnm |2) = 1, which in

this case simplifies to

|β(−n)n(t, t0)|2 = |αnn(t, t0)|2 − 1. (61)
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The mathematical results up to here are completely gen-
eral, there is no assumption made on the form of the scale
factor. As it was already discussed, the Bogoliubov coeffi-
cients computed will only have a clear physical interpretation
when they connect regions in which ∂t is a Killing field. We
already reproduce the known result [2,29] that in the prob-
lem considered there is never mode-mixing (the only non-
zero α’s are the diagonal ones), but only particle creation in
pairs of fully entangled particles with the same frequency
and equal but opposite momentum. Finally, we point out that
we could easily take the limit of an unconfined quantum field
(L → ∞) by simply replacing the role of the quantum num-
ber n by the wave number now raised to a continuum quantity,
kn → k ∈ R; and the discrete frequencies by the correspond-
ing dispersion relation, ω

[t]
n → ω[t](k).

5.1 A concrete example

To illustrate the previous general result, let us use it to com-
pute numerically the Bogoliubov coefficients for a well-
known toy model of cosmological expansion; in particu-
lar, the toy model appearing in [29, pp. 59–62], and which
was first proposed in [45]. In this model, the expansion is
explicitly written in terms of the conformal time η, defined
by dη/dt = 1/a(t). In this time, the scale factor is given by

a(η) = √A + B tanh(ρη), (62)

where A, B and ρ are constants. One can see that, in
the asymptotic past and future (η, t → ±∞), the space-
time approaches the Minkowskian flat spacetime. In [29]
the Bogoliubov coefficients between the asymptotic regions
αnn(∞,−∞) and β(−n)n(∞,−∞) are obtained analytically
by first solving the Klein-Gordon equation in conformal time
through separation of variables.

Unfortunately, for the given expression of a(η) we can-
not obtain an explicit analytic expression for a(t) (one could
expect this to happen, since the toy model is prepared ad hoc
to be solved in conformal time). Nonetheless, we can solve
this problem numerically using the differential equation (60)
that we have obtained. We first compute the functions appear-
ing in the coefficients of the equation, and finally solve the
differential equation itself. The asymptotic initial conditions
are αnn(−∞,−∞) = 1 and α̇nn(−∞,−∞) = 0. Being
trivially related by (61), it is equivalent to follow the evolution
of the α’s or the β’s. For convenience, we consider the second
ones, since they directly give the interesting result of particle
creation for the quantum field. In Fig. 2, we plot a graphic
with an example of numerical results for |β(−n)n(t,−∞)|2
for a concrete choice of the parameters in the problem, com-
paring them to the asymptotic values obtained analytically
in [29].

One can clearly see that the asymptotic values in [29] are
correctly reproduced. We also claim the attention about the

Fig. 2 Time evolution of |β(−n)n(t,−∞)|2 as obtained from numerical
computation (solid lines), and asymptotic values |β(−n)n(∞,−∞)|2 as
given in [29] (dashed lines). The mass of the field is m = 0.1, periodic
boundary conditions are imposed for a length of L = 1000, and the
parameters of a(η) are A = 2.5, B = 1.5 and ρ = 1

fact that, even if the intermediate values of the coefficients
cannot be assigned an immediate interpretation in terms of
particle creation, the evolution of the coefficients in time is
perfectly smooth and monotonically increasing, with a time
dependence qualitatively similar to that of the scale factor
itself. This “well-behaved” result is remarkable, and makes
us to suspect that those intermediate values may have some
physical meaning in terms of some sort of approximation,
although the discussion of this idea lies beyond the scope of
this article.

6 Summary and conclusions

We have developed a method for computing the evolution
of a confined quantum scalar field under general changes
of the spacetime metric, under the assumptions given in
Sect. 2.1. In order to keep track of the evolution of the field,
instead of solving the Klein-Gordon differential equation,
the method computes a time-dependent Bogoliubov trans-
formation between the bases of modes associated to differ-
ent spacelike hypersurfaces. It provides the way to obtain
the initial conditions of the basis of modes associated to
each spacelike hypersurface as an eigenvalue problem in that
hypersurface [Eq. (14)]. Once obtained these initial condi-
tions, the method provides a system of homogeneous first
order differential equations in time [Eq. (21) or (28)] for
the Bogoliubov transformation between the bases of modes
associated to different times. The coefficients of such sys-
tem of equations are computed out of the initial conditions
of the modes themselves [Eqs. (22–24)]. Finally, we can also
arrive to the formal generic solution of the system of equa-
tions [Eq. (25) or (29)]. In this article we have considered
the geometries without boundaries and those for which the
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boundaries remain static in some synchronous gauge, leaving
the case of “moving boundaries” for a second article.

The time-dependent Bogoliubov transformation obtained
with this method cannot, in general, be given a direct physi-
cal interpretation in terms of mode-mixing and particle cre-
ation phenomena, simply because the modes constructed for
each spacelike hypersurface do not correspond (in general)
to modes with well-defined frequency with respect to some
time, and therefore they do not yield a physically unambigu-
ous quantisation in terms of particles. However, if there is a
region of spacetime (long enough in time) in which the time
translation along the chosen time coordinate is a symme-
try,11 then automatically the modes as constructed with the
method correspond to modes with well-defined frequency in
that region. In such cases, the quantisation in these modes
has the adequate interpretation in terms of particles, and the
Bogoliubov transformation between two such regions has
also its usual physical meaning in terms of mode-mixing and
particle creation. In the regions where this is not the case,
the modes and Bogoliubov transformations constructed can
be considered just as an “integration tool” for computing the
physically meaningful cases, although their potential mean-
ing as some sort of approximation will be analysed in future
works.

