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Abstract We study gravitational perturbations of electri-
cally charged black holes in (3+1)-dimensional Einstein—
Born-Infeld gravity with a positive cosmological constant.
For the axial perturbations, we obtain a set of decoupled
Schrodinger-type equations, whose formal expressions, in
terms of metric functions, are the same as those without
cosmological constant, corresponding to the Regge—Wheeler
equation in the proper limit. We compute the quasi-normal
modes (QNMs) of the decoupled perturbations using the
Schutz—-Iyer—Will’s WKB method. We discuss the stability
of the charged black holes by investigating the dependence
of quasi-normal frequencies on the parameters of the the-
ory, correcting some errors in the literature. It is found that
all the axial perturbations are stable for the cases where the
WKB method applies. There are cases where the conven-
tional WKB method does not apply, like the three-turning-
points problem, so that a more generalized formalism is nec-
essary for studying their QNMs and stabilities. We find that,
for the degenerate horizons with the “point-like” horizons at
the origin, the QNMs are quite long-lived, close to the quasi-
resonance modes, in addition to the “frozen” QNMSs for the
Nariai-type horizons and the usual (short-lived) QNMs for
the extremal black hole horizons. This is a genuine effect of
the branch which does not have the general relativity limit.
We also study the exact solution near the (charged) Nariai
limit and find good agreements even far beyond the limit for
the imaginary frequency parts.

1 Introduction

Recent detections of gravitational waves from the merger of
compact astronomical objects confirmed directly the exis-
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tence of black holes [1-3]. Gravitational waves from the
mergers of various compact objects, like black holes or neu-
tron stars, are common in our universe and expected to be
observed frequently in the near future. Also the recent obser-
vation of the shadow images from a supermassive black hole,
along with the observation of gravitational waves, opened
a new era to test Einstein’s general relativity (GR) under
extreme conditions, like black holes [4].

The non-linear generalization of Maxwell’s electromag-
netism by Born and Infeld (BI) [5,6] was originally devel-
oped to obtain a finite self-energy of a point charge by mod-
ifying Maxwell’s theory at the short distance. The BI-type
action attracted renewed interests as an effective action of D-
branes in string theory [7,8]. When combined with Einstein
action, the short distance behaviors of the metric and black
hole solutions are different from those of Einstein-Maxwell
theory. On the large scale, natural existence of electrically
charged black holes is questionable because our universe
seems to be charge neutral. However, on the small scale which
may be described by Einstein—-Born—Infeld (EBI) theory, the
charged black holes may exist, as charged elementary par-
ticles do at the high energy. It may be also interesting as a
preliminary to study the magnetically charged black holes,
which may exist from the collapse of neutron stars with a
strong magnetic field, known as magnetars [9].

Quasi-normal modes (QNMs) are the oscillations with
complex frequencies in open systems with energy dissipa-
tions. Perturbations of a black hole are described by QNMs
and the complex frequencies of QNMs carry the characteris-
tic properties of the black hole like mass, charge, and angular
momentum, independent of the initial perturbations. QNMs
of black holes have attracted much interest in relation with
the gravitational waves since these can be used as a key tool
for the test of GR. Theoretically, this also provides a (sim-
ple) criterion of the stability, under linear perturbations, of
a black hole by looking at the sign of the imaginary part of
quasi-normal frequency.
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In this paper, we consider electrically charged black holes
in EBI gravity with a positive cosmological constant and
compute QNMs of gravitational perturbations of EBI black
holes. We adopt the Schutz-Iyer-Will’s WKB method [10—
12] for numerical computations of QNMs and consider the
axial perturbations for simplicity. We obtain a set of decou-
pled Schrodinger-type equations, corresponding to Regge-
Wheeler equation, whose formal expressions, in terms of
metric functions, are the same as those without cosmological
constant. We discuss the stability of the charged black holes
by investigating the dependence of quasi-normal frequencies
on the parameters of the theory, correcting some errors in the
literature. It is found that all the axial perturbations are stable
for the cases where the WKB method applies. There are cases
where the conventional WKB method does not apply, like the
three-turning-points problem, so that a more generalized for-
malism is necessary for studying their QNMs and stabilities.
We find that, for the degenerate horizons with the “point-
like” horizons at the origin, the QNMs are quite long-lived,
close to the quasi-resonance modes (QRMs), in addition to
the “frozen” QNMs with the vanishing frequency, o ~ 0, for
the Nariai-type horizons and the usual (short-lived) QNMs
for the extremal black hole horizons. This is a genuine effect
of the non-GR branch of 8Q = 1/2, which does not have
the GR limit 8 — oo with the BI parameter 8 and electric
charge Q. We study the exact solution near the (charged)
Nariai limit and find good agreements even far beyond the
limit for the imaginary frequency parts.

The organization of this paper is as follow. In Sect. 2, we
review the electrically charged black hole solution in EBI
gravity with a positive cosmological constant. In Sect. 3, we
consider the axial perturbations from the spherically sym-
metric EBI black hole background and obtain a set of decou-
pled Regge-Wheeler equations. In Sect. 4, we use the Shutz-
Iyer-Will’s third-order WKB method to compute the QNMs
numerically and discuss the stabilities of the EBI black holes.
In Sect. 5, we study the exact solution near the (charged) Nar-
iai limit and compare it with the numerical results in Sect. 4.
In Sect. 6, we conclude with several discussions. Throughout
this paper, we use the conventional units for the speed of light
¢, the electric and magnetic constants €, 10, and the Boltz-
man constant kg, c = 4ug = 4/€9 = kp = 1, but keep the
Newton constant G and the Planck constant 7 unless stated
otherwise.

2 Background solutions

In this section, we briefly review the black hole solution in
EBI gravity with a positive cosmological constant A in (341)
dimensions, from which the gravitational perturbations will
be considered. The EBI action is given by

@ Springer

e —[R=2)
S = /d xvJ—g |:—16nG +L(F)] (1

where the BI Lagrangian density L(F) is given by

Ly =4t (1 14 Dol @
= 25 .
Here, B is the BI’s coupling constant with dimensions

[length]’2 [5,6]. In the weak field or equivalently strong
coupling limit, | F,,, F*V| < 282, L(F) may be expanded as

, 2F* FS
L(F)=-F +F+(9(F), 3)
where F? = F,, F*V and the usual Maxwell’s electrody-
namics is recovered at the lowest order. The correction terms,
when F is comparable to 8, represent the effect of the non-
linear BI fields at the short distance ~ S~! and the possible
electromagnetic field strength is bounded by —F? < 22,

Taking 167 G = 1 for simplicity, the equations of motion
are obtained as

FHY
v, -2 o, 4)
F2
14+ 257
1 1
Ruv - ERg;w + Ag;,w = ETMIM ©)

where the energy-momentum tensor for BI fields is given by

4F, F*,

=
L+ 55

Ty = guvL(F) + (6)

Let us now consider a static and spherically symmetric solu-
tion with the metric ansatz

1

f(r)drz—i—rz(dé?z—i-sinz0d¢>2). (7

ds* = —=N*(r)dt* +

For the static, electrically-charged case where the only non-
vanishing component of the field strength tensor is F,; = E,,
the general solutions for the metric and the BI electric field
are obtained as

2y g 2M A 20 0%
N = () =1-= 3r+3ﬂr(1 1+ﬂ2r4)

4 0? 115 —0?
t32 20 (2’ i ,3%4)’ ®
E) = ——2—, ©)
r“—l—%—2
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in terms of the hypergeometric function [13-21,23]. Here
Q is the electric charge' and M is the ADM mass which is
composed of the intrinsic mass C and (finite) self energy of
a point charge My, defined by

M = C + My, (10)

2 [po3 (1 5

In the large-distance limit 7 > /Q/f, the solutions become

2 1 ﬁ 2 2_M Q_2 _ [ -10
NT=r=1 3 " r rz2  20B82%r6 00,
(12)
3
r% - 2ﬁer6 +00™1, (13)

which show the usual Reissner-Nordstrom-(Anti) de Sitter
(RN-(A)dS) black hole at the leading order and the short-
distance corrections at the sub-leading orders. On the other
hand, in the short-distance limit r < /Q/8, we have

r

B 4 o 14
—@r +O0”), (14)
0 0

E, = -
10/BI 21Q/B13

which show the regularized solutions near the origin, with
the milder (curvature) singularity of the metric and the finite
electric field at the origin [23,24] due to the non-linear BI
fields for a finite coupling 8.

