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Abstract In this paper, we analyze static traversable worm-
holes via Noether symmetry technique in modified Gauss—
Bonnet f(G) theory of gravity (where G represents Gauss—
Bonnet term). We assume isotropic matter configuration and
spherically symmetric metric. We construct three f(G) mod-
els, i.e, linear, quadratic and exponential forms and examine
the consistency of these models. The traversable nature of
wormhole solutions is discussed via null energy bound of
the effective stress—energy tensor while physical behavior is
studied through standard energy bounds of isotropic fluid.
We also discuss the stability of these wormholes inside the
wormhole throat and conclude the presence of traversable
and physically stable wormholes for quadratic as well as
exponential f(G) models.

1 Introduction

The general theory of relativity (GR) not only incorporates
information about gravity and matter but also provides foun-
dation for the understanding of black holes and standard
big-bang model of cosmology. GR is the simplest relativis-
tic theory of gravity that is consistent with the experimental
data but still suffers from some unresolved issues like earlier
and current cosmic expansions. The favorable and optimistic
approach to unveil the salient features of these dark aspects
is to modify the gravity by introducing some extra degrees of
freedom in the Einstein—Hilbert action. These modifications
are formulated by replacing or adding curvature invariants
as well as their corresponding generic functions in Einstein—
Hilbert action referred as modified gravitational theories [1].

Recent observational facts of modern cosmology indicate
the current accelerated expansion of the universe. This expan-
sion occurs due to the strange force with fascinating anti-
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gravitational impacts, named as dark energy (DE). One of
the approaches to study the nature of DE is the modified the-
ories of gravity. Nojiri and Odintsov [2] proposed f(G) (G
represents Gauss—Bonnet (GB) invariant) gravity by includ-
ing higher-order correction terms. The inspiration of this the-
ory arises from the string theory at low energy scale which
efficiently helps to examine the late-time evolution of the cos-
mos. The GB invariant is quadratic in nature and is free from
spin-2 ghost instabilities acts as a four-dimensional topolog-
ical term which is the composition of the scalar curvature
(R), Ricci (Ryp) and Riemann tensors (Ryg,) defined as
G = R?> — 4Ry R%P + Ryp RYP1V.

This theory has a quite rich cosmological structure which
describes fascinating characteristics of early as well as late-
time cosmological evolution and is consistent with solar sys-
tem constraints. The GB invariant gives fascinating results
when either comprised of a scalar field or a general func-
tion f(G) is included in the Einstein—Hilbert action [3-5].
This theory provides a possibility to study the transformation
from non-phantom to phantom phase and from decelerated
to an accelerated region. It is observed that f(G) gravity well
describes the laws of thermodynamics and many other cos-
mological issues [6-9]. Sharif and Fatima [10] investigated
the spherical interior solutions of this gravity by applying
conformal Killing vectors corresponding to isotropic as well
as anisotropic fluid configurations and checked the physical
consistency via energy conditions.

Noether symmetry is recognized as the most efficient
method to investigate the analytic solutions that help to find
the conserved parameters of the field equations correspond-
ing to symmetry generators. Capozziello et al. [11] examined
the analytic solutions of static spherically symmetric space-
time for the power-law functional form of f(R) theory. The
same authors [12,13] extended this work for the non-static
case and obtained exact solutions for constant as well as vari-
able curvature scalar. Vakili [14] used this approach for flat
FRW model to discuss the current cosmic expansion through
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an effective equation of state (EoS) parameter in f(R) grav-
ity. Many researchers [15-20] investigated the current accel-
erated cosmic expansion through this approach in different
modified theories.

A wormhole (WH) is a hypothetical bridge or tunnel that
allows a smooth passing through different regions of space-
time. If hypothetical tunnel connects two regions of the same
spacetime then intra-universe WH is established whereas
inter-universe WH appears for two distinct spacetimes. The
existence of exotic matter (matter with negative energy den-
sity) encourages observer to move smoothly through tunnel
but its sufficient amount leads to controversial existence of a
realistic WH. Consequently, the only way to have a physically
viable WH model is to minimize the usage of exotic matter
in the tunnel. For any static configuration, the most crucial
problem is stability analysis which defines their behavior
against perturbations as well as enhances physical charac-
terization. A singularity free configuration identifies a stable
state which successfully prevents the WH to collapse while a
WH can also exist for quite a long time even if it is unstable
due to very slow decay.