We stress that the method is of general applicability, just
under the considered assumptions. However, as much as
we stress this generality, we should also emphasise that the
method proves to be of special practical use in the case of
small perturbations of the metric (or the boundary conditions,
within the next forthcoming article on the method) around
a static situation. For clarity, we number here the reasons of
this utility:

• The perturbations of the modes can be obtained out
of the eigenvalue Eq. (14) just with perturbation the-
ory to first order. In the same way, for computing the
quantities Δα̂(t̃) and Δβ̂(t̃) one should only keep the
first order in the perturbation, taking advantage of the
equivalence relation with respect to resonances described
in Appendix E.2 to further simplify the expressions
[Eqs. (42) and (43)]. Moreover, one can alternatively use
the expressions (44–46) to obtain the results directly from
the solutions to the corresponding static problem.

• There is no need to explicitly solve the differential equa-
tion (28) or to compute the exact transformation (29).
In (36) and (37) we can already see that, to first
order, there is just a resonance behaviour. Thus, writing
down the Fourier expansion of the perturbations Δα̂(t̃)
and Δβ̂(t̃) automatically gives which Bogoliubov coef-
ficients will stay to order ε (the order of the perturbation)

11 The requisite that F(t) = 0 to avoid negative eigenvalues must be
also satisfied. See Appendix B.

and which (if any) will grow linearly in time due to res-
onance, and at which rate. Alternatively, when it is pos-
sible one can also take the Fourier transform to find the
Bogoliubov coefficients between the asymptotic regions
using (38) and (39).

• Since the problem consist of a small perturbation of
order ε around a static situation, in which there would be
an exact notion of particles with well-defined frequency,
the indefiniteness in such a notion will stay to order ε.
Thus, for the modes which are in resonance (the inter-
esting ones), for which the Bogoliubov coefficients will
grow beyond the order ε, the physical interpretation in
terms of mode-mixing and particle creation is perfectly
valid.

• In Appendix E we prove that the result on resonances
is stable under small deviations from the resonant fre-
quency. We also verify that the resonances obtained are
the same regardless of which bases of modes to order ε

one uses to integrate the evolution, which further supports
that they are the physically meaningful result.

As an example of the application of the method, we have
considered the perturbation of a confined field by gravita-
tional waves in a realistic 3 + 1 dimensional background.
Through very simple calculations, we obtain the Bogoliubov
coefficients, which agree with those given in [42] for the same
problem, and further discuss the role of the boundary con-
ditions and the polarisation. The perturbative method could
also prove its utility in other problems which are now under
study, in which quantum systems are perturbed by small grav-
itational effects [16,46,47].

Finally, we have included an example of an application
of the method to cosmological particle creation. We have
obtained a differential equation that allows to compute the
Bogoliubov coefficients for any one-dimensional FLRW flat
spacetime, and applied this differential equation to an already
known toy model of cosmological expansion, reproducing
the correct results for the Bogoliubov coefficients between
the asymptotic regions. In this way, we checked that the
method can also be useful in problems beyond the pertur-
bative regime. Out of the results obtained for the toy model,
we highlight the smooth and monotonic behaviour in time
of the Bogoliubov coefficients computed, even when they do
not necessarily have an immediate physical interpretation.
As we already mentioned, we leave for future work the anal-
ysis of the possible meaning of those values as some sort of
approximation. We also leave for future work potential new
applications of the integration method introduced in this arti-
cle to other cosmological scenarios, as well as further appli-
cations in other problems in quantum field theory in curved
spacetime.
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Appendix A Discussion on the conditions for the
method

In this Appendix we provide some further discussion on the
conditions A, B and C introduced in Sect. 2.1.

Condition A reflects the fact that the method applies only
for confined fields. It plays its role in ensuring that the oper-
ator Ô(t) in (10) has a discrete spectrum, something crucial
for the matrix formalism that we employ. In some situations
(such as the example we give in Sect. 5), it might be possi-
ble to obtain results for unconfined fields by taking the limit
of some typical length of the confinement region going to
infinity after solving the problem [2,29]. However, in most

of the situations this limit may not be well defined, or may
not commute with a limit previously taken when solving the
problem, such as a late time limit.

Condition B is introduced to ensure that the Cauchy prob-
lem for the scalar field is well posed, so that we can relate
one-to-one initial conditions and solutions. Notice that this
condition amounts to the predictability of the behaviour of the
field in the given geometry. The aim of the method presented
in this article is not to prove such predictability, but rather to
compute the evolution of the field, for which it is reasonable
to assume the predictability as given. If M has no boundaries,
then condition B is automatically ensured by the well-known
theorems on existence and uniqueness of global solutions to
partial differential equations. Unfortunately, there is to our
knowledge no extension of these theorems in the presence
of timelike boundaries. For Dirichlet boundary conditions, a
proof of local well-posedness of the Cauchy problem for the
Klein-Gordon equation is given in [48] (where the authors
consider the uniform Lopatinski boundary condition, which
includes Dirichlet as a specific case). Global well-posedness
has been proven for the Dirac equation under MIT-boundary
conditions, which are the analogous to Neumann boundary
conditions for a scalar field [49]. In the case of Robin bound-
ary conditions, global well-posedness is proven in [50] for
the Klein–Gordon equation in static spacetimes of bounded
geometry (for a wider class of boundary conditions including
the Robin case). It is probable that global well-posedness of
the Cauchy problem for the Klein–Gordon equation can be
proven for the boundary conditions considered in this article
as an extension of the results cited, but approaching such task
is not in the aim of the present work, which goals are mainly
computational. Therefore, lacking (so far) definitive theo-
rems, we prefer to explicitly impose global well-posedness
as a requisite. Nonetheless, we strongly believe that it will be
satisfied, in the worst case, except for too stilted geometries,
most probably without any physical interest.