The solution (8) can have three horizons generally, i.e.,
two (inner, outer) black hole horizons, r_, 4, and one cos-
mological horizon r; ;. The Hawking temperature for the
outer black horizon r is given by

4+ o0, (15)

hod
7= 1 dr
4 dr,_,,
h 1 0?
= —|——A 282 1— 1+ —-
I |:r+ r4 + ,3r+( +,32”i>j|

(16)

and plotted in Fig. 1. There exist two extreme limits of van-
ishing temperature, when the outer black hole horizon r

I The charge convention differs from the usual one, like that of Rasheed
in [13-21]. One can convert to the usual convention by replacing O —

0/16m.

0.31
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0.1

-0.1-

Fig. 1 The plots of the Hawking temperature Ty vs. the (outer) black
hole horizon radius r for varying 8 Q with a fixed A > 0. We consider
BO =2/3, 1/2, 2/4.5, 1/3 (bottom to top curves) with B =2, A =
0.2

: : : Q
05 10 15 20 P

Fig. 2 The plots of the extremal horizons r}, and . (> rj;) vs. BQ
for varying B. We consider 8 = 2, 1, 1/2, 1/3 (right to left) with
A = 0.2. The solid/dashed lines denote the ‘+/—" roots in (17) and
there is no ‘+’ root for the last case

meets the inner horizon r_ (extremal black holes) or the cos-
mological horizon r4 (Nariai solution), at

. [A—282: (A 287 £ A —4BDERQT - )
rayc = ACA —4p2)
(17)

for a positive cosmological constant A (rj; < rg) (Figs. 1,
2). At the extreme points, the ADM mass M,

_r+ A2 222 Q2
M_7|:1—§r++§,3 ri 11— 1+,32ri

4 0? 115 —0?
15 2P 5 5 : 18
+3r321<244ﬁ2ri (1%)
becomes [24,25]
r* 202 115 -0°
M*=— |14+ =5 2F (=5 = )| 19
3[+r*221<244ﬁ2r*4 (1

The first law of black hole thermodynamics is found as

dM = TydSpu + Ao(ry)dQ, (20)

@ Springer
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Fig. 3 The plots of f(r) for varying M with a fixed 8Q (BQ > 1/2
(left), 8O = 1/2 (center), BQ < 1/2 (right)) and A > 0. We consider
(top to bottom) M = 0, 0.95, 1.2, My, 1.5with 8 =1, My ~ 1.236
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Fig. 4 The plots of the ADM mass M vs. the black hole horizon radius
ry for varying S Q with a fixed A > 0. The marginal mass M is given
by the mass value at ry = 0. The top two curves in the left repre-
sent My > M*, My = M* for Q > 1/2, BQ = 1/2, respec-
tively, with the extremal mass M*, whereas the bottom two curves
represent the cases where M* is absent for 8Q < 1/2. We consider

with the usual Bekenstein—-Hawking formula for the black
hole entropy

Spp = @1
BH - hG ’
and the scalar potential [13-23]

0 115 —Q?
A =—2F 1|z == =57 ) 22
o(r)=-"2 1(2 17 A (22)

The integrated first-law of black hole thermodynamics, called
the generalized Smarr relation, is given by [22,23,26, 27]2

M =2 (SpuTu + 0Aors)) + ) 2581
== r - )
3 BHL1H o4+ 3 G

2 The generalized Smarr relation without the last term has been obtained
for the planar black holes in [23,27]. If we consider topological EBI
black holes with the topological parameter k = +1, 0, —1 for spherical,
plane, and hyperbolic geometry generally, with the solid angle €2, one

finds [22] the last term as (k/3)s/4%Spn /2% G.

(23)
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(left); M =0, 0.85, My, 0.9, 1.2with 8 = 1/2, My ~ 0.874 (center);
and M =0, 0.7, Mp, 0.75, 1.2 with B = 1/3, My ~ 0.714 (right),
respectively for Q =1, A =0.2

M TR N\
r
-1-

BO =2/3,1/2, 2/4.5, 1/3 (top to bottom) with § = 2and A = 0.2.
The effect of cosmological constant is not significant for small r (left)
but important for large r (right). In the latter, we compare the dS case
of A = 0.2 (thick curve) with the flat A = 0 (medium curve) and the
AdS case of A = —0.2 (thin curve), respectively

Now, from the relation (17), one can classify the black holes
by the values of QO [24].

(1) BQO > 1/2:Inthiscase, there are generally three horizons
(two smaller ones for black holes and the largest one for
the cosmological horizon) for M}, < M < Mé (< My),
depending on M and A (Fig. 3, left), where M7, and M.
denote the values of the extremal mass M* in (19) at r};
and r¢- for the extremal black holes and the (charged)
Nariai solutions, respectively, with the vanishing Hawk-
ing temperature (Fig. 1). When the mass is outside this
range, i.e., M < Mj; or M > M, the singularity at
r = 0 becomes naked as in the RN black hole.

(i) BQ = 1/2: In this case, only the Schwarzschild - de
Sitter (Sch-dS) -like black holes with a non-degenerate
black hole horizon r are possible for My < M < M.
(Fig. 3, center). It is peculiar that the black hole horizon
r4 shrinks to zero size, i.e., the point-like horizon, for
the marginal case M = My (Fig. 4). This corresponds
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to the extremal black hole, with the vanishing Hawking
temperature (Fig. 1), where the horizon degenerates at the
origin. When the mass M is smaller than the marginal
mass My or larger than M}, the singularity at r = 0
becomes naked. Note that, in this case, the GR limit 8 —
oo does not exist.

(iii) BQ < 1/2: This case is similar to the case (ii), except
that the marginal case M = My has no (even a point)
horizon so that its curvature singularity at » = 0 is naked
always (Fig. 3, right), even though the (non-degenerate)
black hole horizon can arbitrarily approach close to the
point-like horizon r = 0 in the limit M — My, with
the divergent Hawking temperature (Fig. 1).3

3 Perturbation equations

In this section, we consider the gravitational perturbations of
an electrically charged black hole in EBI gravity with a pos-
itive cosmological constant A > 0, whose solutions for the
metric and fields are given by (8) and (9), respectively. We
follow the procedure of Chandrasekhar [28] for the perturba-
tions of RN solution but in the different conventions which
agree with those of Wald [29].* We generalize the earlier
computations of [30] to a positive cosmological constant but
with some important corrections of errors. To accommodate
the procedure of [28], it is useful to write the metric (7) as

ds? = —e*dt* + ezwdq&z + 22 dr? 4 213 qp2 (24)

with

e = Nz(r), e2H2 — ! , e =2 2V = r2sin? 0.
fr)

(25)

We will consider (24) as a background metric and consider
the first-order metric perturbations. In our linear perturba-
tions of the spherically symmetric system, we may restrict
ourselves to axisymmetric modes of perturbations, without
loss of generality [28], whose metric may be generally writ-
ten as

3 This behavior of Hawking temperature is similar to that of Sch.
black hole. But the difference is that its mass M has still a non-
vanishing remnant My. If this tiny black hole with a unit charge
Q = Jdrmepahc (o is the fine-structure constant) is created at the
Planck energy scale in the early universe, i.e., My ~ /hc/G, we
obtain B ~ (9/2)T(3/4)*n~7/? a3/ (eghc)~1/2G ). If we con-
sider ap; ~ 1.5 at the early universe, contrast to o ~ 1072 at
the current epoch, we have Sp; ~ 0.1 (eohc)™1/2G1 and BpiQ ~
NGB/ ap/ G ~04 G

4 We use a metric with signature (—+ ++-) and the Wald’s conventions
for the Riemann and Ricci tensors which differ from [28,30,31].

ds® = —e?’di®> + *V (d¢ — qodt — grdr — q3d0)?
+ 22yt 4 23402, (26)

where the metric functions v, ¥, w2, 13, qo, g2, and g3 are
functions of only ¢, r, and 6, due to axisymmetry. There are
two kinds of perturbations: The perturbations of go, g2, and
g3, which are called “axial” perturbations, induce a dragging
effect and impart a rotation to the black hole, whereas the
increments of §v, 81, 142, and 643, which are called “polar”
perturbations, do not impart such rotation. These two pertur-
bations are decoupled and can be treated independently [28].
In this paper, we will focus only on the axial perturbations
for simplicity.