The study of WH geometries has gained much atten-
tion in modified theories of gravity. In f(R) scenario, Lobo
and Oliveira [21] assumed distinct fluid distributions with
constant shape function to investigate the WH geometry.
Jamil et al. [22] examined feasible WH solutions with non-
commutative geometry by considering a specific shape func-
tion corresponding to power-law f(R) model. Bahamonde
et al. [23] used the same gravity for FRW universe model to
analyze the cosmological WH solutions with isotropic fluid.
Mazharimousavi and Halilsoy [24] discussed the conditions
of WH for vacuum/non-vacuum cases and obtained the sta-
ble WH geometry for f(R) model along with polynomial
evolution. Sharif and Fatima [25,26] explored the non-static
solutions of WH as well as static spherically symmetric WH
in galactic halo region in f(G) gravity. Bahamonde et al.
[27] found definite solutions of shape function and red-shift
parameter via Noether symmetry and examined the graphi-
cal behavior in the background of non-minimal coupling with
torsion scalar in scalar-tensor theory.

Recently, Sharif and Nawazish investigated the static WH
solutions using Noether symmetry technique in both f(R)
[28] as well as f (R, T) gravity [29] and found stable struc-
ture for two different values of red-shift function. In this
paper, we study the physical presence of WH via Noether
symmetry technique in f(G) theory and explore WH prop-
erties associated with perfect fluid. The paper is arranged
in the following pattern. Section 2 represents the basic for-
malism of this gravity. We obtain point-like Lagrangian in
Sect. 3 which is used in Sect. 4 to estimate WH solutions
for variable red-shift function. Section 5 explores the stable
structure of developed WH geometries and summary of our
results is given in the last section.

@ Springer

2 Basic formalism of f(G) gravity

The action of f(G) gravity in 4-dimensions with matter
Lagrangian is presented by

5= 5 [ 1R+ 7 @1V=ads + [ V=gbad's.

where k is the coupling constant and L,, defines matter
Lagrangian. Varying this action with respect to metric tensor,
the corresponding field equations are

1
Gaﬁ = Egaﬁf(g) -
+2RE" Rpuvy) fg
—(2RV?gup — 2V4VsR — 4R gV, Y,
—4V2Rop + 4V V,uRE + 4V V, R
+4VHVY Rauﬂv)fg + k Taﬁa (2)
where V2 = V, V¢ is d’ Alembert operator, V,, indicates the
covariant derivative and fg denotes differentiation of generic

function with respect to G. The stress—energy tensor is deter-
mined by the following form

-2 8(\/__g['m)
V=8 8(g%)

Here the metric tensor depends only upon the distribution of
matter yielding

(2RRyp — 4R R, — 4Ryyupy R™

Tup = 3)

8L

Taﬁ = 8ap Ly Z(Sg_"‘ﬁ . 4

The energy—momentum tensor for perfect fluid configuration
is

T8 = (om + pm)atip + pmSap- (5)

where p,, and p,, characterize pressure and energy density,
respectively and u, represents the four velocity of the fluid.
The static spherically symmetric line element [30] is given
by
ds®> = —e"Ddr*> + "D dr? + M(r)(d6* + sin®> 0d$?), (6)
where the triplet (M, a, b) indicates generic radial functions.
For M (r) = r? [31], the spherical symmetry (6) character-
izes Morris—Thorne WH in which a (r) is identified as the red-
shift function as it determines gravitational red-shift of WH
whereas ?") = (1 — @)_1 with & (r) being the shape func-
tion as it specifies spacial shape of WH. The radial coordi-
nate r possesses non-monotonic behavior as it decreases from
infinity to minimum radius when a traveler moves from one
part of WH. The space occupying minimum radius is known
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as throat of WH. The radial coordinate starts increasing from
minimum radius to infinity as traveler comes out of the throat
and entered into another region of WH. The basic property
of WH is the flaring-out condition for which %rh({),’ > 0.
At the throat or near the throat, the traversable WH demands
0 < I'(r) < 1, where prime represents differentiation with
respect to r. The sufficient condition of traversable WH is the
finite red-shift function throughout the whole space of WH.
This condition ensures the absence of horizons and conse-
quently, allows a traveler to move into a WH as well as appre-
ciates a smooth exit.