Condition C, which may seem unmotivated, is crucial for
being able to write the Klein–Gordon equation as in (11),
with all the spatial derivatives collected in the self-adjoint
operator Ô(t). Without this, the construction of the bases of
modes and the time-dependent Bogoliubov transformation
would not be possible, at least in the form we provide it. The
existence of a gauge in which the crossed time-space terms in
the metric cancel is guaranteed by the global hyperbolicity,
with or without boundaries [37]. In most of the cases of phys-
ical interest, it should be also possible to make the lapse func-
tion −gtt equal to one globally. In any case, this is always pos-
sible locally, so even if no global synchronous gauge exists,
one may still apply the method “by segments”. However, we
cannot provide a general recipe on how to approach the joint
of the results of the different segments.
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Appendix B Function F(t), exponential time
dependence and zero-frequency modes

The quantity F(t) has been introduced in the operator Ô(t)
in (10) for a purely technical reason; namely, in order to
have a positive-definite operator, so that all the eigenvalues
obtained from the Eq. (14) are positive, something necessary
for the construction of bases of modes and the computation of
Bogoliubov coefficients to hold as it has been exposed. Since,
while there is no timelike Killing field, the construction of
bases and Bogoliubov transformations is purely instrumen-
tal, there is no need to further discuss the role of F(t) in such
case. However, when stating the properties of the bases con-
structed in Sect. 3.1, in property II, together with ∂t being a
timelike Killing field in a region of spacetime, we require also
that F(t) = 0 in such region so that the modes constructed are
modes with well-defined frequency (and we prove that this
is the case). We can better understand this requisite, and in
general the role of F(t), if we analyse what happens when ∂t
is a timelike Killing field but F(t) > 0. There are two possi-
bilities:

• F(t) must take some finite positive value, so that the oper-
ator Ô(t) is positive definite as required. If we insisted in
setting F(t) = 0, we would obtain an operator with some
negative eigenvalues. This would imply the existence of

imaginary values for the quantities ω
[t̃]
n obtained from

the eigenvalue Eq. (14). It is not difficult to check that in
such case there exist fundamental solutions of the Klein-
Gordon equation that have an exponential dependence

on t , by considering equation (17) with imaginary ω
[t̃]
n .12

Under this circumstance, it is not possible to proceed to
the Fock quantisation of the field, even under the exis-
tence of a timelike Killing field. However, the method
can still keep track of the evolution of the field in that
region, if not for quantising it. By introducing the positive
function F(t), we build bases of solutions associated to
each hypersurface, although none of these solutions cor-
respond to the fundamental solutions with exponential
behaviour. They are just bases of solutions as instrumen-
tal as in the cases in which there is no timelike Killing
field. But, precisely because they are not fundamental
solutions, the Bogoliubov transformations between these
different basis, obtained from the dynamics of the field,
are not trivial, since F(t) is present in (23) and (24). In
other words, the exponential behaviour that is “artificially
dropped” from the modes by the introduction of F(t) is
picked back and reproduced by the Bogoliubov transfor-
mation between them.

12 This situation should not be confused with the necessary presence
of superradiance. See the Appendix in [28], or [51].

• F(t) could be made arbitrarily small, but not zero, in
order for the operator Ô(t) to be positive definite. In
this case, setting F(t) = 0 would yield a positive semi-
definite operator, which implies the existence of a fun-
damental zero-frequency mode. If one is not interested
in the quantisation of the field in the region, one can
proceed by giving F(t) some fixed value and compute
the corresponding Bogoliubov coefficients. However, if
one wishes to attempt quantisation in such region, one
could instead add a small increment to the rest mass Δm,
so that the operator Ô(t) is positive definite even with
F(t) = 0. Yet, after solving the problem one should take
the limit Δm → 0 in order to recover the original field.
This limit might not be trivial, and the method cannot
give an a priori prescription on how to take it. Even so,
in Sect. 4.1 we give an example where this procedure
proves to be successful in a trivial way. Notice however,
that this difficulty with a zero-frequency mode is intrinsic
to the field properties and not peculiar to the method.

We can identify some circumstances in which one can
always set F(t) = 0 and forget about the quantity. In partic-
ular, let us consider the important case of a minimally cou-
pled field (ξ = 0). In such case, non-zero rest mass and/or
Dirichlet boundary conditions or Robin boundary conditions
with γ > 0 [52] automatically make the operator Ô(t) to
be positive definite; while for massless fields without bound-
aries or with Neumann boundary conditions the operator is
positive semidefinite and could be handled with the proce-
dure described in the second point above.

Appendix C Completeness and orthonormality of the
bases of modes

Let us prove that the set {Φ[t̃]
n , (Φ

[t̃]
n )∗} constructed in

Sect. 3.1 is a complete basis of the space of solutions to the
Klein-Gordon equation which satisfy the possible boundary
conditions. Because of condition B and the linearity of the
Klein–Gordon equation, it is equivalent to prove that the set
formed by the initial conditions for each mode in that set
at Σt̃ is itself a basis of the space of initial conditions at Σt̃ .
If we recall (16), this set of initial conditions of the modes is
given by the following set of pairs of values of the field and
of its first time derivative at Σt̃ , (Φ(t̃), ∂tΦ(t)|t=t̃ ):

{(Φ[t̃]
n (t̃),−iω[t̃]

n Φ[t̃]
n (t̃)), (Φ[t̃]

n (t̃)∗, iω[t̃]
n Φ[t̃]

n (t̃)∗)}. (C.1)