To obtain the solutions for the perturbed metric (26),
we first need to consider the perturbations of BI and Ein-
stein equations, (4) and (5). For this purpose, we adopt
the tetrad formalism as in [28] and use the Roman indices
a,b = 0,1,2,3 for the tetrad indices and the Greek
indices u, v = t, ¢, r, 0 for the curved coordinate indices.
The tetrad basis ez satisfies eZeljnab = gu with ngp =
diag(—1, +1, +1, +1). For the metric given by (26), ez can
be obtained as

el = (",0,0,0),

e, = (—qoe”. eV, —qae’ . —qze’),

ep = (0,0,¢",0),

e, =(0,0,0,¢"). 27)

Tensors in the two bases are related by the tetrads, for exam-
ple,

Fuy = elebFap, Ruy = €%l Rap, (28)

for the field strength and the Ricci tensor. We will now con-
sider equations of motion (4) and (5) in the tetrad basis.

3.1 The perturbed BI equations

BI fields satisfy the Bianchi identities,
V[[,LFV)\] =0, (29)

in addition to the field equations (4). The corresponding two
sets of equations for tetrad components of BI fields can be
found from the tetrads (27) and the relation (28).

First, from the Bianchi identities (29), one can find four
equations as

(VT2 F1) g+ (VT Py, = 0, (30)
eV Fo) , + (VT F) =0, (31)
' Fo) e+ (VT F3) =0, (32)

(VT2 Fy) g — ("3 Fog)  + ("1 Fpg)
= eV Fy 02 + eVt F, Qo3 — eVt Fyg Qon2, (33)

@ Springer
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from the assumed axisymmetry in the tetrads and BI fields.
Here, Q,’s are defined as

Qw2 =q0r —q21» Q03 =900 —q3,1» 923 =¢q2.0 —q3,r-
(34

Note that (30), (31), and (32) represent the absence of a
U (1) magnetic monopole and the Faraday’s law of induc-
tion in the curved space. However, (33), which corresponds
the ¢-component of the Faraday’s law, shows that there are
“induced” source terms on the right hand side which cor-
respond the magnetic currents J,) ~ gtbed p Qcaq, due
to non-linear interactions between the electromagnetic and
gravitational fields.

Second, from BI field equations (4), which may be con-
veniently written as

V,.D" =0, (35)
where
FH
DW= ———— | (36)
V1+ F?/p2
one can find another set of four equations as
(€ Dpa)  + (V2 Do3) g = 0, (37)
—(e"* D), + (€12 Dp3) ; =0, (38)
(€ *VD23) g + (" Do2) = O, (39)

(23 Dop)  + (€"T3D12) r + (€"T2D13) g
= eV Dy Qoo + €V 2 D3 Qo3 — ¥ TV D23 023, (40)

Here, (37), (38), and (39) represent the Gauss’s law and the
Ampere’s law (with the Maxwell’s correction term) in the
curved space. On the other hand, (40), which corresponds the
¢-component of the Ampere’s law, shows the induced source
terms which correspond the electric currents Jey ~ Fup Qabp,
due to non-linear interactions between the electromagnetic
and gravitational fields, similar to (33). These induced source
terms in (40) and (33) represent the back-reactions from the
dynamical metric g, g2 and g3, which are also driven by 7},
in the Einstein equations (5).

Up to now, we have not assumed any specific solution of
the background BI fields. Now, using that the only non-zero
components of F and D in the background solution (9) are

0

and substituting ¥, v, o, u3 with ¥ + v, v + 8v, up +
Sz, ;3 + Su3 in the above equations, we find the linearized
versions of perturbed BI equations as

0
Fop = — Dy = -7 41)

(re"Fo1),r +re " Fia; =0, (42)

@ Springer

re’(Fop sin0) g + r>Fi3,sinf = 0, (43)
re "Dy, + (re"D12) , + D13 g
= —0(qo,2 — q2,0) sin 6, (44)
—(re"D23) » +re " Do3; =0, (45)
0 e’ .
8Do2,t — = OY +0u3)r + ———(Da3sinb) o =0,
r rsind
(46)
0 v
0Fp — ———=@Bv +8u2) | + (re"F3),,
Vrt+0%/p? 0
+reiUF23,, =0. 47)

3.2 The perturbed Ricci tensor equations

To find the metric perturbations of the Einstein equation (5),
we may conveniently write the Einstein equations (5) as’

1 1
Ry = 5 (Tp,v - Eg;wTyy> + Aguv (48)
2 F2
= — gV(SFM,Fvg—FgMU /32 1-— 1—|—72
1+ £ 2
282
+Aguv (49)
or
2 ed 2 F?
Rap = ————= | 1" FacFpa + Nap B 1 1+72
1+ L2 2
282
+Angp (50

in the tetrad basis, where F2 = F F* = Fo, Fab.

With a simple computation, one can easily find that the
cosmological constant term does not appear explicitly in the
perturbation of Einstein equations (48). The lineralized form
of the perturbed Ricci tensor equations are then given by

2 1 dp R 2
SRap = ——— | == FugbFuq | 22 Rl R ba/P
1+ 2 1+ £
22 28
1% O Fac Foa + Facd Foa) ). 51)

Since the only non-zero componsnt of the background Fj
is Fpo, we replace § Fy, by F,y, except for § Fyyp for simplifi-
cation, following [28]. Explicit forms of the right-hand side
of the perturbed Ricci tensors (51) are given by

20
Roo = —3Ry = ——7-8F. (52)

> The energy-momentum part in the right-hand side of (48) coincides
with “T},,,”” for Maxwell’s electro magnetism. But, in BI theory, it is not
valid generally. This is one of the errors in [30] which may affect the
polar perturbations in EBI gravity.
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20 0°
8R11 = 6R33 = _r_2 <1 + W) S Foo, (53)
20

SRoy = —— Fua. (54)

dRyp =0, (55)
20

8Ro3 = — Fa3, (56)
r
2

Ry = _gFOh (57
r

dRi3 =0, (58)
20

SRy3 = —7 Fos. (59)

3.3 The wave equations for the axial perturbations

The linearized Einstein equations can be obtained by equat-
ing 8 R, of the left-hand side in the above equations with
those which can be computed from the Ricci tensors for the
metric (26) in the tetrad basis, whose explicit forms are given
in the Appendix. As mentioned before, the perturbation equa-
tions can be categorized into two kinds. One is the axial
perturbations which are characterized by the non-vanishing
of qo, q2, 93, Fo1, F12, and Fy3. The other is the polar per-
turbations which are characterized by the non-vanishing of
8 Fyo, Foz, F23,8v, 81, 8142, and 3. In this paper, we only
consider the axial perturbations, which are relatively easier
and can be treated independently of the polar perturbations.
For this purpose, we first consider (57) and (58), which are
now given by

(r?e® Q23 5in° 0) g 4+ r* Qoa.; sin 0 = 4Qre” Fy; sin® 6,
(60)

(r?e® O3 sin®0) , — r’e " Qo3 sin* 0 = 0. 61)

Eliminating D1 and Dj3 from (44) using (42) and (43), we
obtain

2v - v ﬁ -
e—(Vev)/D)r +e— 2 sing —re VD,
y "1, r \siné ; w

= 0(q02 — 42,0),; 8in* 6, (62)
where
) ~ ) F
F = Fyp1sinf, D = Dy, sinf = —, (63)
Y
with
F? 1
y=1--2 . (64)
B 1 0
A

With the substitution
O(r,0.1) = r’e® Qxsin® 0 = A(ga3 — q3.2) sin® 6, (65)

(60) and (61) take the forms

1 30 40 |, ~
—_— = — — + ———¢yD, (66
el g 90 (02— g0+ F=5 € (66)

A 30

- E — , 67
Teg o~ 903~ 43.0) (67)
where A = r2e?”. Assuming that the perturbed fields

q0, 92, q3, and é have a time dependence ¢ ~‘® and elim-

inating go from (66) and (67), we obtain
AdQ , 1 90 rt .
4 3 2
- = 0 = _
" <r4 3r> +sin (sin30 30)9+w AQ
N .