For spherically symmetric spacetime (5) and perfect
fluid (6), we formulate the field equations corresponding to
Egs. (1) and (2) as follows

e (—4M"M + 20 M'M + M”? + 4MeP)
4eb M2

= pmek? — %e“f(g)

M/a/b/z 3M/2a/b/

M'a't’
a=2b | 4 _
e [“ w? T M am?
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eba'b’ ela’ M’ eba”
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" M//a/2 M'd'b 3 M'a M 3b/a/3
M M M? 4
a/M/S 3a//M/2
= 2a//2
2M3 2M?
_a/ZIJA’/[M/ L od"a” — 3a”2a’b/ N a/28b’2] fs
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p _ _
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L 2t
M M M2

2
_eab (a/3 —ba?+ ZMI;Z/ +24"d
M/2 4 M/2
_eZa—Zharb/Z ) - ) fé + |: a—b + ea—2b (

M M M2

M//
ot 3a? — 4d'b’ + Sa”)] 15, (7
(M? 424 M'M + M? — 4Meb)

4M?
1 _ a'b?M’

= kzpmeb —+ 2pmeb + Eebf(g) —e? |:< T,
+a/2M/2 7a/b/M/2 N a/SM/ N aMa’ N aM M’

4M2 M? M M M

361,M/3 1 lb/M/S a//M/2

2M3 + 4M3 + 2M?
a?e? n a'be’ N AM'e®  24"eb
M M? M? M

4M"e"  aM7eb
B E R VR
4M//2 4M//M/2 M/4 a/brz M’ Zb/MG
M2 M3 2M* 2M M?
4_M/3M// a/4 a/Sb/
T TE T2
/2b/2 b/zM/z ap’'M' M
—a'ba" a//2 a _
et M2 M?
aM' M’ 4M//eb )
1" ag!
t T T MM ) fo
+£ -‘ra’zM—l—a”a'M—l— <2M/3
2 M3
a?M’ 5aM?  3b'M”? N 2a'¢b  AM’eb
M 2M? 2 M M2
oMM 26'M" AMM" 3
- - - —dd) gl ®)
M? M M2 2 g
M’M(a’fb’)+2M”M+M2a/2sza/b’fM/2+2M2a”
4Meb
1 3 a/3M/ 3a/2b/M/
=M+ 5 7@ - (I e
+a/2M// N a/b/2M/ N a/b/eb B av'm” a/ZM/2
2 4 2 M
3a/b/M/2 aMa’ b/2M/2 2b/M/eb
— v
v Tam T wm T
d M — a'b'M' B za//eb . 2w MM
M
2a’'M'eb n 82  4MVeP
M M M
2M//2 b/M/3 M//M/Z M/4
LR T Ve VRV VE
- 2M/2€b 3 e—2h a/3M2
M? 2
21 402
+a/2M/M _ a“b'M + a//a/MZ
N a*m N 3a'b’M' a'M”? N 135’ M"
2 2 2M SM
Cdd M — "M+ e M 9a”M'  a”b'M
2 8 2
+5b’2M/ _AMseM” M? P
8 M 4 8m2 ) ’9
5M?  sbM’ 5M”
gl "
+(aM+4M+ i 2>fg]. )

The energy bounds indicate the nature of matter incor-
porated by astrophysical configurations. If the well-defined
bounds are preserved then the configurations are said to be
supported by an ordinary matter. In case of WH geometry, a
realistic WH configuration may exist if these energy bounds
violate. In order to define such energy bounds, Raychaud-
hari equations are considered to be the most fundamental
ingredients given as

do 1
E = —592 — O’/Lvduv + @MU®HV - lelﬂlva (10
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do 1
E = _592 — quauv + ®MU®MU - Ruvkukuv (In

where 0, [*, k", o and ® represent expansion scalar, time-
like vector, null vector, shear and rotation tensors. These
equations are defined for both timelike (first equation) and
null (second equation) congruence. In both equations, the
positivity of last term demands attractive gravity. For the
Einstein—Hilbert action, these energy bounds are split into
null (NEC) (o + pm = 0), weak (WEC) (o = 0, pm +
pm = 0), strong (SEC) (pm + pm = 0, pm + 3pm > 0)
and dominant (DEC) (p,,, > 0, 0, = pm > 0) energy condi-
tions [32]. These conditions originate from the Raychaudhari
equations purely on geometric arguments, hence are valid
for any modified theory implying that Tlirf)k“k” > 0 can be
replaced with T,f{f k*k" > 0. For detailed study of energy
conditions in modified gravity, see the literature [33,34].
In modified Gauss—Bonnet gravity, these energy constraints
become

o NEC: .57 + pesr = 0,

o SEC: peff + pefr 20, p+3pess 20,
e DEC:  pesr =0, peff =+ pess =0,

o WEC: p.rr + perr =0, perr = 0.

where perr = pm + pe and pery = pm + pc. With the help
of Egs. (7) and (8), we obtain
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For the traversability of WH, the basic property is the vio-
lation of NEC in GR. This violation prevents the WH throat to
shrink and leads to the physically unrealistic WH solutions.
The modified theories of gravity provide T;/;f as an alterna-
tive source to meet the violation of NEC. In this regard, these
theories may have an opportunity for usual matter configu-
ration to fulfill the energy constraints. Simplifying Eqgs. (7)
and (8), we obtain NEC with respect to the effective stress—
energy tensor as follows