It is clear that the space of initial conditions at Σt̃ [pairs of
functions (Φ(t̃), ∂tΦ(t)|t=t̃ )] is L2(Σt̃ ) ⊕ L2(Σt̃ ). We will
prove in short that the set in (C.1) is indeed a basis of such
space. However, we also need to ensure that the elements
in the basis satisfy the possible boundary conditions at ∂Σt̃
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compatible with the boundary conditions in ∂M , when they
exist. For the first component of the elements in (C.1) (the
evaluation of the mode at Σt̃ ), this compatibility means being
in Γt̃ , since this is the definition of such subspace [together
with the smoothness condition that simply picks up a repre-
sentative function of the vector in the Hilbert space L2(Σt̃ )].
Such condition is clearly satisfied. Let us consider the second
component of the elements in (C.1) (the time derivative of
the mode at Σt̃ ). If we take the total time derivative of any of
the boundary conditions in (2–4) along the boundary, since
the boundary itself remains static, we will easily find that
the same boundary condition that applies to Φ(t) must apply
also to ∂tΦ(t). Therefore, we have that the second component
of the elements in (C.1) must also belong to Γt̃ , something
which is also clearly satisfied.

Observe that the fact that both the evaluation of the mode
and of its first time derivative at some Cauchy hypersur-
face Σt̃ satisfy the same boundary conditions is what allows
for the construction of the modes as it has been done in this
article [that is, imposing equation (16)]. This construction
was therefore feasible thanks to the condition that the bound-
aries shall remain static in the synchronous gauge considered.
If this is not the case and the boundaries are not parallel to
the time flow ∂t , the boundary conditions at ∂M as given
in (2–4) (or their derivatives along the boundary itself) mix
spatial and time derivatives of the mode in the same equa-
tion, and the construction of initial conditions as presented
in this article cannot be done any more. This is the situation
that we will consider in the second forthcoming article on
the method.13

Finally, let us prove that the set (C.1) is a basis of L2(Σt̃ )⊕
L2(Σt̃ ). For convenience, we temporarily simplify the nota-

tion for the functions and eigenvalues by replacing Φ
[t̃ ]
n (t̃) →

Φn and ω
[t̃]
n → ωn . We notice first that clearly both sets of

eigenvectors {Φn} and {Φ∗
n } are complete bases of L2(Σt̃ ).

14

This means that the modes of the second basis can be
expanded in the first basis with unique coefficients:

Φ∗
n =

∑
m

pnmΦm; (C.2)

where

pnm �= 0 ⇔ ωn = ωm (C.3)

since the subspaces generated by eigenfunctions of the same
operator with different eigenvalues are orthogonal, and pnm

13 We can see at this point why, if we promote the boundary parameter γ

of Robin boundary conditions to a function, a possibility given below
equation (9), such function must be time independent. Otherwise, the
boundary conditions applying to the field and to its time derivative
would also be different.
14 Here L2(Σt̃ ) must be understood of course as a Hilbert space, that
is, the space of square integrable functions modulo differences in a set
of measure 0.

is clearly invertible. Also, any two arbitrary functions ΦA

and ΦB in L2(Σt̃ ) can be expanded in the basis {Φn} with
unique coefficients:

ΦA =
∑
n

anΦn, ΦB =
∑
n

bnΦn . (C.4)

Using the expansions in (C.2) and (C.4) we will prove
that the generic pair (ΦA, ΦB) ∈ L2(Σt̃ )⊕ L2(Σt̃ ), that is, a
generic initial condition, can be expanded in the set of pairs
in (C.1) with unique coefficients, which proves that such set
is a basis of the space of initial conditions. If we write

(ΦA, ΦB) =
∑
n

[
cn(Φn,−iωnΦn) + dn(Φ

∗
n , iωnΦ

∗
n )
]
,

(C.5)

comparing each component with (C.4) and using (C.2) we
obtain the following set of equations:

cm +
∑
n

pnmdn = am, (C.6)

ωmcm −
∑
n

pnmωndn = ibm . (C.7)

Multiplying (C.6) by ωm and subtracting both equations, we
arrive at

∑
n

pnm(ωn + ωm)dn = ωmam − ibm

⇔
∑
n

pnmdn = 1

2

(
am − i

bm
ωm

)
, (C.8)

where for obtaining the last equation we have used (C.3).
Since pnm is invertible, the coefficients dn exist and are
unique. Using (C.6) we also obtain unique coefficients cn .
This completes the proof.

With respect to the orthonormal character of the bases,
using the initial conditions and the normalisation given
in (15) one can easily compute the Klein-Gordon inner prod-
uct (5) between any two modes of the basis, obtaining:

〈Φ[t̃]
n , Φ[t̃]

m 〉 = (ω[t̃]
n + ω[t̃]

m )

∫
Σt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m (t̃)∗

= δnm, (C.9)

〈Φ[t̃]
n , (Φ[t̃]

m )∗〉 = (ω[t̃]
n − ω[t̃]

m )

∫
Σt̃

dVt̃ Φ[t̃]
n (t̃)Φ[t̃]

m (t̃)

= 0, (C.10)

〈(Φ[t̃]
n )∗, (Φ[t̃]

m )∗〉 = −(ω[t̃]
n + ω[t̃]

m )

∫
Σt̃

dVt̃ Φ[t̃]
n (t̃)∗Φ[t̃]

m (t̃)

= −δnm; (C.11)

where in (C.10) we have used that the integral is non-zero
only when the eigenvalues coincide. Therefore, we have
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proven the completeness and orthonormality of the bases of
modes that we are constructing for each hypersurface.

