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Abstract The multiplicity distribution of the gluons pro-
duced at the high energy is evaluated in BFKL approach.
The distribution has Poisson form that can explain experi-
mentally observed KNO scaling.

1. The multiple secondary particles production at high
energy hadron-hadron collisions is known to exhibit KNO
scaling [1] confirmed in many experimental papers [2,3].
The scaling means that the ratio P, (s) = o0, (s)/oin(s) of the
cross section to produce n secondaries in the collision event to
the total inelastic cross section depends on the energy +/s only
through the averaged multiplicity n, P,(s) = 1/n ¥V (n/n).

According to Reggeon calculus the high energy hadron
scattering is mediated by the Pomerons exchange, the
Pomeron being described by the cylinder type diagrams
[4,5]. The inelastic amplitudes come about from the s-
channel cutting of one or several Pomerons [6]. Each cut can
be associated with the creation of two quark-gluon strings
[8] whose subsequent hadronization gives rise to the multi-
ple hadron production.

The observed KNO scaling has been explained [8, 10] by
the various number of cut Pomerons (quark-gluon strings)
that may contribute to the interaction amplitude. Assuming
Poisson distribution for the secondaries produced from a sin-
gle Pomeron the net sum over the cuts yields the function
W (n/n). In general it is not of the Poisson type, its form is
much more complicated. It is nevertheless s independent in
the rather wide energy interval although the scaling should
be violated at the very high energies in agreement with the
experimental data [10,12].

There has been much theoretical activity in studying KNO
scaling in multiplicity distribution of QCD parton cascades.
The cascade starts off a primary virtual gluon whose virtuality
Q? is of the order of the typical hard scale for the process,
say, eTe™ annihilation. The primary gluon emits secondary
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gluon jets each of which, in turn, emits another jets and so
on. The cascade development is described by the evolution
equation that collects the leading or subleading powers of
log Q2 (see e.g. [13], or [14] for review).

The task we are going to deal with here is alternative in
that we treat the secondaries arising from the large s scatter-
ing of almost on shell particles rather than from the decay
of an virtual object. That is why the context of Regge the-
ory, collecting the powers of logs or, equivalently, log 1/x
for the deep inelastic scattering, seems to be quite natural.
An important point to be questioned at first is what kind of
distribution could be expected from a single Pomeron, or in
another language, from a single quark-gluon string. Is it evi-
dent that it is Poisson like? Some insight can be gained by
calculating the distribution of perturbative gluons originating
from BFKL Pomeron. It is the issue that is addressed below.
2.The BFKL Pomeron arises as a compound state of two
reggeized gluons in the sum of ladder type diagrams [15,
16,18,20]. The treatment essentially relies on Multi-Regge
form of many-particle amplitudes. It provides an expression
for the amplitude to produce n gluons or, more generally n
jets, in the inelastic scattering, A+ B — A’ + B’ + n, at the
large invariant energy s = (pa + pp)? and the kinematics,
when the rapidity intervals between the jets are much larger
those between the jets’ constituents - multi-Regge kinematics
(see [22] and references therein). This amplitude is actually
nothing else as the cut through the Reggeon. Using s-channel
unitarity it gives the imaginary part of the elastic scattering
amplitude, which value at ¢+ = 0 is translated into the total
cross section,

11 d2%q (d%
oAB(s) = wa7/7¢A(Q)(Q|G(Y) 1) @p).
(H

Here ® 4 p are the color-singlet impact-factors, ¥ = Ins /s
(so is an appropriate energy scale usually assumed in the
Regge theory to be of the order of 1 GeV?), G (Y) is the Green
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function of two interacting reggeized gluons. It is given by
the series [23,25]

i~ Y
GY) =Y + Z/ dy; YK,
n=1 0
Y1 Yn—1
X/ dyy 21V, . / dyy €201 K, (0
0 0

@)

with the operators €2 and K acting in the transverse momen-
tum space. The operator K, describes the emission of real
(on-shell) gluons,

g2NC 2

(Kl = G =

3

the virtual corrections are collected in the gluons’ trajecto-
ries, 2 = w1 + wy. They are equal for the total transferred
momentum ¢ = 0, w] = w2 = w,

1 g%N, / 2 q 5@ —1)
2 (2n)3 k2(q — k)2 +m3 ’

qloll) =
“)

the gluon mass mg, being the infrared cutoff.