1 Md oM M/2 My
peff"'peAff:g( v M +W+_M > (14)
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3 Point-like Lagrangian and Noether symmetry
approach

Here we use Lagrange multiplier technique to formulate the
Lagrangian for the action (1). We tak

_ /dr«/_—g[R Y Q) G-+ Ll (15)

a b .
where /—g = Me2e? and L,, = p,, while curvature scalar
and GB invariant are

1 ( a’? N ab adM 2M"

e \T2 T T M T M
% + M_’2 —a’ + Zi
M 2M? M
_ 26_2b

G = ( /ZM/Z _ 3b/a/M/2 _ eba/z

M2
+ePa'b +24"'M? +4a' M'M" — Zeha”> )

Varying the action (15) relative to G, we obtain u; = fg(G)

whereas the conservation of energy—momentum tensor rel-
. L —a(l+w) .
ative to perfect fluid gives p,,(r) = poe™ 2v , (p, is inte-

gration constant while w denotes EoS parameter). Putting all
these values in Eq. (15), it follows that

a(l+w)
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—2b
+ 277 fg (a/zM/z —3b'a M2
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In order to eliminate second order derivative, we integrate

these terms by parts and neglect boundary terms which leads
to
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For static spherically symmetric metric, Hamiltonian of the
dynamical system and the Euler—Lagrange equation corre-
sponding to point-like Lagrangian are characterized as

oL d (0L
§ o =L (22) 2y, 18
M= v dg; dr (361{> (1%)

where ¢’ are generalized coordinates. The differential of
Lagrangian with respect to the configuration space (a, b, M, G)
gives
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In order to solve the system of non-linear differential
equations, Noether symmetry is recognized as a significant
tool. The physical properties of any dynamical structure can
be illustrated by the respective Lagrangian which narrates
the energy density as well as the presence of symmetries
of the system. Noether theorem can be stated as a group
generator that provides conserved quantity only if point-
like Lagrangian shows constant behavior under a continu-
ous group. To analyze the associated conserved quantity as
well as the existence of Noether symmetry for the spherical
system, we take a vector field K [35,36]

K=T(r,qi)%+§i (r,
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where 7 and ¢! are unknown coefficients while  acts as an
affine parameter of K. This leads to uniqueness of the vector
field in the tangent space.

The corresponding invariance condition is characterized
by

KWz + (D)L = DB(r, q"). (24)

Here B signifies the boundary term, K!!l and D represent the
first order expansion and total derivative, respectively given
by

9 .
, D=q¢"— + —.

KW =K + (D¢’ —¢"Dr) = 2

(25)

Invariance condition (24) leads to the Noether symmetries
which represent the related conserved parameters in terms
of first integral. Under translation with respect to time as
well as position, if the Lagrangian shows constant behavior,
then the first integral describes conservation of energy as
well as the linear momentum whereas rotationally symmetric
Lagrangian provides angular momentum conservation [37].
The first integral for invariance condition (24) is expressed
in the form

i 1:) oL (26)

2=B—r£—(;"—q/ 5

The vector field and first order expansion for the configu-
ration space become
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where the unknown parameters of vector field having the
radial derivative are given by

oj=Doj—q"Dr, j=1,....4, (28)
where 0;(j =1, 2,3,4) denote o, B, y and &, respectively.

Comparing the coefficients of a’>b’, a’b’>M'?, a’b’ M"* and
M'?G"?a’, we obtain

T, fg=0, 1. fg=0, 7,6 fgg =0,

(29)

T,m fg =0,

This leads to a trivial solution for fg = 0. For non-trivial
solution, we assume fg # 0 and compare the coefficients of
a.b. M g/ b/2 M/2 g/2 g/M/Z ab' M a/ZM/g/ a/M/b/Z
and @’ M'G'? leading to following equations
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For fg # 0, we compare remaining coefficients and obtain
over determined system of equations as follows
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(—a+B+M "y —aa—Bm—v.m +7.r ) fg

—(8 —38,m) fgg =0, (40)
2a=38—M'y +aa+Bs+2y.m —21.0) fg

+(28 —48p) fgg =0, 41)
(@=38—M""y +a.a+2B.u +3v.u =37, fg

+(0@ —é.m)fgg =0, (42)
—B.g fo+ fagla —B—M 'y +a,a+8.g—7.r)

+8fggg =0, (43)
28.6 fg

+fogla+3B+ My —a.q =2y, —8.g +27.,)

+28fggg =0, (44)
HWMPR+f wm( §+%+LJ

+poe” 5 (% + g% + r,r) = (sgfgg] —B.,.