Appendix D Calculations on Bogoliubov
transformations

Appendix D.1 Detailed calculation of the main result

We consider the Bogoliubov transformation between the
modes associated with Σt̃0 and with Σt̃+Δt̃ . By composition
of Bogoliubov transformations, we have that

U (t̃ + Δt̃, t̃0) = U (t̃ + Δt̃, t̃)U (t̃, t̃0). (D.12)

With the help of this relation, we will find the differential
equation in time (21) for U (t̃, t̃0). If we differentiate, we get

d

dt̃
U (t̃, t̃0) = d

d(Δt̃)
U (t̃ + Δt̃, t̃0)

∣∣∣∣
Δt̃=0

= d

d(Δt̃)
U (t̃ + Δt̃, t̃)

∣∣∣∣
Δt̃=0

U (t̃, t̃0). (D.13)

Now we will compute the first factor on the r.h.s. Let us write
explicitly the matrix elements of this factor:

d

d(Δt̃)
αnm(t̃ + Δt̃, t̃)

∣∣∣∣
Δt̃=0

= −i
d

d(Δt̃)

∫
Σt̃

dVt̃
[
Φ[t̃+Δt̃]

n (t̃) ∂tΦ
[t̃]
m (t)∗

∣∣∣
t=t̃

−Φ[t̃]
m (t̃)∗ ∂tΦ

[t̃+Δt̃]
n (t)

∣∣∣
t=t̃

]∣∣∣
Δt̃=0

, (D.14)

d

d(Δt̃)
βnm(t̃ + Δt̃, t̃)

∣∣∣∣
Δt̃=0

= i
d

d(Δt̃)

∫
Σt̃

dVt̃
[
Φ[t̃+Δt̃]

n (t̃) ∂tΦ
[t̃]
m (t)

∣∣∣
t=t̃

−Φ[t̃]
m (t̃) ∂tΦ

[t̃+Δt̃]
n (t)

∣∣∣
t=t̃

]∣∣∣
Δt̃=0

. (D.15)

We need to compute the derivative with respect to Δt̃ of
the quantities inside the integrals. For that, we use the local
evolution in time around t̃ + Δt̃ (and to first order in Δt̃)
of Φ

[t̃+Δt̃]
n (t), which is given by (16); and of ∂tΦ

[t̃+Δt̃]
n (t),

which we will obtain through the Klein-Gordon equation.
Notice that conditions (14) and (16), when replaced in the
Klein-Gordon equation as written in (11) and evaluated at t =
t̃ , imply that

∂2
t Φ[t̃]

n (t)
∣∣∣
t=t̃

= iω[t̃]
n

[
iω[t̃]

n + q(t̃)
]
Φ[t̃]

n (t̃)

− [ξ R̄(t̃) − F(t̃)]Φ[t̃]
n (t̃). (D.16)

That is, out of the initial conditions, the Klein-Gordon equa-

tion provides the value of the second time derivative ofΦ[t̃ ]
n (t)

at t = t̃ [and only at t = t̃ , Eq. (D.16) is evidently not a dif-
ferential equation in time].

Because of relations (16) and (D.16) (replacing t̃ → t̃ +
Δt̃), we have that

Φ[t̃+Δt̃]
n (t̃) = Φ[t̃+Δt̃]

n (t̃ + Δt̃) − Δt̃ ∂tΦ
[t̃+Δt̃]
n (t)

∣∣∣
t=t̃+Δt̃

+ O(Δt̃)2 = Φ[t̃+Δt̃]
n (t̃ + Δt̃)(

1 + iω[t̃]
n Δt̃

)
+ O(Δt̃)2, (D.17)

∂tΦ
[t̃+Δt̃]
n (t)

∣∣∣
t=t̃

= ∂tΦ
[t̃+Δt̃]
n (t)

∣∣∣
t=t̃+Δt̃

− Δt̃ ∂2
t Φ[t̃+Δt̃]

n (t)
∣∣∣
t=t̃+Δt̃

+ O(Δt̃)2

= −iω[t̃+Δt̃]
n Φ[t̃+Δt̃]

n (t̃ + Δt̃)
{

1 +
[
iω[t̃]

n + q(t̃)
]
Δt̃
}

+ Φ[t̃]
n (t̃)[ξ R̄(t̃) − F(t̃)]Δt̃ + O(Δt̃)2. (D.18)

This is the local evolution of the needed quantities to first
order in Δt̃ , and therefore we are ready to compute the deriva-
tives in (D.14) and (D.15). If we plug (D.17) and (D.18)
into (D.14) and (D.15), we get, with some manipulation,

d

d(Δt̃)
αnm(t̃ + Δt̃, t̃)

∣∣∣∣
Δt̃=0

= iω[t̃]
n δnm + α̂nm(t̃), (D.19)

d

d(Δt̃)
βnm(t̃ + Δt̃, t̃)

∣∣∣∣
Δt̃=0

= β̂nm(t̃); (D.20)

where the quantities are those defined in (23) and (24). This
completes the proof of equation (21).