The formulae (3), (4) are relevant in the Leading Loga-
rithm Approximation (LLA) collecting the leading powers of
asIns/so, where ag = g2 /4, g is QCD coupling constant.
The dominant contribution to cross sections of hard processes
comes in LLA from multi-Regge kinematics, when the emit-
ted particles are single gluons. The situation allowing for the
emission of the jets made up of two or more particles corre-
sponds to the next to the leading order corrections [23,26].

There is an equivalent form of the operators (3), (4), valid
for the small m [25],

K, =a[-Inmyx® +2In2+ 2y ()], o
2
- lomL, (5)
2 m2
o = NC%, Y(z) = j—z InT"(z). The variables xj are the
transverse space coordinates conjugated to the momenta gy
(the indices k = 1,2 label the vectors’ component in the
transverse space), g~ = q]2 + q%, x? = x12 + x%. These vari-
ables are treated in the formula (5) as operators g, X = i %
acting in the transverse space, |/} being the operator gy, eigen-
states, gx|l) = L), (gll) = 8@ (g — ). The operator
o = w(q1, ¢2) is diagonal in this basis, its matrix elements
are given in (4), the expression (3) presents the matrix ele-
ments of the non diagonal operator K, = K, (X1, x2). Here-
after we omits hats above the operators’ symbols.
The series (2) is summed up as

GY) =X, K =K, +w +aw, (©6)

@ Springer

which is the operator form of the BFKL equation [25]. The
mass m, cancels out in the operator K for the color singlet
Pomeron channel (as is evident from (5)).

The N-th order term in the expansion (2) describes the
emission of N real gluons. To pick up its relative weight in
G (Y) we multiply it by an auxiliary variable 'V, or in other
words replace K, — u K,. Then the probability to emit n
real gluons reads

P L 8NI P(u) @)
= — —— — |, — u .
M= Py N auN M0

with the generating function P (1) obtained by modifying the
formula (1),

d?q (d?l
P(u) = f q—f l—2q>A(q)<q|eY<"K*+2w> 1) @p().
(8)

To work out this expression we firstly rearrange the oper-
ator appearing in P (u) as

K@) =uK, +20 = a[u(—Inx> —Ing?
—Ing® + wlnm; + 2u(In2+y ()], Q)

u =1 — u, and pass to the complex variables,
a=q+ip. ¢F=q —iqp. ¢ =qq", x*
d 0
= 4,
dq 9q*
L. . . P + P .
the hermitian conjugate being [E] = —37 Using the

identity [24,25]

o = [o (1) o0 (+5)
ng + naq—z[d/ +q8q +¢ —qaq}

and its hermitian conjugate we arrive at the form that falls
into the holomorphic and antiholomorphic pieces,

1
Ku) =« 4 [v(14 D)+ ¢ (=D)+ ¢ (14 D*) + y(—D%)]

+a L(u),
0 0
D=q—, D*=gq"—,
dq dg*
+2uy(1).
Given the commutator [ln q, D] = —1, it is easy to check

another operator identity,
u — _u — 1
eil[~ingle w9 = T Ing — Su[v (1 +D)+y(-D)]

with the operator
1. I+ D) 1

rd+ b*
Q:—ln—, Q*:—ln—( + )
2 '(—D) 2 I'(—D*)
Putting it together with the same identity for the antiholo-

morphic In g* results into the relation

e%(Q+Q*)aL(u)e—%(Q+Q*) = K(u),
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that in turn amounts to

VKW _ ,5(0+0") e L(u) ,—5(Q+0") (10)

Now one has to plug the identity (10) into the matrix ele-
ment occurring in the function P(u) (8). We do it in the
following way

(qleu(Q+Q ) @Y L) = wo+o* )|l)
= (q| efo(YL(u) ——aYL(u) “(Q+Q ) 2otYL(u)e%otYL(u)e—%(Q+Q*)
_V—J

1
« e—3eYL@W) haY L) 1)
—_—

1
By elaborating on the identities

:|: OIYL(M)De:FZOtYL(M) D:l: laYM
2

along with the same for D* and

P
—saYuln “s+aYuy(l)
Iﬂg

’

1

(qle*"H = (qle
_loyan 2

e%DlYL(M)”) _ saYuln m§+c{Ymﬂ(1)|l>

the function P (u) is brought to the form
P(u) = eZozYm//(l)fd Q/
q —jaYu 12 —%aYﬁ
x®Palg) | — Q)| —
me me

x(q|H(u,D, DI},
(11

r'(1—4Lu+ D)

I'(5Lu— D)
I'(1—$Lu+ DY)

I (5Lu — D¥)
I(1+ 3L+ D)

I(—4Lu — D)

r(1+ira+ D*
AR Lhs )“ L=av.

