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Abstract In this work, the one-loop renormalization of a
theory for fields transforming in the (1, 0) & (0, 1) represen-
tation of the Homogeneous Lorentz Group is studied. The
model includes an arbitrary gyromagnetic factor and self-
interactions of the spin 1 field, which has mass dimension
one. The model is shown to be renormalizable for any value
of the gyromagnetic factor.

1 Introduction

In the Standard Model of particle physics, only fields trans-
forming in the (0, 0), (1/2,0), (0, 1/2) and (1/2, 1/2) rep-
resentations of the Homogeneous Lorentz Group (HLG) are
needed. There is however no guiding principle restricting the
possible representations, and indeed high spin fields naturally
appear in Hadron physics and in Beyond the Standard Model
(BSM) scenarios like supergravity and superstrings.

In an attempt to better understand the physics of fields
transforming in different representations of the HLG, a series
of works have been carried [ 1-8] based on the projection onto
subspaces of the Poincaré group. In this formalism, it has
been shown that the gyromagnetic factor of spin 3/2 fields
is connected with their causal propagation in an electromag-
netic background [1], and with the unitarity of the Compton
scattering amplitude in the forward direction [2]. The for-
malism can also be applied to lower spins, for example, in
the spin 1 case, a similar connection between the unitarity
of Compton scattering in the forward direction and the gyro-
magnetic factor of the field exists, which is also related to the
electric quadrupole moment [3].

When the Poincaré projector method is applied to spin 1/2
fields transforming in the (1/2, 0) & (0, 1/2) representation
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[6,7], the resulting Lagrangian is a generalized version of
the original second order Feynman-Gell-Man formalism [9],
enhanced with an arbitrary gyromagnetic factor and fermion
self interactions. The second order fermions studied in these
works are conceptually different to Dirac ones, as the former
propagate 8 dynamical degrees of freedom instead of 4. As
shown in [6,7], there is a consistent reduction of dynam-
ical degrees of freedom and a direct connection between
the renormalization group equations for the second order
fermions and the Dirac formalism if the gyromagnetic (or
chromomagnetic) factor is set to the fixed value g = 2.

The goal of the present work is to study the renormaliza-
tion properties of spin-1 matter fields! transforming in the
(1, 0) & (0, 1) representation of the HLG in a model based
on the Poincaré projector formalism, as a direct generaliza-
tion of the spin 1/2 case [6,7].

The difference between the pure spin 1 representation
(1,0) & (0, 1), described by an antisymmetric tensor field
of second rank, and the more familiar (1/2, 1/2) vector
field is more dramatic in the massless case, as the Kalb—
Ramond antisymmetric gauge field contains only one phys-
ical longitudinal degree of freedom [10], whereas the mass-
less vector gauge field is characterized by 2 transverse ones.
Switching to massive spin-1 particles, one must distinguish
between gauge invariant and non-gauge invariant theories. It
can be shown that a massive Stueckelberg compensated Kalb-
Ramond gauge field is dual to a compensated massive gauge
vector field [11]. However, for non-gauge invariant massive
spin-1 theories, the properties of four-vector and antisym-
metric tensor particles can differ significantly. In [12] the
difference between spin-1 antisymmetric tensor mesons and
the four-vector mesons has been studied in detail for compos-
ite hadrons. In the present work, we focus instead on pointlike

! Here we understand matter fields as massive non-gauge fields.
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massive spin-1 bosons, with emphasis on their electromag-
netic properties and their possible self-interactions.

The model studied here is based on [4], where the complex
antisymmetric tensor field has 6 complex degrees of freedom,
making the (1, 0) @ (0, 1) theory explicitly different to any of
a massive gauge vector field. In [4] the Compton scattering
of spin-1 particles described by both a massive four-vector
and an antisymmetric tensor was analyzed for arbitrary val-
ues of the gyromagnetic factor, finding that the Compton
scattering cross section off the parity degrees of freedom in
(1,0) & (0, 1) is finite in the forward direction, though it is
still divergent elsewhere. Interestingly, for the antisymmetric
tensor this result is independent of the gyromagnetic factor,
while Compton scattering off the four-vector is only well
behaved in all directions provided the gyromagnetic ratio is
set to g = 2. Given the non-finiteness of Compton scatter-
ing in this theory, it is unclear if the renormalizable theory
described here corresponds to a perturbation theory about a
sensible zeroth-order Hamiltonian. However, it constitutes a
unique theoretical laboratory from the point of view of the
renormalization group, in the same spirit as scalar A¢* theory.