D
=4Qe”r( Y ) sin’ 6. (68)
0 0

sSin

Similarly, eliminating (go.2 — g2.0).; from (62) using (66),
we obtain

2v v )
~ D
[e—(re”yD)’r:| + & <—‘9> sin 6
Y T \sinf )
402¢Y " N
+(a)2re_”— Q; ”)Dz—Q 4Q:9 : (69)
r resin6

We can further separate the variables r and 6 in (68) and
(69) with

O(r,0) = QNC Y ), (70)
and

< DdCY i

D(r,0) = snd 4o _?aD(r)ClJrl ), (71)

where C)" is the Gegenbauer function and we have used the
recurrence relation,

1 dcr "
e o~ MG (72)

Substituting (70) and (71) in (68) and (69), we obtain two
radial wave equations,

d (AdQ A )
A ZZ=) 22
dr<r4dr) er4Q+a)Q
4
- r?“eruJ/D, (73)

eZu ev
[—(re”yD),r} - (W +2)—D
y vr r

2,
M)D:_QQ (74)

73 r4’

+ <a)2rev -
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where
w=31-11+2) (75)
and/ =0, 1, 2, ... denotes the orbital number.
Introducing the tortoise coordinate r,
d o d
I - 76
dry ¢ dr (76)
and further defining Q and D as
14
Hie 2
Q=rH,, re'yD=-— 1e )
2p
with
1 0?
$=—= |14+ —, 78
e ) + 52,4 (78)

we find a pair of coupled equations of H; and H; [30] as

~ A
VH, = — {[p,zr —(®r)r+ 362”r] Hy + ZMQE_%Hl} ,
r

(79)

+££%?fi>}fh-%2uQe_gfb}’ )
where

V= % + . @D

To find the one-dimensional Schrodinger-type wave equa-
tions, we rewrite the coupled equations (79) and (80) in the
matrix form,

F(H) 2 2 (Vi Vi) (H
Hy) 5 \Va1 Vo) \H2 )’

where

(82)

/,2v\/ "2 ,2v
e e
(¢ )+(<p)

4Q%¢
V]]EV[:(M2+2)I‘+ Qr +r3(

2 4
(83)
Vig = Va1 =2uQe %, (84)
Voo = Vo = p?r — (€2°r)r + 3er. (85)

The matrix V;; can be diagonalized by the similarity trans-
formation as in the RN case [28]. Then, the two decoupled,
one-dimensional Schrodinger-type equations are given by,

Vz, = Uz,

(i=172), (86)

@ Springer

where the effective potentials, U; and U;, which are real-
valued functions, are given by

Al VitV Vi—Wa\*
Ul—r_S T"_\/(T) +V12 5

Al VitV vi—-W\*
=5 _\/< 2 )+V12

(87)

(88)

Here, the decoupled solutions Z; and Z, are related with the
coupled solutions H; and H;, which are basically the per-
turbations of the metric variable Q3 and the fields strength
Do, [28],

<Zl> _ 1 ( q1Hy + V=q1q2H> ) 89)

Z) Vo — q) \—vV—a1q2H1 + g1 Ha

where

Vi—W Vi—W 2
q1 :T+\/<T> + Vi,

Vi—VW, V]—sz
() e

The explicit form of Uy, U3, q1, and g will be available upon
substituting ¢’ and ¢¥ with the background solutions (25)
and (78), respectively, when we compute the QNMs in the
next section.

(90)

O

q2

4 Quasi-normal modes for the Axial perturbations: the
WKB approach

4.1 The WKB approximation

Quasi-Normal Modes (QNMs) are defined as the solutions
which are purely ingoing as e~ (»+57+) pear the (outer) black
hole horizon r, where r, = —oo. In this paper, in order to
compute QNMs, we will consider the WKB approximation
method [10-12], which is simple to apply in our case though
there are several inherent limitations, as will be explained
below. The applicability depends also on several conditions,
like the (asymptotic) boundary conditions, and our dS space-
time satisfies this condition which is a technical reason of
using the WKB approach in this paper. In this section, we
briefly summarize the basic results of the WKB approach.
The master equation for the WKB approach may be writ-

ten as the one-dimensional Schodinger-type equation,®

d2

——®() + Q)P (x) =0, (92)
dx

% In contrast to the usual Schodinger equation in quantum mechanics,
the potential Q can be complex-valued generally.
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Fig. 5 A typical plot of the real part of the potential function —Q(x) =
U — w? with the effective potential U, which is independent of the

frequency w = wgr — iwy, and the (complex-valued) “energy” E =

o? = (cu%e - a)%) — iQRwjwg). Here, one (local) maximum at xq (

—Qg = U{l <0)and two turning points at x1 and x are assumed

where the potential function —Q(x) is assumed to be con-
stant at the asymptotic boundaries x = o0, although not
necessarily the same at both ends, and has one maximum at a
certain finite xo (Fig. 5). In the black hole case, ® represents
the radial part of the perturbation with the usual time depen-
dence of a positive-frequency mode e~'“!, as well as the
appropriate angular dependence. The coordinate x is related
to the fortoise coordinate r, which ranges from —oo, at the
(outer) black hole horizon r4, to +00, at the spatial infinity
r = oo for the asymptotically flat [11] or at the cosmological
horizon r . for the asymptotically dS case [31], as adopted
in this paper.

In order to solve the one-dimensional potential barrier
problem of (92), we adopt a modified WKB approach by
matching the two exterior WKB solutions in regions I and IIT
across the two turning points x; and x; simultaneously [32].
In the interior region II, we expand the potential function
—Q(x) near its maximum at x = xg and use it to connect the
two exterior WKB solutions. For the black hole case with the
quasi-normal mode boundary conditions, i.e., purely “outgo-
ing” (from the potential barrier), the result may be written as
the simple semi-analytic formula,

Qo al al 1
—i) A=) Qupi=n+s, (93)

V2Qp k=1 k=1

where the primes denote the derivatives in terms of x and
Qg > 0 due to the extremum of the potential —Q at xq.
Here, the subscripts 2k, 2k + 1 denote the order of the WKB
approximations, N =NorN+1,and Ay, Q0k+1 are poly-

nomials of the derivatives Q(()m)/ Qg and \/QT)/ . It is impor-
tant to note that even and odd-order terms become pure-
imaginary and real-valued, respectively, so that, when con-
sidering Qp = w? — Up in the black hole case, they play

the distinct roles in obtaining the quasi-normal frequencies,
w=wRr —iwy J

Then, the result up to the third WKB orders [11, 12]8, with
Q = w? — U from (86), is given by

~ 1 ~
w2:|}m4— —zquz]—i(n+-§)J—2Ug(1+sh)

(94)

with the real-valued WKB correction terms,

0)

- 1 1 (U,

Ay = =72 ) (1+4e?)
/_2U6/ 32 UO

3\ 2
! (UO ) (7 +60a?) |, (95)

288\ uf

1 5 (U9
0 (77 + 188a2)

Q3 =
T vy | eon2 \ Uy

(32,4
1 (U U,

384\ g

@\ 2
1 Uy 5

(51 4 100a?)