I(—iLu — D¥)

N Lu
H(u, D, D¥) = exp 3% In
u

+1In

12)

This form has a merit of the infrared cutoff explicitly fac-
torized out. Besides, the operator in the matrix element is
diagonal in the basis, where D and D* are diagonal,

1 2 —%+i%v+in¢
n) = — , 13
(qlv.n) = ——(a°) (13)

—00 < V < 00, n is integer, 0 < ¢ < 2m is the polar angle
in the transverse g-space,

<\),n | H(M, D7 D*)lvl’n/> = H(Ll, U,n)(s(]) - V/)Sn,n/v

1
Hu,v,n) =H<u,D—> 5(—1+iv+n),D*

1
— —(—14+iv— .
> (=1+i n))
From now on we suppose the impact factors to be angular

independent in the transverse space. Then after inserting the
complete set,

o
Z/ dv{galv,n)(v,nlq1) = 8 (g2 —q1),
n —00

into the matrix element (11) only the terms with n = 0 sur-
vive in P (u). Suppose also g is a typical momentum scale
for the both impact factors, 4 g = P4, 8 (q2 / qlze) and intro-
duce the functions C4 p(n) according to the relation

d2q q2

/ — a5 (°)" =
q qdR

With these notations one gets

) —Lu 1 1
Pu) = o 2Luy (1) q_lg /dv CA<_ —Lu+ —iv)
m? 2 2

1 _ 1,
xCp <_§Lu — 511}) H(u,v,0). (15)

(¢%)" Ca.z(n). (14)

The function H (u, v, 0) embodies the scattering dynamics.
Taking the limit # — 0 we see that,

2L¢(1)fd q

1
Kd) = -3 [v(1+ D)+ ¢ (=D)+ ¥+ D*) + y(=D")]
(16)

P() = Pa(@){qleXVE DR

with

and consequently e 2LV H (1, v, 0) = ¢! where BFKL
eigenvalue,

1 1 1 1
wl) =« |:21p(1) - Y <§ + ziv) -y <§ — ziv)] ,

a7)

yields for v = 0 the Pomeron mediated elastic cross section.
The main contribution for L >> 1 comes to the integral from
the region near v = 0, P(1) ~ C4(0)Cp(0) exp(a)pY),
where wp = @ (0) = 4« In 2 is the LLA Pomeron intercept.

The function P (u) (15) turns out, however, to be strongly
suppressed when m, — 0 at least for u < 1. On the other

@ Springer
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hand, the mean gluon number

— 19 2
N=———pPw| ~mhZ&
P(1) 0u el m

indicates the infinite growth of the emitted gluons with
decreasing infrared cut off mg. The reason behind this is in
the virtual gluons. The function P (u) is constructed in (15)
to fix the number of the real gluons whereas the virtual ones
associated with the gluon trajectory w remain unrestricted.
As a consequence we are dealing with the amplitudes of the
given perturbation order for the real emission allowing at the
same time for the virtual corrections of an arbitrary order.
Different number of the real and virtual gluons, the latter
number being unbounded while the first one is finite, breaks
down the infrared cancelation. A possible way to improve it
is to modify the operator K (u) — K (u,v) = uk, +2vw
by adding a new variable v that “counts” the virtual gluons.
It simply results into redefinition # — v — u in the all above
expressions, so that # and u become independent. Putting
mg — 0 enforces u = v, that leaves us with u — 0 limit,

Pu) = Ca(0)Cp(0)e®PY,

written here for the dominant, v = 0, part. Thus we arrive at
the Poisson distribution,

1
Py = o (@pV)N e, (18)

This formula however is hardly directly applied to the
observable emission. The infrared cancelation of real and
virtual parts occurs in each perturbation order that is why
we actually get here the distribution over the evolution steps
rather than the emitted gluons. Put somewhat differently, it
is the distribution of the ladder cells number in the Pomeron
diagram for the exclusive cross section, which is finite for
mg — 0. Dealing with inclusive processes one has to appre-
ciate that there is always a physical infrared cut-off provided
either by a sort of minimal experimentally resolved momen-
tum or some kinematical restrictions imposed to select the
proper observables. Thus we have to modify our treatment
to accomodate the additional constraints.