The structure of the paper is the following: In Sect. 2 we
describe the model and the Feynman rules. The renormal-
ization procedure is presented in Sect. 3 together with the
cancellation of all the potentially divergent contributions to
the one-loop vertices of the theory. Finally, the conclusions
of the work are discussed in Sect. 4.

2 The model

Our model comprises a massive complex spin-1 antisymmet-
ric tensor field B®? in the (1,0) & (0, 1) representation of
the HLG, minimally coupled to U (1)gm with arbitrary gyro-
magnetic factor and mass dimension one, allowing for self
interaction terms. The Lagrangian of the model is given by

1
L=—F"Fu+ (D*B**)" (Tw), 4,5 (D"BY?)

afy
—m2(B*P) By
A
_{_?1(305,3 i 1aﬂy83y8)(Blw i l;w,oﬂBpg)
A2
+7(B“f’*xa,syaBV‘S)(B“”xWUBPU)

A3
o BT a5, BT
X(Bazmf(Muv)dzﬂz)/ztSansz)
Ag .
_{_?(Bﬂllﬂl i (Sw)mﬁlyl&Bylal)

X (B®P27(S 1) o ynss BT%2), 2.1)
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where D* = 9% + e A* is the covariant derivative, and the
tensors used are given by

FHY = 9t AY—3" A¥, Tu,vzglwlaﬂyé - ig(Muv)aﬁy(S,
1 i
1aﬁy6:§(gaygﬁ6_ga5gﬁy)v Xaﬁy(S:EeaﬁyEs

(M,uv)aﬁyé = _i(guy 101/31;8 + 8us laﬂyu
8yvlapus — gsvlapyu)s
(Sp,u)aﬁyszgp,vlaﬁys — 8uy Lagvs—8guslapyv

gyvlapus — gsvlapyu- (2.2)

The kinetic part of the Lagrangian is of Klein-Gordon type
and spin-1 information is encoded by a Pauli-like term mod-
ulated by an arbitrary gyromagnetic factor g and the four
independent quartic self-interactions that can be built from
the covariant basis for the (1, 0)@ (0, 1) representation space,
given by the complete set of tensors presented in [8], namely
{1, x, MV, SHY_ x SHY  CHveBY with

C;waﬂ = 4{M;w7 Mozﬂ} + Z{M;wu Mvﬂ}

—2{M;p, Mo} — 16(1,00p)- 2.3)

In our analysis, the gauge freedom is fixed by the Rg con-
tribution

1
LGF = —gwmﬂ)2

with arbitrary gauge fixing parameter &, rendering the com-
plete Lagrangian of the model as

2.4)

1 1 .
L=—F"Fu = E(B“AM)Z + 8" BP9, Byg
—m*(B*P)" Byp

—ie AM[B*PT(Tyy)apys9” BY® — (3" B*PT)
X (Tyou)apysBY°1+ > A* A, B**TB,g

A
+71(B°‘ﬂ MapysB?®) (B 1 ,4ps BP)
A2
+?(Ba'3TXaﬂy(SBya)(BﬂvTXuvpaBpg)

A3
_’_7(3011/31 T(Mﬂv)ﬂllﬂl)’lngylal)
X (BT (M) aypr28, BT*)
A
_{_7(30“/31 T(Sﬂv)almylslB}’ltsl)

X (B2P27(8,1) 0o ooy BT*). 2.5)