Appendix D.2 Bogoliubov identity checking

Any Bogoliubov transformation B [written in matrix notation
as in (20)] must satisfy the following identity:

B−1 = J B† J, J :=
(
I

−I

)
. (D.21)

The Bogoliubov transformations that we have found in (25)
and (29) both have the form B = eD (the temporal ordering
only affects the limits of the integrals and clearly does not
play any role). In such a case, noticing that J is invertible,
the condition (D.21) implies the following condition for D:

e−D = JeD
†
J = eJ D

† J ⇔ D = −J D† J. (D.22)

Thus, noticing that Ω(t̃), Θ(t̃) and A(t̃) are diagonal, it is
clear that both U (t̃, t̃0) and Q(t̃, t̃0) will satisfy the Bogoli-
ubov identity (D.21) if and only if identity (D.22) is satisfied
for D = K (t̃). This condition is equivalent to the relations

α̂nm(t̃) = −α̂mn(t̃)
∗, β̂nm(t̃) = β̂mn(t̃). (D.23)

Let us prove these relations by taking the derivative with
respect to t̃ of the inner products given in (C.9) and (C.10).
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Since these inner products are constant, with some manipu-
lation we have that

0 = d

dt̃
〈Φ[t̃]

n , Φ
[t̃]
m 〉 = δnm

ω
[t̃]
n

dω
[t̃]
n

dt̃

+ (ω
[t̃]
m + ω

[t̃]
n )

∫
Σt̃

dVt̃

{[
d

dt̃
Φ

[t̃]
n (t̃)

]
Φ

[t̃]
m (t̃)∗

+ Φ
[t̃]
n (t̃)

[
d

dt̃
Φ

[t̃]
m (t̃)∗

]
+ Φ

[t̃]
n (t̃)q(t̃)Φ[t̃]

m (t̃)∗
}
, (D.24)

0 = d

dt̃
〈Φ[t̃]

n , (Φ
[t̃]
m )∗〉 =

(
dω

[t̃]
m

dt̃
− dω

[t̃]
n

dt̃

)∫
Σt̃

dVt̃ Φ
[t̃]
n (t̃)Φ[t̃]

m (t̃)

+ (ω
[t̃]
m − ω

[t̃]
n )

∫
Σt̃

dVt̃

{[
d

dt̃
Φ

[t̃]
n (t̃)

]
Φ

[t̃]
m (t̃)

+ Φ
[t̃]
n (t̃)

[
d

dt̃
Φ

[t̃]
m (t̃)

]
+ Φ

[t̃]
n (t̃)q(t̃)Φ[t̃]

m (t̃)

}
. (D.25)

The last term in each expression appears due to the deriva-
tive of dVt̃ =

√
h(t̃)

∏
i dxi [and using (12)]. Compar-

ing the identities (D.24) and (D.25) with the expressions
in (23) and (24) it is straightforward to check that the rela-
tions in (D.23) hold, and thus the transformations satisfy the
Bogoliubov identity (D.21).

Appendix E Robustness of the results on resonances

Appendix E.1 Stability under small deviations in the
frequency

Let us check that resonances still occur when the perturba-
tion frequency slightly deviates from the exact resonant fre-
quency. Consider that a perturbation contains a frequency ωp,

so that for some pair of modes we get Δα̂nm(t̃) = Ceiωp t̃ ,
with C constant. Consider now that this frequency is very
close to the resonant frequency ω0

n −ω0
m for the α-coefficient

between this pair of modes, so that ωp = ω0
n − ω0

m + Δω,
with |Δω| ≪ |ω0

n − ω0
m |. From (36) we have that

αnm(t̃f , t̃0) ≈ εC
∫ t̃f

t̃0
dt̃ eiΔωt̃

= εC
2

Δω
sin

[
Δω

2
(t̃f − t̃0)

]
eiϕ ≈ εC(t̃f − t̃0)e

iϕ,

(E.26)

where ϕ := Δω(t̃f + t̃0)/2 is an irrelevant phase, and we
have also assumed that t̃f − t̃0  1/|Δω|. Since we also
need that t̃f − t̃0 � 1/|ω0

n − ω0
m | for the resonance to

take place, this means that, as far as the frequency is suf-
ficiently close to the resonant one, there is a wide window of
time between 1/|ω0

n − ω0
m | and 1/|Δω| in which resonance

occurs. Analogous arguments apply to the resonance for the
β-coefficients.

Appendix E.2 Invariance under small changes in the basis
of modes

In the perturbative regime, the modes with physical inter-
pretation, those that can be used for quantisation, are the
resonance modes of the static configuration; that is, the static
solutions Φ0

n . The only physically meaningful effect that can
be described are the resonances between them, since any-
thing else remains as tiny as the perturbation, and therefore
as tiny as the degree of arbitrariness in the choice of the solu-
tions to order ε that we use to keep track of the evolution.
Here, we prove that the results on resonances do not depend
on the concrete perturbed bases used to integrate the evolu-
tion of the field (as far as they are bases of solutions correctly
computed to order ε).

Consider that, instead of the bases {Φ[t̃]
n (t),Φ[t̃]

n (t)∗}, we

used some other bases of solutions {1χ
[t̃]
n (t),2 χ

[t̃]
n (t)} which

differ just by order ε of the original ones (notice that we do
not even require that “half” of the modes are the complex
conjugate of the others). Since both are complete bases of
solutions, they have to be related by

⎛
⎜⎜⎜⎝

1χ
[t̃]
1 (t)
. . .

2χ
[t̃]
1 (t)
. . .

⎞
⎟⎟⎟⎠ = [I + εT (t̃)]

⎛
⎜⎜⎜⎝

Φ
[t̃]
1 (t)
. . .

Φ
[t̃]
1 (t)∗
. . .

⎞
⎟⎟⎟⎠ , (E.27)

where T (t̃) can be any time-dependent matrix that remains
O(1) in ε. If we call V (t̃, t̃0) the transformation between the
new bases at different times, it is clear that it will be related
to the U (t̃, t̃0), which transforms the original bases, by

V (t̃, t̃0) = [I + εT (t̃)]U (t̃, t̃0)[I − εT (t̃0)]. (E.28)

Consider now the differential equation (21). Taking into
account that K (t̃) has no zeroth order terms in ε, the corre-
sponding differential equation for V (t̃, t̃0) correct to order ε

will be

d

dt̃
V (t̃, t̃0) =

{
iΩ(t̃) + K (t̃)

+ ε

[
d

dt̃
T (t̃) + i

(
T (t̃)Ω0 − Ω0T (t̃)

)]}
V (t̃, t̃0),

(E.29)

with Ω0 := Ω(t̃)|ε=0 = diag(ω0
1, ω

0
2, . . . ,−ω0

1,−ω0
2, . . .).