3. First, we modify the expression (11) to get the distribution
of the gluons produced with a given total transverse momen-
tum Q. On this purpose the probability to emit N gluons with
transverse momenta k; has to be multiplied by the factor

N
8 (Q - Zki) =
i=1

that results into modification of the real emission operator (3),

dZZ iz N il

Q —izk;

e e
2

2m) IZII

gl Kr1g") — e 4| K, |g').

@ Springer

It leads to the replacement In m§x2 — In mi,(x —z)%in the
formula (5). Then the equalities

5
In(x —2)> =22 + In — + Lo
aqg 2

a i\ ,
+ | In £+§z , Z2=21+122,

and the chain of relations
d i
1 In{— + =z*
ng + In (aq + 7% )

= e—%iz*q |:lnq +1In 2 :| e%iz*q
dq

1. % 1 d
=e 29|y (1+g—
v (o)

v (—a) |40 = w4 Do) + v (-Do)]
2 g 2 ‘ “

a i
DZZQ(@"‘EZ), [lnq,Dz]z—l

together with its Hermitian conjugate and the equality
(q|H,D;,DH|1) = (qle ""“H(u, D, D*)e'%*|1)
= (g |H(u, D, DY)

yield (11) with the replacement

2
(q|H(u,D,D")|1) — /(;’T;e”@‘“”(qm(u,a D")|1).
(19)

The second modification is the gap assumed in the out-
going gluons momentum spectrum. We pick up the pro-
cesses, where all the gluons are produced with the trans-
verse momentum ¢; larger than a certain value gg. To fulfil
the latter requirement one has to modify the real emission
partin (3), (g1 K+ g} — 6((¢ — 4")* — q5)(a| K+ 1g"). or,
within logarithmic accuracy, In mé)c2 — In quz in the for-
mula (5). The logarithmic accuracy implies the value gg to be
small compared to the typical momentum scale, qg < q,ze.
The power-like corrections beyond this region make the rel-
evant operators to be non diagonal in the |v, n) basis, which
invalidates the method performance.

The third modification is that the secondaries are regis-
tered not at all kinematically available rapidities 0 <y <Y
but in a more narrow range 0 < y; <y < y» < Y. To
implement this condition into generating function one has to
replace K — K (u) (9) at the interval [y, y2] to fix there
the number of emitted particles, whereas the intervals [0, y;]
and [y2, Y. have to be left with unchanged BFKL operator
K = K (1) (16). Thus instead of (8) one has

Pu) = f& ﬁ
q2 12
x®4(q){q] KM Y =y2) K@) (y2—=y1) ;K (1)y1 1) @p).
(20)
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To proceed further, we first substitute the operator in the
middle with the above obtained expressions (11) and (12),

(] eKDT=32) K@ =) KD y1 7y

Lu(Z\//(l) In 2 ) 2\ "zl
—e i) (g) KO- (C]z) H(u, D, D%
mg

7 —ILu
X (2) PIOMETAY
mg

Here L = «a(y> — y1). The next step is purely algebraic. With
the help of identities

an — q}’l (D+n), D* (q*)l’l — (q*)l‘l (D*‘l‘n),

valid for any n, we drag BFKL exponents with K (1) operator

to the right and to the left through g2 powers until they join
the operator H(u, D, D*),

S\~ 5L ) \—3Li
K@=y [ 4 Hw, D, D" [ L KDy
m2 T m2

2 2
-+ (1 + D* + 1Lﬁ) + ¥ (—D* — lLﬁ)],
2 2
Kg = —%[w (1 +D— %Lﬁ)

+y (—D + %Lﬁ) +y (1 + D* — %Lﬁ)

+¥ (—D* + %Lﬁ) }

The third step is to insert the complete set,

d’q AN
P = Z/dqu—2¢A<q><q| (m—§> v, n)

x(v,n|eXtY =) gy, D, D*) Xk |y 1)