The Feynman rules corresponding to the above Lagrangian
are presented in Fig. 1, where all momenta are incoming.
The gauge invariance of the theory imposes two important
Ward-Takahashi identities (see [5] for their derivation in the
analogous spin 1/2 case). The first one relates the tensor—
tensor—photon (TTy) vertex function —ielI'*(q, p, —p —q),
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Fig. 1 Feynman rules of the model

where ¢ is the momentum of the photon, with the tensor self-
energy —i X(p) according to

0Z(p)
opu

I, p, —p) = — (2.6)

The second one involves the tensor—tensor—photon—photon
(TTyy) vertex ie’T'*(q, ¢’, p, p'), with photon momenta
¢ and ¢’, and the TTy vertex, and reads

ary(q', p, p) N o', p.p")
aPu E)pl’l

0,4, p,p") =

2.7)

3 Renormalization

In this section, we analyze the renormalization properties of
the model at one-loop level, studying the UV divergent parts
of all the potentially divergent vertex functions. In this work,
we use dimensional regularization with d = 4 — 2¢ and the

= kg + (- )%

ilag~s
p2—m2+ie

= —ie[T,“,pZ - Tvuplf]ozﬁ%

= 27;629#1/104676

= Z{/\1( aﬁ'yéluupa + 1(xﬁp01uu'y6>
+A2 (Xaﬁ'y(FX/u/po + Xaﬁpoqu'yé)
‘H‘S[ aB’yé( m\)wpo + Mggpa(MHA)MV'Yg}
IS 3 (S wpe + S (Serhuanal)

naive prescription for the chirality operator x

[x,M*"'1=0, {x,S""}=0. 3.1

This approach does not lead to inconsistencies as x appears in
pairs for all the processes involved. The subtraction scheme
used in the study is the minimal subtraction (MS) one.

3.1 Counterterms

Taking Eq. (2.5) as the bare Lagrangian, with all bare quan-
tities denoted by a O subscript, its parameters are the tensor
mass my, the tensor charge ep and the gyromagnetic factor
go- The renormalized fields are defined in terms of the bare
ones through

_1 _1
Ab =7 %A, B =27,7B (3.2)

It is convenient to split the Lagrangian as the sum of two
terms

ﬁ() = [rr + Ect: (3.3)
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where the first piece is the renormalized Lagrangian, and has
the same structure as Eq. (2.5)

1
£, =—;Ft

—m%(Bflﬂ)TB,. op

—ie, ALBEPN(T, 11)apysd” BY®
—(@" BN (T, vy apys) B
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X B (Moo, BI*™)
+%(Bﬁ”ﬂ' T(Suv)alﬁl)/lfsl B’?lal)

E )
X (BEP2T(S,1) anpoynss BY ), (3.4)

and the second one contains the relevant counterterms

1
Lot = _Z(SlF,!wFruv + 52[8MB;XIST8MB"0‘/3

—m} (BPP) B, gl — 8um}(BXP) B, op

—ie 8 AMIBYP (T, u)apys0” B

—(@" BN (T vy apys BY ]

—iey8eg ALBET (—igy)(Myun)apysd” B
—(@" B (ig,) (My1n)apys B
8,262 AP A,  BPTB, g + %3“(3313 Mapys BY®)
X (B™ 1,006 BL?)

F250 B ks BB X B
3 (BOP M) BY )

X (BEP T (M) 25, BL)
(BTS00, BV ™)

< (BP2 1 (S, s pryass BY™). (3.5)

with the following definitions

Si=Zi—1, 8=Zr—1, Sp=Zn—2s, 8e=7Z¢—1,
Seg =Zeg —Zey 82 =Zer— 1, 8j=2Z3j— 1, & =277 &,
(3.6)
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and
mg e £0
Ly = _222’ Ze = _Zl Z;, Zeg =—Z,
m; ey 8r

2
Zo=0712, 7=z
(’226_212 AJZT 2 -

1 rj

(3.7)

Ind = 4 —2¢ dimensions, the renormalized parameters must
be scaled according to

ey —> H«eera & —> &, Mi—> H«ze)"riy my — mp,
3.8)

where p is the arbitrary scale introduced by dimensional reg-
ularization. In what follows, we will omit the » subscript for
the renormalized parameters. In this notation, the Feynman
rules for counterterms are given in Fig. 2.