HEETA T

3) (5
1 (uPU,
— | =220} (19 + 284?)
288 U(/)/2

1 (u” 2
BETT Uy (S +4a”) |, (96)

wherea =n+ 1 (n=0,1,2,--), Q3 = Q3/(n + 1/2),
and the primes and the superscript (m) of Uém) denote the
derivatives of the effective potential U (r,) with respect to the
tortoise coordinate r,, evaluated at its maximum point rg. The
maximum point rg is determined by dU /dr, = €*dU /dr =
0, which does not have analytic solutions in our case, where

7 This fact does not seem to be well emphasized in the literature. This
causes some misleading results, for example, in [30] due to the related
typos in the original work of the third-order terms in [11] where “i”
factor in the even part of (93) is missing. Similar typos also appear in
the 4th-order terms in [33] (Appendix A), in contrast to the correct i
factors in the corresponding 4th-order terms in [11] (Appendix) and
[34] (private communications: We thank the authors for kindly sharing
their results).

8 The convergence in each order may not be guaranteed generally since
the expansions are just asymptotic ones. However, the popular third-
order result of [11] can also be obtained as the lower-order results of the
phase integral approach which allows the convergent expansions with
controlled accuracy [35] and works well in many cases. For extensions
to higher orders, see [11] (Appendix) (4th order), [33] (6th order), and
[34] (13th order). See also [36] for a recent review.
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Fig. 6 The plots of f = ¢2") and the effective potentials U;(r) and U(r) for varying the BI parameter 8. Here, we consider f =
0.05, Bmin, 0.5, 0.64, Bmax, 2.0 (bottom to top) with Bmin & 0.103, Bmax ~ 1.166 when M = 0.95, 0 =1,/ =2,and A = 0.2

Fig. 7 The plots of lowest w. WR
(=0 w=wp—iojvs.plor  000f  eeeeeeene,, 030} ererrrerereres
U, (dashed curves) and U, 0.030f » e ess s : “a_,.---r'
(solid curves) when M = 0.95, 0.025F [ 0.25¢ o
0=1,1=2and A =02 0.020% ¢ 0.20f «°
0.015}] 015 7
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the effective potentials U; in (87) and (88) are quite compli-
cated so that ro can be found only numerically. Then, QNMs
can be found numerically by solving (94) from the numerical
computations of (95) and (96) as a function of the parameters
of the theory.

4.2 QNMs vs. B8

Figures 6 and 7 show the effective potentials and correspond-
ing lowest (i.e., fundamental) QNMs with n = 0 as functions
of the BI parameter . As can be seen in Fig. 6 (left), there
are one degenerate event horizon for 8 = Bpin, and one
degenerate black hole horizon with one cosmological hori-
zon for B = Pmax. In between them, Bmin < B < Pmax»
there are generally three horizons (two black hole horizons
and one cosmological horizon), depending on B. Only for
this dS black hole regime, the WKB formula (94) for QNMs
may apply. Figure 7 shows that the black holes are stable for
the range of Bmin < B < Bmax since their metric perturba-
tions are decaying (which is called also as the“ring-down”
phase) with the decay time 7 ~ a)l_l for w; > 0. More-
over, the results show w 0.2 ie., the “frozen” mode, at
B = Pmin ~ 0.103 and no QNMs beyond fpax =~ 1.166,
where the WKB formula (94) does not apply, as expected
from the behaviors of the metric functions and the effec-
tive potentials in Fig. 6. As § increases, the negative imag-
inary parts of QNMs, w; increase first monotonically and
reach maximum points around BQ = 1/2 (here, 8 = 0.5
with QO = 1), which divides the Sch-type and the RN-type

~
~

9 Hereafter, when we denote w ~ 0, it means zero with the accuracy
of 1072 ~ 1078,

@ Springer

[24], and then decrease monotonically. Beyond the above
range, B < Pmin Of B > Pmax, ONE can not say anything
about its stability since the WKB formula for QNMs can not
apply due to the lack of the required boundary conditions
and we need other analysis to test its stability. For example,
the WKB formula does not say anything about the stabil-
ity of the naked singularity for § > PBpnax. On the other
hand, the real parts of QNMs wg increase monotonically
and saturate to maximum values, corresponding to those
of the RN-dS case [31,43], showing two decoupled oscil-
lation modes with a rough relation, wg1) ~ 2wg(2). This
is in contrast to the imaginary parts with a rough relation,
w[(1y ~ W] (2), 50 that the real-to-imaginary frequency ratios
are CUR(I)/CUI(I) ~ ZwR(g)/a)I(z) ~ 10.

4.3 QNMs vs. QO

Figures 8 and 9 show the effective potentials and correspond-
ing lowest QNMs as functions of the electric charge Q. As
can be seen in Fig. 8, there are one degenerate event hori-
zon (charged Nariai solution) with one Cauchy horizon for
QO = QOmin, and one degenerate black hole horizon with
one cosmological horizon for Q = Qnax. In between them,
Omin < O < Omax, there are generally three (two black
hole and one cosmological) horizons, depending on Q. The
results show w ~ 0 at Q@ = Qmin ~ 0.9320 and no QNMs
beyond Qmax ~ 1.0041, as expected from the behaviors of
the metric functions and the effective potentials in Fig. 8.
The behaviors of w; and wg are almost the same as those of
Fig.7for B < 0.5 with the similar relations, wg(1) ~ 2wg(2),
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Fig. 8 The plots of f = 2" and the effective potentials Uj(r) and U, (r) for varying the electric charge Q. Here, we consider Q =
0.05, 0.5, Omin, 0.9680, QOmax, 1.1 (bottom to top) with Qmin ~ 0.9320, Qmax ~ 1.0041 when M = 095, 8 =1,/ = 2,and A = 0.2

Fig. 9 The plots of lowest
(n=0)w =wg —iw; vs. Q for
U, (dashed curves) and U
(solid curves) when M = 0.95,
B=1,1=2and A =0.2
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Fig. 10 The plots of f = €2 and the effective potentials Uj () and U, (r) for varying the mass M with a fixed SQ > 1/2. Here, we consider
M = 0.1, Mpin, 0.9650, Mpax, 1.0 (top to bottom) with Min & 0.9464, Mp.x ~ 0.9836 when 8 =1, 0 =1,/ =2,and A =0.2

Fig. 11 The plots of lowest
n=0)w=wgr —iw;vs. M
for Uy (dashed curves) and U,
(solid curves) when 8 = 1,
O=1,l=2,and A =0.2
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wr1y ~ wre) and wry/wra)y ~ 2wgre)/eie) ~ 10, and  corresponding lowest QNMs as functions of the mass M for

other discussions are similar.

4.4 QNMs vs. M

a RN-type black hole with fixed Q > 1/2. As can be seen
in Fig. 10, there are one degenerate event horizon (chraged
Nariai solution) with one Cauchy horizon for M = My,
and one degenerate black hole horizon with one cosmological
horizon for M = M. In between them, My, < M <

Here, we divide into three cases depending on the values of A, .. there are generally three horizons, depending on M.

B Q, whichdivides Sch-type and RN-typeby 8O = 1/2[24].  Figure 11 shows that w &~ 0 at M = Mp,x ~ 0.9836 and no
First of all, Figs. 10 and 11 show the effective potentials and
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Fig. 12 The plots of f = €2 and the effective potentials Uj () and U, (r) for varying the mass M with a fixed SQ = 1/2. Here, we consider
M = 0.1, Mpin, 0.9275, Mpnax, 1.0 (top to bottom) with Min = Mo ~ 0.8740, Mmax =~ 09810 when 8 =1, 0 = 1,1 =2,and A = 0.2

Fig. 13 The plots of lowest w WR
n=0w=wgp—iw;vs. M 0_05,' PO, 1.0
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Fig. 14 The plots of f = €2V and the effective potentials Uj (r) and U, (r) for varying the mass M with a fixed SQ < 1/2. Here, we consider
M = 0.1, Mpin, 0.73, 0.8455, Mpax, 1.0 (top to bottom) with My, ~ 0.7136, Mpax ~ 0.9774 when 8 =1/3, 0 =1, =2,and A =0.2

Fig. 15 The plots of lowest w, WR
n=0)w=wgr —iw; vs. M 1.2y, 125
for Uy (dashed curves) and U, 10 H 10 H
(solid curves) when 8 = 1/3, T
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QNMs below Mpyin ~ 0.9464, corresponding to replacing
Omin = Mmax and Qmax — Mmnin in Fig. 9.