—irm
dZZ 2 2
x/l—2(u,n| (%) 1) D). 1)

8

Here we take into account that the operators Ky, Kg, H are
diagonal in |v, n) basis, besides the angular independence of
the impact factors selects n = 0 in the sum. Recalling (13),

(14) the momentum integrals read

—lru
d’q g\ "
[ Fensaral (—2 v, 0)
q m2

2 —%Lu
=C lL_:i: 1 . ( 2)7%i%iu qr
=0CAB B u 2lv dr m

Thus we have

2

P(u) = /dve me el U (), wy=1In —’23 +2¢(1),
40

(22)

where

1 1 1 1
T(u) = /dv Ca <—§Lﬁ+ ziv) Cs (_EM_ Eiv)
x (v, 0] XY =) g, D, D*) X% v, 0). (23)

Notice that u-independent multiplies are irrelevant in the gen-
erating function as they are absorbed in its overall normal-
ization. That is why the fictitious gluon mass m, drops out of
the final distribution. The natural infrared cut off is provided
by go momentum. In what follows we will assume the typical
scale ‘1122 > qé

If the value wg can be treated as a large parameter the func-
tion P (u) results into Poisson distribution. It clearly follows
from (22) by keeping there the maximal wg power for each
N, which amounts to differentiating eZ“0* only while the
rest factors are taken just at u = 0. The mean gluon number
then N = woL > 1. The first correction arises from the
terms with one power of @ less than in the main order,

Py = P + Py’

_c L 1 N N

= Cyigan P o

- L '(0)

~ Cyplent) T(O)[ wol T(O)]
1 1 707"
~ Clent)” T(O)[ w0l T(OJ

where C is the normalization constant. As is evident from
the last line the first order correction preserves the form of
the Poisson distribution,

1

(L) et

PN = (,z)(/)L

affecting only the mean number of gluons, N = oL =
wol + T (0)

We try to estimate the first order contribution for L > 1,
supposing, in addition, both the rapidity intervals to be equal
(actually of the same order) and large, (Y — y2) = y1 = Y,
ay > 1.

@ Springer
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The leading for L > 1 terms could be expected to arise
from the function H (u, v, 0), therefore the part of interest is

1 1 1 1
! ~ _ - s - s
T(O)w/deA< 2L+21v) CB( 2L 21\1)

9
x exp{ay(K1(0,v) + Kg(0, v))}a—MH(u, V. 0)[,_o-
(24)

It is convenient to rewrite the sum in the exponent as

1 1 1
Kp(0,v) + Kg(0,v) = —¢ (E + Ei\} + EL)

wsinmwL

cosmL + cosh2mv’
Aiming at the large L asymptotics, it is sufficient to take this

expression only for integer L, that removes at all the last
term, whereupon we have

1 1
Kr(0,v)+ Kg(0,v) = =2y (E + 5L>

Lo(1, 1 2 4
- -+ =L o .
+4vf <2+2>v + 00

Similarly presenting the function

d
S H v, 0],

2 2 2 2 2 2
—In(cos 7L + cosh27v) + In 272 (25)

1 1 1, 1 1 1.
=2Inl'|-+-L——-iv)—2InI'| =+ =L+ —iv

makes it clear that only the first two terms grow with L while
the last ones, being periodic in L, do not and can be omitted.
Given now that /" (x) ~ —1/x? for x > 1 the typical v
values in the 7 (0) integral (23), p2 ~ L2/(ay), are small
compared to L? when ay > 1. It allows to neglect v in the
function H'(0, v, 0) as well as in the impact factor functions
C4 . p in (24), that finally yields

O il +o 26)
RO (- (

It is worth to point out that in terms of the original basic
decomposition (11) the main contribution to the multiplic-
ity is due to the power multipliers whereas the function
H (u, D, D*) specifies the corrections.

@ Springer

The generating function for the distribution of the gluons
carrying in aggregate the fixed total transverse momentum
Q according to (11) and (19) is

2
d2;  Lu@y()-n %)
2 fz e "5 €0 Pz, u),

T

d2q (d%
Pizou) = | — | —
(z,u) /q2/12

2 —jLu
x®4(q) (Z2> (qle™ % H(u, D, D)% |1)
8

2 —1Lu
x<2> Dp().
mg

The momentum Q is the total momentum of the gluons that
are supposed to be registered, that is only those emitted with
the transverse momenta larger than gq.