(45)

Here we solve Egs. (34)—(45) for three different choices
of parameters given by

e B(r,a,b,M,G) =0,
e B(r,a,b,M,G) = 0,
versa.

e B(r.a,b,M,G) #0,

§(rya,b,M,G) =0,
S(V»a»b’M,g) # 0 or ViCe

8(r,a,b,M,G) # 0.

4 f(G) models and wormbhole solutions

In order to evaluate unknown parameters of symmetry gener-
ators and explicit solution of f, we consider above mentioned
possibilities of 8 and §.

Case: B=6=0

In this case, we obtain

o =& +&e ",
f(9) =80 +&,
where &;/; denotes integration constants and explicit form
of f corresponds to linear model which is compatible with
Gauss—Bonnet gravity. The coefficient of boundary term,
symmetry generator and f(G) solution satisfy Eqs. (34)-(44).
Consequently, the symmetry generator and the first integral
yield

—51—+52<a aab)

Y =&+ —&
[e%eg <r2R + rzfg — rzgfg — r2p>
ab 40’V 84’ 4d* 124’V
e T Tt ) e
—124'G"  44'G’ a b
(eT z )fgg} e
4p’ 8 8a’ 120’
W tm —mt )/

—12G" 4G’
+ ( €2b - eb fgg .
We insert symmetry generators f(G) model in Eq. (45) with

B,=&M=r%e =1—h(r)/r) " anda(r) = —k/r
(where k is posrtrve constant) leading to

y =M —84), T =E&r+E,
B(r,a),, =0, (46)

+

+
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In order to study the geometry, traversability and physi-
cal viability of WH in the presence of phantom energy, we
consider w = —1 and solve this non-linear equation numer-
ically to construct graphical analysis of the shape function.
This analysis leads to measure compatibility of linear f(G)
model with viable models under the condition of regular and
positive derivatives of f(G) function [38]. Furthermore, we
explore the possibility of traversable WHs through graphi-
cal interpretation of effective NEC. The graphical analysis
of energy bounds, i.e., NEC, WEC, SEC and DEC help to
explore the presence/absence of ordinary matter.

In both plots of Fig. 1, the positively evolving curves rep-
resent that f(G) satisfies viability constraints as fg > 0
and fgg > 0. For linear modified GB function, the WH
geometry is analyzed in the context of accelerated expansions
(w = —1) in Fig. 2. The left plot indicates WH geometry to
be asymptotically flat in a very shortinterval of r as h/r — 0
as r — 1. In the right plot, the trajectory identifies throat of
WH at rp = 0.34 and the derivative of the shape function at
this point remains positive, i.e., % < 1. In the presence
of accelerated expansion of cosmos, the graphical analysis
of WH geometry shows that the configuration is compatible
with Morris—Thorne WH proposal.

The WH configuration is more significant if it is supported
by ordinary matter, i.e., the normal matter that satisfies energy
bounds. The criteria of energy bounds indicates that NEC
is the weakest condition as the violation of NEC leads to
inconsistent behavior of WEC, SEC and DEC. If a matter
distribution follows DEC then WEC and NEC holds trivially
while SEC needs to be checked separately. In order to exam-
ine realistic nature of WH, we discuss the evolution of energy
density and pressure of normal matter in Fig. 3. The graph-
ical interpretation indicates that p,, > 0 and p,, + p, > O.
This behavior of matter variables indicates that the WH is
physically viable inside the throat (r9 = 0.34). To study
traversable behavior of WH, we substitute a(r) = —k/r and
Eq. (47) in (14) leading to

h(r) | h(r)

Peff + Peff = =5+ 3

k(r — h(r))
—

r

For traversable WH, the violation of effective NEC (p.rs +
Defr < 0)isrequired which also fulfills the flaring-out condi-
tion. Figure 4 shows negatively increasing curve which indi-
cates that p.rs + p.rr < 0 implying existence of traversable
WH solution. For linear f(G) model, the WH is found to
be traversable as well as physically viable in the presence of
accelerating phases of cosmos.