In the following subsections, we will compile the results
obtained for the calculation of all the divergent processes
showing that all the divergencies can be absorbed success-
fully into the given set of counterterms provided by the the-
ory.

3.2 Vacuum polarization

There are two diagrams contributing to the vacuum polar-
ization, depicted in Fig. 3. The divergent piece, denoted by
—iTI""(g)* is given by

2 2
. (287 - 1)
— i () =i (g

v

-q"q"), (3.9

and can be removed in the MS scheme by fixing the coun-
terterm §; as

_er(2g* - 1)

51 = 3.10
1 - (3.10)

3.3 Tensor self-energy

In Fig. 4 are shown the three diagrams contributing to the
Tensor self-energy. The divergent part of this amplitude is
—i
32m2e
+833 + 12) = €26 = 3p? | Tagys,

%550 = o | (26267 + P+ Thy + 42

@3.11)

and the counterterms that cancel the UV divergence are then
given by

2
e“(§ —3)
5= 582 3.12
2 1672¢ (3.12)
2 2
2 (292 +3) +Th1 + Ay + 823 + 121
S = — (8% +3) + 71 432+ 843 L 313)

16m2¢
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+)‘46>\4[ aﬁ'yé( H)\)/LVPU + Saﬁpo‘(sﬁk)l“”)’é]}
po j0%
Fig. 2 Feynman rules for the counterterms
Fig. 3 Feynman diagrams for

the vacuum polarization at
one-loop

q,v q, q,v q, p

Fig. 4 Feynman diagrams for

the Tensor self-energy at
one-loop

P, Y0 p, a3 P, Y0

p,70 > > p,af3
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Fig. 5 Feynman diagrams for qz, p

the yy y vertex at one-loop

q1,V

3.4 yyy vertex
As expected, the contribution to the yyy vertex from the

diagrams in Fig. 5 vanishes identically from the charge con-
jugation invariance of the theory.

3.5 TTy vertex

The one-loop contribution to the TTy vertex comes from the
four diagrams in Fig. 6. Its divergent piece can be written as

—iely s(=p1 — p2, p1, p2)

3
| e’ —3)
=—i [m} (T Py = TouP] apys
(g2 +2) + a1+ A+ 1223
—eg .
16m“€

X(Pf +p§)(M/Lp)aﬂy87 (3.14)

and is canceled by the corresponding counterterm with

2
e”(§ -3)
b= -2, 3.15
¢ 167%¢ G-19)
2 (2
+2) + A1+ A+ 124
Seg = —— (6 +2) + i+ A2+ 1205 (3.16)

16m2¢

Notice that this result is consistent with the Ward identity

ax*

D0, po—p) = — =, (3.17)
opu

as §, = &. Gauge invariance also fixes the counterterm

involved in the finiteness of the TTyy vertex, as Eq. (2.7)
dictates that

eX(E —3)

3.18
1672e (3.18)

8922892—

3.6 TTyy vertex

There are 12 diagrams contributing to the TTy y vertex at
one-loop, as shown in Fig. 7. The corresponding divergent
piece is

208 _
iezl"*lw —; 2 |:€ é-3)

iy = o (3.19)

] 101/3)/58”“},

and, as anticipated from the Ward identities, the full TTyy
vertex becomes finite with 8., given by Eq. (3.18).

@ Springer

q2,

q3,0 q3,0

q1,V

3.7 yyyy vertex

The one-loop correction to the y y y y vertex involves 21 dia-
grams, shown in Fig. 8, and there is no counterterm available
to cancel a potential divergence in this case. By an explicit
calculation, we have found that the divergent piece of the
total amplitude vanishes exactly.