There is an important difference from the previous case,
where the main order source is in the terms with no deriva-
tives of the function H (u, D, D*). Here the dominant terms
including H (0, D, D*) = 1 result into z-independent con-
tribution that in turn produces P(Q, u) ~ § @ (0.

To find the leading behavior at small go and the total
momentum Q # 0 we apply the formal trick:

a * )k
t D t*D
e e |I=l‘*——09

P(Q.u) =

Hw,D,D*) = H|u, —, —
ot ot*

and employ the operator identities
1

F+19q1 — 5 (t — g,
3t —1)q1 + 5(t + 1),

—1—t* 2
2 ¢ ey
11—, <I>3<e 2).

qr

erDet*D* iz — eﬁze’Det*D*, —

q1
)
tD 1*D* 2 l ﬁ _
e'e d°l|l)y—Dp =
12 q2
R

Then we get
PG H a 0
,u) = u, —, —~
¢ ot 0t* ) |,—+—p
—Lu
2 2
" /d 9,93 (q_>
4 2
q mg
2 2
X CDA 6]_2 CDB eH_l*q—z
qRr qRr

or doing z integrals, that return (271)25(2) (Q—-—q+79),

—

(L)

0? 02
—LIn = Ly (D)+In Z5)u
mg o I

P(Q,u)=e
( 9 9 ) —(t4+r") (S La+1) | Lu—1
H(u, —, — e 2 ny
at 0t* ) |,_pp ’

1 1 0’ et 02
x —®u | — = | ®p =1
0 Neex qp s qp

nepe=(1-e)l— e,
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In principle this form could offer one more tool to handle the
generating function, but here it is only needed to factorize
out the leading asymptotics assuming wo(Q) = 2¢(1) +

2

In 3—2 >> 1. The non vanishing result is obtained after the
0

function H is once differentiated,

B 2
-L lnq—R+lnL) 2
(1) _ ( m2 2 Q 1 N—1
Py(Q) = e e (qlze> Wi @

Although this is a first term it looks like a correction to the
Poisson distribution, the computation of C; function being
similar to what has been done above for T’ (0). The analog
of the leading term comes from the delta-function piece,

2
q
—L(ln —IS
e

1
P Q) = ) Co (woL)" 5@ (0),

Co = szdzx CDA(x)q)B(x)(xz)_L_z.
qr

If the total momentum essential range is qg < 0* « ‘1126
(due to impact factors) the value C (5—22) ~ C1(0) could be
found from the relation !

[ e [rP@+rP0)]

2
—LIn & 1 N
—e ™ [m(woL) 7(0)
L
(N - 1!
for known T'(0), T'(0).

(woL)N_lT’(O)]

4. Concluding, the distribution of the gluons arising from the
cut of BFKL Pomeron in LLA has been found for the two
separate cases. The first one is entirely unobservable although
it literally refers to the gluons “inside” the Pomeron, that is to
the distribution of the ladder diagrams in the Pomeron Green
function. It is exactly of the Poisson type, the “mean number”
of the gluons, or the ladder “length”, being proportional to
the Pomeron intercept.

The second case concerns the real multiple emission in the
scattering. The gluon distribution is generally more complex
but getting closer to the Poisson one, when the gap param-
eter qo, that plays the role of the infrared cut off, decreases.
However in this case the mean gluon number turns out not to
be identical to the intercept.

The first order corrections to the Poisson distribution
obtained for L = aY > 1 affects only its mean number
parameter. The distribution of the gluons with a fixed total
transverse momentum looks like the first order correction
with the main term vanishing for the non zero momentum
value.

The next order corrections as well as the effects from
L ~ 1 presumably cause the deviation from the Poisson

distribution but its form would be more dependent on the
impact factors. Here we are mainly interested in the effects
of BFKL dynamics and have used roughly estimated impact
factors.

This situation looks different compared to ete™ case,
where more complicated parton distributions are obtained
[13]. Assuming soft branching hypotheses [27] telling that
main qualitative features of the secondary hadrons distribu-
tion are similar to those of the partons one plausibly expects
the secondary hadron to be distributed similarly to the glu-
ons according to Poisson form. It could explain the observed
KNO scaling effects [1,5].

The authors are grateful to M.G. Ryskin for helpful dis-
cussion.
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