Casell: =0, §#0

For B = 0, we solve the Egs. (38)—(44) and obtain

a=x1+xe " yv=MOEY(M)— xa),

Def + Peff

Fig. 4 Evolution of effective NEC versus r for w = —1
T = X5I + X6,
f(©) = x1G% + x3G + &1, 8= x3Y (M), (48)

where x;/s are constants of integration while the explicit form
of f corresponds to quadratic model. Solving Eq. (37) for
above solutions, we get

B.,=0, Y(M)=2%

X3

Now, we insert symmetry generators, quadratic form of
f(G) model in Eq. (45) with B = X2 4 yo. M = r?,

=0 —h@r)y/natr)=—k/r an()fobtain a non-linear
equation given by
2h(r)* xrw({k(r(4r + k(=1 4 4r%))
+h(r)(k — 51 — 8kr? + 121 + 4rh(r)
x(k —3r)) + r2(1 = 12r% 4+ 12rh(r)H' (1))}
e = he)?™H? = 8ra(r)’
< rw(k(r(r + k(=1 +4r%))
+h(r)(k — 5r — 8kr? + 121> 4 4(k — 3r)
xrh(r)) + r2(1 = 12r? + 12rh(r))h' (r))}
(P =) H? +127%0(r)?
x xrw({k(r(4r + k(=1 + 4r?))
+h(r)(k — 5r — 8kr? + 121> + 4(k — 3r)
xrh(r)) + r2(1 = 12r% 4+ 12rh(r)h (1))}
(e =h()?H? = 8r%h(r)
x xrw({k(r@r + k(=1 +4r%))
+h(r)(k — 5r — 8kr? 4+ 121> 4 4(k — 3r)
xrh(r)) + rX(1 — 12r% 4+ 12rh(r))h' (r))}
(e —h)?)H? +2rtxw
({k(r(dr + k(=14 4r%))
+h(r)(k — 5r — 8kr? + 12r° + 4(k — 3r)rh(r))
+r2(1 = 1272 + 12,h ()R (WD (r = h(r)?) 1?2
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+{—(k* + 3kr
+24rH)h(r) + r(—4 + k> + dkr

+32r% — r(k + 8r)h' (r)}{2r) !

k(1+w)/2rU)r12 — 0 (49)

+p0e
The numerical solution of this equation leads to analyze
the behavior of viability of quadratic f(G) model, geometri-
cal properties of shape function, presence/absence of ordi-
nary and exotic matter graphically. In Fig. 5, we explore
the consistency of quadratic model with standard models of

@ Springer

50 100 150

modified GB gravity. In both plots, the positively decreas-
ing (left) and increasing (right) curves preserve the viability
constraints as fg > 0 and fgg > 0. In Fig. 6, we study the
geometry of WH constructed by quadratic f(G) model and
corresponding shape function. The left plot demonstrates the
asymptotically flat shape of WH as h/r — 0 when r — oo.
In the right plot, the trajectory of 4 (r) — r locates WH throat
at ro = 7 and at this point, the derivative of the shape func-
tion is found to be positive but greater than 1. This analysis
defines a horizon-free asymptotically flat WH whose throat
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Fig. 8 Evolution of effective NEC versus r for w = —1

is located at ro = 7 and h(rg) = ro in the background of
phantom energy (w = —1).

Now, we examine physical and traversable behavior of
WH via energy conditions for ordinary matter and effective
NEC, respectively. Figure 7 explores the nature of matter
variables. In both plots, the matter variables are found to be
increasing positively ensuring that the presence of ordinary
matter is confirmed as p,, > 0 and p,;, + p;, > 0. The behav-
ior of effective NEC versus r is shown in Fig. 8. The trajectory
of effective matter variables is found to be negative increas-
ing as r increases. This behavior indicates that at the throat,
the effective NEC is violated ensuring the presence of exotic
matter leading to traversable WH solution. In this regard, the
realistic horizon-free asymptotically flat WH solution admits
traversable behavior for quadratic f(G) model.

Caselll: B=6#0

In this case, we solve the system of over determined equations
(38)—(44) and get

o =¢1+pre”, Yy =M —¢a), T=¢s5r+ ¢,
F(G) = ¢re?19Hs g,
8 = g3’ TI(MYT2(G), B = b3V T1(M)T2(G),

where ¢,/ are arbitrary constants and the explicit form of
f defines exponential model of modifies GB gravity. Using
above solutions in Eq. (37), we have

B.a=0, Ti(M)=g1e®M, Ty(G) = pre 9.