Figures 12 and 13 show the cases for 8Q = 1/2. The basic
difference from the case of BQ > 1/2 in Figs. 10 and 11 is
that there is only one degenerate (black hole) horizon at the
origin r = 0, i.e., the point-like horizon, with the vanishing
Hawking temperature Ty = 0 and w; ~ 1.844 x 10~* (for

@ Springer

Uy), 1.840 x 1074 (for Up) at M = My = Mo ~ 0.8740.
On the other hand, w; ~ 0 at M = Muyax ~ 0.9810 and wy
has a maximum point about M ~ 0.9. However, the behavior
of wg is similar to the case of SQ > 1/2 in Fig. 10, except
the rapid but finite oscillation near My;y.

Figures 14 and 15 show the cases for a Sch-type black
hole with BQ < 1/2. The basic difference from the case
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Fig. 16 The logarithmic plots Inw
of lowest (n = 0) wg and wy gle
near M = Mpin ~ 0.7136,
corresponding to Fig. 15. The
blue lines represent the best-fit 6
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Fig. 17 The plots of an{J for U} (dashed curves) and U, (solid curves)
in Figs. 15 and 16

of BO = 1/2 in Figs. 12 and 13 is that there is no (even
a point) black hole horizon in addition to the cosmological
horizon for M = Mp;n, even though the (non-degenerate)
black hole horizon can arbitrarily approach close tor = O as
M — M, with the divergent Hawking temperature (Fig. 1).
One more remarkable difference is that, as M — My, @ is
divergent as

w1 X (M — Myin) “e™", wp = (M — Myin) e™® (97)

with (a, b, ¢, d) ~ (1.1223, 5.2870, 1.0752, 2.5693),
(1.1241, 5.3062, 1.0950, 3.2682) for U;, U,, respectively,
within the limited results due to numerical errors.'? There is
one degenerate horizon where the black hole horizon meets
the cosmological horizon for M = M.« and generally two
(one for black hole and one for cosmological) horizons in
between them, Mmin < M < Mpax. However, Fig. 15 shows
w ~ 0at Mpax ~ 0.9774, similarly to the case of BQ > 1/2
in Fig. 11.

4.5 QNMs vs. [

We also divide into three cases depending on the values of
B Q. Figures 18 and 19 show the effective potentials and cor-
responding lowest QNMs as functions of the orbital number
[ for a fixed BQ > 1/2. As shown in Fig. 18, there are three

10 Tn the numerical computations of WKB formula (93), we find that
the “smallness” of U, which should be “0” by definition, can be a good
barometer of the numerical errors. As M — M pp, the (non-vanishing)
magnitude of Uy is increasing as shown in Fig. 17.

0.720

M L L T
0.722 0.72 0.74 0.76 0.78

(two for black hole and one for cosmological) horizons inde-
pendent of / (Fig. 18 (left)). On the other hand, the effective
potentials depend on /, representing the angular momentum
barriers for higher / with a single maximum. However, for
lower [, there is no local maximum (but a minimum) in the
effective potential (! = 0 case for U,) or there are “three
turning points” with one additional turning point within the
usual two turning points, i.e., the outer black hole horizon at
r4+ ~ 1.2 and the cosmological horizon atry ~ 2.4 (I =0
case for U; and [ = 1 case for Uy) so that the usual WKB
formula does not apply.'! One remarkable thing in the result
of Fig. 19 is that, in contrast to other varying parameters,
w1y and w;(z) respond differently to the varying /, while
wp(1) and wg(2) respond almost identically. In particular, in
the large / limit, w; approaches asymptotically to a limiting
value w; =& 0.03055, while wg shows a linear dependence
wg = ol with 0 & 0.1092, similar to earlier results [12].

Figures 20 and 21 show the case for 8Q = 1/2. The
main difference from SQ > 1/2 case in Figs. 18 and 19 is
the “magnitude flip” between w; (1) and w;(2) in Fig. 21. In
the large [ limit, w; approaches asymptotically to a limiting
value w; & 0.03349, while wg shows a linear dependence
wr = ol with o ~ 0.1006. On the other hand, for lower [,
ie.,l =0forU;and! = 0, 1 for U, the usual WKB formula
does not apply, due to either “three turning points” (! = 0 for
U; and [ = 1 for U,) or “no local maximum” (I = 0 for U»)
within the usual two turning points r4 ~ 1.4 and ry4 ~ 2.4.

Figures 22 and 23 show the cases for 8Q < 1/2 but the
results do not show any qualitative difference from BQ =
1/2 in Figs. 20 and 21. In the large / limit, w; approaches
asymptotically to a limiting value, w; &~ 0.03345, while wg
shows a linear dependence wr = ol with o =~ 0.0910. For
lowerl,ie.,l = 0forU;and! = 0, 1 for U, the usual WKB
formula does not apply, due to either “three turning points”
(!l = 0for Uy and [ = 1 for U,) or “no local maximum”
(! = 0 for U) within the usual two turning points r4 ~ 1.5
andry4 ~ 2.4,

1 For three-turning-point problems, a complex matrix WKB approach
may be applied [35]. See also [36] for other restrictions on using the
WKB formula.
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Fig. 18 The plots of f = ¢’ and the effective potentials U (r) and U, (r) for varying the orbital number / with a fixed 8Q > 1/2. Here, we
consider from / = 0 to [ = 5 (bottom to top, barrier region) when M = 0.95, 8 = 1, Q = 1, and A = 0.2 with three (two for black hole and one

for cosmological) horizons

Fig. 19 The plots of lowest
(n=0)w=wpg —iwy vs. for wy,

U, (dashed curves, from/ =1
to [ = 30) and U, (solid curves, 0.0306
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Fig. 20 The plots of f = ¢2") and the effective potentials U, (r) and U, (r) for varying the orbital number / with a fixed 8Q = 1/2. Here, we
consider from / = 0 to / = 5 (bottom to top, barrier region) when M = 0.95, 8 = 1/2, O = 1, and A = 0.2 with two (one for black hole and one

for cosmological) horizons

Fig. 21 The plots of lowest
(n=0)w=wgr —iwy vs.[ for w;

U, (dashed curves, from [ = 1 N

to [ = 30) and U» (solid curves, 0.0340F

from [ = 2 to ! = 30) when

M=095p8=1/2,0=1, 0.0338[ <

and A =0.2 %
0.0336¢ *teccecenes

L I I n 1 hd - 4 I

0.03341 5 10 15 20 25 30
0.03321

4.6 QNMs vs. A

As in the previous two cases, we also divide into three
cases depending on the values of Q. Figures 24 and
25 show the effective potentials and corresponding low-
est QNMs as functions of the cosmological constant A

@ Springer

3.0f
2.5¢
2.0
1.5¢
1.0f
0.5¢

for a fixed BQ > 1/2. As can be seen in Fig. 24, there
are one degenerate event horizon (charged Nariai solution)

with one Cauchy horizon for A = Ay, and one degen-
erate black hole horizon with one cosmological horizon

for Amin. In between them, Apmin < A < Amax, there
are generally three horizons depending on A, similar to
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Fig. 22 The plots of f = €2'(") and the effective potentials U (r) and Ua(r) for varying the orbital number / with a fixed 8Q < 1/2. Here, we
consider from / = 0 to/ = 5 (bottom to top, barrier region) when M = 0.95, 8 = 1/3, O = 1, and A = 0.2 with two (one for black hole and one

for cosmological) horizons

Fig. 23 The plots of lowest WR
(n=0)w=wr —iwy vs. for w;, p
U, (dashed curves, from/ =1 o 2.5F o2t
to [ = 30) and U, (solid curves, 0.0340 ‘,""
from [ = 2 to | = 30) when 003381 2.0¢ ot
M=0958=1/3,0=1, : Y 1.5} o
and A = 0.2 0.0336} .‘o.““ 100 '.,.'".