One can see that, in principle, there is a non-zero con-
tribution to the differential equation due to the change of
bases. Let us now write down the matrix T (t̃) in the block
form

T (t̃) :=
(
X (t̃) Y (t̃)
Z(t̃) W (t̃)

)
. (E.30)
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This is just for notational purposes, there is no need
that the coefficients satisfy any relation. We consider for
example the coefficient Xnm(t̃), which would contribute to
the quantity Δα̂nm(t̃) in the new transformation with the
amount

d

dt̃
Xnm(t̃) − i(ω0

n − ω0
m)Xnm(t̃), (E.31)

as one can read out of the new contribution appearing in
(E.29). Consider now that the coefficient Xnm(t̃) contains
some frequency ωT , so that Xnm(t̃) = CeiωT t̃ , with C con-
stant. Then the contribution reads

iC(ωT − ω0
n + ω0

m)eiωT t̃ . (E.32)

Finally, when computing the corresponding Bogoliubov
coefficient between two different times αnm(t̃, t̃0) using (36),
the extra contribution due to the change of bases will
be

iεC(ωT − ω0
n + ω0

m)

∫ t̃f

t̃0
dt̃ ei(ωT −ω0

n+ω0
m )t̃

= εC
[
ei(ωT −ω0

n+ω0
m )t̃f − ei(ωT −ω0

n+ω0
m )t̃0
]
, (E.33)

which remains O(ε) at any time, and therefore does not con-
tribute to the resonances. If we had considered the Bogoli-
ubov coefficient as given by the Fourier transform in (38), the
conclusion is even more obvious, since the Fourier transform
of (E.31) identically vanishes when evaluated at ω0

n − ω0
m .

Analogous arguments apply to the other entries of the trans-
formation.

Notice that, if the transformation I + εT (t̃) is not a
Bogoliubov transformation to order ε, then the Bogoliubov
coefficients obtained will not fulfil the Bogoliubov iden-
tities to order ε. This happens because the bases of per-
turbed solutions used in this case are not orthonormal to
order ε. However, this is completely irrelevant, since these
bases are just an intermediate mathematical tool to correctly
compute the evolution. The modes in the bases need to be
correct solutions to order ε and coincide with the static
solutions to zeroth order, nothing else. The final Bogoli-
ubov transformation should not be interpreted physically
to order ε, but only beyond it; that is, only for the res-
onances, which as we have proven remain the same, no
matter which transformation (to order ε) is done to the
bases.

It is straightforward to connect the computation done
in this Appendix to the claim done in Sect. 4, which
states that the quantities of the form in (40) appearing
in Δα̂nm(t̃) [respectively of the form in (41) in Δβ̂nm(t̃)]
will not contribute to the resonances: As one can see
from (E.31), adding or subtracting these quantities is equiv-
alent to an irrelevant change in the choice of bases to
order ε.

Appendix E.3 Further simplification of the expressions

Let us obtain expressions (44–46) from (38) and (39). First,
we write the operator Ô(t̃) to first order in ε as

Ô(t̃) ≈ Ô0 + εΔÔ(t̃). (E.34)

Zeroth and first orders in ε of equation (14) then read, respec-
tively,

Ô0Φ0
n = (ω0

n)
2Φ0

n , (E.35)

Ô0ΔΦ[t̃]
n (t̃) + ΔÔ(t̃)Φ0

n = (ω0
n)

2ΔΦ[t̃]
n (t̃) + 2ω0

nΔω[t̃]
n Φ0

n .

(E.36)

Using these two expressions and the fact that Ô0 is self-
adjoint, we can write

(ω0
m)2

∫
Σ0

dV 0 ΔΦ[t̃]
n (t̃)(Φ0

m)∗

=
∫

Σ0
dV 0 ΔΦ[t̃]

n (t̃)[Ô0(Φ0
m)∗]

=
∫

Σ0
dV 0 [Ô0ΔΦ[t̃]

n (t̃)](Φ0
m)∗

= −
∫

Σ0
dV 0 [ΔÔ(t̃)Φ0

n ](Φ0
m)∗

+ (ω0
n)

2
∫

Σ0
dV 0 ΔΦ[t̃]

n (t̃)(Φ0
m)∗ + Δω[t̃]

n δnm;
(E.37)

which implies

i[(ω0
n)

2 − (ω0
m)2]

∫
Σ0

dV 0 ΔΦ[t̃]
n (t̃)(Φ0

m)∗ + iΔω[t̃]
n δnm

= i
∫

Σ0
dV 0 [ΔÔ(t̃)Φ0

n ](Φ0
m)∗. (E.38)

Finally, we notice that, because of the equivalence relation
with respect to resonances, any diagonal term in Δα̂nm(t̃) is
always meaningless. We can thus ignore the second term in
the l.h.s., obtaining (44) and (46) for Δα̂nm(t̃). An identical
derivation with the replacement (Φ0

m)∗ → Φ0
m yields (45)

for Δβ̂nm(t̃), in which case the diagonal terms are rele-
vant.
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Appendix F Summary of formulae for the application
of the method

In this Appendix, we provide Tables 1 and 2 with all the
formulae necessary in order to apply the method to a concrete
problem. As we indicated in the examples in Sects. 4.1 and
5, once the expressions for the method have been found,

there is no need to consider the explicit evolution in time
of the modes constructed any more. Therefore, the notation
for the “time label” of the different modes can be simplified
replacing t̃ → t . In the tables we use this simplification.