Now, we insert symmetry generators, exponential f(G)
model, B = %’g—g, M =r2e = (1—hr)/r)"" and
a(r) = —k/r in Eq. (45) which leads to the following non-
linear equation

¢36k/r
2w

k(14+w)

e +Jr/(r — h(V))<€(2"+wu/)0< -

1 2 2
+§¢7¢9¢10 exp {F - ((r — h(r))

Xz[(k(r@lr + k(=14 4r?))
+h(r)(k — 5r — 8kr? + 127> + 4(k — 3r)rh(r))
+ri(1 - 1207 4 12rh(r)>h’(r)))

(o — h<r>>2}‘])r6}(r - h(r)/r))
+{2”_5¢7¢9¢106¢1+r2(—” +h(r))

Hk(r(4r + k(=1 +4r%) + h(r) (k —5r
—8kr® + 1217 + 4(k — 3r)rh(r))

+r2(1 — 1272 + 12rh(r))h/(r)) }{r3

x(r — h(r»?}l} } + (¢3e"/’/2 - {¢7¢9¢10

exp {rZ — (2(r — h(r))sz(r <4r

+h(—1+ 4r2)>
+h(r)(k — 5r — 8kr? + 127> + 4(k — 3r)rh(r))

+r2(12rh

—12r% — ])h’(r)) }{r3(r — h(r))2}1]>
r6}r}{2(—r + h(r))}l) (exp {qbl

+(2(r - h(r))z[{k(r(4r + k(=1 +4r2) + h(r)

(k — 5r — 8kr? + 1213 + 4r

x (k — 3r)h(r)> +r2(1 = 1272 + 12rh(r))h’(r))}

o - h(r))z}IDN}
Lol
+(2(r — h(r))z[{k<r(4r + k(=1 +4r?))

—i—h(r)(k — 57 — 8kr?

1277 + 4k — 3r)rh(r))
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+r2(1 = 1277 + 12rh(r))h’(r)) }(r3(r - h(r))z)_l]) 14—k — dkr — 327 4 r(k + sr)h’(r))>
xrﬁ}(—r - h(r))2|:{k<r(4r + k(=1 +4r?)) x{2r5}]>)r2 =0. (50)

— 5 — 8kr2 3 _
+h(r) (k Sr—8kr® + 12r" + 4tk 3r)rh(r)> The numerical solution of this equation leads to study via-

5 5 ) bility of exponential f(G) model and geometry of WH con-
+ro (1= 127" + 12rh(r))h'(r )>} figuration. We also establish graphical analysis to explore
the exotic/ordinary nature of matter that defines physically

- h(r))z)_l] }r_6 + <(k2 + 3kr + 24r>)h(r) acceptable and traversable WH configuration. In Fig. 9, we

discuss the viable behavior of exponential model of modi-
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Fig. 12 Evolution of effective NEC versus r for w = —1

fied GB gravity. In both plots, the positively decreasing (left)
and increasing (right) curves show that fg > O and fgg > 0
implying consistency with viable GB models. Figure 10 elab-
orates the geometry of numerically constructed WH. In the
left plot, positively decreasing curve follows asymptotically
flat shape as r — oo. The right plot locates WH throat at
ro = 12 and at this point, the derivative of the shape function
remains greater than 1. This analysis defines horizon-free
asymptotically flat WH that possesses a throat at rp = 12
such that 4 (rg) = ro.

To explore the existence of physically viable and traversable
WH, we establish graphical analysis of ordinary as well as
exotic matter variables in Figs. 11 and 12. In plots of Fig. 11,
the trajectories are found to be positively increasing justify-
ing the existence of realistic WH supported by ordinary mat-
ter inside the throat. Figure 12 shows the traversable behav-
ior of WH due to violation of effective NEC that introduces
repulsive effects into the WH throat. In case of exponential
f(G) model, the realistic as well as traversable WH exists in
the background of accelerating cosmos.

5 Stability analysis

Here, we examine the stability of WH solutions through
Tolman—Oppenheimer—Volkoff (TOV) equation for linear,
quadratic and exponential f(G) models in the context of
accelerated (w = —1) as well as decelerated (w = 0.3)
expanding cosmos. For perfect fluid configuration, the radial
function of Bianchi identity (Vy T% = 0) characterizes TOV
equation as

/

a d
3(pm+pm)+ﬂ

dr

=0. (51)

The divergence of stress—energy tensor with respect to modi-
fied terms and Eq. (51) leads to define modified TOV equation

given by

M (. THe'
Pefs T Mers (Pesr+perp)+50 | Th = =5~ | =0 (52)

where perr = T\ + pus perr = Toy) + om and Mepp =
/1 ,b—a

“5— defines effective gravitational mass. The expressions

for gravitational F, and hydrostatic F, forces can be written

as

d (0
Fn = E(Tlf + Pm)s

M [ . T5e
Fo = Megs (Pess + pess) + 57 (Tf vl

These dynamical forces significantly explore the sta-
ble/unstable state of static configuration. Here, we discuss
the stability/instability of static traversable and physically
viable WH solutions corresponding to linear, quadratic and
exponential f(G) models. The stable WH may exists if
these dynamical forces counterbalance each other effect, i.e.,
Fn+ Fg =0o0r Fg=-Fp.