3.8 TTTT vertex

The last potentially divergent function is the TTTT vertex and
there are 19 diagrams contributing to the total amplitude, as
shown in Fig. 9. The divergent part of the TTTT vertex is

i Napysuopo = T—p | €' Bg* = 882 +6) + 2

1672¢
x (2287 + &) + 22 + 843 + 124)

F1A2 + 322 — 8A2/\4](1aﬁy51“vw + Lappo Luvys)

+ane {2 (e (26> +&) + 41 + 833 — 824)
+8 (3 — 14) (€% + 343 — 304)

+4)‘% } (Xaﬂy5XMvpa + XaBoo X;wyé)

2 2 2
_ A+ A2) + 24 40y + 4
16”26[eg(1+ 2) 4 243 (€& + 411 +412)

+8)‘§ - 24A421}[M§éy5 (MI()\)}J,U/)O’ + Mg;}pg (Mkk)uuyé]

[etg* + 834 (¢ (267 — &) — 401 + 1623 — 80s) |
(3.20)

" 64nle
XSkt s (S pvpo + Sefips (Sen)pvys],

and the corresponding counterterms that render the total
amplitude finite are given in the MS scheme by

S = {64(3g4 —8g% +6)

T 16720 €
+221 (2287 + &) + A2 + 843 + 1244)
+16 (ra(e?g? + 613) + A3(e%g” + 343) + 623)

F1A2 + 322 — 8A2A4], (3.21)

X8pp = — [Az (€% (26% + &) + 441 + 833 — 814)

82 hs€

+8 (03 — Aa) (€27 + 3A3 — 30a) + 4@}, (3.22)

83 = {26 i +22)

T 1672)3€
+223 (€% + 441 + 412)
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Fig. 6 Feynman diagrams for
the TTy vertex at one-loop
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1
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Fig. 7 Feynman diagrams for the TTy y vertex at one-loop
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qs3, i
44,V

1
qs, |
q4,V

4
qs, |
qa,V

7
qs, b
q4,V

10

q1,

@,

q1,

@,

q1, &

@,

q1, &

q2, 8

qa,V q, o qa,V q2. 8
2 3

q3, [ g2, 3 q3, [ ><|i qi, o

qa,V q, o qa,V q2. 8
5 6

qs, [ @, B 43 b ;K q, o

qa,V q1,« q4,V g2,
8 9

g3 q, o g3, E a2,

44,V a2, B 44,V q1, @
11 12

Fig. 8 Feynman diagrams for the yyyy vertex at one-loop. There are 9 additional diagrams obtained from diagrams 1 — 9 reversing the arrow

direction in the loop

822 — 24x§},

Sy = ———
r 6472 hs€

1623 — 844) ]

3.9 Beta functions

(3.23)

[e4g4 + 8A4 (e2 (2g2 - 5) — 4

(3.24)

From the results obtained in Egs. (3.10,3.13,3.12,3.15,3.16,3.18,
3.21,3.22,3.23,3.24) and the definitions in Egs. (3.6,3.7), the
relation between the bare and renormalized parameters of the

@ Springer

model is

1
—27—1 2 —1~-1 2e¢ 2
eo=2,"2y Zepe, ey=2] Z, Zerp“ce”,
-2 2e
hoj =2y Lo A,
- —1
80 =2;"Zegg. mg=25"Zym*, (3.25)
The renormalization constants in the MS subtraction scheme
are

?(2¢* - 1)

Z =1+
! 872¢

(3.26)
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Fig. 9 Feynman diagrams for the TTTT vertex at one-loop
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2
e“(§ —3)
Zy=Zpn = ezl—w, (3.27)
1

z =1——{43 4_8g% 46

M 16720 e 1 (3¢ 8§+

12 (62(2g2 L E) £+ 8hs 4 12)\4)

116 <A4(e2g2 1 633) + A3(e2g% + 343) + 6/\3)

F1122 4322 — 8,\2,\4}, (3.28)
Zi, =1 !