Table 1 Summary of formulae for the application of the method (part 1)

Computation of modes and eigenvalues

Eigenvalue equation (14) Ô(t)Φ[t]
n (t) = (ω[t]

n )2Φ[t]
n (t);

with the operator (10)
Ô(t) = − ∇2

h(t) + ξ Rh(t) + m2 + F(t),

with F(t) such that Ô(t) is positive definite;

(possibly) boundary conditions (7–9)

Φ[t]
n (t, x) = 0, x ∈ ∂Σt (Dirichlet),

n · ∇h(t)Φ
[t]
n (t, x) = 0, x ∈ ∂Σt (Neumann),

n · ∇h(t)Φ
[t]
n (t, x) + γΦ[t]

n (t, x) = 0, x ∈ ∂Σt (Robin);
and orthonormalisation condition (15)

∫
Σt

dVt Φ[t]
n (t)Φ[t]

m (t)∗ = δnm

2ω
[t]
n

.

Non-perturbative regime

Quantities α̂ and β̂ (23, 24)

α̂nm(t) = (ω[t]
m + ω[t]

n )

∫
Σt

dVt

[
d

dt
Φ[t]

n (t)

]
Φ[t]

m (t)∗

+
∫

Σt

dVt Φ[t]
n (t)

[
ω[t]
n q(t) + iξ R̄(t)

]
Φ[t]

m (t)∗

+ δnm

2ω
[t]
n

[
dω

[t]
n

dt
− iF(t)

]
,

β̂nm(t) = (ω[t]
m − ω[t]

n )

∫
Σt

dVt

[
d

dt
Φ[t]

n (t)

]
Φ[t]

m (t)

−
∫

Σt

dVt Φ[t]
n (t)

[
ω[t]
n q(t) + iξ R̄(t)

]
Φ[t]

m (t)

−
[

dω
[t]
n

dt
− iF(t)

]∫
Σt

dVt Φ[t]
n (t)Φ[t]

m (t);

with (12, 13)
q(t) = ∂t log

√
h(t),

R̄(t) = 2∂t q(t) + q(t)2 − [∂t hi j (t)][∂t hi j (t)]/4.

Bogoliubov coefficients (with the trivial phase)

Differential equation (21)
d

dt
U (t, t0) = [iΩ(t) + K (t)]U (t, t0);

with (22)

Ω(t) = diag(ω
[t]
1 , ω

[t]
2 , . . . ,−ω

[t]
1 ,−ω

[t]
2 , . . .),

K (t) =
(

α̂(t) β̂(t)
β̂(t)∗ α̂(t)∗

)
.

Formal solution (25) U (tf , t0) = T exp

{∫ tf

t0
dt [iΩ(t) + K (t)]

}
.

Bogoliubov coefficients (without the trivial phase)

Differential equation (28)
d

dt
Q(t, t0) = Θ(t)∗ K̄ (t)Θ(t)Q(t, t0);

with (26)

Θ(t) = exp

{∫ t

dt ′[iΩ(t ′) + A(t ′)]
}

,

K̄ (t) = K (t) − A(t),

A(t) = diag(α̂11, α̂22, . . . ,−α̂11,−α̂22, . . .).

Formal solution (29) Q(tf , t0) = T exp

[∫ tf

t0
dt Θ(t)∗ K̄ (t)Θ(t)

]
.
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Table 2 Summary of formulae for the application of the method (part 2)

Quantities Δα̂ and Δβ̂ (Perturbative regime)

Using the modes computed to first order in ε (42, 43)

Δα̂nm(t) ≡ i[(ω0
n)

2 − (ω0
m)2]

∫
Σ0

dV 0 ΔΦ[t]
n (t)(Φ0

m)∗

+
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t) + iξΔR̄(t)

]
(Φ0

m)∗,

Δβ̂nm(t) ≡ − i[(ω0
n)

2 − (ω0
m)2]

∫
Σ0

dV 0 ΔΦ[t]
n (t)Φ0

m

−
∫

Σ0
dV 0 Φ0

n

[
ω0
nΔq(t) + iξΔR̄(t)

]
Φ0

m

− [2iω0
nΔω[t]

n − iΔF(t)]
∫

Σ0
dV 0 Φ0

nΦ0
m .

Using the modes solution to the static problem (44, 45)
Δα̂nm(t) ≡

∫
Σ0

dV 0 [Δ̂(t)Φ0
n ](Φ0

m)∗,

Δβ̂nm(t) ≡ −
∫

Σ0
dV 0 [Δ̂(t)Φ0

n ]Φ0
m;

with (46, E.34)
Δ̂(t)Φ0

n =
[
iΔÔ(t) + ω0

nΔq(t) + iξΔR̄(t) − iΔF(t)
]
Φ0

n ,

ΔÔ(t) = ∂εÔ(t)|ε=0.

Bogoliubov coefficients (perturbative regime)

Explicit time evolution (resonances) (36, 37)

αnn(tf , t0) ≈ 1;
αnm(tf , t0) ≈ ε

∫ tf

t0
dt e−i(ω0

n−ω0
m )tΔα̂nm(t), n �= m;

βnm(tf , t0) ≈ ε

∫ tf

t0
dt e−i(ω0

n+ω0
m )tΔβ̂nm(t).

Asymptotic values using Fourier transforms (38, 39)

αnn(−∞,∞) ≈ 1;
αnm(−∞,∞) ≈ ε

√
2π F[Δα̂nm ](ω0

n − ω0
m), n �= m;

βnm(−∞,∞) ≈ ε
√

2π F[Δβ̂nm ](ω0
n + ω0

m).
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