Figure 13 shows the behavior of gravitational and hydro-
static forces for both linear (left plot) as well as exponen-
tial (right plot) models in the context of accelerated cosmos
(w = —1). In the left plot, the trajectories corresponding to
hydrostatic and gravitational forces are found to be positively
decreasing leading to stable state of WH solution due to null
effect of these forces. The analysis of right plot indicates that
the stable state of WH solution can be achieved as gravita-
tional and hydrostatic forces are evolving positively but in
opposite direction and consequently, canceling the effects of
each other. In Fig. 14, we study the stable state of WHs for
quadratic GB model when universe experiences accelerated
phase of expansion (w = —1). This analysis indicates that
the horizon-free asymptotically flat traversable and physi-
cally viable WHs are stable against accelerated expanding
cosmos for both quadratic as well as exponential models of

f(G) gravity.

6 Final remarks

In Einstein’s gravity, the violation of NEC is the basic require-
ment for the existence of traversable WH. The violation of
NEC defines exotic nature of matter that should be mini-
mized for a physically viable WH. For modified theories, the
stress—energy tensor relative to ordinary matter fulfills energy
bounds ensuring the presence of a viable WH while the exis-
tence of exotic matter is confirmed by the effective matter
variables which do not obey energy bounds like effective
NEC. In this paper, we have used Noether symmetry tech-
nique to evaluate some exact solutions that helps to construct
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static WHs in f(G) theory. We have discussed the presence of
exotic and normal matter in WHs through effective and ordi-
nary energy bounds. We have also examined stable/unstable
state of constructed WHs via modified TOV equation.

We have used the invariance condition to solve over deter-
mined system of equations and evaluated symmetry gener-
ator, related conserved quantities and three different f(G)
models such as linear, quadratic and exponential models.
In the context of these models, we have formulated WH
solutions in the background of accelerated expanding cos-
mos (w = —1) and analyzed the WH geometry for variable
red-shift function a(r) = —k/r. For linear f(G) model, we
have found horizon-free WH which is found to be asymptot-
ically flat in a very short interval of r. The throat of this
WH is located at rp = 0.34 with h'(r9) < 1 implying
flaring-out condition is preserved. For both quadratic and
exponential models, the WH geometry is compatible with
Morris—Thorne’s suggested geometry, i.e., the finite red-shift
function introduces horizon-free (h(r) < r), asymptotically
flat WH as r — oo while flaring-out condition violates
(h(ro) = ro but h'(rg) > 1) for both models. Using numer-
ical solution of shape function, the viability of new f(G)
models is examined graphically. The graphical interpreta-

@ Springer

tion indicates that the derivative of f(G) models are positive
ensuring viable state of these models.

A WH is traversable if there exists strong repulsive effects
or exotic matter near WH throat while physically viable
WH is defined by ordinary matter. The violation of effec-
tive NEC (pefr + pefr < 0) confirms the presence of repul-
sive force inside the throat. The positivity of matter vari-
ables like p, > 0, oy + pm = 0, pw — pm > 0 and
pm +3pm > 0 preserve consistency with energy conditions,
i.e., NEC, WEC, DEC and SEC relative to ordinary matter
and consequently, supports physically viable WH. For all for-
mulated f(G) models, the violation of effective NEC inside
WH throat confirms the presence of traversable WH while
fulfillment of ordinary bounds leads to physically viable WHs
in the background of accelerated expansion.

The stability/instability of these traversable and physi-
cally viable WHs is examined via modified TOV equation.
For linear f(G) model, the WH configuration surrounded by
accelerated expanding cosmos is found to be unstable due to
unbalanced state of hydrostatic and gravitational forces. In
case of quadratic and exponential models with w = —1, the
WH solutions preserves equilibrium state as the dynamical
forces counterbalance each other effect. Sharif and Nawazish
[28] have constructed traversable and realistic WH solution
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in f(R) gravity for constant as well as variable forms of red-
shift function. They have formulated exponential form of
f(R) and also considered a standard power-law f(R) mod-
els. The stability analysis of both models indicates that WH
solutions are stable when universe experiences decelerated
rate of expansion while in the presence of accelerated expan-
sion, these configurations become unstable. In the present
work, we have evaluated three viable f(G) models, i.e., lin-
ear, quadratic and exponential models that yield traversable
and physically viable WHs. For quadratic and exponential
models, these configurations are stable whereas in case of
linear model, this stability is disturbed in the presence of
phantom energy.
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