2 = 872hoe

x {,\2 <e2 <2g2 n s) 4+ 85 — 8)\4)

18 (3 — Aa) (e2g2 4 3hs — 3x4) + 4x§}, (3.29)
z =1——[ 22 (A + A

3 Tom2ne 18 (A1 +A2)

124 (625 40+ 4x2)

+822 — 24xﬁ}, (3.30)
Zo =1 —[44 8A(2 22—)

a4 +64n2k4e e'g+8h (e (g §

—4)1 + 1633 — 814) } (3.31)

Zog=Ze+8,=1—

2..2
— 1+
167126{6 @ +&=D+h

o+ 1213}, (3.32)

Zm=Zo+8p=1- {e2(2g2+5)+7x1

(3.33)

1672¢

+Ao + 8i3 + 12X4}.

With the above results, the two different relations between
eo and e in Eq. (3.25) become

eo =27, pce. (3.34)

From Egs. (3.25-3.33) one can derive the relevant beta

. Y : : _ Kdm
functions B, = gy and ang@alous dimensions y,, = o e
of the theory in the € — 0 limit:

&3 (1 — 2g2) 335
b= Tk G-3)
g[ez (g2+2)+kl +Az+12/\3} 336
ﬂg = - 87‘[2 ) ( . )
_ L fa 4, 9.2 2 (5,2
B = 877{6 ( 3g% + 8¢ 6) 2 (e (2;, +3)
+Ay + 843 + 1244)
—16 <A4 <e2g2 + 613) g (e2g2 + 313) + mﬁ)
_12 - 32+ sxm}, (3.37)
__ 1 2(s,2
Bo= 1 [xz (e (2$ + 3) Fdhg + 803 — 8k4)

@ Springer

+8(h3 — Ag) <e2g2 30— 3A4) + 4A§}, (3.38)
1
Bro = =z {767 (1 +20) 225 (362 + 41+ 42)
+822 - 2413;}, (3.39)
4 4 2 2
By = 3271’2{6 g+ 80y (e (2g 73>
—43) + 1623 — 8hy) } (3.40)
L (2,2
Ym =1 {e (2g +3) +TA 4 A+ 8A3 + 12;\4}.
(3.41)

We conclude this section with a short discussion of some
of the possible scenarios of the theory. There is a trivial fixed
point for the beta functions of the theory when g = 0,1, = 0,
A3 = 0 and A4 = 0. This fixed point corresponds to the limit
in which each component of the tensor B"" behaves as a
complex scalar field in a A¢* theory with | = —21/2. On the
other hand, the B, are all nonzero for any non-vanishing real
value of the gyromagnetic factor g, even if all self interactions
aresettor; = 0,7 = 1,...,4. This means that, oppositely
to the spin 1/2 case studied in [6], pure electrodynamics
for matter fields of spin 1 is not viable for g # 0, as self
interactions are necessary to make the theory renormalizable.
Finally, turning off the electromagnetic interactions by taking
e = 0 and g = 0, the theory reduces to a renormalizable
model of pure self-interacting terms for the tensor fields,
with

|
By = —m{m% T 201 (Mg + 833 + 1244)

+313 + 4813

—8haha + 9624 (3 + Aa) } (3.42)
B = —%{A% + A1Ag + 22 (A3 — Ag)

16 (0 — x4)2], (3.43)
B = o [Pi-n i+ a4 | (3.44)
Bra = —%EM (A1 — 423+ 224) } (3.45)
Y = _Tlﬂ{n] Ao+ 8As m4}. (3.46)

4 Summary and conclusions

In this work, we have studied the one-loop renormaliza-
tion of the electrodynamics of fields transforming under the
(1,0) & (1, 0) representation of the HLG in the Poincaré
projector formalism. The analysis has been done in an arbi-
trary covariant gauge, with arbitrary gyromagnetic factor
and including all the independent parity conserving self-
interactions. The main conclusion of the work is that the



Eur. Phys. J. C (2020) 80:618

Page 11 of 11 618

theory is renormalizable for any value of the gyromagnetic
factor, displaying a rich set of renormalization group equa-
tions. In contrast to the analogous spin 1/2 case studied in [6],
there is no non-trivial finite value for the gyromagnetic factor
that allows the existence of a pure electrodynamics without
the inclusion of self interactions.
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