. L IT%t%eececsseecsrerees | ' -

[ 5. .-107"""5 25 30 0.5} ‘_.»"

0.0332 5 10 15 20 25 30

f=e?v

= N r
-0.21

-0.4}

Fig. 24 The plots of f = ¢2"(") and the effective potentials, U; () and U, (r) for varying the cosmological constant A with a fixed 8Q > 1/2.
Here, we consider A = 0.1, Ampin, 0.2074, Amax, 0.3 (top to bottom) with Ampin & 0.1796 and Amax &~ 0.2352 when 8 =1, 0 =1,/ = 2, and

M =0.95

Fig. 10. Figure 25 shows w &~ 0 at Amax &~ 0.2352 and
no QNMs below Apin &~ 0.1796, similar to the case in
Fig. 11.

Figures 26 and 27 show the case for BQ = 1/2. As
can be seen in Fig. 26, there are one degenerate event hori-
zon for A = Amax, and one non-degenerate black hole
horizon for A = “0”, i.e., the flat case. In between them,
0 < A < Amax, there are generally two (one for black
hole and one for cosmological) horizons. The main differ-
ence in Fig. 27 from fQ > 1/2 case in Fig. 25 is the
“magnitude flip” between w; (1) and w; (), as in Figs. 13 and
21.

Figures 28 and 29 show the case for 8Q < 1/2 but there
is no qualitative difference in the result from §Q = 1/2 case
in Fig. 27.

5 Exact solution

Generally, finding analytic expressions for QNMs is diffi-
cult and one needs to consider their numerical computations.
However, there exist some special cases where exact solu-
tions can be found. In this section, we consider the exact
solution near the (charged) Nariai solution where the black
hole horizon r and the cosmological horizon r  merge. To
this end, we first note that the metric function f(r) = >
in (7) and (24) can be written [37,38], near the Nariai limit
ry —> ry4,as

2
) = —=F iy =) — ) + O, (98)
Pt —rt

wheree = (ryq —ry)/ry < landey = (1/2)(df/dr)lr=r,
is the surface gravity at the horizon ry, which is related

@ Springer
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Fig. 25 The plots of lowest wy WRr
(n=0)w=wg —iw; vs. A for 0.04 . 0.4,
U, (dashed curves) and U, e, "*‘.,_.
. * .
(solid curves) when B = 1, 0.03f had 0.3F *‘-,_._
0=1,1=2and M =0.95 ey *.,‘l
002' ) n‘ 02, .‘...‘
'&‘ ‘..
‘e, .,
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| »
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Fig. 26 The plots of f = ¢*"") and the effective potentials U; (r) and U, (r) for varying the cosmological constant A with a fixed 8Q = 1/2.
Here, we consider A = 0, 0.1149, Anax, 0.3 (top to bottom) with Apax &~ 0.2298 when 8 = 1/2, 0 =1,/ =2,and M = 0.95

Fig. 27 The plots of lowest w; Wr
(n=0)w =wr —iw; vs. A for 0.106- 0.8:.."
U; (dashed curves) and U, ' eeey ‘*~..,_.‘
(solid curves) when B8 = 1/2, 0.08F ""*;“ 06l T,
Q0=1,l=2,and M =0.95 Teey "'\_
0.06 L -,
. 04} -,
o .
0.04f o .
™ 0.2r ™,
0.021 .
: : : : A : : : A
0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20

to the Hawking temperature Ty = hk/(2mw) in (16). In
this limit, the tortoise coordinate r,, for the physical region
ry+ <r <r44,can be obtained as

= / "l dr
1

_ 1 (ﬂ> L oE), (99)

2K+ Foyqy — 7T

where we have chosen the integration constant such thatr, =
—oo atr = ry and r, = +o0o at r = ry4. Then, one can
invert the relation (99) to get

2K 4Ty
= % + 0 (100)
and
For) = () = T L3y (101)

2 cosh? (k47y)

@ Springer

Now, substituting (100) and (101) in the effective potentials
U; of (87) and (88), one can find

0)

U=——1  +0, 102
"7 cosh? (kg ) (€9 (102)
where
0 0
Uy — ki (res —ry) [ VO + v,
! 2r3 2
() 0\ 2
Vi —V 2
+ (%) +V (103)
0 0
o — ki — 1) [ VO + v
z 2r3 2
) 0\ 2
V> — 2
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Fig. 28 The plots of f = ¢?”") and the effective potentials U} () and
U, (r) for varying the cosmological constant A with a fixed QO < 1/2.
Here, we consider A = 0, 0.1121, Apax, 0.3 (top to bottom) with

Amax ~ 0.2243 when 8 =1/3, 0 =1,/ =2,and M = 0.95, with the
similar horizon structures as in the case of Q = 1/2 in Fig. 26

Fig. 29 The plots of lowest w; w
(n=0)w = wg —iw; vs. A for : 0'87...%
U, (dashed curves) and U, 0.10 ,."‘.“ ‘t..,_..
(solid curves) when 8 = 1/3, "‘*&.‘ 0.6F ’1...‘
Q=1,1=2and M = 0.95 0.08¢ Trea, e,
0.06} Tre, 0.4f *-1“
0.04} o VY e,
o 02l “
0.02f
! ) ) : N ! : : ! A
0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20
and when 8 = 1, 1/2, 1/3, respectively, while the analytic result
5 5\ —172 iswy;/ Ty = 7 from (108) for the lowest mode, n = 0. This
VI(O) = (u2+ 2)ry + 40 1+ g . + O(e), result may indicate the accuracy of our WKB approach itself.
Iy Bory This is contrary to the real parts wr which depart from numer-
(105) ical results beyond the Nariai limit (Figs. 32, 33). But this
5\ /4 would be partly due to the non-constant or scale-dependent
V1(3) =2u0 (1 + Q_4> + O(e), (106)  nature of the real part of /i in (108) for the EBI-dS case,
B*r + which may be compared with the RN-dS case in [38] or the
y p
V2(0) = M27+ + O(e). (107) Sch-dS case in [37,41].

Here, we have used f(ry) ~ O(e?) and df/dr =
—2k tanh(k i) + O(e3) ~ O(€?) from k. ~ O(€) near
the Nariai limit. The potential in (102) is known as Poshl-
Teller potential [39] and its QNM:s can be solved analytically
[40] as

1
w=kKkq|—i (n—i-E) + , (108)

where n = 0,1, 2, ... is the overtone mode number. In
Figs. 30, 31, 32 and 33, considering the dependence on the
Hawking temperature Ty or black-hole horizon radius r,
the analytic result of QNMs in (108) are compared with the
numerical results based on the WKB approximations in Sec.
IV. The results show quite good agreements for the imagi-
nary parts w; even beyond the Nariai limit (Figs. 30, 31).
The best-fit curves for the numerical results in Fig. 30 near
the Nariai limit are w; 1)/ Ty ~ 3.1559, 3.0757, 3.013 and
wr2y/Th ~ 3.1555, 3.0887, 2.996 for U; and U, cases

Before finishing this section, we note that the Nariai limit
is also associated with the large-/ limit,

Ky(roy —r
Ul(o) — % [1d + Dyry

U

5\~ /4T
+2J/1+ 1O (1 + %) + 0%, (109)
+

Kp(roq —ry)

v = 2 [1( + Dry
Q2 —1/47]
—2/10+1)Q (1 + ﬁ2—4> +0(%, (110)
I+

showing, at the leading order, the merge of Ul(o) and

UZ(O) and the linear dependence wrp = ol with 0 =

\//c+(r++ — r+)/2r_% as observed in Figs. 19, 21, and 23.
which may be compared with the RN case in [40] or the Sch-
dS case in [42]. On the other hand, the asymptotic approach

@ Springer
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Fig. 30 The plots of lowest w; vs. Hawking temperature Ty for U
(dashed curves) and U (solid curves) when 8 = 1 (left), 1/2 (center),
1/3 (right), and Q = 1,1 = 2, A = 0.2, i = 1. The orange lines
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denote the exact solutions (108) near the Nariai limit at the bottom and
the agreements with the numerical results (the blue lines represent the
best-fit curves near the limit) are quite good

wy, wy. w,
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Fig. 31 The replots of Fig. 30 in terms of r, corresponding to Ty
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Fig. 32 The plots of lowest wg, associated with their imaginary correspondents in Fig. 30. The orange lines denote the exact solutions near the
Nariai limit at the bottom and the blue lines represent the best-fit curves near the limit

of wy to a limiting value corresponds to w; = k4 (n + 1/2)
in (108).12

We also remark that Figs. 34 and 35 show, as 71 — 0, the
divergent w as

W] ~ r;aefb

, wp~rited (111)
with @, b, ¢, d) ~ (1.0239, 2.7715, 0.9834, 0.4133),
(1.0356, 2.9366, 1.0215, 1.0623) for Uy, U;, respectively.

This is consistent with the similar behavior in Fig. 16. It is

12 Of course, these two behaviors may not be directly compared
with those of Figs. 19, 21, and 23 because of different proportional
coefficients depending on whether it is near the Nariai limit or not.
Actually, we have o = —0.01763i + 0.12083 [, — 0.02278i +
0.10775 1, — 0.02089i + 0.08954 [ near the Nariai limit, while
o = —0.03055i 4+ 0.1092 [, — 0.03349i + 0.1006 /, — 0.03345; +
0.0910 [ for the cases of Figs. 19, 21, and 23, which correspond to
e = 0.99091, 0.70872, 0.57611, respectively. It is rather surprising
that we have rough agreements already even beyond the Nariai limit.

@ Springer

interesting to note that the similar divergence can be also
seen from the . — 0 limit in the Nariai limit formula (108)
with a quite close exponent a = 1 for w;, while somewhat
different exponent ¢ = 3/2 for wg, even though the point-
like horizon limit 74 — O would be far beyond the Nariai
limit.

6 Discussion

We have studied, using the Schutz-Iyer-Will’s WKB method,
QNDMs for the axial gravitational perturbations of electrically
charged black holes in EBI gravity with a positive cosmo-
logical constant. We have found that all the axial perturba-
tions are stable, i.e. “non-negative” wy, including the flat
(A = 0) as well as dS (A > 0) cases, for all cases where the
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WKB method applies, correcting some errors in the literature
[30].

It is also found that there are cases where the conventional
WKB method does not apply, like the three-turning-points
problems for the lower-/ cases in Figs. 18, 19, 20, 21, 22 and
23, and a more generalized formalism is necessary for study-
ing their QNMs and stabilities [35]. Regarding the degen-
erate horizons, where the WKB formula can be marginally
applicable, our results seem to be consistent with stability
[28,31,43].13

On the other hand, we may note in our case that there are
actually three types of degenerate horizons with the vanish-
ing Hawking temperature. The first is the Nariai-type hori-
zons, where the (outer) black hole horizons, regardless of
whether it is the RN-type or the Sch-type, coincide with the
cosmological horizon. In this case, we find that the QNMs are

13 This may be contrasted with the “horizon instability” of axisymmet-
ric extremal horizons [44]. It would be a challenging problem to study
the horizon instability of axisymmetric extremal horizons within WKB
approaches or in a more generalized approach [35].

completely “frozen”, i.e., @ ~ 0 and this would indicate the
solution as the final state of the system, i.e., no further evo-
lution.'* This is the case of B = Bmin in Fig. 7, O = Omin
in Fig. 9, M = My in Figs. 11, 13, 15, and A = Apax
in Figs. 25, 27, 29. The second is the usual extremal black
holes, where the inner (Cauchy) horizon coincides with the
outer (event) horizon, regardless of the existence of the cos-
mological horizon. In this case, there are non-vanishing w’s
and they are stable, i.e., w; > 0, as noted above. This is
the case of B = PBmax in Fig. 7, Q0 = Omax in Fig. 9,
M = My in Fig. 13, and A = Anin in Figs. 25, 27,
29. One peculiar thing of our EBI system is that there is
another type of extremal black holes, which is the third case
of degenerate horizon, where the black hole horizons merge
at the origin ry = 0, i.e., the “point-like” horizon. In this
case, the QNMs are quite long-lived with large decay time
© ~ 1/w;, which are close to the quasi-resonance modes

14 This may be compared with the similar frozen modes for heavy-mass
scalar perturbations in a wormhole geometry [25].
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(QRMs) with w; = 0 [45]. This is the case of M = M,
in Figs. 13, 15 and this is a genuine effect of the non-
GR branch 8Q = 1/2, which does not have the GR limit
[24].

We have studied the exact solutions near the Nariai limit
and found, for the imaginary frequency parts, good agree-
ments even far beyond the limit. This may indicate the accu-
racy of our WKB approach. We have also obtained the similar
large-/ behaviors as observed in the numerical computations,
though this needs not be the same as the large-/ limit of the
far beyond Nariai limit, due to non-commutativity of the two
limits.

Several further remarks are in order. First, it is known
that the polar and axial perturbations in Einstein gravity are
related due to a symmetry, associated with the parity [28].
The similar relations for EBI gravity are expected to exist due
to the same parity symmetry in the equations of motion, but
its rigorous proof would be still an interesting open problem.
Second, it is known that the electric and magnetic duality
exists in the background solutions [13-21]. But its validity
in the perturbations does not seem to be quite evident and it
would be desirable to consider this problem in more details.
Third, the relation between QNMs and Hawking tempera-
ture in de Sitter space is an important probe of dS/CFT-
correspondence [46—48]. It would be interesting to find a way
to compute QNMs from the appropriate CFT at the spatial
infinity [49]. Finally, we note that our results for higher-/, i.e.,
I =(1),2,3, - withn = 0show the high real-to-imaginary
frequency ratio wg/wy, which ranges about 5 ~ 10, so that
the WKB approximations can be reasonably accurate.
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Appendix

The tetrad components of Ricci tensors for the metric in (26)
can be computed in a straightforward manner through the
form notations, from the knowledge of spin-connection one-
form @ satisfying the torsion-free condition [28]."> Here we
present some components which are relevant for our calcu-
lations:

—Roo = ¢ ' [(Y + 2 + 13) 0,0 + Y0¥ — )0
+u2,0(pm2 =)0+ 1303 —v) ol
—e M2 v + V(Y + v — o+ 13) 2]
—e w33+ V3 + v+ puy — 13) 3]

1
+5e T[T 05) + e 05,

—Rii = e 20+ Yo v+ us — p12) 2]
+e 3 Y33+ YW v+ o — 13) 3]
—e 2[00 + Yo — v+ w2 + 143) 0]

N % (V=223 2.

1
+5 e T 03 + 7205,

—Ryp = e 2 [(Y + v+ p3) 22 + V2 — p2) 2
+u32(u3 —p2) 2 +va(v — w22l
e up 35 + a3 4+ v + o — u3) 5l
—e 2 [12,0.0 + H2.0(¥ — v + 12 + 13) 0]
+%e2*” THRleT 03 — e 0,

—Ro = 16*2'//*#2*#3[(e3¢*V*M2+M3 020) 2
> ,
+(V VTR 0q) 5],

—Rpy = 36*2'//*1’*113 [(e3¢+‘1*u2*ﬂ3 03)3

— (VT2 000 o],
—Rox = e 27 [(Y + w3) 20 F V2(¥ — u2) o
+u3 (3 — m2),0 — (¥ + 13)ov2]

1
—562'/[_”_2“3_“2 023030,

—Roz = 7B [(Y +v) 23 — (Y +v) 2123
—( +v)3u32+ vavs+vaval

1
—562'/’_2‘)_“2_“3 020Q30.

The components R33, R13, and Ro3 can be obtained by inter-
changing the indices 2 and 3 in the components R27, R12,
and Rop.

15 Due to the double-opposite choice of conventions, one from the dif-
ferent choice of the Riemann and Ricci tensors (see the footnote No.1)
and the other from the different choice of the signature of the metric,
the tetrad components of the Ricci tensor coincide with those of [28].
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